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Abstract
This paper introduces an alternative approach
to sampling from autoregressive models. Au-
toregressive models are typically sampled se-
quentially, according to the transition dynamics
defined by the model. Instead, we propose a
sampling procedure that initializes a sequence
with white noise and follows a Markov chain de-
fined by Langevin dynamics on the global log-
likelihood of the sequence. This approach paral-
lelizes the sampling process and generalizes to
conditional sampling. Using an autoregressive
model as a Bayesian prior, we can steer the output
of a generative model using a conditional likeli-
hood or constraints. We apply these techniques to
autoregressive models in the visual and audio do-
mains, with competitive results for audio source
separation, super-resolution, and inpainting.

1. Introduction
Neural autoregressive models (Larochelle & Murray, 2011)
are a popular family of generative models, with wide-
ranging applications in a variety of domains including audio
(van den Oord et al., 2016a; Dhariwal et al., 2020), images
(van den Oord et al., 2016b; Salimans et al., 2017; Parmar
et al., 2018; Razavi et al., 2019), and text (Radford et al.,
2019; Brown et al., 2020). These models parameterize the
conditional distribution over a token in an ordered sequence,
given previous tokens in the sequence. The standard ap-
proach to sampling from an autoregressive model iteratively
generates tokens, according to a conditional distribution
over tokens defined by the model, conditioned on the partial
sequence of previously generated tokens. We will refer to
this approach to sampling as the ancestral sampler.

There are two major drawbacks to ancestral sampling that
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limit the usefulness of autoregressive models in practical
settings. First, ancestral sampling has time complexity that
scales linearly in the length of the generated sequence. For
data such as high-resolution images or audio, ancestral sam-
pling from an autoregressive model (where the tokens are
pixels or sound pressure readings respectively) can be im-
practically slow. Second, ancestral sampling is frustratingly
inflexible. It is easy to sample the second half of a sequence
conditioned on the first, but filling in the first half a sequence
conditioned on the second naively requires training a new
model that reverses the ordering of tokens in the autore-
gressive factorization. Conditioning on arbitrary subsets
of tokens for tasks such as inpainting or super-resolution
seems beyond reach of autoregressive modeling.

This paper introduces an alternative, parallel and flexible
(PnF) sampler for autoregressive models that can be paral-
lelized and steered using conditioning information or con-
straints.1 Instead of sampling tokens sequentially, the PnF
sampler initializes a complete sequence (with random to-
kens) and proceeds to increase the log-likelihood of this
sequence by following a Markov chain defined by Langevin
dynamics (Neal et al., 2011) on a smoothed log-likelihood.
The smoothing temperature is cooled over time according
to an annealing schedule informed by Song & Ermon (2019;
2020). Convergence time of this annealed Langevin dynam-
ics is empirically independent of the sequence length and,
generalizing Jayaram & Thickstun (2020), the PnF sampler
can be applied to posterior log-likelihoods to incorporate
conditional information into the sampling process.

The primary technical contribution of this paper is the de-
velopment of the PnF sampler for discretized autoregressive
models (Section 3.1). Our interest in these models is mo-
tivated by their success as unconditional models of audio
waves (van den Oord et al., 2016a; Mehri et al., 2017; Dhari-
wal et al., 2020). Defined over a discrete lattice within a
continuous space, these models occupy a middle ground
between continuous and discrete models. For continuous
models such as RNADE (Uria et al., 2013), PnF sampling
can be directly applied as in Song & Ermon (2019); Jayaram

1Code and examples of PnF sampling are available at:
https://grail.cs.washington.edu/projects/
pnf-sampling/.
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<latexit sha1_base64="UMvQ8zw2e7lhFhzPnbi096duwJs=">AAAB9XicbZBNS8NAEIY39avWr6pHL8EieJCSiKDHghePFewHtLFsNpN26WYTdidqCP0fXjwo4tX/4s1/47bNQVtfWHh4Z4aZff1EcI2O822VVlbX1jfKm5Wt7Z3dver+QVvHqWLQYrGIVdenGgSX0EKOArqJAhr5Ajr++Hpa7zyA0jyWd5gl4EV0KHnIGUVj3fcRnjAPQGqO2WRQrTl1ZyZ7GdwCaqRQc1D96gcxSyOQyATVuuc6CXo5VciZgEmln2pIKBvTIfQMShqB9vLZ1RP7xDiBHcbKPIn2zP09kdNI6yzyTWdEcaQXa1Pzv1ovxfDKy7lMUgTJ5ovCVNgY29MI7IArYCgyA5Qpbm612YgqytAEVTEhuItfXob2ed01fHtRa5wVcZTJETkmp8Qll6RBbkiTtAgjijyTV/JmPVov1rv1MW8tWcXMIfkj6/MHby2TCQ==</latexit><latexit sha1_base64="UMvQ8zw2e7lhFhzPnbi096duwJs=">AAAB9XicbZBNS8NAEIY39avWr6pHL8EieJCSiKDHghePFewHtLFsNpN26WYTdidqCP0fXjwo4tX/4s1/47bNQVtfWHh4Z4aZff1EcI2O822VVlbX1jfKm5Wt7Z3dver+QVvHqWLQYrGIVdenGgSX0EKOArqJAhr5Ajr++Hpa7zyA0jyWd5gl4EV0KHnIGUVj3fcRnjAPQGqO2WRQrTl1ZyZ7GdwCaqRQc1D96gcxSyOQyATVuuc6CXo5VciZgEmln2pIKBvTIfQMShqB9vLZ1RP7xDiBHcbKPIn2zP09kdNI6yzyTWdEcaQXa1Pzv1ovxfDKy7lMUgTJ5ovCVNgY29MI7IArYCgyA5Qpbm612YgqytAEVTEhuItfXob2ed01fHtRa5wVcZTJETkmp8Qll6RBbkiTtAgjijyTV/JmPVov1rv1MW8tWcXMIfkj6/MHby2TCQ==</latexit><latexit sha1_base64="UMvQ8zw2e7lhFhzPnbi096duwJs=">AAAB9XicbZBNS8NAEIY39avWr6pHL8EieJCSiKDHghePFewHtLFsNpN26WYTdidqCP0fXjwo4tX/4s1/47bNQVtfWHh4Z4aZff1EcI2O822VVlbX1jfKm5Wt7Z3dver+QVvHqWLQYrGIVdenGgSX0EKOArqJAhr5Ajr++Hpa7zyA0jyWd5gl4EV0KHnIGUVj3fcRnjAPQGqO2WRQrTl1ZyZ7GdwCaqRQc1D96gcxSyOQyATVuuc6CXo5VciZgEmln2pIKBvTIfQMShqB9vLZ1RP7xDiBHcbKPIn2zP09kdNI6yzyTWdEcaQXa1Pzv1ovxfDKy7lMUgTJ5ovCVNgY29MI7IArYCgyA5Qpbm612YgqytAEVTEhuItfXob2ed01fHtRa5wVcZTJETkmp8Qll6RBbkiTtAgjijyTV/JmPVov1rv1MW8tWcXMIfkj6/MHby2TCQ==</latexit><latexit sha1_base64="UMvQ8zw2e7lhFhzPnbi096duwJs=">AAAB9XicbZBNS8NAEIY39avWr6pHL8EieJCSiKDHghePFewHtLFsNpN26WYTdidqCP0fXjwo4tX/4s1/47bNQVtfWHh4Z4aZff1EcI2O822VVlbX1jfKm5Wt7Z3dver+QVvHqWLQYrGIVdenGgSX0EKOArqJAhr5Ajr++Hpa7zyA0jyWd5gl4EV0KHnIGUVj3fcRnjAPQGqO2WRQrTl1ZyZ7GdwCaqRQc1D96gcxSyOQyATVuuc6CXo5VciZgEmln2pIKBvTIfQMShqB9vLZ1RP7xDiBHcbKPIn2zP09kdNI6yzyTWdEcaQXa1Pzv1ovxfDKy7lMUgTJ5ovCVNgY29MI7IArYCgyA5Qpbm612YgqytAEVTEhuItfXob2ed01fHtRa5wVcZTJETkmp8Qll6RBbkiTtAgjijyTV/JmPVov1rv1MW8tWcXMIfkj6/MHby2TCQ==</latexit>

d
en

si
ty

<latexit sha1_base64="UMvQ8zw2e7lhFhzPnbi096duwJs=">AAAB9XicbZBNS8NAEIY39avWr6pHL8EieJCSiKDHghePFewHtLFsNpN26WYTdidqCP0fXjwo4tX/4s1/47bNQVtfWHh4Z4aZff1EcI2O822VVlbX1jfKm5Wt7Z3dver+QVvHqWLQYrGIVdenGgSX0EKOArqJAhr5Ajr++Hpa7zyA0jyWd5gl4EV0KHnIGUVj3fcRnjAPQGqO2WRQrTl1ZyZ7GdwCaqRQc1D96gcxSyOQyATVuuc6CXo5VciZgEmln2pIKBvTIfQMShqB9vLZ1RP7xDiBHcbKPIn2zP09kdNI6yzyTWdEcaQXa1Pzv1ovxfDKy7lMUgTJ5ovCVNgY29MI7IArYCgyA5Qpbm612YgqytAEVTEhuItfXob2ed01fHtRa5wVcZTJETkmp8Qll6RBbkiTtAgjijyTV/JmPVov1rv1MW8tWcXMIfkj6/MHby2TCQ==</latexit><latexit sha1_base64="UMvQ8zw2e7lhFhzPnbi096duwJs=">AAAB9XicbZBNS8NAEIY39avWr6pHL8EieJCSiKDHghePFewHtLFsNpN26WYTdidqCP0fXjwo4tX/4s1/47bNQVtfWHh4Z4aZff1EcI2O822VVlbX1jfKm5Wt7Z3dver+QVvHqWLQYrGIVdenGgSX0EKOArqJAhr5Ajr++Hpa7zyA0jyWd5gl4EV0KHnIGUVj3fcRnjAPQGqO2WRQrTl1ZyZ7GdwCaqRQc1D96gcxSyOQyATVuuc6CXo5VciZgEmln2pIKBvTIfQMShqB9vLZ1RP7xDiBHcbKPIn2zP09kdNI6yzyTWdEcaQXa1Pzv1ovxfDKy7lMUgTJ5ovCVNgY29MI7IArYCgyA5Qpbm612YgqytAEVTEhuItfXob2ed01fHtRa5wVcZTJETkmp8Qll6RBbkiTtAgjijyTV/JmPVov1rv1MW8tWcXMIfkj6/MHby2TCQ==</latexit><latexit sha1_base64="UMvQ8zw2e7lhFhzPnbi096duwJs=">AAAB9XicbZBNS8NAEIY39avWr6pHL8EieJCSiKDHghePFewHtLFsNpN26WYTdidqCP0fXjwo4tX/4s1/47bNQVtfWHh4Z4aZff1EcI2O822VVlbX1jfKm5Wt7Z3dver+QVvHqWLQYrGIVdenGgSX0EKOArqJAhr5Ajr++Hpa7zyA0jyWd5gl4EV0KHnIGUVj3fcRnjAPQGqO2WRQrTl1ZyZ7GdwCaqRQc1D96gcxSyOQyATVuuc6CXo5VciZgEmln2pIKBvTIfQMShqB9vLZ1RP7xDiBHcbKPIn2zP09kdNI6yzyTWdEcaQXa1Pzv1ovxfDKy7lMUgTJ5ovCVNgY29MI7IArYCgyA5Qpbm612YgqytAEVTEhuItfXob2ed01fHtRa5wVcZTJETkmp8Qll6RBbkiTtAgjijyTV/JmPVov1rv1MW8tWcXMIfkj6/MHby2TCQ==</latexit><latexit sha1_base64="UMvQ8zw2e7lhFhzPnbi096duwJs=">AAAB9XicbZBNS8NAEIY39avWr6pHL8EieJCSiKDHghePFewHtLFsNpN26WYTdidqCP0fXjwo4tX/4s1/47bNQVtfWHh4Z4aZff1EcI2O822VVlbX1jfKm5Wt7Z3dver+QVvHqWLQYrGIVdenGgSX0EKOArqJAhr5Ajr++Hpa7zyA0jyWd5gl4EV0KHnIGUVj3fcRnjAPQGqO2WRQrTl1ZyZ7GdwCaqRQc1D96gcxSyOQyATVuuc6CXo5VciZgEmln2pIKBvTIfQMShqB9vLZ1RP7xDiBHcbKPIn2zP09kdNI6yzyTWdEcaQXa1Pzv1ovxfDKy7lMUgTJ5ovCVNgY29MI7IArYCgyA5Qpbm612YgqytAEVTEhuItfXob2ed01fHtRa5wVcZTJETkmp8Qll6RBbkiTtAgjijyTV/JmPVov1rv1MW8tWcXMIfkj6/MHby2TCQ==</latexit>

m
as

s
<latexit sha1_base64="J/asTo+9rWx47zTWihS/3FtNpfw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4kDIjgi4LblxWsA+YDiWTZtrQPIbkjliGfoYbF4q49Wvc+Tem7Sy09UDgcM69N/eeOBXcgu9/e6W19Y3NrfJ2ZWd3b/+genjUtjozlLWoFtp0Y2KZ4Iq1gINg3dQwImPBOvH4duZ3HpmxXKsHmKQskmSoeMIpASeFPWBPkEti7bRfrfl1fw68SoKC1FCBZr/61RtomkmmgAo3IQz8FKKcGOBUsGmll1mWEjomQxY6qohkNsrnK0/xmVMGONHGPQV4rv7uyIm0diJjVykJjOyyNxP/88IMkpso5yrNgCm6+CjJBAaNZ/fjATeMgpg4QqjhbldMR8QQCi6ligshWD55lbQv64Hj91e1xkURRxmdoFN0jgJ0jRroDjVRC1Gk0TN6RW8eeC/eu/exKC15Rc8x+gPv8wf5lpGf</latexit><latexit sha1_base64="J/asTo+9rWx47zTWihS/3FtNpfw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4kDIjgi4LblxWsA+YDiWTZtrQPIbkjliGfoYbF4q49Wvc+Tem7Sy09UDgcM69N/eeOBXcgu9/e6W19Y3NrfJ2ZWd3b/+genjUtjozlLWoFtp0Y2KZ4Iq1gINg3dQwImPBOvH4duZ3HpmxXKsHmKQskmSoeMIpASeFPWBPkEti7bRfrfl1fw68SoKC1FCBZr/61RtomkmmgAo3IQz8FKKcGOBUsGmll1mWEjomQxY6qohkNsrnK0/xmVMGONHGPQV4rv7uyIm0diJjVykJjOyyNxP/88IMkpso5yrNgCm6+CjJBAaNZ/fjATeMgpg4QqjhbldMR8QQCi6ligshWD55lbQv64Hj91e1xkURRxmdoFN0jgJ0jRroDjVRC1Gk0TN6RW8eeC/eu/exKC15Rc8x+gPv8wf5lpGf</latexit><latexit sha1_base64="J/asTo+9rWx47zTWihS/3FtNpfw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4kDIjgi4LblxWsA+YDiWTZtrQPIbkjliGfoYbF4q49Wvc+Tem7Sy09UDgcM69N/eeOBXcgu9/e6W19Y3NrfJ2ZWd3b/+genjUtjozlLWoFtp0Y2KZ4Iq1gINg3dQwImPBOvH4duZ3HpmxXKsHmKQskmSoeMIpASeFPWBPkEti7bRfrfl1fw68SoKC1FCBZr/61RtomkmmgAo3IQz8FKKcGOBUsGmll1mWEjomQxY6qohkNsrnK0/xmVMGONHGPQV4rv7uyIm0diJjVykJjOyyNxP/88IMkpso5yrNgCm6+CjJBAaNZ/fjATeMgpg4QqjhbldMR8QQCi6ligshWD55lbQv64Hj91e1xkURRxmdoFN0jgJ0jRroDjVRC1Gk0TN6RW8eeC/eu/exKC15Rc8x+gPv8wf5lpGf</latexit><latexit sha1_base64="J/asTo+9rWx47zTWihS/3FtNpfw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4kDIjgi4LblxWsA+YDiWTZtrQPIbkjliGfoYbF4q49Wvc+Tem7Sy09UDgcM69N/eeOBXcgu9/e6W19Y3NrfJ2ZWd3b/+genjUtjozlLWoFtp0Y2KZ4Iq1gINg3dQwImPBOvH4duZ3HpmxXKsHmKQskmSoeMIpASeFPWBPkEti7bRfrfl1fw68SoKC1FCBZr/61RtomkmmgAo3IQz8FKKcGOBUsGmll1mWEjomQxY6qohkNsrnK0/xmVMGONHGPQV4rv7uyIm0diJjVykJjOyyNxP/88IMkpso5yrNgCm6+CjJBAaNZ/fjATeMgpg4QqjhbldMR8QQCi6ligshWD55lbQv64Hj91e1xkURRxmdoFN0jgJ0jRroDjVRC1Gk0TN6RW8eeC/eu/exKC15Rc8x+gPv8wf5lpGf</latexit>

x
<latexit sha1_base64="glRlbRdo828NzsPRumAoRF7vQ0o=">AAAB8XicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPBS8eK9gPbEPZbCft0s0m7E6kJfRfePGgiFf/jTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00Tp5pDg8cy1u2AGZBCQQMFSmgnGlgUSGgFo9tZvfUE2ohYPeAkAT9iAyVCwRla67GLMMYgzMbTXrniVt256Cp4OVRIrnqv/NXtxzyNQCGXzJiO5yboZ0yj4BKmpW5qIGF8xAbQsahYBMbP5htP6Zl1+jSMtX0K6dz9PZGxyJhJFNjOiOHQLNdm5n+1TorhjZ8JlaQIii8+ClNJMaaz82lfaOAoJxYY18LuSvmQacbRhlSyIXjLJ69C87LqWb6/qtQu8jiK5IScknPikWtSI3ekThqEE0WeySt5c4zz4rw7H4vWgpPPHJM/cj5/ACBAkSE=</latexit><latexit sha1_base64="glRlbRdo828NzsPRumAoRF7vQ0o=">AAAB8XicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPBS8eK9gPbEPZbCft0s0m7E6kJfRfePGgiFf/jTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00Tp5pDg8cy1u2AGZBCQQMFSmgnGlgUSGgFo9tZvfUE2ohYPeAkAT9iAyVCwRla67GLMMYgzMbTXrniVt256Cp4OVRIrnqv/NXtxzyNQCGXzJiO5yboZ0yj4BKmpW5qIGF8xAbQsahYBMbP5htP6Zl1+jSMtX0K6dz9PZGxyJhJFNjOiOHQLNdm5n+1TorhjZ8JlaQIii8+ClNJMaaz82lfaOAoJxYY18LuSvmQacbRhlSyIXjLJ69C87LqWb6/qtQu8jiK5IScknPikWtSI3ekThqEE0WeySt5c4zz4rw7H4vWgpPPHJM/cj5/ACBAkSE=</latexit><latexit sha1_base64="glRlbRdo828NzsPRumAoRF7vQ0o=">AAAB8XicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPBS8eK9gPbEPZbCft0s0m7E6kJfRfePGgiFf/jTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00Tp5pDg8cy1u2AGZBCQQMFSmgnGlgUSGgFo9tZvfUE2ohYPeAkAT9iAyVCwRla67GLMMYgzMbTXrniVt256Cp4OVRIrnqv/NXtxzyNQCGXzJiO5yboZ0yj4BKmpW5qIGF8xAbQsahYBMbP5htP6Zl1+jSMtX0K6dz9PZGxyJhJFNjOiOHQLNdm5n+1TorhjZ8JlaQIii8+ClNJMaaz82lfaOAoJxYY18LuSvmQacbRhlSyIXjLJ69C87LqWb6/qtQu8jiK5IScknPikWtSI3ekThqEE0WeySt5c4zz4rw7H4vWgpPPHJM/cj5/ACBAkSE=</latexit><latexit sha1_base64="glRlbRdo828NzsPRumAoRF7vQ0o=">AAAB8XicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPBS8eK9gPbEPZbCft0s0m7E6kJfRfePGgiFf/jTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00Tp5pDg8cy1u2AGZBCQQMFSmgnGlgUSGgFo9tZvfUE2ohYPeAkAT9iAyVCwRla67GLMMYgzMbTXrniVt256Cp4OVRIrnqv/NXtxzyNQCGXzJiO5yboZ0yj4BKmpW5qIGF8xAbQsahYBMbP5htP6Zl1+jSMtX0K6dz9PZGxyJhJFNjOiOHQLNdm5n+1TorhjZ8JlaQIii8+ClNJMaaz82lfaOAoJxYY18LuSvmQacbRhlSyIXjLJ69C87LqWb6/qtQu8jiK5IScknPikWtSI3ekThqEE0WeySt5c4zz4rw7H4vWgpPPHJM/cj5/ACBAkSE=</latexit>

x
<latexit sha1_base64="glRlbRdo828NzsPRumAoRF7vQ0o=">AAAB8XicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPBS8eK9gPbEPZbCft0s0m7E6kJfRfePGgiFf/jTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00Tp5pDg8cy1u2AGZBCQQMFSmgnGlgUSGgFo9tZvfUE2ohYPeAkAT9iAyVCwRla67GLMMYgzMbTXrniVt256Cp4OVRIrnqv/NXtxzyNQCGXzJiO5yboZ0yj4BKmpW5qIGF8xAbQsahYBMbP5htP6Zl1+jSMtX0K6dz9PZGxyJhJFNjOiOHQLNdm5n+1TorhjZ8JlaQIii8+ClNJMaaz82lfaOAoJxYY18LuSvmQacbRhlSyIXjLJ69C87LqWb6/qtQu8jiK5IScknPikWtSI3ekThqEE0WeySt5c4zz4rw7H4vWgpPPHJM/cj5/ACBAkSE=</latexit><latexit sha1_base64="glRlbRdo828NzsPRumAoRF7vQ0o=">AAAB8XicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPBS8eK9gPbEPZbCft0s0m7E6kJfRfePGgiFf/jTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00Tp5pDg8cy1u2AGZBCQQMFSmgnGlgUSGgFo9tZvfUE2ohYPeAkAT9iAyVCwRla67GLMMYgzMbTXrniVt256Cp4OVRIrnqv/NXtxzyNQCGXzJiO5yboZ0yj4BKmpW5qIGF8xAbQsahYBMbP5htP6Zl1+jSMtX0K6dz9PZGxyJhJFNjOiOHQLNdm5n+1TorhjZ8JlaQIii8+ClNJMaaz82lfaOAoJxYY18LuSvmQacbRhlSyIXjLJ69C87LqWb6/qtQu8jiK5IScknPikWtSI3ekThqEE0WeySt5c4zz4rw7H4vWgpPPHJM/cj5/ACBAkSE=</latexit><latexit sha1_base64="glRlbRdo828NzsPRumAoRF7vQ0o=">AAAB8XicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPBS8eK9gPbEPZbCft0s0m7E6kJfRfePGgiFf/jTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00Tp5pDg8cy1u2AGZBCQQMFSmgnGlgUSGgFo9tZvfUE2ohYPeAkAT9iAyVCwRla67GLMMYgzMbTXrniVt256Cp4OVRIrnqv/NXtxzyNQCGXzJiO5yboZ0yj4BKmpW5qIGF8xAbQsahYBMbP5htP6Zl1+jSMtX0K6dz9PZGxyJhJFNjOiOHQLNdm5n+1TorhjZ8JlaQIii8+ClNJMaaz82lfaOAoJxYY18LuSvmQacbRhlSyIXjLJ69C87LqWb6/qtQu8jiK5IScknPikWtSI3ekThqEE0WeySt5c4zz4rw7H4vWgpPPHJM/cj5/ACBAkSE=</latexit><latexit sha1_base64="glRlbRdo828NzsPRumAoRF7vQ0o=">AAAB8XicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPBS8eK9gPbEPZbCft0s0m7E6kJfRfePGgiFf/jTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00Tp5pDg8cy1u2AGZBCQQMFSmgnGlgUSGgFo9tZvfUE2ohYPeAkAT9iAyVCwRla67GLMMYgzMbTXrniVt256Cp4OVRIrnqv/NXtxzyNQCGXzJiO5yboZ0yj4BKmpW5qIGF8xAbQsahYBMbP5htP6Zl1+jSMtX0K6dz9PZGxyJhJFNjOiOHQLNdm5n+1TorhjZ8JlaQIii8+ClNJMaaz82lfaOAoJxYY18LuSvmQacbRhlSyIXjLJ69C87LqWb6/qtQu8jiK5IScknPikWtSI3ekThqEE0WeySt5c4zz4rw7H4vWgpPPHJM/cj5/ACBAkSE=</latexit>

x
<latexit sha1_base64="glRlbRdo828NzsPRumAoRF7vQ0o=">AAAB8XicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPBS8eK9gPbEPZbCft0s0m7E6kJfRfePGgiFf/jTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00Tp5pDg8cy1u2AGZBCQQMFSmgnGlgUSGgFo9tZvfUE2ohYPeAkAT9iAyVCwRla67GLMMYgzMbTXrniVt256Cp4OVRIrnqv/NXtxzyNQCGXzJiO5yboZ0yj4BKmpW5qIGF8xAbQsahYBMbP5htP6Zl1+jSMtX0K6dz9PZGxyJhJFNjOiOHQLNdm5n+1TorhjZ8JlaQIii8+ClNJMaaz82lfaOAoJxYY18LuSvmQacbRhlSyIXjLJ69C87LqWb6/qtQu8jiK5IScknPikWtSI3ekThqEE0WeySt5c4zz4rw7H4vWgpPPHJM/cj5/ACBAkSE=</latexit><latexit sha1_base64="glRlbRdo828NzsPRumAoRF7vQ0o=">AAAB8XicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPBS8eK9gPbEPZbCft0s0m7E6kJfRfePGgiFf/jTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00Tp5pDg8cy1u2AGZBCQQMFSmgnGlgUSGgFo9tZvfUE2ohYPeAkAT9iAyVCwRla67GLMMYgzMbTXrniVt256Cp4OVRIrnqv/NXtxzyNQCGXzJiO5yboZ0yj4BKmpW5qIGF8xAbQsahYBMbP5htP6Zl1+jSMtX0K6dz9PZGxyJhJFNjOiOHQLNdm5n+1TorhjZ8JlaQIii8+ClNJMaaz82lfaOAoJxYY18LuSvmQacbRhlSyIXjLJ69C87LqWb6/qtQu8jiK5IScknPikWtSI3ekThqEE0WeySt5c4zz4rw7H4vWgpPPHJM/cj5/ACBAkSE=</latexit><latexit sha1_base64="glRlbRdo828NzsPRumAoRF7vQ0o=">AAAB8XicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPBS8eK9gPbEPZbCft0s0m7E6kJfRfePGgiFf/jTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00Tp5pDg8cy1u2AGZBCQQMFSmgnGlgUSGgFo9tZvfUE2ohYPeAkAT9iAyVCwRla67GLMMYgzMbTXrniVt256Cp4OVRIrnqv/NXtxzyNQCGXzJiO5yboZ0yj4BKmpW5qIGF8xAbQsahYBMbP5htP6Zl1+jSMtX0K6dz9PZGxyJhJFNjOiOHQLNdm5n+1TorhjZ8JlaQIii8+ClNJMaaz82lfaOAoJxYY18LuSvmQacbRhlSyIXjLJ69C87LqWb6/qtQu8jiK5IScknPikWtSI3ekThqEE0WeySt5c4zz4rw7H4vWgpPPHJM/cj5/ACBAkSE=</latexit><latexit sha1_base64="glRlbRdo828NzsPRumAoRF7vQ0o=">AAAB8XicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPBS8eK9gPbEPZbCft0s0m7E6kJfRfePGgiFf/jTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00Tp5pDg8cy1u2AGZBCQQMFSmgnGlgUSGgFo9tZvfUE2ohYPeAkAT9iAyVCwRla67GLMMYgzMbTXrniVt256Cp4OVRIrnqv/NXtxzyNQCGXzJiO5yboZ0yj4BKmpW5qIGF8xAbQsahYBMbP5htP6Zl1+jSMtX0K6dz9PZGxyJhJFNjOiOHQLNdm5n+1TorhjZ8JlaQIii8+ClNJMaaz82lfaOAoJxYY18LuSvmQacbRhlSyIXjLJ69C87LqWb6/qtQu8jiK5IScknPikWtSI3ekThqEE0WeySt5c4zz4rw7H4vWgpPPHJM/cj5/ACBAkSE=</latexit>

x
<latexit sha1_base64="glRlbRdo828NzsPRumAoRF7vQ0o=">AAAB8XicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPBS8eK9gPbEPZbCft0s0m7E6kJfRfePGgiFf/jTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00Tp5pDg8cy1u2AGZBCQQMFSmgnGlgUSGgFo9tZvfUE2ohYPeAkAT9iAyVCwRla67GLMMYgzMbTXrniVt256Cp4OVRIrnqv/NXtxzyNQCGXzJiO5yboZ0yj4BKmpW5qIGF8xAbQsahYBMbP5htP6Zl1+jSMtX0K6dz9PZGxyJhJFNjOiOHQLNdm5n+1TorhjZ8JlaQIii8+ClNJMaaz82lfaOAoJxYY18LuSvmQacbRhlSyIXjLJ69C87LqWb6/qtQu8jiK5IScknPikWtSI3ekThqEE0WeySt5c4zz4rw7H4vWgpPPHJM/cj5/ACBAkSE=</latexit><latexit sha1_base64="glRlbRdo828NzsPRumAoRF7vQ0o=">AAAB8XicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPBS8eK9gPbEPZbCft0s0m7E6kJfRfePGgiFf/jTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00Tp5pDg8cy1u2AGZBCQQMFSmgnGlgUSGgFo9tZvfUE2ohYPeAkAT9iAyVCwRla67GLMMYgzMbTXrniVt256Cp4OVRIrnqv/NXtxzyNQCGXzJiO5yboZ0yj4BKmpW5qIGF8xAbQsahYBMbP5htP6Zl1+jSMtX0K6dz9PZGxyJhJFNjOiOHQLNdm5n+1TorhjZ8JlaQIii8+ClNJMaaz82lfaOAoJxYY18LuSvmQacbRhlSyIXjLJ69C87LqWb6/qtQu8jiK5IScknPikWtSI3ekThqEE0WeySt5c4zz4rw7H4vWgpPPHJM/cj5/ACBAkSE=</latexit><latexit sha1_base64="glRlbRdo828NzsPRumAoRF7vQ0o=">AAAB8XicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPBS8eK9gPbEPZbCft0s0m7E6kJfRfePGgiFf/jTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00Tp5pDg8cy1u2AGZBCQQMFSmgnGlgUSGgFo9tZvfUE2ohYPeAkAT9iAyVCwRla67GLMMYgzMbTXrniVt256Cp4OVRIrnqv/NXtxzyNQCGXzJiO5yboZ0yj4BKmpW5qIGF8xAbQsahYBMbP5htP6Zl1+jSMtX0K6dz9PZGxyJhJFNjOiOHQLNdm5n+1TorhjZ8JlaQIii8+ClNJMaaz82lfaOAoJxYY18LuSvmQacbRhlSyIXjLJ69C87LqWb6/qtQu8jiK5IScknPikWtSI3ekThqEE0WeySt5c4zz4rw7H4vWgpPPHJM/cj5/ACBAkSE=</latexit><latexit sha1_base64="glRlbRdo828NzsPRumAoRF7vQ0o=">AAAB8XicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPBS8eK9gPbEPZbCft0s0m7E6kJfRfePGgiFf/jTf/jds2B219YeHhnRl25g0SKQy67rdTWFvf2Nwqbpd2dvf2D8qHR00Tp5pDg8cy1u2AGZBCQQMFSmgnGlgUSGgFo9tZvfUE2ohYPeAkAT9iAyVCwRla67GLMMYgzMbTXrniVt256Cp4OVRIrnqv/NXtxzyNQCGXzJiO5yboZ0yj4BKmpW5qIGF8xAbQsahYBMbP5htP6Zl1+jSMtX0K6dz9PZGxyJhJFNjOiOHQLNdm5n+1TorhjZ8JlaQIii8+ClNJMaaz82lfaOAoJxYY18LuSvmQacbRhlSyIXjLJ69C87LqWb6/qtQu8jiK5IScknPikWtSI3ekThqEE0WeySt5c4zz4rw7H4vWgpPPHJM/cj5/ACBAkSE=</latexit>

m
as

s
<latexit sha1_base64="J/asTo+9rWx47zTWihS/3FtNpfw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4kDIjgi4LblxWsA+YDiWTZtrQPIbkjliGfoYbF4q49Wvc+Tem7Sy09UDgcM69N/eeOBXcgu9/e6W19Y3NrfJ2ZWd3b/+genjUtjozlLWoFtp0Y2KZ4Iq1gINg3dQwImPBOvH4duZ3HpmxXKsHmKQskmSoeMIpASeFPWBPkEti7bRfrfl1fw68SoKC1FCBZr/61RtomkmmgAo3IQz8FKKcGOBUsGmll1mWEjomQxY6qohkNsrnK0/xmVMGONHGPQV4rv7uyIm0diJjVykJjOyyNxP/88IMkpso5yrNgCm6+CjJBAaNZ/fjATeMgpg4QqjhbldMR8QQCi6ligshWD55lbQv64Hj91e1xkURRxmdoFN0jgJ0jRroDjVRC1Gk0TN6RW8eeC/eu/exKC15Rc8x+gPv8wf5lpGf</latexit><latexit sha1_base64="J/asTo+9rWx47zTWihS/3FtNpfw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4kDIjgi4LblxWsA+YDiWTZtrQPIbkjliGfoYbF4q49Wvc+Tem7Sy09UDgcM69N/eeOBXcgu9/e6W19Y3NrfJ2ZWd3b/+genjUtjozlLWoFtp0Y2KZ4Iq1gINg3dQwImPBOvH4duZ3HpmxXKsHmKQskmSoeMIpASeFPWBPkEti7bRfrfl1fw68SoKC1FCBZr/61RtomkmmgAo3IQz8FKKcGOBUsGmll1mWEjomQxY6qohkNsrnK0/xmVMGONHGPQV4rv7uyIm0diJjVykJjOyyNxP/88IMkpso5yrNgCm6+CjJBAaNZ/fjATeMgpg4QqjhbldMR8QQCi6ligshWD55lbQv64Hj91e1xkURRxmdoFN0jgJ0jRroDjVRC1Gk0TN6RW8eeC/eu/exKC15Rc8x+gPv8wf5lpGf</latexit><latexit sha1_base64="J/asTo+9rWx47zTWihS/3FtNpfw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4kDIjgi4LblxWsA+YDiWTZtrQPIbkjliGfoYbF4q49Wvc+Tem7Sy09UDgcM69N/eeOBXcgu9/e6W19Y3NrfJ2ZWd3b/+genjUtjozlLWoFtp0Y2KZ4Iq1gINg3dQwImPBOvH4duZ3HpmxXKsHmKQskmSoeMIpASeFPWBPkEti7bRfrfl1fw68SoKC1FCBZr/61RtomkmmgAo3IQz8FKKcGOBUsGmll1mWEjomQxY6qohkNsrnK0/xmVMGONHGPQV4rv7uyIm0diJjVykJjOyyNxP/88IMkpso5yrNgCm6+CjJBAaNZ/fjATeMgpg4QqjhbldMR8QQCi6ligshWD55lbQv64Hj91e1xkURRxmdoFN0jgJ0jRroDjVRC1Gk0TN6RW8eeC/eu/exKC15Rc8x+gPv8wf5lpGf</latexit><latexit sha1_base64="J/asTo+9rWx47zTWihS/3FtNpfw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4kDIjgi4LblxWsA+YDiWTZtrQPIbkjliGfoYbF4q49Wvc+Tem7Sy09UDgcM69N/eeOBXcgu9/e6W19Y3NrfJ2ZWd3b/+genjUtjozlLWoFtp0Y2KZ4Iq1gINg3dQwImPBOvH4duZ3HpmxXKsHmKQskmSoeMIpASeFPWBPkEti7bRfrfl1fw68SoKC1FCBZr/61RtomkmmgAo3IQz8FKKcGOBUsGmll1mWEjomQxY6qohkNsrnK0/xmVMGONHGPQV4rv7uyIm0diJjVykJjOyyNxP/88IMkpso5yrNgCm6+CjJBAaNZ/fjATeMgpg4QqjhbldMR8QQCi6ligshWD55lbQv64Hj91e1xkURRxmdoFN0jgJ0jRroDjVRC1Gk0TN6RW8eeC/eu/exKC15Rc8x+gPv8wf5lpGf</latexit>

m
a
ss

<latexit sha1_base64="J/asTo+9rWx47zTWihS/3FtNpfw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4kDIjgi4LblxWsA+YDiWTZtrQPIbkjliGfoYbF4q49Wvc+Tem7Sy09UDgcM69N/eeOBXcgu9/e6W19Y3NrfJ2ZWd3b/+genjUtjozlLWoFtp0Y2KZ4Iq1gINg3dQwImPBOvH4duZ3HpmxXKsHmKQskmSoeMIpASeFPWBPkEti7bRfrfl1fw68SoKC1FCBZr/61RtomkmmgAo3IQz8FKKcGOBUsGmll1mWEjomQxY6qohkNsrnK0/xmVMGONHGPQV4rv7uyIm0diJjVykJjOyyNxP/88IMkpso5yrNgCm6+CjJBAaNZ/fjATeMgpg4QqjhbldMR8QQCi6ligshWD55lbQv64Hj91e1xkURRxmdoFN0jgJ0jRroDjVRC1Gk0TN6RW8eeC/eu/exKC15Rc8x+gPv8wf5lpGf</latexit><latexit sha1_base64="J/asTo+9rWx47zTWihS/3FtNpfw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4kDIjgi4LblxWsA+YDiWTZtrQPIbkjliGfoYbF4q49Wvc+Tem7Sy09UDgcM69N/eeOBXcgu9/e6W19Y3NrfJ2ZWd3b/+genjUtjozlLWoFtp0Y2KZ4Iq1gINg3dQwImPBOvH4duZ3HpmxXKsHmKQskmSoeMIpASeFPWBPkEti7bRfrfl1fw68SoKC1FCBZr/61RtomkmmgAo3IQz8FKKcGOBUsGmll1mWEjomQxY6qohkNsrnK0/xmVMGONHGPQV4rv7uyIm0diJjVykJjOyyNxP/88IMkpso5yrNgCm6+CjJBAaNZ/fjATeMgpg4QqjhbldMR8QQCi6ligshWD55lbQv64Hj91e1xkURRxmdoFN0jgJ0jRroDjVRC1Gk0TN6RW8eeC/eu/exKC15Rc8x+gPv8wf5lpGf</latexit><latexit sha1_base64="J/asTo+9rWx47zTWihS/3FtNpfw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4kDIjgi4LblxWsA+YDiWTZtrQPIbkjliGfoYbF4q49Wvc+Tem7Sy09UDgcM69N/eeOBXcgu9/e6W19Y3NrfJ2ZWd3b/+genjUtjozlLWoFtp0Y2KZ4Iq1gINg3dQwImPBOvH4duZ3HpmxXKsHmKQskmSoeMIpASeFPWBPkEti7bRfrfl1fw68SoKC1FCBZr/61RtomkmmgAo3IQz8FKKcGOBUsGmll1mWEjomQxY6qohkNsrnK0/xmVMGONHGPQV4rv7uyIm0diJjVykJjOyyNxP/88IMkpso5yrNgCm6+CjJBAaNZ/fjATeMgpg4QqjhbldMR8QQCi6ligshWD55lbQv64Hj91e1xkURRxmdoFN0jgJ0jRroDjVRC1Gk0TN6RW8eeC/eu/exKC15Rc8x+gPv8wf5lpGf</latexit><latexit sha1_base64="J/asTo+9rWx47zTWihS/3FtNpfw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4kDIjgi4LblxWsA+YDiWTZtrQPIbkjliGfoYbF4q49Wvc+Tem7Sy09UDgcM69N/eeOBXcgu9/e6W19Y3NrfJ2ZWd3b/+genjUtjozlLWoFtp0Y2KZ4Iq1gINg3dQwImPBOvH4duZ3HpmxXKsHmKQskmSoeMIpASeFPWBPkEti7bRfrfl1fw68SoKC1FCBZr/61RtomkmmgAo3IQz8FKKcGOBUsGmll1mWEjomQxY6qohkNsrnK0/xmVMGONHGPQV4rv7uyIm0diJjVykJjOyyNxP/88IMkpso5yrNgCm6+CjJBAaNZ/fjATeMgpg4QqjhbldMR8QQCi6ligshWD55lbQv64Hj91e1xkURRxmdoFN0jgJ0jRroDjVRC1Gk0TN6RW8eeC/eu/exKC15Rc8x+gPv8wf5lpGf</latexit>

Figure 1. A visual summary of discretized autoregressive smoothing. Given a noisy history x̃<i = x<i + ε<i (left column) where
ε ∼ N (0, σ2I), we train a model to predict the un-noised distribution over xi ∈ R (middle column). This distribution is discrete and
non-differentiable in x̃; we convolve with a Gaussian ϕσ(t) = N (t; 0, σ2) to produce a continuous estimate of x̃i (right column). We can
run Langevin dynamics on the continuous distribution, and gradually anneal the smoothing to approximate the target distribution.

& Thickstun (2020). We defer the development of the PnF
sampler for fully discrete models to future work.

In Section 3.2, we present a stochastic variant of the PnF
sampler based on stochastic gradient Langevin dynamics
(Welling & Teh, 2011). This is an embarrassingly parallel,
asynchronous distributed algorithm for autoregressive sam-
pling. Using a WaveNet model, we show in Section 4.3 that
stochastic PnF sampling approximates the quality of ances-
tral sampling to arbitrary accuracy, with compute time that
is inverse proportional to the number of computing devices.
This allows PnF sampling to take full advantage of modern,
massively parallel computing infrastructure.

We will see in Section 3.3 how the PnF sampler can find
solutions to general posterior sampling problems, using an
unconditional generative model as a prior. In Section 4
we present applications of the PnF sampler to a variety of
Bayesian image and audio inverse problems. We focus on
linear inverse problems, using PixelCNN++ (Salimans et al.,
2017) and WaveNet (van den Oord et al., 2016a) models
as priors. Sections 4.4, 4.5, and 4.6 demonstrate PnF con-
ditional sampling for source separation, super-resolution,
inpainting respectively. PnF sampling results correlate
strongly with the strength of the generative model used
as a prior; as better autoregressive models are developed,
they can be used with PnF sampling to improve performance
on conditional generation tasks. We refer the reader to the
project website for demonstrations of audio PnF sampling.

2. Related Work
The PnF autoregressive sampler is based on the annealed
Langevin dynamics introduced in Song & Ermon (2019),
which accelerates standard Langevin dynamics (Neal et al.,
2011; Du & Mordatch, 2019) using a smoothing procedure

in the spirit of simulated annealing (Kirkpatrick et al., 1983)
and graduated optimization (Blake & Zisserman, 1987). The
extension of annealed Langevin dynamics to conditional
sampling problems was discussed in Jayaram & Thickstun
(2020) for source separation and image coloring problems,
and developed further in Song et al. (2021) for general pos-
terior sampling problems. The present work extends these
methods to discretized autoregressive models, for which
the smoothing procedures described in previous work are
not directly applicable (Frank & Ilse, 2020). Markov-chain
Monte Carlo posterior samplers based on Gibbs sampling
rather than Langevin dynamics are proposed in Theis &
Bethge (2015) and Hadjeres et al. (2017) as solutions for
inpainting tasks.

The slow speed of ancestral sampling is a persistent obstacle
to the adoption and deployment of autoregressive models.
This has inspired algorithms that seek to parallelize the sam-
pling process. Parallel WaveNet (van den Oord et al., 2018)
and ClariNet (Ping et al., 2019) train generative flow models
to mimic the behavior of an autoregressive model. Sampling
a flow model requires only one pass through a feed-forward
network and can be distributed across multiple devices. Wig-
gers & Hoogeboom (2020) and Song et al. (2020) propose
fixed-point algorithms that, like PnF sampling, iteratively
refine an initial sample from a simple distribution into a
sample from the target distribution. But none of these meth-
ods are easily adaptable to source separation (Section 4.4)
or more general conditional sampling tasks.

Like anytime sampling (Xu et al., 2021), PnF sampling of-
fers a tradeoff between sample quality and computational
budget. The algorithm’s iterates gradually mix to the tar-
get distribution and, by stopping early, we can approximate
samples from this distribution using less computation. We
explore the empirical tradeoff between sample quality and
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computation for PnF sampling from autoregressive mod-
els in Section 4.2. The anytime sampler proposed in Xu
et al. (2021) requires a specific model architecture based
on the VQ-VAE (van den Oord et al., 2017; Razavi et al.,
2019). In contrast, the PnF sampler can be used with any
likelihood-based model. Unlike an anytime sampler, the
computational budget for PnF sampling must be specified in
advance: halting prior to completing the annealing schedule
will result in noisy samples.

Bayesian inverse problems are explored extensively in theo-
retical settings, where the prior is given by a simple analyti-
cal distribution (Tropp & Wright, 2010; Knapik et al., 2011;
Wang et al., 2017). These problems have also been studied
using learned priors given by GAN’s, with a focus on linear
inverse problems (Rick Chang et al., 2017; Bora et al., 2017;
Raj et al., 2019). These GAN-based approaches are tailored
to the latent variable architecture of the model, performing
latent space optimizations to find codes that correspond to
desired outputs. There is no obvious extension of these
latent variable approaches to autoregressive models.

While we focus on autoregressive models, due to their strong
empirical performance as unconditional models of audio,
PnF sampling could be applied more generally with other
likelihood-based models. In the audio space, this includes
recent diffusion models (Kong et al., 2021; Chen et al.,
2021). Note however that audio vocoder models (Prenger
et al., 2019; Kim et al., 2018; Ping et al., 2020), which rely
on spectrogram conditioning, cannot be adapted as priors
for the source separation, super-resolution, and inpainting
experiments presented in Section 4. In addition, GAN based
models (Donahue et al., 2019; Kumar et al., 2019), which
are not likelihood based, cannot be sampled using PnF.

3. Parallel and Flexible Sampling
We want to sample from an autoregressive generative model
over some indexed sequence of values x ∈ Xn where

p(x) =
n∏
i=1

p(xi|x<i). (1)

We are particularly interested in developing a sampler for
discretized autoregressive models, where X = R and each
conditional p(xi|x<i) has support on a finite set of scalar
values D = {e1, . . . , ed} ⊂ R. The set Dn could represent,
for example, an 8-bit encoding of an image or audio wave.

We propose to sample from p(x) via Langevin dynamics.
Let x0 ∼ Uniform(Rn), εt ∼ N (0, In), and define a
Markov chain

x(t+1) ≡ x(t) + η∇x log p(x(t)) +
√
2ηεt (2)

If p(x) were a smooth density then, for sufficiently small η,
the Markov chain mixes and x(t) converges in distribution

Algorithm 1 Parallel and Flexible Sampling

Input: y, {σi}Li=1, δ, T
Sample x(0) ∼ N (0, σ2

1In)
for i← 1 to L do
ηi ← δ · σ2

i /σ
2
L

for t = 1 to T do
Sample εt ∼ N (0, In)
g(t) ← ∇x log pσi

(x(t)) +∇x log pσi
(y|x(t))

x(t+1) ← x(t) + ηig(t) +
√
2ηεt

end for
end for

to p as t→∞. But a discretized probability distribution de-
fined over Dn is not smooth; the gradient∇x log p(x(t)) is
not even well-defined. In Section 3.1 we propose a smooth-
ing of the discrete model p(x), creating a differentiable
density on which the Markov chain (2) can mix.

To support conditional generation, we then turn our at-
tention to sampling from the posterior of a joint distribu-
tion p(x, y) = p(y|x)p(x), where p(x) is an autoregressive
model over x ∈ Rn and p(y|x) is a conditional likelihood.
Langevin dynamics for sampling from the posterior p(x|y)
are given by

x(t+1) ≡ x(t) + η∇x log p(x(t)|y) +
√
2ηεt (3)

= x(t) + η∇x

(
log p(x(t)) + log p(y|x(t))

)
+
√
2ηεt.

This is a convenient Markov chain for posterior sampling,
because the partition function p(y) vanishes when we take
the gradient. However, like p(x), the posterior p(x|y) is
not smooth. In Section 3.3 we propose a smoothing of the
joint distribution p(x, y), for which the posterior p(x|y) is
differentiable and the Markov chain (3) can mix.

Given a smoothing procedure parameterized by a tempera-
ture parameter, we appeal to the simulated annealing heuris-
tic developed in Song & Ermon (2019) to turn down the
temperature as the Markov chain (2) or (3) mixes. In con-
trast to classical Markov chain sampling, for which samples
x(t) converge in distribution to p, annealed Langevin dynam-
ics converges asymptotically to a single point distributed
approximately according to p. Algorithm 1 describes these
annealed Langevin dynamics given a smoothed prior pσ(x)
and smoothed likelihood pσ(y|x). The structure of this al-
gorithm is the same as the annealed Langevin dynamics
presented in Song & Ermon (2019) (the unconditional case
where ∇xpσ(y|x) = 0) and Jayaram & Thickstun (2020)
(the conditional case); the novel contribution of this paper is
the smoothing algorithm for evaluating∇xpσ(x) given p(x)
(Section 3.1) and∇xpσ(y|x) given p(y|x) (Section 3.3).

Each step of the Langevin dynamics described in Equations
(2) or (3) requires inference of log p(x), an O(n) operation.
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Unlike sequential sampling, calculating log p(x) for a given
sequence x ∈ Rn is embarrassingly parallel; for moderate
sequence lengths n, the cost of computing log p(x) is essen-
tially constant using a modern parallel computing device.
When n is very large, e.g. for WaveNet models where just a
minute of audio has n > 106 samples, it can be convenient
to distribute sampling across multiple computing devices.
In Section 3.2 we describe a stochastic variant of PnF sam-
pling based on stochastic gradient Langevin dynamics that
is easily distributed across a cluster of devices.

3.1. Autoregressive Smoothing

We consider models that parameterize the conditional dis-
tribution p(xi|x<i) with a categorical softmax distribution
over d = |D| discrete values; given functions fi : X i → Rd,
we define

p(xi = ek|x<i) =
exp(fi,k(x<i))∑d
`=1 exp(fi,`(x<i))

. (4)

The functions fi are typically given by a neural network,
with shared weights across the sequential indices i. Collec-
tively, these conditional models define the joint distribution
p(x) according to Equation (1).

We cannot directly compute gradients of the distribution
p(x) defined by discrete conditionals p(xi|x<i). Instead,
we smooth p(x) by convolving it with a spherical Gaussian
N (0, σ2In). This smoothing relies on the fact that ek ∈ D
represent scalar values on the real line, and therefore the
discrete distribution p(xi|x<i) can be viewed as a linear
combination of weighted Dirac spikes on D ⊂ R. If φσ(x)
denotes the density of a spherical Gaussian N (0, σ2In) on
Rn then we define a density pσ(x̃) on Rn given by

pσ(x̃) = (φσ ∗ p)(x̃) =
∫
φσ(x̃− x)p(x) dx. (5)

This distribution has well-defined gradients ∇x̃ log pσ(x̃)
and pσ(x̃)→ p(x) in total variation as σ2 → 0.

When p(x) is a deep autoregressive model, the convolu-
tion (5) is difficult to calculate directly. Previous work
proposed training a smoothed model pσ(x̃) by fine-tuning
a model p(x) on noisy data x̃ = x + εσ where x ∼ p and
εσ ∼ N (0, σ2In) (Jayaram & Thickstun, 2020). This ap-
proach cannot be directly applied to discrete autoregressive
models as defined by Equation (4). The obstruction is that
noisy samples x̃i ∈ R are not supported by the discretiza-
tion D. One way to address the problem is to replace the
discrete model p(x) with a continuous autoregressive model
of pσ(x̃), e.g. RNADE (Uria et al., 2013). We avoid this
approach because fine-tuning p(x) to pσ(x̃) becomes com-
plicated when these models have different architectures.

Instead of directly fine-tuning p(x) to a model pσ(x̃), we
combine an analytic calculation with an auxiliary model

learned via fine-tuning. Let p̃σ(xi|x̃<i) denote a (discrete)
conditional model trained to predict xi given noisy covari-
ates x̃<i = x<i + εσ,<i. If ϕσ denotes the density of
N (0, σ2) then we can re-write the factored density pσ(x̃) as

pσ(x̃) =
n∏
i=1

pσ(x̃i|x̃<i) =
n∏
i=1

(
ϕσ ∗ p̃σ( · |x̃<i)

)
(x̃i). (6)

On the right-hand side, we decompose the smoothed con-
ditional densities pσ(x̃i|x̃<i) into Gaussian convolutions
of discrete conditionals p̃σ( · |x̃<i) evaluated at x̃i. This
suggests the following approach to evaluating pσ(x̃i|x̃<i):

• Learn a (discrete) model p̃σ(xi|x̃<i), trained to predict
the un-noised value xi given noisy history x̃<i. This
model can be learned efficiently by finetuning a pre-
trained model p(xi|x<i) on noisy covariates x̃<i. This
is visualized in the middle column of Figure 1.

• Evaluate the Gaussian convolution ϕσ ∗ p̃σ( · |x̃<i) at
x̃i to compute pσ(x̃i|x̃<i). This convolution can be
calculated in closed form given p̃σ(xi|x̃<i). This is
visualized in the right column of Figure 1.

The convolution pσ(x̃i|x̃<i) =
(
ϕσ ∗ p̃σ( · |x̃<i)

)
(x̃i) has a

simple closed form given by a Gaussian mixture model

pσ(x̃i|x̃<i) =
d∑
k=1

p̃σ(ek|x̃<i)ϕσ(x̃i − ek). (7)

Using the softmax parameterization of p̃(xi|x<i) given by
Equation (4), with fine-tuned logits fσ,i : X⊗i → Rd, the
log-density of this smoothed conditional density can be
written in a numerically stable form:

log pσ(xi|x<i) = − log

d∑
`=1

exp(fσ,i,`(x<i)) (8)

+ log

d∑
k=1

exp

(
fσ,i,k(x<i)−

1

2σ2
(xi − ek)2

)
+ C.

This smoothing procedure requires us to store finetuned
models p̃σ(xi|x̃<i) for each of the L noise levels σ ∈
{σ1, . . . , σL}. This could be avoided by training a single
noise-conditioned generative model. The advantage of fine-
tuning is that we can directly use standard models, without
any adjustment to the network architecture or subsequent
hyper-parameter tuning of the modified architecture; this
cleanly decouples our approach to conditional sampling
from neural architecture design questions. Note that while
we store L copies of the model, there is no additional mem-
ory overhead: these models are loaded and unloaded serially
during optimization as we anneal the noise levels, so only
one model is resident in memory at a time. While memory
is a scarce resource, disk space is generally abundant.
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Algorithm 2 Stochastic Parallel and Flexible Sampling

Input: y, {σi}Li=1, δ, T
Sample x ∼ N (0, σ2

1In)
for i← 1 to L do
ηi ← δ · σ2

i /σ
2
L

Fork()
for t = 1 to T do

Sample j ∼ Uniform{1, . . . , n}
Sample εt ∼ N (0, Ic)

Read x(t)j−w:j+c+w ← xj−w:j+c+w

g(t)
j ← ∇xj:j+c

log pσi
(x(t)
j−w:j+c+w)

+ ∇xj:j+c
log pσi

(y(t)j:j+c|x
(t)
j−w:j+c+w)

Write xj:j+c ← x(t)
j:j+c + ηig

(t)
j +

√
2ηεt

end for
Synchronize()

end for

3.2. Stochastic Gradient Langevin Dynamics

Calculating the Langevin updates described in Equations
(2) and (3) requires O(n) operations to compute log pσ(x),
given a sequence x ∈ Rn. This calculation decomposes into
n calculations of log pσ(xi|x<i) (i = 1, . . . , n) which can
each be computed in parallel (this is what allows autore-
gressive models to be efficiently trained using the maximum
likelihood objective). But for very large values of n, even
modern parallel computing devices cannot fully parallelize
all n calculations. In this section, we develop a stochastic
variant of PnF sampling (Algorithm 2) that is easily dis-
tributed across multiple devices.

Instead of making batch updates on a full sequence x ∈ Rn,
consider updating a single coordinate j ∈ {1, . . . , n}:

x(t+1)
j = x(t)j + η∇xj log pσ(x

(t)) +
√
2ηε

(t)
j . (9)

This coordinate-wise derivative is only dependent on the tail
of the sequence x≥j :

∇xj log pσ(x) =
n∑
i=j

∇xj log pσ(xi|x<i). (10)

This doesn’t look promising; calculating an update on a
single coordinate xj required n− j inference calculations
pσ(xi|x<i). But models over very long sequences, including
WaveNets, usually make a Markov assumption p(xi|x<i) =
p(xi|xi−w, . . . , xi−1) for some limited contextual window
of length w. In this case, the coordinate-wise derivative
requires only w calls:

∇xj log pσ(x) =
j+w∑
i=j

∇xj log pσ(xi|x<i). (11)

Calculating a gradient on a contiguous block of c coordi-

nates leads to a more efficient update

∇xj:j+c log pσ(x) =
j+c+w∑
i=j

∇xj:j+c log pσ(xi|x<i). (12)

Calculating Equation (12) requires transmission of a block
{xj−w, . . . , xj+c+w} of length c+2w to the computing de-
vice, and c+w calculations pσ(xi|x<i) in order to compute
the gradient of a block of length c. If we partition a sequence
of length n into n/c blocks of length c, then we can dis-
tribute computation of∇x log pσ(x) with an overhead factor
of 1 + w/c. This motivates choosing c as large as possible,
under the constraint that c+ w calculations pσ(xi|x<i) can
still be parallelized on a single device.

We can calculate∇x log pσ(x) by aggregating n/c blocks of
gradients according to Equation (12), requiring synchronous
communication between n/c machines for every update
Equation (2); this is a MapReduce algorithm (Dean & Ghe-
mawat, 2004). We propose a bolder approach in Algorithm 2
based on block-stochastic Langevin dynamics (Welling &
Teh, 2011). If j ∈ {1, . . . , n} is chosen uniformly at random
then Equation (12) is an unbiased estimate of∇x log pσ(x).
This motivates block-stochastic updates on patches, which
multiple devices can perform asynchronously, a Langevin
analog to Hogwild! (Niu et al., 2011).

3.3. Smoothing a Joint Distribution

We now consider joint distributions p(x, y) = p(y|x)p(x)
over sources x ∈ Xn and measurements y ∈ Yn. For
example, y could be a low resolution version of the signal,
or an observed mixture of two signals. We are particularly
interested in measurement models of the form y = g(x),
for some linear function g : Xn → Yn. We can view
these measurements y as degenerate likelihoods p(y|x) of
the form

p(y|x) = δ(y− g(x)), (13)

where δ denotes the Dirac delta function. This family of
linear measurement models describes the source separation,
in-painting, and super-resolution tasks featured in Section 4,
as well as other linear inverse problems including sparse
recovery and image colorization.

Extending our analysis in Section 3.1, we can smooth the
joint density p(x, y) by convolving x with a spherical Gaus-
sian N (0, σ2In). Let x̃ = x + εσ where εσ ∼ N (0, σ2In).
Note that x̃ is conditionally independent of y given x and
therefore the joint distribution over x, x̃, and y can be fac-
tored as

pσ(x, y, x̃) = pσ(x̃|x)p(y|x)p(x). (14)

We will work with the smoothed marginal pσ(x̃, y) of the
joint distribution pσ(x, y, x̃). If φσ(x) denotes the density of
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a spherical Gaussian N (0, σ2In) on Rn then the marginal
pσ(x̃, y) of Equation (14) can be expressed by

pσ(x̃, y) =
∫
φσ(x̃− x)p(x, y) dx (15)

This density approximates the original distribution p(x, y)
in the sense that pσ(x̃, y) → p(x, y) in total variation as
σ2 → 0.

The smoothed density pσ(x̃, y) can be factored as
pσ(y|x̃)pσ(x̃). The density pσ(x̃) is simply the smoothed
Gaussian convolution of p(x) given by Equation (5). For
general likelihoods p(y|x), because y is conditionally inde-
pendent of x̃ given x, we can write the density pσ(y|x̃) by
marginalizing over x as

pσ(y|x̃) =
∫
pσ(y|x̃, x)pσ(x|x̃) dx (16)

=

∫
p(y|x)φσ(x− x̃) dx. (17)

This integral is difficult to calculate directly. One way to
evaluate pσ(y|x̃) is to take the same approach described in
Section 3.1 to evaluate pσ(x̃): fine-tune the model p(y|x)
to a model p̃(y|x̃) that predicts y given noisy covariates
x̃ = x+ εσ . A similar procedure (using a noise-conditioned
architecture rather than finetuning) is described in Section 5
of Song et al. (2021).

For linear measurement models with the form given by Equa-
tion (13), the smoothed density pσ(y|x̃) can be calculated
in closed form. Writing the linear function g : Xn → Yn
as a matrix g(x) = Ax, we have

y = g(x) = g(x̃) + g(−εσ) ∼ N
(
g(x̃), σ2AAT

)
. (18)

This smoothing given by Equation (18) generalizes the
smoothing proposed in Jayaram & Thickstun (2020) for
source separation. That work proposed separately smooth-
ing the prior and likelihood, resulting in a smoothed like-
lihood p(ỹ|x) over ỹ = y + εy, where εy ∼ N (0, σ2In).
This is equivalent to Equation (18) in the case of source
separation, for which g(x) = 1

2x1 + 1
2x2 and therefore

g(x) ∼ N
(
g(x̃), σ2I

)
.

For general likelihoods p(y|x) (e.g. a classifier) the condi-
tioning values y may depend on the whole sequence x. In
this case, stochastic PnF must read the entire sequence x in
order to calculate the posterior

∇xj:j+c
log p(x|y) = ∇xj:j+c

(
log p(x)+log p(y|x)

)
. (19)

But for long sequences x such as audio, the conditioning
information y is often a local function of the sequence x. In
this case, x ∈ Xn, y ∈ Yn, yi = g(xN(i)) where N(i) is

a local neighborhood of indices near i, and the likelihood
decomposes via conditional independence into

log p(y|x) =
n∑
i=1

log p(yi|xN(i)). (20)

All experiments presented in Section 4 feature this condition-
ing pattern. For spectrogram conditioning, N(i) is the set
of indices (centered at i) required to compute a short-time
Fourier transform. For source separation, super-resolution,
and in-painting, N(i) = i. This allows us to compute block
gradients of the conditional likelihood (Algorithm 2).

4. Experiments
We present qualitative and quantitive results of PnF sam-
pling for WaveNet models of audio (van den Oord et al.,
2016a) and a PixelCNN++ model of images (Salimans et al.,
2017). In Section 4.2 we show that PnF sampling can pro-
duce samples of comparable quality to ancestral sampling.
In Section 4.3 we show that stochastic PnF sampling is
faster than ancestral sampling, when parallelized across a
modest number of devices. We go on to demonstrate how
PnF sampling can be applied to a variety of image and audio
restoration tasks: source separation (Section 4.4), super-
resolution (Section 4.5), and inpainting (Section 4.6). We
encourage the reader to browse the supplementary material
for qualitative examples of PnF audio sampling.

4.1. Datasets

For audio experiments we use the VCTK dataset (Veaux
et al., 2016) consisting of 44 hours of speech, as well as
the Supra Piano dataset (Shi et al., 2019) consisting of 52
hours of piano recordings. We use a random 80-20 train-test
split of VCTK speakers and piano recordings for evalua-
tion. Audio sequences are sampled at a 22kHz, with 8-bit
µ-law encoding (CCITT, 1988), except for source separa-
tion where 8-bit linear encoding is used. Sequences used
for quantitative evaluation are 50k sample excerpts, approx-
imately 2.3 seconds of audio, chosen randomly from the
longer test set recordings. For image experiments we use
the CIFAR-10 dataset (Krizhevsky, 2009) with the stan-
dard train-test split. Additional training and hyperparameter
details can be found in the appendix.

4.2. Quality of Generated Samples

To evaluate the quality of samples generated by PnF sam-
pling, we follow a similar procedure to Holtzman et al.
(2020). We compare log-likelihoods, calculated using the
noiseless model p(x), of sequences generated by PnF sam-
pling to sequences generated by ancestral sampling from
the lowest-noise model pσL

(x). Because PnF-sampled se-
quences are continuous, we quantize these samples to 8-bit
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Figure 2. As the number of Langevin iterations T increases, the log-likelihood of sequences generated by PnF sampling approaches the
log-likelihood of test set sequences. Left: sampling from a PixelCNN++ model trained on CIFAR-10. Right: sampling from WaveNet
models trained on the Supra Piano and VCTK speech datasets.

values when evaluating their likelihood under the noise-
less model. We consider PnF sampling to be successful if
it generates sequences with comparable log-likelihoods to
ancestral generations.

In Figure 2 we present quantitative results for PnF sam-
pling using an unconditional PixelCNN++ model of CIFAR-
10, and a spectrogram-conditioned WaveNet model of both
voice and piano datasets. We evaluate 1, 000 generations
(length n = 50, 000 sequences for the WaveNet models)
using various numbers of Langevin iterations, and report the
median log likelihood of quantizations of these sequences
under the noiseless model. Asymptotically, as the iterations
T of Langevin dynamics increase, the likelihood of PnF
samples approaches the likelihood of ancestral samples. Au-
dio PnF samples for various T are presented on the project
website.

4.3. Speed and Parallelism

Ancestral sampling has O(n) serial runtime in the length n
of the generated sequence. Using the stochastic PnF sam-
pler described in Section 3.2, the serial runtime is O(T ),
where T is the number of Langevin iterations at each level of
smoothing. We find empirically that we can set T indepen-
dent of n, so in principle the serial runtime of stochastic PnF
is constant as a function of sequence length. In practice, we
do not have an infinite supply of parallel devices, so the se-
rial runtime of stochastic PnF grows inversely proportional
to the number of devices. This behavior is demonstrated in
Figure 3 for spectrogram-conditioned WaveNet stochastic
PnF sampling using a cluster of 8 Nvidia Titan Xp GPU’s
and T = 256. Each GPU can calculate Equation (12) for a
block of c = 50, 000 samples (2.3 seconds of audio). For
PixelCNN++, we find that T > n and therefore the PnF

sampler does not improve sampling speed for this model.
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Figure 3. PnF sampling can be parallelized across multiple devices,
resulting in faster inference time than ancestral sampling. Beyond
a threshold level of computation, PnF sampling time is inversely
proportional to the number of devices.

Stochastic PnF sampling depends upon asynchronous writes
being sparse so that memory overwrites, when two workers
update overlapping blocks, are rare. This situation is analo-
gous to the sparse update condition required for Hogwild!
If blocks are length c and the number of devices is substan-
tially less than n/c, then updates are sufficiently sparse. But
if the number of devices is larger than n/c, memory over-
writes become common, and stochastic PnF sampling fails
to converge. This imposes a floor on generation time deter-
mined by c, exhibited in Figure 3. We cannot substantially
reduce this floor by decreasing c because of the tradeoff
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between c and the model’s Markov window w described in
Section 3.2.

In general, PnF sampling becomes faster than ancestral sam-
pling for long sequences n, in which case the stochastic vari-
ant of PnF sampling becomes necessary in order to distribute
the calculation of n conditional likelihoods. For shorter se-
quences, accurate unconditional samples can be produced
more quickly with the ancestral sampler. Unconditional
32× 32 CIFAR-10 generation using the PixelCNN++ mode
requires T = 10, 000 Langevin iterations per noise level
(Figure 2) for accurate samples; annealing through L = 20
levels requires a total of L × T = 200, 000 serial queries
to the PixelCNN++ model, far more than n = 3× 32× 32
serial queries to PixelCNN++ for ancestral sampling. Note
also that PixelCNN++ conditions on a full image (w = n)
so the stochastic variant of Pnf sampling is not applicable
to this model.

4.4. Source Separation

The single-channel source separation problem (Davies &
James, 2007) asks us to recover unobserved sources x1, x2 ∈
Xn = R2×n given an observed mixture y = g(x) = x1 +
x2. Like Jayaram & Thickstun (2020), we view source
separation as a linear Bayesian inverse problem: recover
(x1, x2) given y and a prior p(x1, x2) = p(x1)p(x2). We
consider three variants of this task: (1) audio separation of
mixtures of voice (VCTK test set) and piano (Supra Piano
test set), (2) visual separation of mixtures of CIFAR-10 test
set “animal” images and “machine” images, and (3) class-
agnostic visual separation of mixtures of CIFAR-10 test set
images.

We compare PnF audio separation to results using the De-
mucs (Défossez et al., 2019) and Conv-Tasnet (Luo & Mes-
garani, 2019) source separation models. Both Demucs and
Conv-Tasnet are supervised models, trained specifically for
the source separation task, that learn to output source compo-
nents given an input mixture. An advantage of PnF sampling
is that it does not rely on pairs of source signals and mixes
like these supervised methods. We train the supervised mod-
els on 10K mixtures of VCTK and Supra Piano samples and
measure results on 1K test set mixtures using the standard
Scale Invariant Signal-to-Distortion Ratio (SI-SDR) metric
for audio source separation (Le Roux et al., 2019). Results
in Table 1 show that PnF sampling is competitive with these
specialized source separation models. Qualitative compar-
isons are provided in the supplement. We do not compare
results on the popular MusDB dataset (Rafii et al., 2017)
because this dataset has insufficient single-channel audio to
train WaveNet generative models.

For CIFAR-10, we follow the experimental methodology
described in Jayaram & Thickstun (2020). Table 2 shows
that PixelCNN++ performs comparably to Glow as a prior,

but underperforms NCSN. This makes sense, given the rel-
ative strength of NCSN as a prior over CIFAR-10 images
in comparison to PixelCNN++ and Glow. Given the strong
correlation between the quality of a generative model and
the quality of separations using that model as a prior, we
anticipate that more recent innovations in autoregressive
image models based on transformers (Parmar et al., 2018;
Child et al., 2019) will lead to stronger separation results
once implementations of these models that match the results
reported in these papers become public. Select qualitative
image separation results are presented in Figure 4.

Table 1. Quantitative results for audio source separation of mix-
tures of Supra piano and VCTK voice samples. Results are mea-
sured using SI-SDR (higher is better).

Algorithm Test SI-SDR (dB)
All Piano Voice

PnF (WaveNet) 17.07 13.92 20.25
Conv-Tasnet 17.48 20.02 15.50
Demucs 14.18 16.67 12.75

Table 2. Quantitative results for visual sources separation on
CIFAR-10. Results are measured using Inception Score / FID
Score of 25,000 separations (50,000 separated images) of two
overlapping CIFAR-10 images. In Class Split one image comes
from the category of animals and other from the category of ma-
chines. NES results (Halperin et al., 2019) and BASIS results are
as reported in Jayaram & Thickstun (2020).

Algorithm Inception Score FID
Class Split
NES 5.29 ± 0.08 51.39
BASIS (Glow) 5.74 ± 0.05 40.21
PnF (PixelCNN++) 5.86 ± 0.07 40.66
Average 6.14 ± 0.11 39.49
BASIS (NCSN) 7.83 ± 0.15 29.92
Class Agnostic
BASIS (Glow) 6.10 ± 0.07 37.09
PnF (PixelCNN++) 6.14 ± 0.15 37.89
Average 7.18 ± 0.08 28.02
BASIS (NCSN) 8.29 ± 0.16 22.12

4.5. Super-Resolution

The super-resolution problem asks us to recover unobserved
data x given a down-sampled observation y = g(x). For
1-dimensional (audio) super-resolution, x ∈ Rn, y ∈ Rn/r,
and yi = xri (Kuleshov et al., 2017; Eskimez et al., 2019).
For 2-dimensional (image) super-resolution x ∈ Rn =
Rk×k×3, y ∈ Rk/r×k/r×3, and yi,j = xri,rj (Dahl et al.,
2017; Zhang et al., 2018). Like source separation, super-
resolution can be viewed as a Bayesian linear inverse prob-
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Figure 4. PnF sampling applied to visual source separation (Section 4.4) super-resolution (Section 4.5) and inpainting (Section 4.6) using
a PixelCNN++ prior over images trained on CIFAR-10. Ground-truth images in this figure are taken from the CIFAR-10 test set.

Table 3. Quantitative results for audio super-resolution at three
different scales on the Supra piano and VCTK voice datasets.
Results are measured using PSNR (higher is better). KEE refers to
the method described in Kuleshov et al. (2017)

Piano Voice

Ratio Spline KEE PnF Spline KEE PnF

4x 23.07 22.25 29.78 15.8 16.04 15.47
8x 13.58 15.79 23.49 10.7 11.15 10.03
16x 7.09 6.76 14.23 6.4 7.11 5.32

lem, and we can recover solutions to this problem via PnF
sampling. In the audio domain, the down-sampling opera-
tion g(x) can be interpreted as a low-pass filter.

We measure audio super-resolution performance using peak
signal-to-noise ratio (PSNR) and compare against a deep
learning baseline (Kuleshov et al., 2017) as well as a simple
cubic B-spline. Quantitative audio results are presented in
Table 3, which show that we outperform these baselines on
piano data and produce similar quality reconstructions on
voice data. Qualitative audio samples are available in the
supplement, where we also show examples of 32x super
resolution—beyond the reported ability of existing methods.
Select qualitative visual results are presented in Figure 4.

4.6. Inpainting

Inpainting problems involve the recovery of unobserved data
x given a masked observation g(x) = m � x, where m ∈
{0, 1}n (Adler et al., 2011; Pathak et al., 2016). This family
of problems includes completion tasks (finishing a sequence
given a prime) pre-completion tasks (generating a prefix to

a sequence) and outpainting tasks. Ancestral sampling can
only be applied to completion tasks, whereas PnF sampling
can be used to fill in any pattern of masked occlusions.
Qualitative results for audio inpainting are available in the
supplement. Select qualitative results for image inpainting
are presented in Figure 4.

5. Conclusion
In this paper we introduced PnF sampling, a parallelizable
approach to sampling from autoregressive models that can
be flexibly adapted to conditional sampling tasks. The
flexibility of PnF sampling decouples the (unconditional)
generative modeling problem from the details of specific
conditional sampling tasks. Using WaveNet models, we
demonstrated a reduction in wall-clock sampling time us-
ing PnF sampling in comparison to ancestral sampling, as
well as PnF’s ability to solve a variety of practical audio
processing problems: source separation, super-resolution,
and inpainting. We anticipate that PnF conditional sampling
results will improve as developments in generative modeling
empower us to incorporate stronger models as priors. More
broadly, we are inspired by ongoing research in generative
modeling that, coupled with PnF sampling, will continue to
drive performance improvements for practical conditional
image and audio restoration tasks.
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