Supplementary Material for the Paper entitled “Objective Bound Conditional

Gaussian Process for Bayesian Optimization”

A Notations

In this supplementary material, we use the following notations:

Dy = (X, (f(Xn))) = (Xn, fn)

pap(x; Dy) = k(z, X0) K (Xn, Xn) ™! o

fi(@; D, Zy) = Ef(2)| Dy, @ar, Zu] = pap(@; Dy, @, f(2mr)

(s Dy) = Elji(a: D, Za1) Dy

02 p(x; D) = 02 p(2; X)) = k(z,2) — k(z, X)) K (Xny Xn) " k(Xy, )

aépﬂ (x; D) = Uémﬂ (2; X)) = k(z,2) — k(z, X0) (K (Xny, Xn) + 021,) k(X x)
62(x; Dy Znr) = Var(f(2)| D, xar, Zu) = 02p (25 Xy 2mr) < 0ap(25 X0)

52(x; Dy) = E(62(x; Dy, Zpg)|Dy) + Var(ii(x; Dy, Zag)|Dy) (Law of total variance)

Ynxn = K(Xna Xn) - k(Xna xM)k_l(xMa$M)k($M, Xn)

B Inference for Case 2

We describe the inference procedure for Case 2 in Section 3.2 in more detail. As mentioned in
Section 3, we use variational inference to estimate the parameters of OBCGP. The variational

lower bound is expressed as

L(0,¢; Dn) = Eq,(z,,) [log po(fn| Zn1)] — K L(qe(Zm)|[p(Z01))-



In Case 2, we take beta(a, §) as a variational distribution over Z;. A beta distribution provides
various shapes of a density function, depending on the parameters. Therefore, it can approximate

p(Zyr|fn) flexibly. First of all, KL divergence has the following analytical formula:

KL(q4(Zm)llp(Zar)) = log g(a 2)

+(a=1y(@)+B=A)B)+ 1+ A—-a—=pB)y(a+p),

where B(a, ) is a beta function. The first term of L(6,¢; D,) can also be computed using a

closed-form expression as follows:

Eoy(Zar) [log po(£n]Znr)]

2

L 1 k(X 01) o k(X 21)
— 2108 |Spun| — = (f, — Ly—— M T~ (g, —p, ML
X 5 Og’ X ‘ 2( pk?(!lfM,iUM)) nxn( pk(-’L‘M,ZEM)
k(Xn, T k( X, 1 k(Xn, T k(X,,
By — L) P Em ) oy R Enaa)y Lpg R Xna) "o (mM;

k(a:M,a:M) nxnk(xM,J}M

(1)

k(mM,a;M)

where E{ and Ef are the first and second moments of g4(Zys), respectively. Then, using Eq.(1),

we can obtain the posterior mean and variance of f(z*), given D, as in Section 3.2.

C Derivation of Eq.(7)

In the inference procedure, when the parameters of (¢, ¢) are fixed, p should maximize Eg(z,,)[log po(fnlZnr)],
because the KL divergence term does not contain zps. Let f¢(xps) denote the the random variable
following the posterior distribution of f(xjs) in both Case 1 and Case 2 (see Section 6.1 in the

paper). Then, B, (z,)[log pg(fn|Zn)] can be written as follows:

Eq (2108 po(falZm)] = Efa(ay,)[log po(ful f4(2ar))]
k(XTLa 'TM)
k(znr, xar)

E(Xn, xar)

Ty —1 o
) ann(fn fq(xM) k‘(Q?M,IEM)

1 1
X Efq(g;M)[_i log |En><n’ - §(fn - fq(xM)

To express this formula in terms of the GP posterior moments (i.e., ucp(z; Dy) and o2 p5(z; D)),

we use the following two properties: For n x n matrix A and n x 1 vectors b and c,



Property 1. (A+bcl)™t=A"1 - %

Property 2. det(I +bc’) =1+ b"c

-1 _ —1 K_lk(Xnamlﬂ)k(Im>Xn)K
nXxn K=+ Uép($IVI§Dn)

Using the property 1, we obtain X - Also, using the property 2,
we obtain log |, x| = log(cZ p(z; Dy))+log | K|. Applying these results to By, 2y 108 po(ful Zr)],

Eq.(7) is derived.

D Acquisition functions with GP

Given the observed data D,,_1, BOs (with GP) select the next query point by optimizing an acqui-
sition function a(x; Dy,—1), which is computed based on the GP posterior. We discuss the detailed
formula of acquisition functions with the GP.

GP-UCB. GP-UCB is an acquisition function motivated from the confidence bound on the GP
posterior. Using the posterior distribution f(z)|D;, ~ N(pgp(z; Dyp—1),0%p(x; Dp—1)), GP-UCB
sets a(z; Dy) = pap(x; Dy) + Aogp(z; Dy,), where A is a positive hyperparameter. The next query
point is selected so as to maximize a(x).

GP-EI. GP-El is also based on the GP posterior. It sets a(x; D) = Ef(p, [(f(2) — 6)T], which
can be expressed in a closed-form analytically. In detail, a(z; D,,) = [¢(v(x))—7(2)®(v(x))]ogp(x; Dy),

= tgif’iw, and ¢(-) and ®(-) are the standard normal pdf and cdf, respectively. A

where v(z)
popular choice of # is the maximum observed function value.

GP-MES. Max-value entropy search (MES) acquisition function is an information-theoretic ap-
proach, which quantifies the information gain about the maximum function value. The acquisition
function of GP-MES is o(x; Dy,) = I(fopt, fu|Dn, ), where I(-,-) is the mutual information, and
fopt is the true optimal function value. GP-MES can be approximately computed based on the

samples of f,,:, whose distribution is inferred through the Gumbel or GP posterior distribution

(Wang and Jegelka, 2017).



E Acquisition functions with OBCGP

As discussed in Section 4, we can approximate the posterior distribution of the OBCGP as a
Gaussian using moment matching. Then, we can readily evaluate acquisition functions mentioned
in Section D for OBCGP, just by replacing ucp(z; D) and 02 (x5 Dy,) with fi(z; Dy,) and 62(z; D,)
(see Section 3), respectively. For example, OBCGP-EI and OBCGP-UCB can be written as follows:
OBCGP-EI.

fbest - ﬂ(xv Dn—l)
&([E; Dn—l)

Tn = argmax,cq [¢(7(z)) — 3(2)2(y(2))]o(z; Dn1),  F(x) =

OBCGP-UCB.

Ty = argmax,cq f(x; Dp—1) + BY26(x; D1, Zar).

Alternatively, we can evaluate the acquisition functions using Monte Carlo samples from the
OBCGP posterior, without the normal approximation, as discussed in Section 4. For example, the
EI can be rewritten as EI(z) = a(z; Dy,) = E[E[(f(x) — frest) T |Dn, f(xar)]|Dy)]. Then, the inner
expectation term can be derived in a closed-form similar to the GP-EI, using the fact that given
D,, and f(xpr), f(x) follows a normal distribution by definition of the OBCGP (Note that when
we use the moment matching approximation, it is assumed that given D,,, f(z) follows a normal
distribution.) The outer expectation term can be approximated using Monte Carlo samples from
p(f(zar)|Dn). We denote this sampling-based calculation of the EI by Els, to differentiate the
calculation of the EI based on the moment-matching approximation. We provide the experiments
results of OBCGP-EIs in Section H.1. The inner expectation of the EI for the OBCGP have
different closed-form expressions for Case 1 and Case 2 as follows:

OBCGP-EIs (Case 1)

Ty = argmax,cq [E[( ( ) fbest) |Dn 1, f(J:M)”Dn 1]
N

1 . .
A argmax,cq NZ (1 (2, Z3p)) = (2, Zap) (i (2, Z3y)))6 (2 Dni, Zur),

where ¢(-) is the standard normal pdf, Zi, are the samples from p(Zy|Dn—1) ~ q4(Zar) for Case 1



A(xazM)fk(xsz\/I)

(i-e., Zi ~ gamma(a, B)), 1 (x, Zj v) = [feest — iap(x3 Dp—1) — W(MGP@M;Dn—l) -
ap\TM;;Pn—1

ly — Zi))/6(x; Dn—1, Zr), and Az, zar) = k(z, X)) K (Xn, Xn) " k(X0 20).

OBCGP-EIs (Case 2)

Ty = argmax,cq [E[( ( ) fbest) |Dn 1, f(J:M)”Dn 1]
N

1 . S
~ argmax;eq N Z (v2(, ZM —v2(@, Zjy) (12 (@, Z3y))]6 (25 D1, Zur),

where Z%, are the samples from p(Zpr|Dn—1) ~ q4(Znr) for Case 2 (ie., Z%, ~ beta(c,3)) and

Yo, Ziy) = [foest—tcp(z; Dn—l)—w(uap(lm; Dy—1)—lp—(up—1y) Z})] /6 (#; D1, Znr).

o&p(@m;Dn—1)

For both cases, 5’(1‘, Dn—l, ZM) = \/U%P(w; Dn—l) _ (A(@zn)—k(zza))? '

U2GP(IM§D7171)

F Proof of Theorem 1

Suppose that we have observed up to the ¢th data point. Then, using the conditional GP model,
f(x)|Di,zar, Zar ~ N(fi(x; Dy, Zar), 6%(x; Diy Zag)). In Theorem 1, we derive the bounded cumu-
lative regret of OBCGP-UCB, which is the sum of instantaneous regrets. The first step to prove
Theorem 1 is to find an appropriate 3; in OBCGP-UCB that makes instantaneous regret to be

bounded. We can find such ; from the results of Lemmas 1, 2 and 3.

Lemma 1 (Doob’s Conditional independence property (Doob, 1953)). If X, Y are conditional
independent given Z, then

P(X € A]Y,Z) = P(X € A|Z).

Lemma 2. Pick § € (0,1) and set 3; = 210g(6(|§2‘_7f;i)), where ;- il =1,m >0 and v =

maX(P(ZM < E[ZM|Di_1]|Di_1),P(ZM > E[ZM|Di_1]|Di_1)). Then
|f(z) = file; Di-1)| < B%6 (23 Dicr, Zar) Vo €Q Vi1

holds with probability > 1 — 6.



Proof. Note that if r ~ N(0, 1), then for ¢ > 0,
P(r>c) = ¢/ (2m) '/ / e (r0/2mer=0) < o~2p(y 5 0) = (1/2)e 12,

because e ~“("=¢) < 1 for r > ¢. Therefore, P( [|f(x) — p(x; Di—1, Zr)| > ﬁil/26(m; D; 1, ZM)} |Di—1, 2z, Zpp) <

e~Pi/2_ Note that f(x) = plx; D1, Zag)|Di1, xar, Zag ~ N(0,6%(x; Di_1, Zar)). Therefore, f(x) —

i(x; Di—1, Zpr) and Zys are conditionally independent given D;_;. Applying Lemma 1, we have
P((If(@) = i Dicr, Zn)| > B!%6(w; Dicy, Zap) | |Diy,ar) < 02, (2)

Now, we consider the bound of P(||f(x) — fi(z; Di—1)| > ,83/26(.@ D4, ZM)} |D;—1,2zp). With the

result in Eq.(2), we obtain the following bound:

P([[f(x) — iz Dio1)| = 86 (x; Dic1, Zag)| |1 Di1, 1)
= P([£(@) = ilw; Dica) > 85 (w3 Dio1, Z). s Dica, Zar) > filas Diy)| [Dicr, )

+ P(|f(x) = fi(z; Di—1) > 51/2&(96;17@—17 Zn), (s Di—1, Zyr) < ﬂ(ﬂC;Di—ﬂ} |Di—1,xMm)

+ P(|f(x) — jii(z; Di—1) < —51-1/26(33;131‘—1,ZM),ﬂ(fC;Di—hZM) > ﬂ(ﬂf;Di—l)] |Di—1,20r)

+ P(|f(z) — fi(z; Di—q) < —52-1/26(56;17171, Znr), (s Di—1, Zyr) < ﬂ(l';Difl)] |Di—1,2Mm)

< P([|(z) = isws Dics, Zas)| > ;%623 Dir, Zr)| IDim1, 2ar)

+ v P( [|f(35) — fi(x; Di—1)| > ﬁil/%(ﬂ?; D;_q, ZM)} |Di—1,2Mm)-

Therefore,

1
L=

P([\f(x) — filw; Dioy)| = B%6 (x: Diy, ZM)] |Di—1, M)
< P((|(2) = il i1, Zas)| > B}*6(x: Di1, Zan) | |Dir o)

< 6—51/2 1

1—’}/1"

where ; = max(P(Zy < E[Zn|Dic1]|Di-1), P(Zy > E[Zy|Di—1]|Di—1)). Finally, applying the



union bound,

F(@) — fi(2; Di_1)| < 8?6 (w3 Div, Zag) V€ Q

holds with probability > 1 — % Choosing ; = 2log( (‘Qm)) the statement holds. m; =
2n2/6 could be an example for this lemma. O

Lemma 3. Define the instantaneous regret v = f(zopt)—f(zi). If | f(x)—p(z; Di—1)] < 53/2(7(:6; Di_1,Zy),

125 6(zi; Di—1).

then r; < 243,

Proof. By the selection rule of the conditional GP-UCB, fi(x;; Di,1)+ﬁi1/2&(a:i; Di_1) > ii(xopt; Di—1)+

ﬁil/Qa'(xopt; D; 4, ZM) > f($0pt)' Thus,
ri = f(@opt — f(x3)) < 51-1/2?7(332'; Di1, Zy) + iz Dim1) — f(2opt) < 255/2&(961'; D; 1, Zy).

O]

Lemmas 4 and 5 show the relationship between the mutual information and the sum of posterior
variances. From the result of Lemma 3, cumulative regret is bonded by the sum of 3; 125 6(x; Di—1, Znr).
By using the result of Lemma 5, we will express the bound of cumulative regret in terms of mutual

information.

Lemma 4 (Srinivas et al. (2009)). Suppose y; = f(x;) +€;, where e ~ N(0,02) and f ~ GP(0, K).

The mutual information between f and observation y, = f, + €, can be expressed in terms of

2 .
UGP,02 ’

1 — _
I(Yyp; fn,0°) = 5 Zlog(l +o 20'%P’U.2 (35 Di—1)).
i=1

Lemma 5. I(yn; fo,02) > 250 log(1+ 0 20% p(2i; Dio1)).

Proof. Using the Woodbury identity or Kailath variant,

(K(Xi 1, X; 1)+ 0’ = K(Xi 1, X 1) ' = 0?K(X;_1, X 1) N (K(X;_1, Xi1) + 017!



Because UéP’UQ (.732‘; Di—l) = k(xi, x,) - k(l‘i, Xi—l)(K(Xi—l, Xi—l) + 0'21)_1/9(Xi_1, xi), we have
Uép7g2 (zi: Di1) = 02 p(xi; Di1) + 02k(xi, Xio1) Kk(X_1, 1),

where K = K (X;_1, X;_1) "(K(X;_1,X;_1) + 02I)~!. Because K is positive-definite, we have
08 p g2 (i3 Diz1) = 0p(2i; Diz1).

O

Combining the results of Lemmas 3 and 5, we can prove Theorem 1. First of all, we have

S r2 < SorABio 2(x4; Di_1, Zpr) from Lemma 3. By the definition of BNZ = Bi+2log(1—;), BNZ

i=1"i
is non-decreasing, thus 3; < f3; — 2log(1 — ) for all i < n. Then we have the following inequality:

n

ZT < 24 —2log(1 — ))6* (i Dio1, Zar) < > A(B; — 21log(1 — v))ogp (@i Di—1)
=1

<Z4 i — 2log(1 —7))k§ (ky QUGP(x];(’J = 1))

2
B i;Di—

< § :4 :— 2log(1 — 7))k3Cy log(l—l—ko_QM).

ko

With Co = kg ?/log(1 + ky?) > 1, s < Calog(1 + s) holds for s € [0, ky?]. Since kaQ%@k%g&_l) <

2 D). 0.2 D
ko_2, the inequality k(;?igGP(x,;’Dl_l) < (Cy log(1+k0_2 7GP(:B];;D1 L)

+) holds. From the result of Lemma
5, we can show 7 72 < S 8(B; — 2log(1 — 7))Cakd I (yi; fi, k). By setting Oy = 8C2k3, the

statement of Theorem 1 holds.

G Regret bound: general decision set case

Theorem 1 assumes the finite decision set, [Q2| < co. We generalize the results in Theorem 1 to any
compact and convex  C R?. The following assumption is needed.

Assumption: for some constants a,b > 0

P( sup |0f/0xj| > L)< ae" B0 =1, d
z€QCRI



The above implies that P(Vj,Vx € Q0f/0z;| < L) > 1 — dae=L*/Y | Therefore, with probability

greater than 1 — dae‘LQ/bQ, we have

Ve e Q| f(z) - f@)| < Llz—a 1. (3)
Now, let us choose a discretization of Q; of size (x;)¢ such that for all = € €,
|z = [z]i h< rd/ki,

where [x]; is the closest point to = in §2;. Then, we establish the following theorem for the cumulative

regret bound of OBCGP-UCB on general decision set €.

Theorem 2. Pick § € (0,1) and set 3; = 2log(4) + 4dlog (dnbr+/log 4da/5), where D1 =

1,7TZ' > 0 and Yi = maX(P(ZM < E[ZM‘D,;_l]‘Di_l),P(ZM > E[ZM’Di_l]’Di_l)). With the

assumption that v; <y € [0,1) for all i > 1, the following holds with probability > 1 — ¢:

n 2

D i< \/(Bi — 2log(1 —))Crnny + %,
i=1

where ko = k(x,x) is constant for all x € Q, and 0, = Maz scq,aj=nl (Yn; Fr k3).

Similar to the proof of Theorem 1, we begin with finding an appropriate §; that makes instanta-
neous regret to be bounded. fi([Zopt)i; Di—1) and 6 ([opt)i; Di—1, Znr) considered in Lemma 6 allow

us to use Lemma 3 because [zopt)i € i, [Q4] < o00.

Lemma 6. Picko € (0,1) and set 3; = 210g(ﬁ) +4dlog (dtbry/log 2da/d), where ).~ =

1,7’(1' > 0 and Yi = max(P(ZM < E[ZM‘Dz_l]‘Dz_1>,P(ZM > E[ZM|DZ_1HD7J_1)) Let k; =
dt*dr+/log (2da/§), and [xopt); denote the closest point to xep in Q. Then

. . 1 ,
£ ropt) = il[aptlss Dit)] < B0 ([waptlss Dict, Zag) + 35 Vi1

holds with probability > 1 — 6.



Proof. Using Eq.(3), we have that with probability > 1 —§/2,

Vo € Q| f(x) - f(a)] < by/log (2da/d) || x — 2’ ||y .

Thus
Vo € Qi | f(z) — f([x]i)| < rdby/log (2da/d)/k;.

By choosing x; = dt?bry/log (2da/é), we obtain

1

Vo € Q[ f(z) = f(l2]i)] < -

By definition of ;, we have |€;| = (dt?bry/log (2da/$))?. Applying Lemma 2 with the replacement

of § and || with §/2 and |€;], respectively, we show that the statement holds. O

Lemma 7. Pick 6 € (0,1) and set 5; = 2log(5(1”7_i7,)), where ;- =1, >0 and vy =

maX(P(ZM < E[ZM|D1',1]|D1‘,1), P(ZM > E[ZM|DI,1]|D171)) Then
\f(2:) — s Di)| < 826 (s Dicy, Zag) Vi> 1

holds with probability > 1 — 6.

Combining Lemmas 6 and 7, we obtain the bound of instantaneous regret as in Lemma 8, which

is similar to Lemma 3.

Lemma 8. Pick d € (0,1) and set 5; = 210g(5(ffiﬁ))+4dlog (dtbry/log4da/s), where 3 ;-4 =

1,m > 0 and v; = max(P(Zy < E[Zp|Di-1)|Di-1), P(Zpy > E[Zpy|Di—1]|Di-1)). Then for all

1 >1
1
r; < 25,-1/257(%;17171, Zn) + 2

holds with probability > 1 — 6.

Proof. To prove Lemma 8, we use §/2 in Lemmas 6 and 7, so that both lemmas hold with probability

greater than 1 — 0. Because (; specified in Lemma 6 is greater than f; specified in Lemma 7

10



for all 6 € (0,1) with ; in Lemma 6 chosen as 6/2 (this §; is the same as that in Lemma 8),
the statements of Lemmas 6 and 7 hold with probability greater than 1 — §. First note that
fi(zi; Dio1) + Y26 (s Dicy, Zar) > fil[@opt)is Dic1) + 826 ([wopt)i; Di—1, Zar).  Combining this

with Lemma 6, we have

Ty = f(xopt) - f(xl)
< 52.1/2&(:@; Di1, Zy) + 1/i + fi(ws; Di1) — f(24)
1/2 .

< 2B:%6(xi; Di_y, Zyy) + 1/i2.

(2

O]

Combining Lemmas 8 and 5, we can finally prove Theorem 2. Note that §; in Lemma 8 is the
same as f3; — 2log(1 — 7;). Combining the fact that f3; is non-decreasing, as shown in Theorem
1, and the result of Lemma 8, we can show that the following inequality holds with probability
>1-4:

> 4Bi6* (w3 Dio1, Zar) < (Bi — 21og(1 — 7)) Cinp.
i=1

Applying the Cauchy-Schwartz inequality, we have

2826 (23 Dicy, Zar) <\ (B — 2108(1 — 7)) Cin.

i=1

Thus,
n 2

;n < \/(Bi — 2log(1 —))Crnny + %

H Further experiments

H.1 Comparison between OBCGP-EI and OBCGP-EIs

We compare the BO results for the simulated functions using OBCGP-EI and OBCGP-EIs. Under
the same experimental settings in Section 6.2, we run the BO experiments for each function using

OBCGP-EI and OBCGP-EIs. Figure A presents the results, and we can see that OBCGP-EI and

11



OBCGP-EIs show a slight difference in the speed to reach the optimum, but equally found the true

optimum after sufficient iterations.

3 1 4 — 16
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Figure A: Comparison between OBCGP-EI and OBCGP-ElIs.

H.2 Experiments with prior bound information for the simulated functions

Recall that OBCGP can inherently incorporate a new type of prior knowledge, i.e., the bounds
on the optimal objective values, if it is available. To show this advantage, we conducted further
experiments by assuming certain upper and lower bounds for each test function. We assumed
that upper and lower bounds for each function were available from expert knowledge. To assume
reasonable upper bounds, for each function, we evaluated ten randomly selected data points using
Latin hypercube sampling 200 times, and recorded the minimum objective value of the ten evaluated
points each time. The average of the 200 minimum values was assumed as the upper bound for
each function. Lower bound values cannot be assumed in the same way; thus, lower bounds were
chosen arbitrarily for each function. In addition, we set some upper bound to be chosen arbitrarily
tight (denote as UB*), so that we can compare the performance of OBCGP in comparison with

GP according to whether the upper bound is tight or loose.

12



The assumed values of the upper and lower bounds are presented in Table A, along with the

simple regret of the proposed BO at the 55th iteration, with and without incorporating the bound

information. By incorporating prior knowledge, OBCGP achieved even better performances. The

results show the benefits of incorporating prior knowledge if it is available and that OBCGP is an

effective tool to incorporate prior knowledge of the bound on the optimal objective value into BO

for effective black-box optimization. Note that such prior knowledge cannot be readily incorporated

using traditional BOs.

Table A: SR at final iterations

OBCGP [ OBCGP
; min . GP GP GP -UCB -EI OBCGP | OBCGP
value ype _EI _UCB “MES no no “UCB _EI
prior prior

5 | 03078 UB:5.56 0.0380 0.0018 0.0335 0.0010 0.0015 (8‘88% (8‘8833)
' (0.2156) | (0.0045) | (0.2160) | (0.0021) | (0.0022) : :

LB10 0.0007 0.0009

(0.0010) | (0.0001)

7| 10316 UB:5.09 0.0241 0.0082 0.0179 0.0020 0.0014 (8'883) (8'88;)
¢ ' (0.0425) | (0.0099) | (0.0348) | (0.0018) | (0.0016) : :

LB5.0 0.0017 0.0013

(0.0019) | (0.0009)

i | 33003 UB:-1.098 | 0.1139 0.5214 0.3092 0.0633 0.0636 (8‘8225) (8'85%)
' (0.0607) | (0.1574) | (0.0970) | (0.0579) | (0.0580) : -

LB5.0 0.0589 0.0629

(0.0211) | (0.0512)

6.1128 7.6512

f 30 UB:226.1 1 g 107 9.6020 11.9401 6.2325 7.9661 | (17.3328) | (21.0019)

9 : UB*10.0 | (17-2445) | (17.0215) | (15.2202) | (19.9017) | (20.3988) | 0.3116 0.1830

o (0.5531) | (0.4113)

4.2931 6.9938

LB:0.0 (19.2389) | (18.1127)

UB-33.5 0.2177 0.2247

f 0.0 o 0.9513 1.1745 1.3216 0.2864 0.4121 (0.5512) | (0.6624)

r : UB*30 | (1:2916) | (1.4594) | (15368) | (0.7355) | (1.1022) 0.0791 0.0705

A (0.0925) | (0.1018)

0.2799 0.3988

LB:-1.0 (0.7712) | (1.1144)

Furthermore, the comparison of the results of OBCGP with UB and UB* for f, and f, shows

that the tighter upper bound (UB*) induced a significant improvement of performance. Note that

these functions (f; and f,) are highly volatile and thus it is difficult to find the optimum because

of several local minima. However, if some helpful bound knowledge is available, OBCGP can use

it to find the global optimum more effectively.
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H.3 Sensitivity Analysis of A\ with more functions

In Section 6.3, we discussed the results of sensitivity analysis of A using Branin and Hartmann 6

functions. Here we present additional results on Camel, Goldstein, Rosen brock, and Branin-20D

functions in Figure B, which were not reported in Section 6.3 because of page limit.
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Figure B: Sensitivity analysis of A for OBCGP (Case 1) on BO performance. Two values of A (0.1
and 0.01) were considered.

H.4 Experiments with GP-MES and OBCGP-EIs for the simulated functions

Figure C presents additional BO results for the simulated functions using GP-MES and OBCGP-

Els, compared to Figure 3 in the paper. Although GP-MES showed better performance than
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GP-UCB and GP-EI on some simulated functions, BO with OBCGP still outperformed any BO

methods with GP on all the simulated functions.
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Figure C: Comparison of the performances of BO with the OBCGP and BO with the GP

References

Doob, J. L. (1953). Stochastic processes, volume 101. New York Wiley.

Srinivas, N., Krause, A., Kakade, S. M., and Seeger, M. (2009). Gaussian process optimization in

the bandit setting: No regret and experimental design. arXiv preprint arXiv:0912.3995.

Wang, Z. and Jegelka, S. (2017). Max-value entropy search for efficient bayesian optimization. In

Proceedings of the 34th International Conference on Machine Learning-Volume 70, pages 3627—

3635. JMLR. org.

15



