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Abstract

General methods have been developed for esti-
mating causal effects from observational data un-
der causal assumptions encoded in the form of
a causal graph. Most of this literature assumes
that the underlying causal graph is completely
specified. However, only observational data is
available in most practical settings, which means
that one can learn at most a Markov equivalence
class (MEC) of the underlying causal graph. In
this paper, we study the problem of causal es-
timation from a MEC represented by a partial
ancestral graph (PAG), which is learnable from
observational data. We develop a general estima-
tor for any identifiable causal effects in a PAG.
The result fills a gap for an end-to-end solution to
causal inference from observational data to effects
estimation. Specifically, we develop a complete
identification algorithm that derives an influence
function for any identifiable causal effects from
PAGs. We then construct a double/debiased ma-
chine learning (DML) estimator that is robust to
model misspecification and biases in nuisance
function estimation, permitting the use of modern
machine learning techniques. Simulation results
corroborate with the theory.

1. Introduction

Inferring causal effects from observational data is a fun-
damental task in machine learning and various empirical
sciences. There exists a growing literature studying the con-
ditions under which causal conclusions can be drawn from
non-experimental data (Pearl, 2000; Bareinboim & Pearl,
2016; Pearl & Mackenzie, 2018). In particular, the literature
of causal effect identification (Pearl, 2000, Def. 3.2.4) inves-
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tigates whether, given a causal graph G encoding qualitative
knowledge about the domain, an interventional distribution
P(Y = y|do(X = x)) (for short, P,(y)), representing the
causal effect of the treatment X on the outcome Y, can be
uniquely inferred from the observational distribution P (V')
(Pearl, 1995; Tian & Pearl, 2003; Huang & Valtorta, 2006;
Shpitser & Pearl, 2006; Lee & Bareinboim, 2020). There
is also a large literature on estimating causal effects from
finite samples drawn from P(V') when the corresponding
causal estimand is in the form of covariate adjustment (or
its sequential variants) (Rosenbaum & Rubin, 1983; Pearl
& Robins, 1995; Robins et al., 2000; Bang & Robins, 2005;
Van Der Laan & Rubin, 2006; Hill, 2011), including dou-
bly robust estimators for addressing model misspecification
(Robins et al., 1994; Bang & Robins, 2005; Van Der Laan
& Rubin, 2006; Rotnitzky & Smucler, 2020; Smucler et al.,
2020; Fulcher et al., 2020). Recently, machine learning
(ML) based methods have been developed for estimating
any causal effects from finite samples whenever they are
identifiable given a causal graph (Jung et al., 2020a;b; 2021).

Despite the power of these results, their applicability is con-
tingent upon one having a causal graph, which may be hard
to manually specify. In practical settings, one may attempt
to learn the causal graph using structural learning algorithms
from the available observational data (Pearl, 2000; Spirtes
et al., 2000; Peters et al., 2017). Still, in principle, only a
Markov equivalence class (MEC) of the underlying causal
graph can be inferred from non-experimental data (Spirtes
et al., 2000; Zhang, 2008b) without assumptions about the
underlying causal mechanisms (Peters et al., 2017). There is
a growing interest in causal identification in MECs (Zhang,
2008a; Perkovic et al., 2017; Jaber et al., 2018a;b). In par-
ticular, an algorithm called IDP has recently been developed
for identifying causal effects in a MEC represented by a
partial ancestral graph (PAG) (Jaber et al., 2019), which
is both sufficient and necessary (i.e., complete). PAGs are
learnable from observational data using causal structural
learning algorithms (e.g. FCI (Zhang, 2008b)).

Even though these are quite general results, it re-
mains an open challenge to estimate the resulting
causal expressions from finite samples. For con-
creteness, consider the PAG in Fig. 1 as an exam-
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ple. The IDP algorithm identifies P, (y1,Yy2,ys,ys) =
P(y4|y3a Y2,Y1,, T)P(yl) Zr P(yZa y3|$7 7A)P(r) The
only viable general-purpose method currently available
for estimating arbitrary causal estimands like this is the
“plug-in” estimators (Casella & Berger, 2002), which es-
timate each conditional probability in the estimand (e.g.,
P(yslys, y2,y1, 2, 7)), called nuisance functions or nui-
sances in short, often by assuming a parametric model, and
plug them into the equation. However, plug-in estimators
are vulnerable to model misspecification in that all nuisance
models need to be correctly specified for the estimator to
be consistent. They also often suffer from biases in estimat-
ing the nuisances. In recent years, it is common to learn
nuisance functions using highly flexible ML models, partic-
ularly in high-dimensional settings, including methods such
as random forests (Breiman, 2001), boosted regression trees
(Freund et al., 1996), and deep neural networks (Bengio,
2009). In practice, these ML methods inherently trade off
regularization bias with overfitting often causing acute bias
in the plug-in estimators of the target estimand such that
these estimators will not achieve desirable v/ N-consistency
(Chernozhukov et al., 2018), where N is the sample size.

We will exploit in this paper the double/debiased machine
learning (DML) framework proposed in (Chernozhukov
et al.,, 2018). This framework provides estimators that
achieve v/ N-consistency with respect to the target estimand
while admitting the use of highly flexible ML methods for
estimating the nuisances at a slower N ~1/4 rate conver-
gence (‘debiasedness’). DML has been applied in causal
inference including in the context of the backdoor/ignorabil-
ity and instrumental variables (Robins et al., 1994; Bang &
Robins, 2005; Van Der Laan & Rubin, 2006; Diaz & van der
Laan, 2013; Benkeser et al., 2017; Kennedy et al., 2017;
Rotnitzky & Smucler, 2020; Smucler et al., 2020; Colangelo
& Lee, 2020) and in some specific settings (Toth & van der
Laan, 2016; Rudolph & van der Laan, 2017; Fulcher et al.,
2020; Kennedy, 2020a; Bhattacharya et al., 2020). Recently,
DML has been used for estimating causal effects when the
causal graph is fully specified (Jung et al., 2021).

Our goal will be to develop a general estimator for any iden-
tifiable causal effects in PAGs (when the causal graph is
unknown). In particular, we will develop a DML estimator
for identifiable causal effects in PAGs, named DML-IDP,
by deriving their influence functions (IF) based on the semi-
parametric theory (Van der Vaart, 2000). Our results fill in a
gap for a purely data-driven, end-to-end solution to causal
effects estimation, i.e., from observational data D — PAG
G by structure learning algorithm — identifiability of tar-
get effect P, (y) by IDP — estimating P, (y) from D by
DML-IDP. Specifically, our contributions are as follows:

1. We develop a complete systematic procedure that de-
rives an IF for any identifiable causal effects in a PAG over

Figure 1: An example PAG. Nodes representing the treat-
ment (X) and outcome (Y) are marked in blue and red
respectively. Causal effect P,(y) is identifiable. ‘v’ on
edges stands for ‘visible’ edges.

discrete endogenous variables.

2. We develop a DML estimator (DML-IDP) for any
identifiable causal effects in a PAG with discrete variables,
which enjoy debiasedness and doubly robustness against
model misspecification and biases in nuisances estimation.
Experimental studies corroborate with the theory.

The proofs are provided in Appendix B in suppl. material.

2. Preliminaries

Each variable is represented with a capital letter (V) and
its realized value with the small letter (v). We use bold
letters (V) to denote sets of variables. We use I/ (V) to
represent the indicator function such that I,,. (V) = 1 if and
only if V = v/; I, (V) = 0 otherwise. For function f(v)
and a distribution P(v), Ep [f(V)] = >, f(v)P(v), and

1F(V)]l2 = VER[(F(V))2]. [ is said to converge to f at

rate v if ||f(V) — f(V)HQ = Op(l/?“N).

Structural Causal Models. We use the language of struc-
tural causal models (SCMs) as our basic semantical frame-
work (Pearl, 2000). Each SCM M over a set of variables
V induces a distribution P(v) and a causal graph G that
is a directed acyclic graph (DAG) with bidirected arrows
(edges). Solid-directed arrows encode functional relation-
ships between observed variables, and bidirected arrows
encode unobserved latent confounders. Within the structural
semantics, performing an intervention and setting X = x
is represented through the do-operator, do(X = x), which
encodes the operation of replacing the original equations
of X by the constant x and induces a submodel My and an
interventional distribution P(v|do(X = x)) = Px(v).

Partial Ancestral Graphs (PAGs). Given non-
experimental data, only a Markov equivalence class (MEC)
of the underlying causal graph can be inferred which in-
cludes a set of graphs with the same conditional indepen-
dences (Zhang, 2007). A PAG provides a graphical repre-
sentation of a MEC. PAGs may contain directed (—) or
bidirected (+») edges, representing ancestral relations, and
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edges with circles (e.g., {o—, 0—o}) indicating structural
uncertainty (see Figs. 1 and 2 for example PAGs).

Given a PAG, a path between X and Y is potentially di-
rected from X to Y if there is no arrowhead {<, >} on the
path pointing towards X. Y is called a possible descendant
of X and X a possible ancestor of Y and denoted X €
An(Y) if there is a potentially directed path from X to Y.
Y is called a possible child of X and denoted Y € Ch(X),
and X a possible parent of Y and denoted X € Pa(Y),
if they are adjacent and the edge is not into X. By stipu-
lation, X € An(X), X € Pa(X),and X € Ch(X). For
a set of nodes X, we have Pa(X) = [Jxcx Pa(X) and
Ch(X) = Uxex Ch(X). If the edge marks on a path
between X and Y are all circles, we call the path a circle
path. We refer to the closure of nodes connected with circle
paths as a bucket. Nodes V in a PAG G are partitioned
into a unique set of buckets V- = J_; B;. There exists
a topological order over buckets B; < --- < B,, that de-
fines a partial order over V, which is valid in all the causal
graphs in the MEC. This is named a partial topological
order (PTO) and could be assigned by (Jaber et al., 2018a,
Algo. 2). Given a PTO < and a set C C V, we denote
prec(B;) = (U, ., Bj) N C and use pre(B;) = prey (B;).
An inducing path is a path on which every node V; (except
for the endpoints) is a collider on the path and every collider
is an ancestor of an endpoint. A directed edge X — Y ina
PAG is visible and denoted X — Y if there exists no causal
graph in the corresponding MEC where there is an inducing
path between X and Y that is into X. Given a PAG G and a
set C C V, G(C) denotes the subgraph composed of nodes
C and edges therein.

Causal Effect Identification. Given a DAG G over V, an
effect P(y) where X, Y C V is identifiable if Px(y) is
computable from the distribution P(v) in any SCM that
induces G (Pearl, 2000, p. 77). One key notion is called
confounded components (for short, C-component) : clo-
sures of nodes connected with a path composed solely of
bi-directed edges V; <+ V; (Tian & Pearl, 2002).

Given a PAG G over V, a query Px(y) is identifiable if and
only if P(y) is identifiable with the same expression in
every DAG in the MEC represented by the PAG G. A com-
plete identification algorithm in PAGs called IDP has been
developed (Jaber et al., 2019) (also presented in Appendix A
for convenience) based on possible C-component (PC-
component) and definite C-component (DC-component):

Definition 1 (PC & DC-component (Jaber et al., 2018a)).
In a PAG (or its subgraph), two nodes are in the same PC-
component if there is a path between them s.t. (1) all non-
endpoint nodes along the path are colliders, and (2) none
of the edges is visible. Two nodes are in the same DC-
component if they are connected with a bi-directed path.

For a set of variables X, we will use C(X) to denote the
union of the PC-components that contain variables in X.
For any C C 'V, the quantity Q [C] = P,\c(c), called a
C-factor, is defined as the distribution of C under an inter-
vention on V\C. IDP algorithm is based on the following
results for identification and decomposition of C-factors.

Proposition 1 (Jaber et al., 2018b). Let G be a PAG over V,
T = U2, B, be the union of a set of buckets, and X C T
be a bucket. Given P,y (i.e., Q[T]) and a PTO By <
-+« < By, with respect to G(T), Q [T\X] is identifiable if
and only if C(X) N Ch(X) C X in G(T). If identifiable,

Pv\t
QSX g QSxa

where Qs = Hi‘Bing P\t (bi|prex(b;)) and Sx =
Uxex Sx with Sx being the DC-component of X in
G(T).

Definition 2 (Region Rg (Jaber et al., 2019)). Given a
PAG G over V and A C C C V, the region of A w.r.t.
C, denoted RS, is the union of the buckets in G(C) that
contain nodes in the PC-component C(A) of A in G(C).

Proposition 2 (Jaber et al., 2019). Given a PAG G over V
and a set C C 'V, Q[C] can be decomposed as Q) [C] =

QIRAIQ[Re\r,] G
Q[RANRG\= 4 | forany A C C, where R(.) =R ().

Q[T\X] =

Semiparametric Theory. We aim to estimate a target
estimand ¢» = W(P) that is a functional of P(V) (e.g.,
U (P) = >, P(y|lz,z)P(z)) from finite samples D =
{Vi}L, drawn from P. Let a parametric submodel
P, = P(v)(1 +tg(v)) for any ¢t € R and bounded mean-
zero function ¢(-) over random variables V. If a func-
tional ¥ (P;) is pathwise (formally, Giteaux) differentiable
at t = 0, then there exists a function ¢(V;,n) (shortly
@), called an influence function (IF) for 1, where n = n(P)
stands for the set of nuisance functions comprising ¢, sat-
isfying Ep [¢] = 0, Ep [¢?] < oo, and ZU(P,)|s—0 =
Ep [¢p(V;¢,n)S:(V;t =0)] where Si(v;t = 0) =
% log P;(v)|¢=0 is the score function (Van der Vaart, 2000,
Chap. 25). Given an IF ¢, a Regular and Asymptotic
Linear (RAL) estimator 7T can be constructed satisfying
Ty — ¢ = £ 5N 6(Viyt,n) + op(N~1/2). When
the IF can be decomposed as ¢(V;v,n) = V(V;n) — ¢
for some function V(V;n), called the uncentered influ-
ence function (UIF), the corresponding RAL estimator is
Ty = % Zfil V(V (), 1) where 7) denotes nuisances es-
timated from sample D (Kennedy, 2020a). We will fo-
cus on deriving UIFs in this paper. Once we have a UIF
the corresponding IF could be expressed as ¢(V;,n) =
V(V;n) —Ep[V(V;n)].

We make the following assumptions throughout the paper,
which ascertain that the estimands will be pathwise differ-
entiable.
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Assumption 1 (Discreteness of variables). The set of vari-
ables 'V in the PAG are discrete.

Assumption 2 (Positivity of conditional probabilities).
There exists a fixed ¢ € (0,0.5) s.t. P(alb) > ¢ for any
A BCV.

The results can be extended to continuous cases with ad-
ditional conditions such that the corresponding influence
functions are well-defined (Robins, 2000; Neugebauer &
van der Laan, 2007; Diaz & van der Laan, 2013; Kennedy
et al., 2017; Chernozhukov et al., 2019).

Double/Debiased Machine Learning (DML). DML meth-
ods (Chernozhukov et al., 2018) are based on two ideas: (1)
use a Neyman orthogonal score' to estimate the target 1),
and (2) use cross-fitting® to construct the estimator. DML
estimators guarantee v/ N-consistency even when the esti-
mates 7] of (possibly high-dimensional) nuisance functions
converge at a much slower N —1/4 rate (‘debiasedness’), al-
lowing the use of a broad array of modern ML methods that
do not meet certain smoothness/complexity restrictions (i.e.,
Donsker class). Neyman-orthogonal scores may coincide
with IFs - a fact we exploit in this paper.

3. IFs for Canonical Expressions

Before deriving IFs for any identifiable causal effects in
PAGs, in this section, we derive IFs for two typical func-
tionals that often appear in the expressions of causal effects,
called here canonical expressions.

3.1. Canonical expression 1

Definition 3 (Canonical expression 1 (CE-1)). Let T =
{B; < -+ < B,} be a set of ordered sets’. Let C C T
be a subset composed of B; € T and A be a subset of
variables contained in C. A quantity Q is said to be (in
the form of) a canonical expression 1 (CE-1) if it is in the
following form:

Q=>"[[ Pbilpreg(b)). (D

a B;eC

For concreteness, we show the causal effect Px(y) (for
X = {Xj, X2}) in the PAG in Fig. 2a can be expressed as
a CE-1 as follows:

GivenaPTOV={C <B<A<X; <Z<Xy;<Y},

'A Neyman orthogonal score is a function ¢ satisfying
Ep[¢(Vid,n")] = 0 and ZEp[¢(V;,m)]ly=ys = 0, where
7" denotes the true nuisance.

>The cross-fitting technique uses distinct sets of samples in
model training and estimator’s evaluation.

We use W = {B; < --- < By} to denote a set of
ordered sets W = {Bi,--- ,By} or a union of ordered sets
W = U?_; B; depending on the context.

we have Q[V \ X5] is identifiable from Q[V] = P(V) by
Prop. 1 as X5 is a bucket satisfying C(X2) N Ch(X3) =
{X5} and Sx, = {X»}, and we obtain Q[V \ X;] =
P, (v \ z2) as follow:

QIV\ Xa] = 5 ) pyfpre(y)) Plpre(z2)).

(w2[pre(z2))
For T = V\{X,}, Q[T \ X1] is identifiable from Q[T by
Prop. 1 as X, is a bucket satisfying C(X1) N Ch(X;) =
{X:1} and Sx, = {X1}, and we obtain Q[T \ X;] =
Py, 2, (t\{z1}) as follow:

P
QA X = B pren ()

= P(ylpre(y)) P(z|pre(z)) P(a, b, c)

by the equality P,,(x1|preq(z1)) = P(x1|prep(z1)). Fi-
nally, the causal effect Py (y) is given as a CE-1 as:

P(y)= > Q[T\ Xu]. )

z,a,b,c

We derive an IF for functionals in the form of CE-1 as
follows:

Lemma 1 (UIF for CE-1). Let the target estimand ) = Q
be a CE-1 given by Eq. (1) in Def. 3. Let Y = C\A,
and X = T\ C = {B;, < < Bj, } where
B;, € T. Let C be partitioned with respect to X as
C = ZL:OC;C, where C, = {B, € C : jp < r <
g1t = {Brpw < -0 < Bt with jo = 0 and
Jm+1 = n+ 1. Let P, be a distribution over T given by
Pr = Ix(X)[Ig,ec P(Bilprex(B;)). Then, V(T;n =
(w, 0)) in the following is a UIF for 1):

V(Tin=(w,0) =01+ Y wi(br1—0k2), 3)
s

where w = {wi| Cp # 0, k € {1,--- ,m}} and 6 =
{9071} U {(0]9-71,9]672)‘ Ck 75 @, k € {1, ,m}} are

nuisances given by
k
Wi = H ijr (BJT)
- P(Bj lprex(B;,))’

Ok = Ep, [Iy(Y)|Brypor Prer (B, )]
Or2 = Ep, [Iy(Y)|preq (Br,,,)] »

where 90,1 = Ep7r [Iy(Y)] lfCo = V)

For concreteness, we apply Lemma 1 to derive a UIF for
¥ = Py, 2, (y) inFig. 2a which is identified as a CE-1 given
in Eq. (2).
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Ilustration 1 (UIF for P,, ,,(y) in Fig. 2a). Ler T =
{C<B<A<X1 <Z<Xo=<Y},C={C<=<
B<A<Z<Y} andX = {X;1 < Xao}. We have
Co={C <B=< A}, C, ={Z}, and Cy = {Y'}. Then
Lemma 1 gives a UIF for i as

Ve, (y) =001 +wi (01,1 —012) + w2 (021 —022), (4

where

wi = Iy, (X1)/P(X1|pre(X1))
wy = Iy 0 (X1, X2)/P(X1|pre(X1))P(X2|pre(Xz)),

and for
P. =1, .,(X1,X5)P(A,B,C)P

bo1 =Ep, [Iy(Y)lpre(X1)], 611 = Ep, [1,(Y)|pre(Xs)],
012 =Ep, [1,(Y)|pre(Z2)]; and 621 = Ep, [I,(Y)|T] =
LY )and@zz—EP[ y (V) |pre(Y)].

3.2. Canonical expression 2

Definition 4 (Canonical expression 2 (CE-2)). Let Q;
and Qs be two CE-ls, then the quantity Q =
>, (Q1 x Qo) for some Z C V is said to be (in the form
of) a canonical expression 2 (CE-2).

A broad class of causal effects are identified as a CE-2,
including all joint interventional distributions (P, (v)) when
X is singleton (Jaber et al., 2018b, Thm. 1), as well as in
the following scenario which follows from Prop. 1:

Corollary 1. Let a PTO in PAG G over V be By < --- <
B,,. Let X, Y C V with X being a bucket. If C(X) N
Ch(X) C X, then Py(y) is identifiable and given by

Py(y) = Z Ovisx X Dsx\X;

v\(xUy)

®)

where Qv\sy = [Ip,cvisy P(bilpre(bi)), Qs\x =

> HBing P(bi|pre(b;)), and Sx = Jxcx Sx with
Sx being the DC-component of X.

Eq. (5) is a CE-2 where Qvn\ s, and Qg \x are CE-1s. As
a concrete example, consider the PAG in Fig. 2b with a PTO
V={C<X=<Y <Y, <Y; <Y, < Y5} Since
X is a bucket and satisfies C(X) N Ch(X) = {X} with
C(X) = {X,C,Y1,Y,,Y3} and Ch(X) = {X,Y5}, the
causal effect P, (y) where Y = {Y7,--- , Y5} is identifiable
by Coro. 1 and given by

P.(y) = Z Ov\sx 9sx\X> (6)
{X7Y17Y3aY4}? V\SX = {07}/23Y5}7

P(ys|pre(ys)) P(yz|pre(y2)) P(c), and
a'|e).

where Sy =
Qvisxy =
Qs \x = 2o P(ys, yaly1, y2, 2", ) P(y1,

‘We derive an IF for CE-2 as follows:

(Zlpre(Z))P(Y |pre(Y)),

AHXI\?] 3/‘D
S,

<Y Y, v Y3

(@) (b)

Figure 2: Example PAGs. Causal effects Py (y) are identifi-
able and given by (a) CE-1, (b) CE-2.

Lemma 2 (UIF for CE-2). Let the target estimand ) = Q
be a CE-2 given in Def. 4. Let V; be a UIF for the CE-1 Q;
given in Lemma 1 and p; = Ep|V;] for i € {1,2}. Then,
V(V;n) below is a UIF for :

V(Vin) =Y Vg + (Va2 — pa)pn)- )

z

Lemma 2 provides a UIF for any causal effects that are
identifiable by Coro. 1. For a concrete example, we will
use Lemma 2 to derive a UIF for ¢ = P,(y) in Fig. 2b
identified by Coro. 1 as given in Eq. (6).

Iustration 2 (UIF for P, (y) in Fig. 2b). A UIF for P,(y)

in Eq. (6) is given by Lemma 2 as

Ve, ) = Y (Wsshsax + Vsxx — s\ x)Hvisx)
®)

where W\n\sy is a UIF for Qv\s, and, by Lemma 1, is
givenwithV={C <X <Y, <Yy <Y3 <Y, <Y;5}as

Vvisx =051 +wi (071 —072) + w505, —03,),

where
wi = Iy, (X, Y1)/ P(X[C)P(V1]X, C)
= X Ly, (Y, V) (P(Yalpre(Y3)) P(Ylpre(Y2))
and for
Pra =1, Y1,Y3, y4(Xa Y17Y37Y4)P(C)
x P(Ya|pre(Y2))P(Ys|pre(Ys)),

and I° = I..,, ,.(C,Ya,Y), 03, = Ep_,[19C], 63, =
Ep,.[I1°Y2,pre(Y2)], 05 5 = Ep . [I*|pre(Y2)], 05, = I,
and 03 o = Ep_, [1%|pre(Ys)].

Also, Vs, \x is a UIF for Qg,\x given by Lemma I as

Vsx\x = 98,1 + Wlf(elh - 9?,2) + WS(OSJ - 03,2)7
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where

wi = 1.(C)/P(C)
wy = wi X I, (Ya)/ P(Ya|pre(Y2)),

and for
Pn-b = Ic,yQ(Cﬂ/z)P(YBaY4‘P”3(Y§))P(X, Y1|C)7

and 1" = Iy, yy 4, (Y1, Y3, Ya), 05, = Ep [I°], 6}, =
Ep ,[I°|Y1,pre(Y1)], 0% 5 = Ep ,[I°|pre(X)], 05, = I,
and 012”2 =Ep, [I%|pre(Y3)).

Finally pnn\sx = Ep[Vwv\sy), and ps,\x = Ep[Vs,\x]-
Refer Appendix A for derivation details.

4. IFs for Causal Estimands

In this section, we derive IFs for any identifiable causal ef-
fects in PAGs, armed with IFs for the canonical expressions
discussed in the previous section. We develop a complete
algorithm for deriving IFs by recursively deriving IFs of
C-factors Q]| inspired by IDP algorithm (Jaber et al., 2019)
which recursively identifies C-factors by repeated applica-
tion of Prop. 1 or 2. We will first develop basic results for
deriving IFs of C'-factors corresponding to Prop. 1 and 2.

Prop. 1 computes @ [T\X] in terms of given Q [T]. We first
rewrite Prop. 1 in a form more amenable for the purpose of
deriving IFs:

Lemma 3. Let G be a PAG over V, T = U2 B, be the
union of a set of buckets, and X C T be a bucket. Given
Q[T] and a PTO B, < --- < By, with respect to G(T),
Q [T\X] is identifiable if and only if C(X) N Ch(X) C X

in G(T). When Q[T\X] is identifiable, letting Sx =
Uxex Sx with Sx being the DC-component of X in
G(T), then Sx consists of a union of buckets. Denot-
ing Sx = {Bj,,---,B;, } and T\Sx = {By,,--- , By, },
Q [T\X] is given by

Q[T\X] = Or\sx X Qsx\X> )

where Qr\sy = HBi,,,eT\Sx Py (b, |prex(b;, ), and
QSx\X = Zx HBjSESX PV\t (b]s |preT(bjs>)‘

For any W C V, we will use qSQ[W] to denote an IF for
the C-factor Q[W], Vgw, the corresponding UIF, and
pow] = Ep[Vorwi]. We derive an IF for Q [T\ X] that is
identified by Lemma 3 in terms of Vgt as follows:

Lemma 4 (IF of C-factors). Suppose ¢y = Q [T\X] is
identifiable via Lemma 3 and given by Eq. (9). Then, given
Vorr), V = Vor\x) below is a UIF for 1:

- N’VT\SX ):U’SX\X7 (10)

V =Vsu\xtvrs, +(Vr\sx

Algorithm 1 IFP(x,y, G(V), P)

1: Input: Two disjoint sets X, Y C V; A PAG G over V;
A distribution P(v).
Output: Expression for UIF Vp,_
LetD = An(Y)G(V\X)-
Vpy(y) = 2oa\y DERIVEUIF (D, V, P(V),Vgv] = IV(V))
function DERIVEUIF (C, T,Q = Q[T],V = Vg)
if C = (), then return 1.
if C = T, then return ).
{B denotes a bucket in G(T); C(B) the PC-
component of B in G(T), and Ry = R((?).}
8 if 3B C T\Cs.t. C(B) N Ch(B) C B, then

(¥) or FAIL.

RSN O

9: Compute @ [T\B] from @ via Lemma 3.
10 if Q [T\B] is expressible as CE-1,
then, Compute Vg T\p] via Lemma 1.
11: else if () [T\B] is expressible as CE-2,
then, Compute Vg \p) via Lemma 2.
12: else, Compute Vg 1\p) via Lemma 4.
13: return DERIVEUIF (C, T\B, Q [T\B], Vg 1\g])-
14:  elseif 3B C Cs.t. R # C, then
15: return (a) + (b) — (c), where
{ Let UIF(W) = DERIVEUIF(W, T, Q, V); IF(W) =
UIF(W) — Ep[UIF(W)]; ID(W) = Ep[UIF(W)]}
(a) = U[F(RB)'ID(RC\‘RB); (b) = IF(RC\RB) ID(RB)

ID(RBNRc\Rrpg)
(c) = ID(RE) ID(Rc\ R g )
ID(RBNRc\rg)
16:  else return FAIL.

17: end function

~ ID(RBNRc\ry) ’
F(RENRG\Rp)
ID(RBNRc\rg) "

where (Vs,\x, Vr\sy ) are UIFs for (Qs,\x, QT\sx ) Te-
spectively, given by

st\x = Z Ji H K + Z¢Jk H Uje

k=2 =104k
VT\Sx =V H Hi, + Z¢77 H Higs
r=2 0=1,0%r

m} Y, = Zt\{ba,me(bc)}VQ[T] _
t\pre (be) HQIT]

Z:t\[ e (be) ¢Q
LS , e = Ep|V.], and
Et\[)l(’T<b(‘) HQIT MC P[ C]r

where, forc € {1,2,---

226\ (b prep (be)} HQIT)
Zt\mT(bc) HQIT]
Pe = Ve — He-

The following lemma derives an IF for the C-factor Q[C]
from the IFs of C-factors over some subsets of C', corre-
sponding to the C-factor decomposition in Prop. 2.

Lemma 5 (Decomposition of IFs). For A C C CV,
(a) + (b) = (0), (1D

HQIR AT PQIRG\R 4 ]

MQ[RAch\R ]

Voic) =

VQIrAl'HQIR ]
where (a) = —————\RA_ () =
MQ[RAmRC\R ]
() = ZoRalFoMorry) PARATR oAl i _ RO
#Q[RAmRC\RA] NQ[RAmRC\R ] ¢) )
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Finally, we develop a systematic procedure named IFP (In-
fluence Function for PAGs), given in Algo. 1, that derives
a UIF for any identifiable causal effect in PAGs. IFP recur-
sively applies Lemmas 4 and 5 until all needed C-factors are
in CE-1 or CE-2 form, whose UIFs are given by Lemma 1
and 2, respectively, initially equipped with a UIF for P(v),
Vo) = Iv(V).

Theorem 1 (Completeness of IFP). Procedure IFP
(Algo. 1) derives a UIF for any identifiable Py(y) in a
PAG G over V in O(|V[*) time, where |V| is the number
of variables. IFP returns FAIL if Px(y) is not identifiable.

For concreteness, we demonstrate the application of
IFP by deriving a UIF for v = P,(y), where Y =
{Y1,Y3,Y3,Y,}, in the PAG in Fig. 1.

Ilustration 3 (UIF for P,(y) in Fig. 1 by IFP).
We start with D = Y (Line 3) and Vp_ () =
DERIVEUIF(D,V, P(V), Vo) = L(V)) (Line 4).
DERIVEUIF() reaches line 14, where Bg = {Y>} satisfies
the condition with Re, = {Y2,Y3}, Rp\rs, = {¥1,Ya},
and Rg, N RD\RBO = (. Then, line 15 gives (using
ID(Q) = 1 and IF(()) = 0)

Vee(y) = UIF(RB, ) - ID(Rp\Rg, ) + IF(RD\R5, ) - ID(RB,)-

Next we show a sketch derivation of UIF(Rp,) and
UIF(RD\RBO ). Refer Appendix A for details. First,

UIF(Rg,) = DERIVEUIF(Rp,, V, P(V), I, (V)).

UIF(Rp,) is derived by repeating Lines 8, 9, 10,
and 13 as follows: Starting with B = Y, at
Line 8 let T = V \ B = {¥,R X,V Vs},
compute Q[T] (Line 9) and Vgt (Line 10), call
DERIVEUIF(Rg,, T, Q[T], V) (Line 13). Then repeat
the above by calling DERIVEUIF(Rg,, T, Q[T], Vo))
three more times with B = Yj at line 8§ T =
(RX,Y2,Y3}; B = X atline 8, T = {R,Ys,Ys};
and B = R at line 8 T = {Ys,Y3}. Finally we ob-
tain Q[R,] = Q[Y2,Y3] = >, P(y2,ys|x,r)P(r), and
UIF(RB,) = Vq[rs,] is given by Lemma 1 as

UIF(RB,) = 051 +wi (071 —051)

1.(X)

where  w{ Poxphy,  and  for  Pre =
L(X)P(Ys, Y3|X,R)P(R), 05, = Ep.[I?R]
1 = 1% and 07, = Ep.[I°|X,R] where
I* = Iy27y3 (Y27Y3)'

Next, with a similar matter,

UIF(Rp\rg,) = DERIVEUIF(Rp\ryg, , V., P(V), I, (V))
= 98,1 + Wlf(elf,l - 93,1)7

where W} = I"'ﬁ,’éﬁf}?fg );3?;2?3), and for P., =

I (R, X, Ya,Y3) P(Yalpre(Ys)) P(Y1),

b
»T,Y2,Y3 90,1 -

Ep ,[I'V1], 0F, = 1% and 6%, = Ep ,[I’|pre(Y1)]
where I' = 1, ,,, (Y1, Y2).

For reference, P,(y) is identified as
Py(y) = QY] = Q[Y2, Y3]Q[Y1, Ya],

where Q[Y2,Ys] = > P(ys,yslz,r)P(r)
Q[Y1,Ya] = P(yalpre(ya)) P(y1).

12)

and

5. DML Estimators

In this section, we construct DML estimators for causal
effects Px(y) from finite samples D = {V ;) } L, based on
the UIF Vp, () (V;7) derived by IFP algorithm. The result-
ing DML estimators have nice properties of debiasedness,
as well as doubly robustness in the sense that an estimator
T composed of the nuisances 1 = (19,71 is said to be
doubly robust if Ty is consistent whenever either 1y or 7;
are consistent.

First we show that IFs derived by IFP are a Neyman orthog-
onal score, which is needed for the DML method.

Proposition 3. Ler Py (y) be identified as Px(y) = ¢ =
U(P). Then, the IF ¢p_y) = Vp,(y) — Ep[Vp,(y)], where
Ve, (y) is derived by Algo. 1 IFP, is a Neyman orthogonal
score for 1.

A DML estimator for Px(y), named DML-IDP (DML esti-
mator for IDentifiable causal effects in PAGs), is constructed
according to (Chernozhukov et al., 2018) as follows:

Definition 5 (Double/Debiased Machine Learning esti-
mator for identifiable causal effects (DML-IDP)). Let
Vp, (y)(V;1) be the UIF given by Algo. 1 IFP for the target
functional ¢ = Px(y). Let D = {V ;) }/_; denote samples
drawn from P(v). Then, the DML-IDP estimator 7 for
1) = Px(y) is constructed as follows:

(1) Split D randomly into two halves: Dy and Dy

(2) For p € {0, 1}, use D, to construct models for 7, the
nuisance functions estimated from samples D,,; and

BTN =Y peqo1) ¥ 2veen, Vo) (Vi i-p).

To witness the robustness properties of DML-IDP, we first
note that the nuisances in Vp_(y)(V;7) returned by IFP
consist of the nuisances of UIFs for CE-1:

Lemma 6 (Nuisances of UIFs). The UIF Vpx(y)(V; 7) re-
turned by Algo. 1 IFP is an arithmetic combination (ra-
tio, multiplication, and marginalization) of UIFs for func-
tionals in the form of CE-1, denoted as Vp_(y)(Vin =
{w;,0;}521) = A({V)(w;,0;)}i=,) where Vj(w;,0;)
denotes a UIF given by Lemma I with w; = {w; .}, and
0; = {001 U{0;k1,0;k2},2, being nuisances for V;,
and A(-) an arithmetic function.

For example, the UIF for P, (y) in Fig. 2b given by Eq. (8)
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is a function of UIFs Vy\ s, and Vs, \x both of which are
given by Lemma 1 as shown in Illustration 2.

‘We show that DML-IDP estimators attain debiasedness and
doubly robustness, the main result of this section:

Theorem 2 (Properties of DML-IDP). Let Ty be the
DML-IDP estimator of Py(y) defined in Def. 5 constructed
based on the UIF Vp_y)(V;n = {wj,ej}gzl) where
wj = {wj i}y and 05 = {001 10{0;1.1,05,2} 2, are
nuisances as specified in Lemma 6. Suppose T is bounded
from above by some constant C' € R; i.e., Ty < C < 0.
Then,

1. Debiasedness: T is \/ N-consistent and asymptoti-
cally normal if estimates for all nuisances converge to the
true nuisances at least at rate op(N /%),

2. Doubly robustness: Ty is consistent if, for every
j=1--Land k = 1,--- ,m;, either estimates W,
or (é\j,k_Ll, 9}7k,2) converge to the true nuisances at rate
Op(l).

By Thm. 2, DML-IDP estimators attain root-N consistency
even when nuisances converge much slower at fourth-root-
N rate or when some nuisances are misspecified. These
properties allow one to employ flexible ML models (e.g.,
neural nets) that do not meet certain complexity restrictions
(e.g., Donsker condition) for estimating nuisances in es-
timating causal effects (Klaassen, 1987; Robins & Ritov,
1997; Robins et al., 2008; Zheng & van der Laan, 2011;
Chernozhukov et al., 2018). In contrast, plug-in estima-
tors may fail to achieve v/N-consistency if estimates for
nuisances converges at op(N ~'/4) and are vulnerable to
model misspecification.

For concreteness, we compare DML-IDP with plug-in esti-
mators in the following examples (Refer to Appendix A for
detailed derivations).

Ilustration 4 (DML-IDP vs. Plug-in (PI) estimators for
P (y) in Fig. (2a,2b,1)). By Thm. 2, DML-IDP estimator
for Py, 4, (y) in Fig. (2a) is consistent if estimates for either
the following converges:

{P(vilpre(vi)) tie(xi,x03 VAP (vilpre(vi)) }vie(x, vy
VA{P(vilpre(vi)) }vie(z,yy
while PI using Eq. (2) is consistent if estimates for
{P(ylpre(y)), P(z|pre(z)), P(alb, c), P(blc), P(c)} con-
verge, where the variables are ordered as V. = {C <
B<A<X1<Z<Xy<Y}

DML-IDP estimator for P.(y1,Yys, Y3, Ya,ys) in Fig. (2b)

is consistent if estimates

{P(vilpre(vi) }vie(x,vi,va,vay VAP (vilpre(vi) bviegx,vi,vs)
VAP (vilpre(vi) }vieva.va}

and

{P(vilpre(vi)) Yvieqc,vay VAP (vilpre(vi)) }vieqo,vs,va
VA{P(vilpre(vi) }vie(x,v1,v5,v4)

converge, while PI using Eq. (6) is consistent if estimates
for { P(v;|pre(v;)) }v,ev converge, where the order over V
isC <X <Y1 <Yy <Y3<Y, <Y

DML-IDP for P,(y1, Y2, y3, y4) in Fig. (1) is consistent if
estimates for

{P(x|7“)}\/{P(yg\x,r),P(y3|y2,x,r)},

and

{P(vilpre(vi))}vi,e(r.X,vs,v5} V AP (valpre(ya))}

converge, while PI using Eq. (12) is consistent if estimates

for
{P(ya|z,7), P(yslya, z, 1), P(r), P(yalpre(ya)), P(y1)}

converge, where the order over Vis Y1 < R < X <Yy <
Y3 <Y,

6. Experiments
6.1. Experiments Setup

We evaluate DML-IDP for estimating Px(y) in
Fig. (2a,2b,1). We specify an SCM M for each PAG and
generate datasets D from M. Details of the models and
the data generating process are described in Appendix C.
Throughout the experiments, the target causal effect is
u(x) = Px(Y = 1), with ground-truth pre-computed. We
compare DML-IDP with plug-in estimator (PI), the only
available general-purpose estimator working for arbitrary
causal functionals. Nuisance functions are estimated using
standard techniques available in the literature (refer to
Appendix C for details), e.g., conditional probabilities are
estimated using a gradient boosting model XGBoost (Chen
& Guestrin, 2016), which is known to be flexible.

Accuracy Measure Given a data set D with N sam-
ples, let fipmi(x) and fipi(x) be the estimated Py (Y =
1) using DML-IDP and PI estimators. For each ji €
{fipmL (%), fipr(x) }, we compute the average absolute er-
ror (AAE) as |u(x) — fi(x)| averaged over x. We generate
100 datasets for each sample size N. We call the mean of
the 100 AAEs the mean average absolute error, or MAAE,
and its plot vs. the sample size N, the MAAE plot.

Simulation Strategy To show debiasedness (‘DB’) prop-
erty, we add a ‘converging noise’ €, decaying at a N ¢
rate (i.e., € ~ Normal(N~% N~2%)) for a = 1/4, to the
estimated nuisance values to control the convergence rate
of the estimators for nuisances, following the technique in
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Figure 3: MAAE Plots for (Top) Fig. 2a, (Middle) Fig. 2b, and (Bottom) Fig. 1, under scenarios ‘Debiasedness’ (‘DB’) and
‘Doubly Robustness’ (‘DR-1" and ‘DR-2"). The solid lines represent MAAEs and shades represent one standard deviation.

(Kennedy, 2020b). We simulate a misspecified model for
nuisance functions of the form P(v;|-) by replacing sam-
ples for V; with randomly generated samples V/, training
the model P(v]|-), and using this misspecified nuisance
in computing the target functional, following (Kang et al.,
2007).

6.2. Experimental Results

Debiasedness (DB) The MAAE plots for the debiasedness
experiments for Fig. (2a,2b,1) are shown in the first col-
umn of Fig. 3. DML-IDP shows the debiasedness property
against the converging noise decaying at N ~'/4 rates, while
PI converges much slower for all three examples.

Doubly robustness (DR) The MAAE plots for the dou-
bly robustness experiments are shown in the 2nd and 3rd
columns of Fig. 3. Two misspecification scenarios are simu-
lated for each example based on the results in [llustration 4.
For Fig. 2a, nuisances { P(v;|pre(v;))} for V; € {Y, Z} in
‘DR-1" and for V; € {Z, X5} in ‘DR-2’ are misspecified.
For Fig. 2b, nuisances {P(v;|pre(v;))} for V; € {Ya, Y5}
in ‘DR-1" and for V; € {X,Y7,Y3,Y,} in ‘DR-2’ are mis-
specified. For Fig. 1, nuisances P(y4|pre(ys)) in ‘DR-1"
and {P(ya|z,7), P(ys|y2, z,7)} in ‘DR-2’ are misspeci-
fied. The results in all the scenarios support the doubly
robustness of DML-IDP, whereas PI may fail to converge
when misspecification is present.

7. Conclusions

We derived influence functions (Algo. 1, Thm. 1) and de-
veloped DML estimators named DML-IDP (Def. 5) for any
causal effects identifiable given a Markov equivalence class
of causal graphs represented as a PAG. DML-IDP estima-
tors are guaranteed to have the property of debiasedness
and doubly robustness (Thm. 2). Our experimental results
demonstrate that these estimators are significantly more ro-
bust against model misspecification and slow convergence
rate in learning nuisances compared to the only alternative
estimator available in the literature, a plug-in estimator. We
hope the new machinery developed here will allow more
reliable and robust causal effect estimates by integrating
modern ML methods that are capable of handling complex,
high-dimensional data with causal learning and identifica-
tion theory, paving the way towards a robust, data-driven,
and end-to-end solution to causal effect estimation.
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Appendix — Estimating Identifiable Causal Effects on Markov Equivalence
Class through Double Machine Learning

A. Details
A.1. Background Results

Partial topological order (PTO) is a useful notion in PAGs which specifies a topological order over buckets and defines a
partial order over the variables that is valid in all the causal graphs in the MEC represented by the PAG. An algorithm for
assigning a valid PTO in a PAG has been developed in (Jaber et al., 2018a), presented in the following as Algo. A.1 for
convenience.

Algorithm A.1 PTO(G(V)) (Jaber et al., 2018a)

Input: A PAG G over V,
Output: Partial topological order (PTO) over V in G.
Create a singleton bucket B; such that B, = V; € V.
Merge buckets B; and B; if there is a circle edge between them; i.e., B; > X oo Y € B;.
while A set of buckets B is not empty do
Extract B; with only arrowheads incident on it; and
Remove edges between B; and other buckets.
end while
Assign a partial order By < - - - B,,, in reverse order of bucket extraction; i.e., B; is the last extracted bucket.

RN AN

A complete algorithm for identifying causal effects in PAGs called IDP has been developed in (Jaber et al., 2019), presented
in the following for convenience.

Algorithm A.2 IDP(x,y, G(V), P) (Jaber et al., 2019)
Input: Two disjoint sets X, Y C V; A PAG G over V; A distribution P(v),

1:
2: Output: Expression for Py (y) or FAIL,
3: LetD = An(Y)G(V\X).
4 Px(y) = Xq\y IDENTIFY (D, V, P(V))
5: function IDENTIFY (C, T, Q = Q [T])
6: if C = (), then return 1.
7. if C =T, then return Q).
{In G(T), let B denote a bucket, C(B) denote the PC-component of B, and R .y = RE) }
: if3B C T\Cs.t. C(B) N Ch(B) C B, then
9: Compute @ [T\B] from @ via Prop. 1.
10 return IDENTIFY (C, T\B, Q [T\B]).

11: elseif 3B C Cs.t. Rg # C, then

IDENTIFY (RB, T,Q)-IDENTIFY (Re\r 5, T5 Q)
IDENTIFY(RBNRc\r 5, T,Q) ’

13:  else return FAIL.

14: end function

12: return

A.2. Detailed Description of Illustrations

In this section, we provide a detailed description for Illustrations (2,3,4). For convenience, we restate our proposed Alg. 1
IFP for deriving UIFs of causal effect in PAGs as Algo. A.3.

Ilustration 2 (UIF for P, (y) in Fig. 2b). We will use Lemma 2 to derive a UIF for 1) = P,(y) in Fig. 2b identified by
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Algorithm A.3 IFP(x,y, G(V), P) (Restated Alg. 1)

1: Input: Two disjoint sets X, Y C V; A PAG G over V; A distribution P(v).
2: Output: Expression for UIF Vp_(y) or FAIL.
3: LetD = An(Y)G(V\X).
4 Ve (y) = Ya\y DERIVEUIF (D, V, P(V), Vo) = Iv(V))
5: function DERIVEUIF (C, T,Q = Q[T],V = Vg)
6: if C = (), then return 1.
7. if C = T, then return V.
{B denotes a bucket in G(T); C(B) the PC-component of B in G(T), and R(.) = R((?).}
. if 3B C T\C s.t. C(B) N Ch(B) C B, then
9: Compute @ [T\B] from @ via Lemma 3.
10 if Q [T\B] is expressible as CE-1,
then, Compute Vg T\p] via Lemma 1.
11: else if () [T\B] is expressible as CE-2,
then, Compute Vg \B) via Lemma 2.
12: else, Compute Vg T\p) via Lemma 4.
13: return DERIVEUIF (C, T\B, Q [T\B], Vgi1\5))-
14:  elseif 3B C Cs.t. R # C, then
15: return (a) + (b) — (c¢), where

{ Let UIF(W) = DERIVEUIF(W, T, Q, V); IF(W) = UIF(W) — Ep[UIF(W)]; ID(W) = EP[UIF(W)}}
_ UF(RB)'ID(Rc\ry) . _ IF(Rg\rg ) IP(RB) _ ID(RB)ID(Re\rg) F(RBNRc\ry)
(a) = ID(RBNRc\rg) (b) = ID(RBNRc\rg) ’ ) ID(ReNRc\rg)  ID(RBNRc\rg)
16:  else return FAIL.

17: end function

Coro. 1 as given in Eq. (6). The PAG in Fig. 2b hasa PTOV = {C < X <Y; < Y2 < Y3 <Yy < Y;}. By Coro. 1,

Pi(y) = Qvisx X Dsx\x»

where, for Sx = {X,Y1,Y4,Ys}, V\Sx = {C,Y2,Ys}, Qv\sx = P(yslpre(ys))P(yz|pre(y2))P(c) and Qs \x =
> Pys, yalyi, y2, 2, ) P(y1, ' |c). Then, a UIF for P,(y) in Eq. (6) is given by Lemma 2 as

Ve, (y) = Z (Wwisxtisx\x + (Vsx\x — H8x\X)HV\Sx ) » (A1)

C

where W\ sy, Vsx\x are UIFs for Qvy\s, and Qg,\x. Qv\syx is a CE-1, and hence, Vy\sy is given by Lemma I as
follows.

LtT={B; < <B;} ={C <X <Y, <Yy <Y3 <Y, <Ys}. Thatis, By = C,By =
C = {B; <By < B;}, X = {By < By < B; < Bg}. Then, Cy = {B,} = {C}, C, =0,
C3 == @, C4 = {B7} = {Y5} Then,

X, By =Y. Let
C; = {Bs} = {2},

4
VV\Sx = 98,1 + Z Wz(ng - 013,2) = 98,1 + WS(QSJ - 93,2) + WZ(GZJ - 92,2)7
o
where, for Pro = Iy 400, (X, Y1,Y3, Y )P(C)P(Ya|pre(Ys))P(Ys|pre(Ys)) and I* = Iy, .. (C,Y2,Y5),
9871 = EPT\'O’ [Ia|B0max’preT(Bornax)] = Epwa, [IQ‘C] = IC(C)P(y5|$7 Y1,92,Y3, Y4, C)’ 9(21,1 =
Ep.[I"Bs,,..prer(Ba,, )] = Ep.[I*Ys,pre(Y2)] = Iy, (C,Y2)P(ys|ys, ya,pre(Ys)), 05, =

]EP‘,ra [Ia|preT(B2min)] = EPﬂ-a [Ia‘pVE(YQ)] = IC(C)P(y5‘y2,y37y4,pr8(}6)), 92’71 = ]EP.,ra [Ia|B4max’preT(B4max)] —
Ep, . [1%]Ys,pre(Ys)] = 1% 9272 =Ep. [I%|prep(By,..)] = Ep._. [1e|pre(Ys)] = Ic,yQ(C,}@)P(y5|pre(}/},)), Also,
wd = M and W = w® x Lys .y, (Y3,Ys)

2 7 PXIO)PMIX.0) 4 T 72 P(Y3|pre(Y3))P(Ya|pre(Ys))®
0% j2,0 < 05 oo and wyy j <= wi; for k € {2,4}.

Without loss of generality, we set 9,‘;/271 — 051

We now derive the UIF Vg, \x by Lemma 1. Let C = {By < B3z < Bs < Bg}, X = {B1 < By}. Then, Cy = 0,
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Ci ={B2,B3} = {X, Y1}, Co = {B5,Bs} = {V3,Ya}. Then,
Vsx\x = 90 1 +W1(91 1 911) 2) —|—w2(02 , — 05 2)s

where,  for P = I.,,(C,Y2) P(Ys, Yylpre(Y3))P(X,Y1|C) and I° = Iy, s ws(Y1,Y3,Y0),
06, = Ep,[I’Bo,,.prex(Bo,.)] = Ep,[I'l = 3, Pys valye,y1,2",C)P(a',yile), 07,

Ep,, [I"[Bu,...prep(Bu,.)] = Ep [I'|C. X.Yi] = Plys,ysly. pre(Ya)) I, (Y1), 625 = Ep, [I!lpre(B,,,,)] =
Ep,[I°|C] = 3=, P(y3,yaly2, y1,2',C)P(z,41|C), 65, = Ep ,[I’Bs,,,.,prep(Ba,,.)] = Ep_, [I°|Yy, pre(Yy)] =
Iyy o5 (Y1, Y3, Ya), 030 = Ep, [I|prex(Ba,,,,)] = Ep_, [I'lpre(Ys)] = Plys, yalpre(Ys)) I, (Y1) Also, w} = &

P(C)
b p L (V)
and wy = wy X Wm?ﬁ@))'

Hlustration 3 (UIF for P, (y) in Fig. 1 by IFP). We demonstrate the application of IFP by deriving a UIF for ¢ = P,(y),
where Y = {Y1,Y2,Y3,Yys}, in the PAG in Fig. 1. We assume a PTOV = {Y7 < R < X < Y2 < Y3 < Yy} in the
Sollowing. For reference, P,(y) is identified as

P.(y) = QY] = Q[Ya, Y3]Q[Y1, Ya], (A2)

where Q[Y2,Y3] =3 P(ya, ys|w, ) P(r) and Q[Y1, Ya] = P(yalpre(ya)) P (y1).

We start with D =Y (Line 3) and Vp, () = DERIVEUIF(D, V, P(V), Vo) = Iv(V)) (Line 4). DERIVEUIF() reaches
line 14, where Bo = {Y2} satisfies the condition with Ry, = {Y2, Y3}, Rp\rg, = {Y1,Ya}, and Re, N Rp\rg, = 0.
Then, line 15 gives (using ID()) = 1 and IF(P) = 0)

VPx(y) = UIF(RBO) . ID(RD\RBO) + IF(RD\RBO) . ID(RBO).

Next we derive UIF(Rgp,) = DERIVEUIF(Rp,, V, P(V), I, (V)) by repeating Lines 8, 9, 10, and 13 as follows. Starting
with B = Y, at line 8, let T = V\ B = {Y1,R, X, Y5,Y3}, We compute Q[T| by invoking line 9: for Q[Sy,] =
P(yalpre(ya))

which is a CE-1 according to Def. 3, with C = T, A = (. Then, Vo) can be found as Iy(T) (Line 10). We then call
DERIVEUIF(Rg,, T, Q[T], Vor))-

In the 2nd round, with B < {Y1} at line 8, let T + T\{Y1} = {R, X, Y2, Y3}. We compute Q[T] by invoking line 9. For
Q[SYJ = P(yh r,Z,Y2, y3)’ we have

P(

T L5 Y2,Y3
szyhrfﬂ y27y3) P(T7xay27y3)u

T
Q[ ] P(?Jlﬂ"fc y2,y3

which is a CE-1, with C = {R,X,Y5,Y3}. Then, V) can be found as It(T) (Line 10). We then call
DERIVEUIF(Rg,, T, Q[T], Vo))-

In the 3rd round, with B <— X at line 8, let T + {R,Y>,Y3}. We compute Q[T] by invoking line line 9. For Q[Sx] =

P(x|r), we have
P(r,z,y2,
QIT) = =5 o5 W (r) Py, ysl,7),

which is a CE-1, with C = {R,Y3,Ys}. Then, Vqr| can be found at line 10, as Vo) = 051 + wi (07, — 01 ,)
with Pra = L(X)P(R)P(Ys, V3| X, R), 0§ = p8aps. 081 = Epallry, (R, Y2, Y3)|R] = L(R)P(y2,yslx, R),
9%,1 = Tyz,ys(R YQ’Y?)) and 9%,2 = EPWG[ Tyz,yS(R YQ’Y3)|X R] =1 (R)P(y%y‘d‘X’ R)y
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In the 4th round, with B < {R} at line 8, let T < {Y2,Y3} = Rp,. We compute Q[T| by invoking line line 9. For
Q[Sr] = Q[R,Y2,Ys] = P(T)P(y27y3|$,7"), we have

QIT) = Q[Rz,) = yWZ

y27y3‘x T

y27y3‘xﬂ T)P(T)a

which is a CE-1, with C = {R,Y3,Y3} and A = {R}. Then, Vq[t| can be found at line 10 as
VQ[RBU] = 68,1 —"_w?( ?,1 - %,2)7

with Pra = I,(X)P(R)P(Yz,Ys| X, R), where w$ = PI(T’fR)) 081 = Ep_.[Ly,,y, (Y2, Y3)|R] = P(ya, ys|z, R), 05, =

Ly ys (Y2,Y3), 01 5 = Ep o [y, 4, (Y2, Y3)| X, Rl = P(y2,ys| X, R).

Let R = Rp\rg, = {Y1, Y4} for notation convenience. Next we derive UIF(R) = DERIVEUIF(R,V, P(V), I, (V)).
Starting with B = Y3 at line 8, let T = V\ B = {Y1,R, X,Y2,Y,}, We compute Q[T] by invoking line 9: for
Q[Sy;] = P(y1,7,2,Y2,y3), we have
P(v)

T=_ -~V
Q[ ] P(yhr x y2ay3

ZP Y1, 7,2, Y2, y3) = P(yalpre(ys)) Py, 7, @, y2),

which is a CE-1, with C = {Y1, R, X, Y2, Y,}. Then, Vgt can be found at line 10 as Vor) = 05 1 +w} (6%, — 65 ) with

Pro = I, (Y3)P(Y1, R, X, Y2) P(Yalpre(Yy)), w} = ﬁ 00, = I(T), 07, = Ep_,[I(T)|Ys,pre(Ys)] =
P(yalpre(Ya))Ip\ 4,y (T\{Ya}), 681 = Ep_,[Le(T)|pre(Ys)] = P(yalys pre(Ys))Ip (y,) (T\{Ya}). We then call

DERIVEUIF(R, T, Q[T], Vg1y)-

In the 2nd round, with B < {Ys} at line 8, let T < T\{Y>2} = {Y1, R, X, Y, }. We compute Q[T] by invoking line 9. For
Q[Syz] = P(y1,7, 2, y2), we have

QIT] = P(yalpre(ya)) Py, 7z, y2) S Plysor ) = Plyslpre(ss)) Plys. . ).

P(y1,7,2,y2) ”
which is a CE-1, with C = {Y1,R,X,Ys}. Then, Vqr) can be found at line 10 as Vg = 98’1 +
. Iy s (Ya,Y:
W0 — 0% 5) with Pov = I,,(Ya, Y3) P(Y1, R, X)P(Yalpre(Y3)), &} = prpmpiiipimryy 00,
L(T), 01, = Ep,[I(T)|Ys,pre(Ys)] = Pyalpre(Ya)le\ 1y, (Y\{Ya}), 65, = Ep_[I¢(T)pre(Y2)] =

P(yslya, y3, pre(Y2))Ip\ {y,} (Y\{Y4}). We then call DERIVEUIF(R, T, Q[T], Vg1))-

In the 3rd round, with B < {X} at line 8, let T <+ T\{X} = {Y1, R,Ys}. We compute Q[T] by invoking line 9. For
Q[Sx] = P(y1,r,x), we have

Q) = ZalpreWa) LW 1. 2) 5~ b oy = Plyalpre(un) Pl 7).

P(ylara‘r)
which is a CE-1, with C = {Y1,R,Yy}. Then, Vg can be found at line 10 as Vo, = 605, +
) Lo gy ys (X,Y2,Y;
ROy — 012) with Pr = Ly, (X, Y2, Ya) PV, R)P(Ylpre(Ya)), &} = prxmer P sa Py

0}, = I(T), 0, = Ep , [Ie(T)[Ys,pre(Ys)] = P(yalpre(Ya))Ie\(y,3 (T\{Ya}), 65, = Ep_, [Ic(T)[pre(X)] =
P(yslya, y3, z, pre(X))Ie 1y, (T\{Y4a}). We then call DERIVEUIF(R, T, Q[T], Vg1)).

In the 4th round, with B < {R} at line 8, let T <+ T\{R} = {Y1,Y4}. We compute Q[T] by invoking line 9. For
Q[Sr] = P(y1,7), we have

Q[T] = (ng(z et ZP y1,7) = Pyalpre(ys)) P(y1),

which is a CE-1, with C = {Y1,Y,}. Then, Vg1 can be found at line 10 as

VQ[RD\’RBU] = 98,1 + wl{(ollj,l - 911),2)a
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with P = Loy (R, X, Y2, Y3)P(Y1)P(Yy|pre(Yy)) and I° = Ly oy (Y1,Ys), b =
Ire,yp.u3 (R, X,Y2,Y3) b b _ b _ 7b
PR RN Pty P e v Py fo1 = Ep J[I°MVi] = P(yalyz, ys, x, 7, pre(R))L,, (Y1), 67, = I°,

and 0% o = Ep , [I’|pre(Ys)] = P(yalpre(Ya)) L, (Y1)-

Ilustration 4 (DML-IDP vs. Plug-in (PI) estimators for P (y) in Fig. (2a,2b,1)).
(Fig. 2a). Based on lllustration 1 with PTOV = {C < B < A < X1 < Z < X5 <Y}, we have

Vp, (y) = 0o, +wi (01,1 — 012) +wa (021 —O22),

x (Xl) _ xrq,T (X17X2)
P Xll\pre(Xl)) w2 = P(X1|pre(X12))P(X2|pre( el for  Pr

where w1 =

Iy, 2, (X1, Xo) P(A, B,C)P(Z|pre(Z))P( (Y)), 60,1 = Ep, [1y(Y)|pre(X1)]
>, P(ylzo, z,x1,pre(X1)) P(z|x1, pre(Xy)), 611 = Ep [[,(Y)lpre(X2)] = P(ylze,pre(X2)), 612 =
Ep, [I,(Y)lpre(Z)] = X, P(ylas,z,pre(Z))P(2lpre(Z)); and 621 = Ep [L,(Y)T] = IL,(Y) and

020 = ]EPW [L,(Y)lpre(Y)] = P(ylpre(Y)).

By Thm. 2, DML-IDP estimator for Py, .,(y) is consistent if estimates for either P(xi|pre(z1)) for wi or
5™ Plylpre(y)) P(elpre(=)) for (60,1,01,2); and P(a|pre(z1))P(wslpre(z3)) for wa or Plylpre(y)) for (61.1,052)
converge. This implies that DML-IDP estimator is consistent if estimates for either {P(v|pre(v;))}v,e(x,,x,} OF
{P(vilpre(vi)) }vie(x,, v} or {P(vilpre(vi))}v,e(z,yy converge. In contrast, Pl using Eq. (2) is consistent if estimates
for {P(ylpre(y), P(=lpre(=)), P(alb, ), P(ble), P(¢)} converge.

(Fig. 2b). Based on Illustration 2 with PTO C < X <Y <Yy < Y3 <Y, < Y5. we have

Veo(y) = Z (Vwisxtisx\x + (Vsx\x — B85\ X)EviSx ) »

(&

where

Vwisx =051 +wi(07; —075) +ws(05, —05,),
fOr Pﬂ'“ = Iw,y17y3,y4(XaY1a}/Z’)7Y4)P(C)P(}/2Ipre(}é))P(i/f)'pre(Y%)) and Ia = IC,yz,ys(C Y27 )
06, = Ep.[I%Bo,..prer(Bo,.) = Ep.[I°C] = IL(C)P(ys|ys, ya, Y2, v1, 7, C)P(y2|pr, x, C),
01, = Ep.[Yz,pre(Yo)] = I(C)P(yslys,ya,pre(Ys)), 0f, = Ep.[I%pre(Y2)] =

1.(C)P(ys|y3, ya, y2, pre(Ya)) P(ys |pre(Ya)), 05, = 1% 055 = Ep.[I%pre(Ys)] = Iy, (C,Y2)P(ys|pre(Ys)).
Iw,'y1(X:Y1) d a __ ax Iys y4(Y37Y4) d
PX[C)P(V1]X,0) MM Wo = W1 X B3 pre(Ys)) P(Yalpre(¥a))”

Also, wi =

Vsx\X = ‘90,1 + Wl(‘gil - 911),2) + W2(93,1 - 912),2)7

for P = Ic7y2(C,Y2)P(Y3,Y4|pre(Y3))P(X,Yl‘C) and I* = Iy17y37y4(Yl,Y§,,Y4), 98’1 = ]Ep"b[fb], 9?’1 =
]EPﬂb[IblchaYVl} = Iyl(Yl)P(y?ny4|y2=pre(1/2)): 911)2 = Epﬂ_b[lb|0] = Zx/P(y37y4|y27y17‘r/7C)P($/ayl|C);

I.(C
98,1 = Iy17y37y3(Yiv}%7Y4)» 912),2 = EP,,b[Ib|pre(Y3)] - Iyl,ys(ylvYS)P(ZU3,Z/4|PV€(5@))- Also, wzlj = P((C)) and
b_ b Ty, (Y2)
W2 = W1 X PWalpre(Va))

By Thm. 2, DML-IDP estimator for P,(y) is consistent if estimates for either P(x|pre(x))P(y1|pre(y1)) for w§
or P(ys|pre(ys)) P (yzlpre(y2)) for (05.1.012); and P(z|pre(z))P(ylpre(yr)) P(ys|pre(ys)) P (yalpre(ys)) for wg
or P(ys|pre(ys)) for (0%,03,); and P(c) for wi or 32, P(yalpre(ya)) P(yslpre(ys)) P(yilpre(y1))P(' |pre(a))

for (081,015); and P(c)P(ylpre(yz)) for wi or Pyslpre(ys))P(ys|pre(ys)) for (6%,,03,) con-
verge.  This implies that DML-IDP estimator is consistent if estimates {P(v;|pre(vi)}v,c{x,vi,vs,va}» OF

{P(vi|pre(vi) v, e x,v1,v51> 0 { P(vilpre(vi) }v,e(vs,vs}: and { P(vilpre(vi)) Yv,eqc,vay» or {P(vilpre(vi)) }v,e(c,va,va )
or { P(vi|pre(vi) }v,e{x,v1,vs,va} converge. In contrast, Pl using Eq. (6) is consistent if estimates for { P(v;|pre(v;))}v,ev
converge.

(Fig. 1). Based on Illustration 3 with PTOY; < R < X < Y5 < Y3 < Y,. we have
VEi(y) = VQIRy, ] HQIRv Ry, ] T (VQIRv Ry ] ~ HQIRv Ry, 1) " HQIRY, )
= Va2 vs]  HQ[vi,va] T (VQ[YhYd - MQ[YMYM) HQ[Ys,Y3)s
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where Y = {Y1,Y3,Y3, Y4} and Ry, is the region (Def. 2) of Yo with respect to Y, and
VQ[Yz,Ys] = 9371 + wtll(eil - 9(11,2)7

with Pra = I,(X)P(R)P (Y2, Y3| X, R), where wi = p()((u%)r eal =1y, ys(YQaYS) 912 =Ep,. [ yz,ys(Y27Y3)|X R] =

P(y2,y3| X, R), 051 = Ep_a[Iy, 45 (Y2, Y3)|R] = P(y2,ys|z, R), and

VQ[Y17Y4] = 98,1 + wi)(ell),l - 9;},2),

. Irz,yg,y5 (R,X,Y2,Y3) _
with P = Tr.a.ys, 05 (B, X, Yo, Y5) P(Y)) P(Yalpre(Y2)), & = fiametm (s i 0) Palpreva P ey %81 =
Ep ,[I*M1] = I, Y1) P(yalys, y2, @,7, Y1), 01 = I°, and 07, = Ep , [I’|pre(Ys)] = I,,(Y1)P(yulpre(Ys)) where
I’ —Iyuy4(Y17Y4)'

By Thm. 2, DML-IDP for Py (y1,Y2,Ys, Ya) is consistent if estimates for either P(x|r) for w§ or P(yz|z, )P (y3|y2, x,7)

Jor (661,05 5); and P(r|pre(r)) P(z|pre(x)) P(y2|pre(y2)) P (ys|pre(ys)) for w3 or P(yalpre(ya)) for (65 1,61 ) converge.
This condition implies that DML-IDP estimator is consistent if estimates for P(z|r) or { P(ya|z,7), P(ys|ys, z,7)},; and
{P(vilpre(vi))}vi,e{Rr,x,v2,v5} 07 P(yalpre(ya)) converge. In contrast, PI using Eq. (12) is consistent if estimates for

{P(y2|m,r),P(y3|y2,x,1"),P(r),P(y4|pre(y4)),P(y1)} converge.

B. Proofs.

Notations. We will use P, to denote parametric submodel P, = P(v)(1+ vg(v)) for any v € R and bounded mean-zero

function g(-) over random variables V. For a functional F'(P) of a joint distribution P , we will use F'(P,) to denote the

functional with respect to P,. We willuse V., F'(Py) = %F(P,Y) |ly=0. We denote S, (V;|W;;v =0) = V, log P, (V;|W;).

For T C V,weuse S(T) = V, log P,(T). Suppose F'(P) is composed of conditional probabilities P(a;|b;). Then, we
AF (P

will use Vp (a,b,) F(Py) = (V4 Py(a;]by) - 5h0aris-

Preliminaries. Once we have a UIF, the corresponding IF for ) can be expressed as ¢(V; 1, n) = V(V;n)—Ep[V(V;7n)],
since Ep[V(V;n)] = .
B.1. Proofs for Sec. 3

Lemma S.1 (Gateaux derivative of conditional distributions). Let 'V be a set of ordered variables (with an order <),
and T C V. ForV; € T, the following holds:

Vo Py (Vilprex (Vi) = (Ep(r) [S(T)|V;, prex (Vi)] — Epcr) [S(T)|prex (Vi)]) P(Vilprex (V7).
Proof. Let S, (Vi|preq(V;); v = 0) be shortly denoted as S(V;|pre(V;)). Then, we first note that V., P, (V;|pre (V7)) =
S(Vilprex (Vi) P(Vilpreq (V;)), since

0
) B Vilpren (V)

=1/P(Vilprer (Vi)

S(Vilprex (Vi) = Vi log Py (Vilpreq(V;)) = V, P(Vilpreq (V; log P(Vi|prex (V7)) -

Then, it suffices to show S(Vilpreq(V;)) = (Ep(t) [S(T)|Vi, preq(V;)] — Eper) [S(T)|preq(V;)]). We will use the
property that the mean of the score function is zero; i.e.,

]EP(ViIPreT(Vz‘))[ (Vilprep (Vi ZMMG (Uzg);CT( >)|7 0= 3 ZP (Vilprep(V3)) = 0.

Also, from the fact that P(T) = [[, cp P(Vi|preq(Vi)), we note S(T) = >y, cp S(Vipreq (V).

For any V; - V; for (V;,V;) € T, Ep(r)[S(Vj|prex(V;))|Vi, preq(Vi)] = Ep(r)[S(Vjlpreq (V)))|prer(V;)] = 0, by
>, S(vjlpreq(v;))P(v;|prex(v;)) = 0.
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For any V; < Vi, Epr)[S(Vj|prex(V;))|Vi, prep(Vi)] = Ep(r)[S(Vj|prex (V5))[pre(Vi)] = S(Vj|prex(V;)) since

{VjvpreT( 3)} € preq(V;). Hence, EP<T>[ (‘/}'IpreT(‘/j))IWPreT(‘/%)]—Epm[ (Vj lprex (V5))[prex (V)]

For V; = Vi, Eper [S(Vilpteq (V) |Vi, preg (V)] = S(Vilprex(Vi)) and Epry[S(Vilprea (Vi) lprex(Vi)] = 0. There-
fore,

S(Vilprep (Vi) = (Ep(r) [S(T)|Vi, prex (Vi)] — Epcr) [S(T)lpreq(V7)]) -
This completes the proof. O
Lemma S.2. Let V be a set of ordered variables and T = (ZUX UY) C V. Let Wy, = preq(V;) (shortly, W ;). Let

the observational model P and the interventional model P () over T be defined as follows:

P(T) = H P(v;|w;) H P(zjlwx,),

Vie{Z,Y} X;eX
Pr(T) = [ Pluilwi) [] I, (X5)
Vie{Z,Y} X;exX

Let ¢(X) = [[x,ex P(XilWx,) and m(X) = [ x,cx L, (Xi). Let Ex[-] be an expectation with respect to the distribution

Pr(x). ForV; ¢ X, the following holds:

V. Py (Vi[W;) = <IE7T {(NX) Py(W))

m(X) P(W;)

=(x) P(w;) 0 ‘ VoW B |

Proof. By Lemma S.1, we have
Vo Py (Vi W3) = (Epcr) [S(T)|Vi, preq(Vi)] — Epr) [S(T)|preq(V2)]) P(Vilpreq (V7).
We first consider Ep(y [S(T)|V;, prex(V;)] and show that

i [Q(X) Pr(Wi)

m(X) P(W;)

S(T) | V2, W] = By [SCD) Ve (V).

The equality can be shown as follows:

Eﬂ[q<x>Pw<wi>S<T)’wwi}: ﬁ(x)&(w» P

~(X) P(W,) (x) Plwi) Pr(oilwe) Pr(w)
= [ 56 Py LOP O STo0)
=P®) —P(v;|w:)
_ b(t) (t)dt

where we have used Py (v;|w;) = P(v;|w;) for V; € T\X. To witness, we have the following:
Pr(Vi, W)
P.(W;)

_ H\/je{\/},preT(m)}\X P(‘/J‘W )HXkG{V Jpre (Vi) }nX Imk(Xk)
ITv, e fprec (viyrx PViIW) T x, e fprep (vi)ox Lon (Xk)

v, eqvi prepvopx PVHIWHIT Ty, X T (Xk)
ije{pre.r(vi)}\x P(Vj|Wj)HXke TINX 1Tk Xk)

= P(Vi[W),

WD - P(V;|W).
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where the third equality holds since V;, ¢ X, and the second equality holds, since

P(Vi, W)= > P(t)y= > ][] P@lw) J] L,(X))

t\{vi,w;} t\{vi,w;} Vie{Z,Y} X;eX

= 11 P(vj|w;) 11

Vi e{Viprep (Vi) \X Xre{Vi,prer(Vi)}nX

Iwk (Xk:)y

because conditional probabilities P (v |prey(v;)) for Vi, & {Vi,prep(Vi)} and I, (X)) for X, & {Vj,prep(V;)} are

summed out. Similarly, we have P, (W) = H\/’je{preT(Vi)}\X P(V;|W;) HXkE{preT(Vi)}ﬂX I, (Xk).

‘We now show

ﬂ {q(x) Pr(Wi)

7(X) P(W);) S(T) ) Wz‘] = Ep(r) [S(T)|prep(Vi)] -

The equality can be shown as follows:

(IO P ) [ o) P Pl

m(X) P(W) ¢ (%) P(wi) Pr(w;)
- /t ;éff%(z? 4(x) P (£\x) Ms(t)%dt
—P(t)
_ [ £®)
/tP(Wi)S(t)dt

Therefore,

Vo Py (V;lW;) = (Epery [S(T)|Vi, Wi] — Epery [S(T)|W,]) P(V;[W;).
= (Eﬂ I:qO() P”(WZ)S(T) q(X) Pr(W;

7(X) P(W,) m(X) P(W;)

Vi7Wi:| —Ex [

)S(T) ’WD . P(V;[W,).

O

Lemma S.3. Let V be a set of ordered variables and T = (ZUX UY) C V. Let Wy, = preq(V;) (shortly,
W;). Let P(T) = Hwe{z,y} P(”i|Wz‘)ijeX P(xjlwg,), and Prx)(T) = Hvie{Z,Y} P(Ui|Wi)ijex I, (X5).

Let Ex[-] be an expectation with respect to the distribution Prx)(T). Let ¢ =

W(P) = Eil(Y) -
>y, exy Pyjlpren(y;)) 117, ez P(zklprex(zk)). Then, an influence function for ) is given as

P,(W
o= 2 TV e (V) Wi~ By (1, (Y)W} B.1)
P(Wy)
VkE{sz}
where we use Y. oy 7y as a shorthand for 3 v c oy 73
Proof. Let m(X) = [[x,ex Lo (Xi)- Let ¢(X) = [[ x,ex P(Xi|Wx;,). We will prove the following:
P.(W
Vur) =B |3 O e 1, ()i Wil - B L 0OIWAY | S| B2)
Vke{Y7Z} P(Wk)

P(Wy)

=Epwv) ( > M{Ew [y (Y) Vi, Wi] — Er [Iy(Y)IWk]}) ~S(V)] ; (B.3)

Vie{Y,Z}
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where S(T) = >, cp S (VklWisy = 0). The second equality holds as follow:  Note

(ZVkE{Y 7} P((‘)}vv}:) {Ex Iy (Y)|Vi, W] — Ex [Iy(Y)|Wk]}) is only a function of T (say, f(T)). We first
note that

Eper) [[f(T)S(T)]] = Y F®)SE)P(E) = Y f(£)SE)P(6.v\t) = Eppv) [F(T)S(T)].

v\t,t

Then, we will show that Ep (v [f(T)S(V\T)] = 0, where S(V\T) is a score function of P(v\t|t), namely, S(V\T) =
> view\t Sy (Vilprey ¢ (Vi), T), where S, (Vi |preyr(Vi), T) is a score function of P(vy[prey, v (vk), t). We note

P(v) = P(t)P(v\t|t) = [y, e P(vjlprex(v))) [Ty, v\t P(vk[preyyp(vk)), and this implies that S(V) = S(T) +
S(V\T). Then, given the equality Ep(yvy [f(T)S(V\T)] = 0, we can show the equality in Eq. (B.3) as follow:

Ep() [f(T)S(T)] = Ep(v) [f(T)S(T)] + Epcvy [f(T)S(VA\T)]
= Epev) [f(T) (S(T) + S(V\T))]
=Epvy [f(T)S(V)].

We witness Ep vy [f(T)S(V\T)] = 0 as follow:

Epev) [f(T)S(V\T)] Zf SVADP(V) =Y (D S(V\)P(V\t[t)) P(t) f(t) = 0.

t v\t

=0
The second equality implies that Eq. (B.1) is an IF for ). The second equality implies that Eq. (B.1) is an IF for ¢.

We now prove the first equality. Let Vp_ (4, jw,,) Y (Py) = V4 Py (vi|wy) - %7 for Vi, € {Y,Z}. Then,

V’Y\IJ(P’Y) = Z vPﬂ,(vklww\Ij(P"/)a
Vie{Y,Z}

by the chain rule. A closed form of Vp_(y, jw,) ¥ (P ) is given as follows using Lemma S.2.

va(UMWk)\I}(PW)

= VP,Y(WMWR,) Z Iy<Y) H P(U’L|W) H [wj (XJ)

x,y,2 Vie{zZ,Y} X;EX
= § Iy(Y) (Eﬂ {S(T) qg?) P”((W)) ‘ Ve W } _E, [S(T)Zg?) Z;; ((W“Zi)) ‘ ka P (z.x.y).
=5 |00 (5 [T Ty [ Ve W] - B [ R G | i )|
Note
q(X) Px(W;) q(X) Pr(W;)

vow] | -2 e [b0v) o] sen)]

m(X) P(W;)
and

E, {Iy(Y)E,r [S(T)g?((wwz))

wel| = [o- [0 S ey | w4 m)
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X) Py (W;)

To witness, let f(X, W) = q( S Bow

Then,

Ex [Ty (Y)Eqr [S(T) (X, Wi)[Vi, Wi]]
= Y LOE ST X Wi, wi]  [] Peilwh) [ I, ()

z' xy’ V;e{Z,Y} X;€eX
Pﬂ' (ZN, X//’ y//)
= Z Iy(y") Z S(t//)f(xl/7wk)m H P(vi|w) H I, (x})
2’ x'y’ 2 %"y \{v},,w}} Tk Tk Vie{Z,Y} X;eX

V., W
z/7x/7y/\{vg7w%} z x!y" ) k ‘ﬂ'( k> k)

p> ( > fy(Y’)f(X",W@}W) S Py ()

11 et g ! ! v / ’ k’wk
2 %"y \z' x" y'\{v},wi}

SAMINE L

Also,

Er [Iy(Y)Er [S(T)f(X, W) W]
S LB ST XWowil [ Peiw) [ L, @)

z/ x'y’ Vie{Z,Y} X;eX
P7r (Z”a X//a y”)
= > L) > S(t//)f(xllvwé)w [T Pwiw) ] L, =)
z’ xy’ 2/’ x"y " \{w;} Tk Vie{Z,Y} X;jexX
P (z// X/I y//) P (tl)
= S // // / ) ™ ) i W ™
Z/,x/,yzl\{wk} (z//; " /PW'W i Pﬂ' (W;c)

P> ( > L) i@itv’)))su")mt”)

/
2 x"y" \z' xy'\{w)} k

_ 4(X) Pr(W;)
—E, {Eﬂ {IY(Y)W(X) pew | W] s

Then, for Vj, € {Y,Z},

e ¥10) =B | (< |60 T T | V’“W’“} [0 e [ w]) 5o
o [0 58 ) [ 8 ] o

- e |75 (< [0 25g ﬁ(w“?); VWi B [0 I T Wil ) s

(E, [Iy (Y) Vi W] — E [y (Y)W} - sm} |

This proves Eq. (B.2). O

Lemma B.1 (UIF for CE-1 (Restated Lemma 1)). Let a target estimand ¢ = Q be a CE-1 given by Eq. (1) in Def. 3.
LetY =C\A, and X = T\ C = {Bj, < --- < Bj, } where Bj, € T. Let C be partitioned with respect to X as
C=U_,Ck where C;, = {B, € C: ji, <7 < jjy1} = {Bp, <+ < By, .} withjo=0and jy,11 =n+ 1. Let

min max
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Pr be a distribution over T given by Pr = Ix(X) [[g,cc P(Bilprer(B;)). Then, V(T;n = (w, 0)) in the following is a
UIF for :

V(T;n=(w,0) =01+ Y wi(0k1—0k2), (B.4)
Crto
where w = {wi| Cr # 0, k€ {1,--- ,m}}and 0 = {6p1} U {(Ok1,0k2)| Cr # 0, k € {1,--- ,m}} are nuisances

I

given by w, = [, P(BJ\TT(B Or1 =Ep, [Iy(Y)|Bg,... prer(Br,,..)l. Oc2 = Ep, [Iy(Y)|prep (B, )] where
00,1 = Ep, [Iy(Y)] if Co =

Proof. We first note that Lemma S.3 holds when each V, € T is a bucket instead of being a singleton, with the definition
Wi, = preq.(By;). By the proof of Lemma S.3, an IF for ¢ could be written as

o= 3 P (B 11, (¥)[ B Wi — Exl1y (Y)W}
k:BreC

Pr(B;|W;) _

Using that PEIW 1if B; € C, and Pr(B;|W,) _ Ib;(By)

P(B;|W;) = P(B;|W;)

o= W{Ewwwmuwi]—Ewuym\wi]}

if B; € X, we rewrite the IF as

#:B;€C (W)
= 3 LB W B IW D+ Y T L (VB W B (OIW, ).
r:B,.€Cp k=1 r:B,€Cy r

(B.5)

where the second equality holds since I;;T((\}\}/V:)) =1for B, € C,.

We first simplify the second term of Eq. (B.5):

> Im {Ex[ly(Y)B,, W,] — E-[Iy(Y)W.]}

_ f: Z i peats o BrtBaper (Bo)) [T, cpe, 5,0 o (Bo) (Y B W — Bl (Y)Y

Crto HB Epre afprer(Ba)) HBCEpreT(BT)ﬁX P(Bc|prer(B.))
= Iy (B.
-y I 2P ) e 3B, W, - By ()W)
P P(B.|prep(B.))
c,}w mB,€Cr \B.€pre,(B,)NX
= Iy, (Bj,)
= [T sz Y (EAL(Y)B,, W] — Ex [, (Y)[W,]})
k=1 ; : P(B]p|W]p)
Cigo Vp={lodkd 7|B,€Cx
m k
Iy, (B;)
=2 |\ Hpm vy 2 (BB W, — (L, (Y)[W,]})
k=1 p=1 ( Jp| ]p) T‘BEC)C
C, #0 T
=wj
= Y Wi {Br[Iy (V) By, Wi, — ExlIy (Y)W, ]}
g:;iw =0k,1—0k,2
= ) welOk1 — Or2).

k=1
Cp #£0
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Then, we consider the first term of Eq. (B.5).

> AR (Y)|B,, W, — Ex[I, (Y)W, ]} = Ex[Iy (Y)[Bo,,... Wo,..] — E<[Iy (Y)[Wo,,] (B.6)
r:B,€Cq

:00'1 :90,2

=bo1 — ¥, (B.7)

where the second equality holds since 0y 2 = E[I,(Y)|Wy,,.] = Ex[[;(Y)] = ¢. That is,

p="60p1 —¢Y+ Z Wi (Bk1 — Ok,2). (B.8)
Crro
Then, the UIF is given as Eq. (B.4). This completes the proof. O

Lemma S.4. Let G be a PAG over V and T be the union of a set of buckets in G. Let X be a bucket in T. Let
Sx = UXieX Sx, where Sx, denote the DC-component of X; in G(T). Then, for a bucket B; in T, B; Z Sx if and only
if B; C T\Sx.

Proof. We will consider G = G(T). We first prove B; € Sx = B; C T\Sx. B; € Sx means that there exists a node
Vi € B; such that Vj, ¢ Sx. As a contradictory claim, suppose B; Z Sx =~ B, C V\Sx. That is, there exists V; € B;
such that V; # Vi, and V; € SX,, for some X, € X. If |SX,,| > 1, then there exists a node C € SX,, such that C' < V.
Since V; and V}, are in the same bucket, there is a circle path (a path composing o—o) between V; and V.. By (Zhang, 2006,
Lemma 3.3.2), this implies that C' <+ V}, (i.e., Vi € Sx,), which contradicts that V}, Z Sx. If ’SX,,| =1(.e., X, =V)),
then this implies that X = B, since both X and B; are a bucket. Then this contradicts with B; Z Sx. Therefore, there
exists no V; € B; such that V; € S, when there exists V}, € B; such that V}, ¢ Sx.

We now prove B; C Sx = B; € T\Sx. This is immediate, since Sx N (T\Sx) = (. This completes the proof. [

Corollary B.1 (Restated Coro. 1). Let a PTO in PAG G over V be By < --- < B,,,. Let X, Y C V with X being a
bucket. Then, if C(X) N Ch(X) C X, Px(y) is identifiable and given by

Pe(y)= Y. Qwisx X Qsx\x: (B.9)

v\(xUy)

where Qvi\sy = [Ig,cv\sy P(bilpre(bi)), Qsx\x = > [Ig,csx P(bilpre(b;)), and Sx = Uycx Sx with Sx
being the DC-component of X.

1 — 1 Py (t) _ .
Proof. By Prop. 1 with T = V, it suffices to show that Mo cos Pvtt(bilpret(bi)) = [Is,cm\sx P\t (bi[preq(b;)), which

is equivalent to show [ [, 75, Po\¢(bifprer(bs)) = [I5,cm\sy Pv\t(bilprex(b;)). To witness the equality, a sufficient
condition is that B; € Sx < B; C T\Sx. This holds by Lemma S.4. O

Definition B.1 (Restated Def. 4)). Let Q; and Q5 be two CE-1Is, then the quantity Q = )" (Q; x Q>) is said to be (in
the form of) a canonical expression 2 (CE-2).

Lemma B.2 (Restated Lemma 2). Let a target estimand v = Q be a CE-2 given in Def. 4. Let V; be a UIF for the CE-1
Q; given in Lemma 1 and p; = BEp[V;] for i € {1,2}. Then, V(V;n) below is a UIF for 1):

V(Vin) = Z(VIMQ + (V2 — p2)p11)-

z

Proof. LetV;, ¢; denote a UIF and an IF for Q; = Q,(P) fori € {1,2}. Let W(P,) = ", (Q1(7) x Qa(7)) where Q;(7)
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are Q;(P) with respect to P, (i.e., written w.r.t. P, (b;|pre(b;))) fori = 1,2. Note Q; = Q;(y = 0) = Q;(P). Then,
Z{ ) Q2 + Q1V4(Qa2(7))}
—Z{EP (V)] Q2 +Epp2-S(V)] Q1}

=Ep (Z(¢1 Qo + $20Q1)) - S(V)]

z

=Ep (Z((V1 —Q1)Q2+ (Vo —Q2)Q1)) - S(V)]

z

=Ep (Z WV1Qa+ (V2 — Q2)Q1) — 7/1> ‘ S(V)]

z

where the second equality holds by the definition of an IF, the fourth by the definition of a UIF. This implies that
ZZ(V1 Qg + (Vz - QQ)Ql) — 1/1 s an IF, and Zz(vl QQ + (VQ - QQ)Ql) is a UIF. Since (;52 = VQ - QQ = VQ — M2 and
Q; =Ep[V;] fori = 1,2, this completes the proof. O

B.2. Proofs for Sec. 4

Lemma B.3 (Restated Lemma 3). Let G be a PAG over V, T = U] B, be the union of a set of buckets, and X C T
be a bucket. Given Q[T] and a PTO By < --- < B, with respect to G(T), Q [T\X] is identifiable if and only if
C(X)NChX) C Xin G(T). When Q [T\X] is identifiable, letting Sx = |J xcx Sx with Sx being the DC-component
of X in G(T), then Sx consists of a union of buckets. Denoting Sx = {B;,,--- ,B;,} and T\Sx = {B;,,--- ,B;_},
Q [T\X] is given by

Q[T\X] = Om\sx X sy \Xs (B.10)

where Qr\sy = [Ip, c1\sy Pt(bi Iprex(bi, ), and Qs \x =3 I1p, esy Poe(bj. lprex(b;,)).

V\t(t)
HB iCSx v\t(b [pre (b)) —

Proof. By Prop. 1 and

Coro. 1, we have

b;|pre,(b;)) which has been shown in the proof of
HB CT\Sx Py\(b;|prey p

Q[T\X] = Q' sy X Qs \x

where Q'm\sx = [, LCT\Sx Py\g(bi, preq(b;, ), and Q's,\x = > g, csy Pre(bj.[prep(by,)). Then, it suf-
fices to show that Sx is a union of buckets Suppose Sx is not a union of buckets. That i is, there is some By, € T and two

variables (V1, V) € By such that V4 € Sx but V, € T\Sx. But this case doesn’t exist by Lemma S.4. This shows that Sx
is a union of buckets, and completes the proof. O

Lemma S.5. Let T = {B; < --- < B,,} € V. Let C = {B.,,---,B.,} where B, € T. Let ¥(P) =
[T7_1 Poe(be, prep(be,)). Let Vgry, dqrr) denote a UIF and an IF for Q[T). Let ngrr = Ep[Vor)]. For B, € C,
let T = T\{B.,,prer(B.,)} and T2 = T\prex (B, ). Then, an IF ¢ and a UIFV for V(P) is given as follows:

¢ = Z H ’qu\t(sz |prer(bey)) ¢Pv\t(bm« |pre(be,.))*

r=1 s=1
sHET

= (H /‘LPv\t(bCS |[’"3T(bc$ ))) VPv\t(bcl \PmT(bcl ) + Z H MPv\t(sz |lm’T(bcs ) ¢Pv\t(b6r |pre(be,.))»

s=2 r=2 s=1
s#T
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where
1 2er HQ[T] 1
PPye(be, lprex(be,)) = 8 ) PQIT] ~ = barr
(e, lpren(be,)) Ztﬁr hom tZ A S i Ztﬁr HQr) tz o
y Ztl HQ[T] Z(b
Py\¢(be, |prer (b, Th>
vt ( |pre( ) — ZtQ HQ[T] tl Q t2 HQ[T] th HQ[T] t2 QT

and fup,,, (b, |prex (b)) = EP[VP,\,(be, preg (be, )]

Proof: Let Vp,, (b, |prex(be,))s PPy (be, [preg (be,)) T0r B, € C denote an IF and a UIF for Py\¢(be, [prep(be, ). Let
[P\ (b, [prex(be, ) = EP [va\t(bw lpre(be, ))]- We derive an IF for W(P), denoted ¢, by taking a derivative of W(P,):

=V, H  e(be, [prea (b))

Z P, n\¢(be, [prep (b HPv\t . [prex(be, )

5;&7
n n
= Z H Po\¢(be, [preq(be,))Ep[dp, ., (b., prex(be,)) - S(V)]
r=1
=Ep | { D | T #roctoe. pretoe)) | 9Pobeprentve ) ¢ =SV
r=1 s=1
s;ﬁr

implying that an IF ¢ is given as

n

&= | T] Puss o tprex60,)) | SPore (b pren(be,))-

r=1 s=1
SH#T

We derive the UIF by rewriting the IF:

b
MS

Hu Pya(be, lprex(be,)) | PPuve(be, Iprex(be,)) T (H# Py (be, lprex (be, ))) (VP \e(bey [preg(bey)) ~ #Pv\mbcl\preT(bCl)))

s=2

<
||
¥

s#r

Do T #petoes preoe)) | @Pur e, tpren (b)) + (H #Pv\t(bca.preT(b%))> VP (be, Ipreg(bey ) — Y(P),

r= s=2

[v)

SFET

since [T5_; 1P, (be, prex (be,)) = [ Loz1 Pore(Pe,[preq(be,)) = W(P). This implies that

n n n
V= (H #Pv\t<bc5|preT<bcs>>> V(oo prer(be ) + 2 | L1 P o, prert6e)) | 5o (b pre (e

s=2 r=2 s=1
s#r

We now derive ¢Pv\t(bcrlpreT(bcr)) and VPv\c(bcrlpreT(bcr))' We derive ¢Pv\t(bcrlpreT(bcr)) by taking derivative
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V4P, w¢(be, [prep(be, ). Recall for B., € C, T, = T\{B,,,prep(B., )} and T2 = T\prep(B.,).

VP, ro(be[pron(ba.) = 2 QIT]()
, ¢, |Pre Cr <~ A
TR VS, QTI0)
1 Ztl Q[T]
= =m0 V.QTI(y) - == v,Q[T
2z QT ; ’ 2z QT th ; !
1 Ztl Q[T]
==~ 2_Erlogm - S(V)] - = Ep[¢ V)]
> QIT] Z ot Y QT 132 Z o
i z Q[T
=Ep qr oq| -S(V)
S O 2 5 g ] e
1 Ztl HQ[T) 1
=Ep dorT — or S(V)|,
Yo tgm 5 M e wam e nom &7 0T
implying that
1 2t HQIT) 1
OP\y(bolprep(be.) = = ) ¢ - = bQT)-
Wb losa(be) = S tZ LIS St Sy tZ QITy
By rewriting,
1 2 HQIT)
Py ¢ (b, be ) = = Vo) — 1 -
Povi(be, lprex (be, ) Zt%r i tZ( Q) — HQrT)) S o) th o 4 Z QIT
Ztl HQ[T] Ztér HQ[T]
> Vo fob@ =
th HQIT] - 2z HQIT] 2z HQIT) 4 2z HQIT]
S —
=Py\¢(be, [prer (be,.))
we derive
Der HQT) 1
VPt (be, preg (be Val - ¢q[T)-
\e(ber lprex(ber)) = Etz HQIT) % Z o 2z HQIT) g2 HQIT] ; Q)

O

Lemma B.4 (Restated Lemma 4). Suppose ) = Q [T\X] is identifiable via Lemma 3 and given by Eq. (9). Then, given
Vaorry V = Vair\x) below is a UIF for ):

V =Vsx\xlvrs, T (VT\sx = Bvps, JHSx\X: (B.11)
where (Vs \x, Vr\sx ) are UIFs for (Qs,\x, Qr\sx ) respectively, given by

Vsx\x = Z i H Wi + Zcm H e (B.12)

k=2 0=1 04k

Vrsy = Vi, H pi, + Zm H iy (B.13)

r=2 0=14%#r

Z e v > e (b)) BQIT] 2 t\preps (b)) PQIT
where, for ¢ € {172’._. m} V. t\{bc.preg(be)} VQIT] 8\ {beprep (be)} HQITT 2t \preqp (be) PRI ]’ = EP[VC]) and
Zt\mT(bc> HQ[T] Zt\me(bc) HQ[T) Zt\pn’T(bC) HQ[T]
G =Ve —
C C
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Proof. We invoke the notation Sx = {B; ,---,B; } and T\Sx = {B;,,---,B;, } from Lemma 3. We first derive
an IF for Qg \x. Let ¢s, denote an IF for Qs, . Since V,Qg,\x(7) = >, V,Qsx (7) = D Ep[dsx - S(V)] =
Ep[(D_x ¢#sx) - S(V)], an IF for Qg \x is given as g, \x = ), Psx. With its corresponding UIF Vg, \x = >, Vsx-
Since Qg = [[V_; Pu\¢(by, [prer(B;,)), a UIF Vg, is given by Lemma S.5 as

p p p
Vo = Vi [T min + Y 05 TI mir
k=2

k=2 ¢=1/0#k

Then an UIF for Qg, \x is given in Eq. (B.12).
Also, since Qq\sy = [[7_; Po\¢(bs,

prex(B;,)), a UIF for Qr\s, are given by Lemma S.5 as

q

q q
Vrsx = Vi H Wiy + Z¢ik H Wigs
k=2

k=2 t=1,#k
which is equal to Eq. (B.13).

Next we derive an IF for Q[T\X]. The derivative V., Q[T\X](y) is given as follows:
V,QIT\X](7) = V4 (Qrsx (1) - Csx\x (7))
= V,9msx(7) - Csx\x + V4 Qs \x(7) Qr\sx
=Ep [¢m\sx - S(V)] - Osx\x + Ep[dsx\x - S(V)]Qrisx
=Ep [{d1\8x - Qsx\x + Ps5\x - Qmisy - S(V)]
implying that an IF and a UIF for Q[T\X] is
PQT\X] = PT\Sx * DSx\X T Psx\X - OQT\Sx
= (Vr\sx — HT\Sx) " @sx\Xx T #sx\x - QT\Sx
= (Vmsx — H1\sx) - Dsx\x + Vsx\x - Qmisx — Q[T\X]
= (Vr\sx — HT\Sx) " Hsx\X T Vsx\x " #m\sx — Q[T\X]
Vorrx) = (Vmsx — Br\sx) " Hsx\X + Vsx\X * HT\8x

which completes the proof.

Lemma B.5 (Restated Lemma 5). For AC CCV,
Vaic) = (a) + (b) — (¢),

VIR Al'HQIR ] HQIR AL PQIR ] HQIRA]'HQIR ] PQIRANR 1.
where (a) = 2 ARA(b) = 2 ARA (¢) = 2 R4 . 2 —CRA with Ry = RE).

HRQIRANRG\R 4] HQIRANRG\R 5 HQIRANRG\R 4] HQIRANRG\R 4]

_ Q[RA]'Q[Rc\r L]

Proof. We have Q [C] = QRA R, ] by Prop. 2. We derive an IF for @) [C] by computing the following derivative

V,QI[C](v)
_ VoQRal() - QRc\ral | RIRA]-V,Q[Rc\rAl(7)  QIRA]: QIRc\ral V,Q[RA NRe\rAI(Y)
Q[Ra NRc\RrAl Q[RA NRc\RA] Q[RA NRc\rAl Q[RA NRc\Ra4)
_E ¢Q[RA] 'Q[RC\RA} Q[Ra] '¢Q[RC\RA] _ Q[RA] 'Q[RC\RA} ¢Q[RAORC\RA] LS(V)
r Q[RaA NRc\RA] Q[Ra NRc\ral QRANRc\ral QIRANRc\RAI ’

which implies that an IF for Q [C] is given by

borc) = (Vora) — QIRA]) - Q[Rc\ra]  QIRAl- 9QRo\R ) _ Q[Ra] - QRc\ral PQIRANRC\R,]
elel Q[RA NRc\rA] Q[RA NRc\rA] QRANRc\ral QIRANRc\RA]

_ Voira) - QIRC\RA| QIRA] 9QRo ] Q[RA]- QRc\rA] PQIRANRG R, _Q[c]

Q[Ra NRc\raAl Q[RA NRc\RA] QRA NRc\ral QIRANRc\RAI
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and its corresponding UIF for @ [C] is given by

_ Vomral - QRcvral | QRAI0QRe\r,]  Q[RA]- QRc\RA] PQIRANRG R, ]

Vo .
AT TQRA NRe\rA] Q[RA NRc\rA] Q[RA NRc\ral QIRANRc\RA]

O

Lemma S.6. Algo. I IFP derives a UIF for any identifiable Py(y) in a PAG G over V in O(|V|*) time where | V| denotes
the number of variables.

Proof. Line 3 takes O(|V|*). We now derive the complexity for line 4, DERIVEUIF (D, V,P(V), Vv = I,(V)).

Let T be the input of DERIVEUIF. Let N = |T|. Suppose running DERIVEUIF(C, T, Q[T], V(1) takes T'(IV) time.
To check the condition in line 8, for each bucket in T (possibly N buckets), one checks the graphical condition (O(N?)).
Therefore, it takes O(N?) to run line 8. Line 9-12 take O(NN?) since it takes O(NN?) to identify the DC-component for
deriving Q[T\B]. The recursive call with DERIVEUIF(C, T\B, Q[T\B], Vgr\p)) takes at most T'(N — 1). If line 15 is
called, then it takes T'(N — M) + T (M) where M = |Rp|. That s,

V) = {T(N — 1) 4+ O(N3); or B4

T(N — M) +T(M)+ O(N3).

For sufficiently large N > C for some constant C, let O(N3) < a - N3 and assume T'(N) < aN* for some constants

a > 0 (If this holds, this means that T'(N) = O(N*)). First, consider T(N — 1) + O(N?). For some sufficiently large N,
T(N —1)+ O(N?) < a(N —1)* + aN?®

a(N* —4N3 4 6N? —4N + 1) + aN?

=a(N*=3N?+6N? —4N +1)

<a- N
T(N — M)+ T(M)+ O(N?3) < a(N — M)* + aM* 4 aN?
<a(N*—(4M —1)N® + 6N°>M? — ANM® + 2M*)
< aN*%.
This implies that T(N) = O(N*), ie., DERIVEUIF(D,T,Q[T],Vgr)) runs in O(N*). That is, line 4
(DERIVEUIF (D, V, P(V), Vgv] = Iv(V))) runs in O(|V[*). Therefore, Algo. 1 IFP runs in O(|V|*). O

Theorem B.1 (Restated Thm. 1). Algo. I IFP derives a UIF for any identifiable Px(y) in a PAG G over V in O(|V|") time
where |V | denotes the number of variables. IFP returns FAIL if Py(y) is not identifiable.

Proof. Soundness of IFP follows from Lemmas (1 - 5) and the soundness of the IDP (Algo. A.2) (Jaber et al., 2019).
Completeness follows from the completeness of IDP, since IFP fails if and only if IDP fails given that IDP and IFP share the
same failure conditions. Finally, IFP runs in O(|V|*) by Lemma S.6. O

B.3. Proofs for Sec. 5

Assumption. In analyzing\ the properties of estimators Ty, we assume strict boundedness for nuisances (w; i, 0 x.:) €1
and their estimates (W;x,0; k) € 7: there exist constants My, My > 0 such that M; < (w;,0;%:) < M, and
My < (@), O5,1,0) < Mo

Lemma B.6 (Restated Lemma 6). The UIF Vp_(,)(V;n) returned by Algo. 1 IFP is an arithmetic combination (ratio,
multiplication, and marginalization) of UIFs for functionals in the form of CE-1, denoted as Vp, (y)(V;n = {wj, 0; }le) =
A ({V;(w;,0;) ?:1) where Vj(wj, 0;) denotes a UIF given by Lemma 1 with w; = {w;},2, and 0; = {001} U
{0; k1,05 k2,2, being nuisances for V;, and A(-) an arithmetic function.
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Proof. 1FP recursively calls DERIVEUTF, initially equipped with a UIF for P(v) which is a special case of CE-1. We show
that DERIVEUIF always returns an arithmetic function of the UIFs for CE-1. Suppose Vg (t) in DERIVEUIF is given as an
arithmetic function of UIFs for CE-1. Let B be a bucket satisfying line 8 of IFP in Algo. 1. Then, the UIF for Q[T\B],
denoted Vg [1\BJ is given either by Lemma 1 (as a UIF for CE-1), or Lemma 2 (as a function of UIFs for CE-1), or by
Lemma 4 (Eq. (B.11,B.12,B.13)) as a function of Vgt (and ¢y, o)) Which is a function of UIFs for CE-1. If Line
15 is invoked, then the output is expressed as an arithmetic function of the outputs of several DERIVEUIF calls which are
functions of UIFs for CE-1.

O

Lemma S.7. Let Px(y) be identified as Px(y) = v = V(P). Let D be the set of variables defined in line 3 of Algo. 1.
Then, the IF for 1 given by Algo. 1 is in the form of a linear combination of IFs for CE-1, denoted as

br(y) = Z Z i Z‘ij wj, 0

d\y j=1

where H; C 'V are sets of variables, f; > 0 are constants, and ¢;(w;, 0;) are IFs for CE-1.

Proof. Let ¢gp) denote the IF for Q[D]. It suffices to show that ¢qpj is in the form ¢gp] = Zle fi Zhj ¢j(wj,0;)
since ¢p, (y) = D d\y dq|p)- It is obvious that ¢op is given as a linear combination of IFs for CE-1 if Q[D] is in CE-1 or
CE-2.

First assume Line 8 in IFP is invoked. ¢qr\x] is obviously a linear combination of IFs for CE-1 if Line 10 or 11 is
invoked. Next, we focus on the case of Line 12. Let T C V be a set of nodes defined in Lemma 3. We invoke the notation
Sx = {Bj,, -+ ,Bj,} and T\Sx = {B;,,--- , B, } from Lemma 3. For B;, € T\Sx, let T}T = T\{B,,,prer(B;.)}
and Tf = T\pre(B;,.). For B;, € Sx, let le = T\{B,,,prer(B,,)} and T? = T\pre+(B;,).

Let X be a bucket satisfying the criterion in Lemma 3. Suppose

¢
bom =D i Y bi(w;,0))
j=1  h;

Then, we will derive ¢\ x]. We will use ¢, V() and .y to denote an IF, a UIF and Ep[V(,y] of Q).
dQIT\X] = PT\Sx * Dsx\X T Psx\X * QT\Sx >
where by Lemma S.5,

q

Omsx = O | L] #Poetor, peno:)) | @Pore b, fpren (i)

r=1 s=1

s
where
1 Dot HQ[T] 1
¢ v i e (D3 - ¢ - = ¢
Pyt (big [prep (b)) ths L[] %: Q[T] Zt?s porT) ths Hory %: Q[T]
1 D4 HQT)
v islprep(biy)) — <o, V = Q[T
Py\¢(bi, [pre(bi, ) ths Hor] ; Q[T] — Z ) Zt2 1QrT) Z Q[T]
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and fp,\ (b;, fprex (bi,)) = EP[VP, (b, Jpres (b, ))]- Thats,

> daqrr 2 HQIT] 1 )
Q o
T Y o e nam 0

q q
¢T\Sx = Z H /u‘Pv\t(bis [pre(bi, )
r=1

sH#T

Zt2 HQ[T]

— T
=Cr\sx

< L HQ[T] C\8x
Z ZtT\S Z¢Q[T Z Z T\S Z¢Q[T

> [IQ[T 2 HQIT) Xg2 HQ[T

Also, by Lemma S.5,

p p
Psx\X = Z Z H HP e (b, prer (bj,)) ¢Pv\t(bjs |prex (b))

r=1 x S;I
where
1 >t HQ[T] 1
PPy (b lprep(b;)) = = ) _ QT — = dqT
\t(Pjs [pre (b)) th porT) Z: Q[T] Zt‘% Hor) Zt?q o] ; Q[T]
tl. HQ[T]
VP4 (b, [preg(b; = ¢q[T)
\t(bj [prep(bjg)) = Z HQ[T tZ QIT] — Z NQ[T th porT) ; Q[T]
and 1p,\ by, fprer (b;,)) = EPVR by, prer (b, ))]- Thatis,
P 1 HQ[T) 1
Psx\X = P4 (b, [prep(b PQ[T
x\ g; H e | | S tZ Qlr) i ham e rom tZ QI
b#r Jr
=€ \X
r r
L Ga\x t; HQIT]  Cgu\x
= Q[T ¢QT
225w 2 Y S 2 arm
Then,
dQIT\X] = ¢T\sx < Qsx\x T Psx\X - QT\va
Qsx\X - CT\Sx P! oliy CT\SX Qsx\x
= T éQ[T
Z 24z HQIT] ; o ZZz HQIT)  Xgz HQIT] ; o
&k oxQ 2 HQIT] Cgx - Q
“ex\X T *T\Sx t; Sx\X ~ =T\Sx
+ dQrT
zxzzl 2oz HQlT) tz e z,;zl Zt?r rarr) L HQIT) tz
2 May
Z 0D dua Z darm);
a1=1 ¢cq; az=1r=1 tajas
_ _ . _ _ _ 9sx\x¢m\s _ X Harm chsy Qsxx _
where C; = () and Cy = X; my = g and my = p; diy = S mam o> G2 = TS ram Z:;T o 421 =
Cg \x'QT\SX Etl HelT CS \X" QT\Sx o 42 _ 41 _ 42
W, and d22 Z 2 #Q[ ] ft? Lo t11 = t tlg = tir’ t21 = tjr’ and t22 = th.



Estimating Identifiable Causal Effects on Markov Equivalence Class through DML

Note we assume ¢ = Z§:1 fi ij ¢j(w;,0;). Then,

2 May

PQIT\X] = Z SN0 daas Y ng Z% (wj, 0

a1= 1ca1 az=1r=1 tajay =1

mal

3033 AN 3 PP LA

aij=1az=1r=1 j=1 Cay tajay hj
This implies that ¢\ x; is in the form of a linear combination of ¢;(w;, 8;).
If line 15 (or Lemma 5) is invoked, then the IF is represented as follows:

é _ Q[Rm\rAl Q[Ra] é _ Q[Ra]: QRr\rAl 1 s
AT Q[RA NRovral QRaNRrr,) CRT\RAl ™ "QIRA NRIRA] QIRANRRA] CRAMRTRAL

3
= Z b, PQ[Ty, )

bi=1

PQirAl +

_ Q[Rr\r,] - Q[Ra] __ QRAlQRT\r,] 1 . o o
where ¢1 = G A RrrAl” @ = QRaRzaa A G =~ QRAART R, QRaNRT,]s A0 T1 = Ra, Ty =
Rr\ra>and T3 = Ra NRp\r, - Therefore ¢y will be a linear combination of IFs for CE-1 whenever ¢Tb1 are written

as a linear combination of IFs for CE-1 (i.e., Z§:1 fi 225, ¢i(wj, 0;)).
We conclude that ¢ p) is always a linear combination of IFs for CE-1. This completes the proof. O

Lemma S.8. The IF given in Lemma 1 for CE-1 is a Neyman orthogonal score with respect to 11 = (w, 0) defined in
Lemma 1.

Proof. We recall that an IF for CE-1 is given as follows, by Eq. (B.8):

m

S(Vin={w,0},9) =61 — 0+ > wi(Bk1 — ko)
cito

Let {i1,42, -~ ,ip} = {k € {1,--- ,m}|Cy # 0}. Then, we can rewrite the IF as

p
S(Vin={w,0},0) =1 — ¥+ > wi (05,1 —0;2).

r=1

We rewrite the set of nuisances as w = {w;, }*_; and @ = {0y 1} U {(6;, 1,0, 2)}2_;. For any nuisance 775 e worns €0,
we will use 77§ with an asterisk () mark to denote the true nuisance. Let w* = {w; }/_,, 0" = {(0; ,,0; ,)}’_,, and
n* = (w*, 0*) be a set of true nuisances.

We recall that ¢ is a Neyman orthogonal score if it satisfies (1) Ep[¢(V; 4, n*)] = 0 and (2) (%Ep [O(V;¢,m)]lp=n= = 0.
To check the first condition, we first note that

Epl051] — ¥ = Epm,,, ) Epr, [Iy(Y)Bo,.J| =¥ =Ep [Iy(Y)] -t =1 -4 =0,

where the third equality holds since By, Z X, and P(By P:(By,,..)- Also, forany r € {1,2,--- | p},

max )

Ep [Wzt (9;,1 - 9;;,2)] = EP(preT(Bir,mm)) [EP {w; (9:;,1 - 0;;,2) |PreT(Bir,min)}]

*

= IEP(preT(BiT,m;n)) Wz* Ep {91'*,,,1‘PreT(Bimmin)} _91‘,,.,2

_p*
=07 2

:07
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where the first equality holds by the law of total expectation, and the second equality holds since w; and 67 , are functions
of pre (B, min) and Ep {9:‘1 |prer (BiT,min)} =07 5.

We now check the second condition. Let 4, be any fixed index. Let . = {w;, } U {n*\w; }, which is a nuisance set
constructed by replacing the true nuisance w; to an arbitrary nuisance w;, from n*. Also, let 6; _, denote 0;_» and
0;._,.1 (note 0;, _, 1 and 0; o are the same nuisance, since they compose of the same set of conditional probabilities).
Let n;iril ={0;,_,} U{n*\0; _ }. Then, ¢ is a Neyman orthogonal score if the derivative of the expectation of ¢ w.r.t.
nuisances evaluated at the true nuisance is zero (Chernozhukov et al., 2018, Def.2.1).

First,

85i,. Ep [cb(V;nL,T,w)} s, =y, = 52‘, Zm: (]Ep [wij (6;;71 - 9;72)}) i =0,

g

where the last equality holds since Ep [wij (9;:_)1 - 91’2,2)} = Ep {wij (IEP {92,1|preT(Bij,min)} - 6);‘:_)2)} =
Ep {wij (9:‘;,2 - 92’22)} =0.
Second,

0

ir—1

ﬂ/})} lo.,=0; | = a9~a

Gy 1

B [6(Vin, Ep [w)_,0i,v1 = w] 0i,2] = Eplw;_, —wi]=0.

1

The second equality holds since 6;, , 1,0;, 2 are the same nuisance composing the same set of conditional probabilities.
The third equality holds by the law of total expectation. The first equality holds since

0

20 Ep [¢(V;in, )]

Gr—1

b [ p
= WIEP ;wis (0;,1 — 0i.2)

) (& -
= Ep ;Wisois,l - ;wisoi.€72]

9 P P P P P
= —FEp E wisﬁiwl — E wiSGis,z +—LFEp E wisais,l - E wisoiS,Q
aeirfl s=1 s=1 89“ s=1 s=1
Oig_1,17%,_ Ois,270i,_y Oig_1.1=%, 4 Oig,2=0i_4
=0
0
= —FEp |wi, ,0i, ;1 —wi b 2].
8917‘ [ r—1 r—1 ™ T ]
Therefore, ¢ is a Neyman orthogonal score with respect to 1. O

Proposition B.1 (Restated Prop. 3). Let Px(y) be identified as Px(y) = 1 = V(P). Then, the IF ¢p_y) = Vp (y) —
Ep[Vp,(y), where Vp,_(y) is derived by Algo. 1 IFP, is a Neyman orthogonal score for 1).

Proof. Recall that the set of nuisances for ¢p, ) is 1 = {wj, 9j}§:1, where w; = {wj},2, and 8; = {001} U

{6;.5,1,05,,2}4, are nuisances as specified in Lemma 6. By Lemma S.7, ¢p,_(y is a linear combination of IFs of CE-1 in
the form of

£
Oruy) =D i > bi(w;, ).
d\y j=1 h;

For any fixed j € {1,2,--- ¢} and k € {1,2,--- ,m;}, letn; r € {wjr, (0;k-1,1,0jk2)} Letn* denote a set of true
nuisances. Let 7y = {n;,x} U{n"\n;,} constructed by replacing 7, in " with an arbitrary nuisance 7; .
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We recall that ¢ is a Neyman orthogonal score if it satisfies (1) Ep[¢(V;4,7*)] = 0 and (2) a%Ep [V, m)]lp=n+ = 0.
To witness ¢p, () is a Neyman orthogonal score, we first check whether Ep[¢p, () (V;7*,4)] = 0 holds. This holds,
since Ep[¢;(w},07)] = 0 by Lemma S.8. Then, we will check whether %MEP [9Per) (Vi V)], =n7, = O holds.
Consider the following:

0
an]k [¢P (V nnjkaw)H’fhk n]k = an i z\; ; f] ZEP ¢] w]v )}

nj k€{w;,0,5}

- Z Z fJ Z a (z)J Wi, ')Hnj,k:n_;-‘Jc =0,

d Jj=1
Y w050

where the last equality holds by Lemma S.8. This implies that ¢p,_(,) is a Neyman orthogonal score. O
Lemma S.9 (Sufficient condition for consistency). Let T be an estimator for 1. If Ty is asymptotically unbiased (i.e.,

limy 00 Ep[TNn] — ¥ = 0) and limpy oo Var(Tn) = 0, then Ty is consistent for 1, i.e., Ty — 1 = op(1).

Proof. For any € > 0, by Markov inequality,
Ep((Tn —%)?]

€2

P( Ty =] >€) <
Let pi7, = Ep[T'n]. By the bias-variance decomposition, we note

Ep[(Tn — )*] = (pry — ¥)* + Ep[(Tn — pry )’
and therefore,

1

P(In ¥l >€6) < 5 ((ury — ) +Ep[(Tn — pry)?))

- ;2 ((pry —¥)* + Var(Iy)) .

By the given condition that pr,, — 1 — 0, and limy o Var(Tn) = 0, we have

1
hm P(|Tn — 9| >¢€) < hm 5 ((pry —¥)* + Var(Ty))
implying that limy_, o P(|Tny — | > ¢€) = 0. 0

Lemma S.10. Suppose Py(y) is identified as CE-1. Let Ty denote the DML-IDP estimator (Def. 5) of Px(y) constructed
based on the UIF of Px(y) in Lemma I with nuisances w = {wg}7" and @ = {001} U {0k 1,0k2} 0. Then, Ty is

consistent if, for every k, either estimates @y, or (Hk 1,1 Hk o) converge fo the true nuisances at rate op(1).

Proof. Let V denote the UIF. Let Y= V(V; 7). To show that Ty is a consistent estimator for ¢ (i.e., Tny — ¥ = op(1)),
it suffices to show that Ep F) - V} = op(1) by Lemma S.9, since Var(Tn) = %Var(f)) — 0 as N — oo by the strict
boundedness assumption.

L (Xr)

Let X, = Bj,.ie., X ={X; <--- < X,,} ={Bj, <--- < Bj, }. Then, we rewrite wy, = Hf | B T () - Lt
[ o Ix, (Xr) — I, (Xr)
wi =[I—; P(X, [pre (X)) " Letw, = prx’ Ipre (X)) * et

Q; =011+ Y wh (Or1 — bh2).

k=j

Then, Q1 =V
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Since

Qj =0j-11+tw; (051 —0j2) +wjwjt1 (05411 — Oj12) + -+
Qj+1 =01 +wjq1 (0411 — Oj412) + Wjr1wjsa (Oj421 — Oj122) + - -
wiQj+1 = wibj1 +wjwji1 (Oi41,1 — Oj41,2) + wjwjr1wite (05421 — Oj422) + -,

we can rewrite (); as

QJ = w] (Qj-‘rl - 0]’,1) + wj (oj’l - 0]'12) —+ 9j_171
=w; (Qjy1 —0j2) +0;-11.

Let Q ; denote an estimated (); with 7). Then,
Ep {@7 - 9‘7‘72}
=Ep |w; (@jJrl - agz) +011 — 93',2}
—Ep [@; (@1~ O511,2) + ((ml 2= 032) + 0510 — 03]

(
(G- h) 81 52) (0 5)
—Ep :Aj ( — 041, gﬂ +Ep [wj (652 - ejyz) + (9j72 -
(@41~ 03012)
(

j+1 — 01,2 ) + W;

=2

[\V]
N—
[ S—

7¢9J+12}+Ep[wg<az 5) (9 0@72)}

Note that Ep[0; 2] = Ep[fo,1] = ¢ = Ep[V]. Then, this implies that

p F) — V} =Ep [@1 — 91,2} = zm:OP (”@J —wjfly -

k=1

05 — @,2H2> . (B.15)

Under the strict boundedness assumption and the given condition (i.e., either estimates &; or (9] 1,1 9] 2) converge to the
true nuisances at rate op(1) ), Eq. (B.15) = >, op (||wj —wjlf, - H9j72 - j’2H2> = op(1l). Thatis, Ep {V - V} =
op(1).

O

Theorem B.2 (Restated Thm. 2). Ler Ty be the DML-IDP estimator of Py(y) defined in Def. 5 constructed based on
the UIF Vp, (y)(V;n = {w;,0;},_,) where w; = {wj 1}, and 0; = {0501} U{0; 11,0, k2} 2, are nuisances as
specified in Lemma 6. Suppose T is bounded from above by some constant C' € R; i.e., Ty < C < 0. Then,

1. Debiasedness: Ty is V/N-consistent and asymptotically normal if estimates for all nuisances converge to the true
nuisances at least at rate op (N_1/4).

2. Doubly robustness: Ty is consistent if, for every j = 1,--- L and k = 1,--- ,mj, either estimates ©;j or
(0 k—1,1,0;.1,2) converge to the true nuisances at rate op(1).

Proof. We note that ¢p_(y) (V;n,7%) = Vp_ ) (V;n) — 1, where Vp,_(y, is derived from IFP in Algo. 1, is a Neyman
orthogonal score for ¢ with nuisances 7 by Prop. 3. We also note that Ty is a DML estimator satisfying the definition
in (Chernozhukov et al., 2018, Def.3.1) since Ty satisfies Zpe{O,l} % ZV@)EDP PP, (y) (V(i); 0, TN) = 0. Then, the
Debiasedness property follows by (Chernozhukov et al., 2018, Thm.3.1).

The Doubly robustness property comes from that Vp_(yy is an arithmetic function of UIFs V;(w;, 8;) for CE-1 (by
Lemma 6) that are given by Lemma 1. Specifically, an arithmetic function is a continuous function of V; (w, ;) by the strict



Estimating Identifiable Causal Effects on Markov Equivalence Class through DML

(a) A DAG for Fig. 2a (b) A DAG for Fig. 2b (c) A DAG for Fig. 1

Figure C.4: DAGs for the SCMs used in the experiments corresponding to the PAGs in Figs. 2a, 2b, and 1.

boundedness assumption. By Lemma S.10, each estimates of V;(w;, 8;) achieves consistency under the given condition.
Then, by the continuous mapping theorem, the estimate of Vp,_(,) achieves consistency. This implies that Ty is a consistent
estimator of ).

O

C. Details of Experiments
C.1. Evaluating nuisances

We estimate wy, € w in the UIF for CE-1 (in Lemma 1) by estimating the conditional probabilities composing wy, and
plugging those into the functional wy, (i.e., estimating P(b; |pre(bj,)) for r = 1,--- , k and plugging those into the
functional of wy). Conditional probabilities are estimated using a gradient boosting model XGBoost (Chen & Guestrin,
2016).

For (01,0k,2) € 8, we use backward-iterated regression in the literature (Bang & Robins, 2005; Van der Laan & Rose,
2011; Molina et al., 2017; Rotnitzky et al., 2017). For k = m,m — 1,--- , 1, given 6 ; (where 0,,, 1 = {Iy(Y(i))}ﬁ\Ll),

1. Estimate §k72 by regressing §k71 onto pre(Byg,...); ie., é\k’Q =[5, , (prep(Bg,;,)), where fo(b) is a regression

min

estimate regressing a onto b (e.g., neural networks, gradient boosting, etc). In the experiments, we employed a gradient
boosting model XGBoost (Chen & Guestrin, 2016)); then,

2. Estimate 1/9\1@71,1 by evaluating f5 ((preq (B, )\{Bj.} bj,)), a regression estimate evaluated at covariates
prep (B, ) where Bj, is fixed to b, .

C.2. Structural Causal Models used in the experiments

In generating synthetic data for the simulation, we specify a Structural Causal Model (SCM) for each PAG (which is
concealed for the sake of the tested algorithms). The directed acyclic graphs (DAGs) (with bidirected edges encoding latent
variables) corresponding to the SCMs are shown in Fig. C.4. The DAGs in Fig. C.4 correspond to the PAGs in Fig. 1 and 2
which represent the Markov equivalence class (MEC) of the corresponding DAGs.

The following notations are used. Let N (u, 02) denote a random variable following Normal distribution with the mean and
the variance equals to y, and o2, respectively. For a continuous random variable A, let C(A) denote a mapping assigning
a discrete value corresponding to the value of A. For any random variable D, let B(D) = Bernoulli(logit™* (D)), where
logit™*(-) is an inverse-logit function, and Bernoulli(p) for p € (0, 1) denotes a Bernoulli random variable.
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Fig. 2a. The SCM corresponding to Fig. 2a is the following:

fa=C(N(2,1))

fB=C(N(-1,2))

fo =C(N(0,0.5))
fx.(A,B)=B(N(0,1) + A—B 1)

fz(X1) =C(N(2X; - 1,0.5))
fX2(X170Z) (N( )_Z+C)
fy(X1,X2,2) =B(X1-Z - X2-Z+ N(0,1)).

Fig. 2b. The SCM corresponding to Fig. 2b is the following:

fUX,Yl = N(2,1)
fUY1,Y4 = N( 2, )
fuv, v, = N(=1,0.5)
fe =C(N(1,2))
Ix(C,Uxy,) =B(N(0,1) +C —2Ux y, +2)
fviUxy,,Uy,y,) = C(N (N(0,1) — 2Ux.y, + Uy, v,,3))
fro (X) =C(N(2X - 1,3))
Iys (Z,Uyyy,) = C(N(Z - Uyy,yy, 3))
fvi Uy v, Uy yy) = C(N(Q2Uy, v, — Uy, vy, 3))
fy (V1,Y3,Y,) =B(-Y1Yy+ Y3V, + Y1 — 2).

Fig. 1. The SCM corresponding to Fig. 1 is the following:

fusy, = N(2,1)
fuy, » = N(-1,2)
funy, = N(=2,2)
[y, v, = N(1,2)
Ivi(Ux,v,, Uy, r) = C(N(Ux,y, — Uy, ,Rr,2))
frR(Uy, R, URyy,) = C(N(N(0,1) = 2Uy, g + UR.y,,3))
fx(R,Ux,y,) =B(N(N(0,1) + R —2Ux )y, +2,3))
fva (Ury,: Uyyyy) = C(N (N(0,1) = Uy, vy + 3UR,v;,3))
fys (X, Uy, v;) = C(N((2X — 1)Uy,,y4,3))
fra (Y1, Y2,Y3) = B(=Y1Y3+ Y Yo +Y] —2).

C.3. Computing ground truth
We establish ground-truth p(x) = Px(y) by generating a data set from the submodel My of the given SCM M.

That is, we replace fx, for X; € X to the constant fx, = =z;, generate the dataset, and compute the ground-
truth by p(x) = % where N is the number of data generated from My, and Nx_x = Zf\il I:(X(;)), and

NX:x7Y:y = Z = (X(z)) (Y(Z))

C.4. Code

Code can be found in https://github.com/yonghanjung/ICML21-DMLIDP.
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