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Abstract

We consider active learning for binary classifi-
cation in the agnostic pool-based setting. The
vast majority of works in active learning in the
agnostic setting are inspired by the CAL algo-
rithm where each query is uniformly sampled
from the disagreement region of the current ver-
sion space. The sample complexity of such algo-
rithms is described by a quantity known as the
disagreement coefficient which captures both the
geometry of the hypothesis space as well as the
underlying probability space. To date, the dis-
agreement coefficient has been justified by min-
imax lower bounds only, leaving the door open
for superior instance dependent sample complex-
ities. In this work we propose an algorithm that,
in contrast to uniform sampling over the disagree-
ment region, solves an experimental design prob-
lem to determine a distribution over examples
from which to request labels. We show that the
new approach achieves sample complexity bounds
that are never worse than the best disagreement
coefficient-based bounds, but in specific cases
can be dramatically smaller. From a practical
perspective, the proposed algorithm requires no
hyperparameters to tune (e.g., to control the ag-
gressiveness of sampling), and is computation-
ally efficient by means of assuming access to an
empirical risk minimization oracle (without any
constraints). Empirically, we demonstrate that our
algorithm is superior to state of the art agnostic
active learning algorithms on image classification
datasets.

1. Introduction

Most applications of machine learning have an enormous
amount of unlabeled data. Yet, many powerful machine
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learning methods require that this data be labeled and reli-
able labels are costly since they require human intervention.
The cost of providing labels has become one of the main
bottlenecks in applications of machine learning, generating
much interest in the problem of active classification where
the learner is given an unlabeled pool of examples and her
goal is to identify an accurate hypothesis using the minimum
number of labels possible (Settles, 2011).

One of the most popular algorithmic paradigms is
disagreement-based active classification (Hanneke et al.,
2014). Under this approach, after observing k labels a
version space V}, of the most promising classifiers is main-
tained, and the learner queries an example x if there are
two hypotheses h; and ho belonging to V, that disagree on
the label of x. This approach has received much attention
because it applies to generic hypothesis classes, it can be
made robust to label noise, and it can be efficient by using a
constrained cost-sensitive classification oracle, a problem
for which there are many reasonable heuristics (Agarwal
et al., 2018; Beygelzimer et al., 2010).

However, disagreement-based active classification suffers
from two significant shortcomings. First, it queries uni-
formly any example on which there is disagreement even
though intuitively some of these examples may be much
more informative than others. Second, disagreement-based
active classification algorithms tend to take a naive union
bound over all hypotheses, which ignores many of the de-
pendencies among the hypotheses. Indeed, recent work
in pure exploration combinatorial and linear bandits has
shown that such naive union bounds can be highly subopti-
mal and have a significant impact on empirical performance
(Cao & Krishnamurthy, 2019; Jain & Jamieson, 2019; Katz-
Samuels et al., 2020). Given that these naive union bounds
are very loose and appear in the confidence bounds used
by the algorithms, in practice, many works instead replace
these union bounds with a constant that can be tuned to
control the aggressiveness of the algorithm (Beygelzimer
etal., 2010; Huang et al., 2015). Unfortunately, this constant
introduces a hyperparameter to the active learning algorithm
that is difficult to set before seeing lots of data.

We design a new algorithm for pool-based active classi-
fication that addresses these shortcomings. It optimizes
a novel experimental design objective that finds the best
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subset of examples in the disagreement region to query in
order to identify the best classifier. It avoids wasteful union
bounds by adapting to the geometry of the hypothesis space
and thus avoiding the need to choose hyperparameters. We
introduce a new notion of sample complexity inspired by
experimental design that improves on disagreement-based
active classification by a factor up to v/n where n is the size
of the pool while being only a logarithmic factor worse than
disagreement-based learning in the worst case.

1.1. Preliminaries

Let X' denote the input space, and let {z1,...,2,} C X
denote a pool of examples. Let H denote a class of hypothe-
ses where each h : X — {0,1} assigns a label to each
example in the pool. Let Hy := {(h(x:))icin) - h € H}
denote the set of labelings over the pool induced by the
hypothesis class . Let d denote the VC dimension of #.
When example i € [n] is queried, the agent receives label
Y; ~ Bern(n;) where n = (n;)"_, € [0,1]™. We define the
error of a hypothesis A € H on the pool of examples as
given by

err(h)

; D _P(Yi # h(:)) (1)

LS w1 he) + (1 - b,

i€[n]

Let h, := argmin, 4, err(h) be the hypothesis of mini-
mum error, and let v = err(h,). The goal in active classi-
fication is to find an h € H with error close to that of h,
using as few label queries as possible. In this paper, we
quantify performance as follows:

Problem. Agnostic Pool Based PAC Active Classifica-
tion: Given € > 0,6 € (0, 1), identify an e-good classifier,
that is, an h € H such that err(h) — err(h,) < € with
probability at least 1 — § using as few labels as possible.
Remark 1. The goal of finding an e-good classifier over
a pool of examples is closely related to the goal of using
an active classification algorithm to find a classifier with
good generalization. Suppose VCdim(H) = d and let D
be a distribution over X x {0,1}. Fori = 1,...,n let
(zi,y:) ~ D. If h satisfies err(h) < minyey err(h) + €
then with probability at least 1 —

~

P(oy)~p(h(z) # y) <
(/5

min ]P)(z,y)ND<h<x) 7& y) +e+ 0 n

heH

by standard passive generalization bounds (Boucheron et al.,
2005).

1.2. Main contributions

We briefly summarize our contributions:

* We cast pool-based active binary classification as an adap-
tive experimental design problem that computes an op-
timal sampling distribution over the pool of unlabelled
examples. We demonstrate that an e-good classifier can
be obtained with probability at least 1 — § by requesting
just v*(e) + p*(€) log(1/4) labels if examples to label are
drawn from the optimal design, where v*(¢) and p*(e€) are
problem-dependent quantities defined in the next section.
Since this optimal design uses problem dependent infor-
mation like 7, it is not a constructive strategy or algorithm
for a learner. Treating the sample complexity achieved
by this optimal design as a target, we design an algorithm
that performs sequential stages of experimental design
to match the sample complexity of the optimal design,
v*(€) + p*(€)log(1/6) up to a log(1/e) factor. The algo-
rithm employs the use of a novel estimator that appeals
to a chaining argument. Unfortunately, the method is not
computationally efficient.

* We propose a second algorithm that is computationally
efficient given access to an empirical risk minimization or-
acle. The price for computational tractability is a slightly
worse sample complexity. Besides being computationally
efficient, our approach avoids the need to tune hyper-
parameters and the use of a constrained empirical risk
minimization oracle which are required by other active
learning algorithms (Beygelzimer et al., 2010; Huang
etal., 2015).

* We compare our sample complexity results to those of
state-of-the-art disagreement-based learning algorithms
that are given in terms of the so-called disagreement coef-
ficient. We demonstrate that our results, up to log factors,
are never worse than previous results, but can be substan-
tially better in certain cases.

* Empirically, we compare our procedure to state-of-the-
art algorithms for the agnostic setting including vari-
ants of the importance weighted active learning algo-
rithm (IWAL) (Beygelzimer et al., 2010) and active cover
(Huang et al., 2015). We demonstrate that our method is
superior across four image classification tasks.'

2. Experimental Design for Active
Classification

We seek to identify an e-good classifier by seeing as few
labels as possible. To this end, we can take motivation
from experimental design to consider the optimal sampling
distribution over our pool of unlabeled examples [n]. For an
arbitrary distribution A € A, := {p € R" : p; > 0,Vi €
[n]; Y7, pi = 1} suppose we sampled I, - - - , I; ~ A and
then observed y, for each s € [t]. Then an unbiased natural
estimator for the error of a classifier h € H defined by (1)

!Code can be found at https://github.com/jifanz/
ACED.
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is given by

etr(h) = Z 1/”11{h(x1 ) # s}

s=1 I

Indeed, by i.i.d. sampling from \, we have for any s € [t]

Blai (1)) = E[” n]l{h(iﬂl ) #0.)]
:ZP
= — Z]p

since by definition, P(I, = i) = \;. Likewise, an estimator
for the excess risk is given by

LB {h(w) # ys}, =]

7 7 h(x;)) = err(h)

ert(h) — eir(h,) = 2)

s 1/7(]1{h(x15) #ysh = Hhu(or,) # ya}).
t Ai

It is straightforward to show that the variance of err(h) —
err(h,) is upper bounded by 13" " oz U ha(z;) #
h(z;)}, using the upper bound L{h(z;) # ys} —

U{h.(z1) # ys}) < L{hi(zr) # h(zr)}. Applying Bern-
stein’s inequality (and ignoring the 1/t term) with probabil-
ity at least 1 — §

lerr(h) — err(h.) —

\/ S sk 1A (@) # (i)} log M. |/5)
: .

(err(h) — ere(h))| £

3)

This then suggests that to estimate the excess error of
this particular i with probability at least 1 — §, it suf-
fices to take t large enough to make the RHS of (3)
less than e. To upper bound the excess risk of ev-

ety h € H simultaneously, it suffices to take ¢t >
im1 3z Hhe (@) #h(2:)}

SUPpren max{e2 (err(h)—err(hy))2} 10g(|H|/5) If we seek

to minimize the total number of observations, we simply

minimize over all A € /\,,, motivating the complexity mea-

sure:

i1 L (w) # hiz:)}

max(err(h) — err(hy), €)?

*(e) := inf
Q= f o

Thus, we’d expect that if ¢ > p*(¢)log(|H|/d) samples
are drawn from the A that minimizes p*(e), then h =
arg miny ey err(h) will be e-good.

2.1. Sidestepping the Naive Union Bound

A significant shortcoming of the standard approach of ap-
plying Bernstein’s inequality with a naive union bound is

that the the naive union bound incurs an additional factor
of log(] Hx |) in the sample complexity. For infinite classes,
log(] Hx |) can be replaced by the VC-dimension of Hy,
however this can still be very loose. In practice, active learn-
ing algorithms replace log(| # |) by a tunable parameter
Cy (Beygelzimer et al., 2010; Huang et al., 2015). Ideally
Cy would be chosen via cross-validation but since our data
is being chosen adaptively, under an active algorithm that
depends on CY, it is unclear how to make the choice a priori.

To improve upon the naive union-bound we appeal to re-
sults from empirical process theory. Appealing to the
Talagrand/Bousquet inequality (Boucheron et al., 2005),
for all h € H, especially the empirical risk minimizer
h = arg miny, 4, err(h), we have

err(h) — err(h*) — (err(h) —err h*)
SQE[:E% lerr(h) — err(h”) — (err(h) — err h*)]]

. \/ SUPe Sy xir 1A (1) # h(wi)} log(1/0)

t

4sup;ep 1/ log(1/6)
+ 3 .

Traditionally, we compute the expectation of the suprema
using symmeterization to obtain the Rademacher complex-
ity of H\{h.}. In general, the Rademacher complexity is
within a log(n) factor of the Gaussian Width (Bartlett &
Mendelson, 2002). In particular,

E[sup err(h) — err(h") —
ILEH

\[]EC~N(O 1){bup Z )\1/2 (hs (i) — W) |-

(err(h) — errh*)]]

Using the same argument that motivated p*(¢) but applying
Bousquet’s inequality instead of Bernstein’s inequality, we
introduce the following new complexity measure for active
classification:
S Ci(hx (i) —h(zs))

i€[n] n Al} /2 ] 2

* = f E
¥ (6) in hE7I')l max(err(h) — err(h*), 5)

Aen,

Analogous to above, if we ignore the 1/¢ term, we’d expect
that if ¢ > v*(e) 4+ p*(e) log(1/4) samples are drawn from
the A that minimizes the maximum of *(e) and p*(¢), then

o~

h = arg miny ey err(h) will be e-good.
We can relate v*(¢€) to p*(e) in the following way.

Proposition 1 (Katz-Samuels et al. (2020)). 7v*(e) <
clog(| Hx [)p*(€) < cdlog()p*(e€).

The first inequality parallels the application of Massart’s
finite class lemma to bound the Rademacher complexity in
statistical learning theory and the second inequality follows
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from the Sauer-Shelah Lemma. Katz-Samuels et al. (2020)
also demonstrates a lower bound on v*(¢) that is dominated
by p*(e€). In the appendix, we show that v*(e) matches the
minimax rates for classification given for the hypothesis
class of thresholds in (Castro & Nowak, 2008).

Main Takeaway: In Section 3 we will establish an al-
gorithm that achieves a sample complexity of (y*(e) +
p*(e)log(1/4)) log(1/e) to obtain an e-good classifier with
probability greater than 1 — §. In the next section we com-
pare this result to disagreement based methods. Note that
we will write p* := p*(0) and v* := ~*(0).

2.2. Comparison with the Disagreement Coefficient

To date, theoretically grounded active learning algorithms
in the agnostic setting are disagreement region sampling
methods. At the beginning of each round ¢ these algorithms
construct a version space V C H which is defined to be
the set of classifiers that have yet to be ruled out by the
algorithm using the observed labels up to round ¢ — 1. These
algorithms then choose x;, to be uniformly sampled from
DIS(V), the disagreement region, which is the set of points
on which any two hypotheses in V disagree:

DIS(V) = {i : Ih, b € Vs.t. h(z;) # b (z:)}.

In the notation of the previous section, these algorithms
are sampling from A\; where )\, is the uniform distribution
supported on DIS(V) (Hanneke et al., 2014).

The main complexity measure considered for disagreement
based algorithms is the disagreement coefficient defined as

0(€) = sup | DIS(B(h«,r))|/n

r>§ r
where B(h.,r) is the ball of radius r centered at h:

> icpn) Whs (i) # h(zi)} <

n

B(hy,r)={heH:

We consider sample complexity results for finding an h with
err(h) < v + ¢, where v = err(h*) under two common
settings.

1. The Agnostic Setting: we make no assumptions on 1) €
[0,1]™. In this case the best known sample complexities
scale like

6(e)(=5 +log(1/€))d

where d is the VC dimension of H (Hanneke et al., 2014).
Note that the noiseless setting of € {0, 1}" is a special
case.

2. The Tsybakov noise condition: for some a € [1,c0)
and a € (0,1] every h € H \ {h.} satisfies

2ictn Wh(@i) # h(zi)} < a(err(h) — err(h,))”

n

In this case the best known sample complexities scale
like:

1 (e}
aQEQ_ﬁ O(ae“)dlog(1/e).
We now compare our claimed sample complexity of v*(e) +
p*(e)log(1/0) to these known sample complexity results.
Define A,in := mingep (5,3 err(h) — err(hy).

Proposition 2. * Suppose thatn € {0,1}".

2
p(e) < clog(nAjk Ve )8l + 5],
€
* Suppose that the Tsabokov noise condition holds for some
a € [1,00) and o € (0,1]. Then,

p*(e) < cai_% 0(ae*) log(nA, L Ve ).
Recall that Propositions 1 shows v*(e) < edp*(€) log(n/d).
Hence from Proposition 2, we see that our sample complex-
ity, v*+p* log(1/0) is always as good as the state-of-the-art
sample complexities of disagreement-based learning up to
logarithmic factors in n and e~! in both settings.

However, the converse is not true. In general the disagree-
ment based active classification sample complexities can be
substantially larger than p* and v*.

Proposition 3. There exists an instance where for suffi-
ciently small £, 0(¢) > Q(n'/?) while p* = O(1) and
v* = log(n).

We emphasize that this is not just a feature of the analysis;
any algorithm that selects queries uniformly at random in
the region of disagreement will perform poorly on the in-
stance in the proposition. This gap demonstrates a provable
improvement over prior art.

3. Fixed Confidence Algorithm

Algorithm 1 is an elimination-style algorithm, in the style
of A% (Balcan et al., 2009; Dasgupta et al., 2007; Huang
et al., 2015; Jain & Jamieson, 2019), but optimizes the
querying distribution similarly to algorithms from the pure
exploration linear bandits literature (Fiez et al., 2019; Katz-
Samuels et al., 2020). It chooses a distribution \; over
the examples in (4) that minimizes the confidence bounds
from Theorem 1 and queries enough random examples from
A to ensure that the estimates of the difference in error
rates, err(h) — err(h.), improve at least by a factor of 2 for
all remaining hypotheses h € #;,. Using these improved
estimates of the gaps, it then eliminates all hypotheses that
can be shown to be suboptimal using the confidence bound
in Theorem 1.

Given an estimator 7 for 77, denote the induced estimate for
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Algorithm 1 ACED (Active Classification using Experi-
mental Design).

Input: Confidence level § € (0, 1).

Hi +— H, k +— 1,6, +— 6/2K>.

while [#x| > 1 do
Let \; and 71 be the solution and value of the following
optimization problem

. NG ]2
A Bevon| g 3 hien) i @

1
+210g(5k)h max, | m: QQZA sL{h(z:) # h'(z:)}

Set Nj, «— c722*1) where ¢ is a universal constant.
Query I1,...,In, ~ Ax and receive rewards y1, ..., YN, -
Let 7 := 7(Hr,0r) be the estimator defined in Theo-
rem 1 for H;, with failure probability d; using the samples
{(wr,,ys) 0%
Hit1 +— Hi \{h € Hi :
é\r/r(h,ﬁk) + 21«1-%—1 <0}
k+«—k+1

end while R

Return: H; = {h}.

3h’ such that err(h/, Ax) —

the error as

i (h, i) = = S 71— h(w)) + (1 — 7,)h(s).

i€[n]

Theorem 1. Let G C H. There exists an estimator 7j(G, §)
for ) constructed from t samples drawn i.i.d. from \ such
that with probability at least 1 — 6,

sup_|[err(h, ) — err(h',n)] — [err(h) — err(h')]]

h,h’'€G

) ¢ log(2/8) maxy,wreg Yoiy xhrT{h(z:) # b ()}

t
\/E[Supheg Zle[n] h(z:) /6/2]2
+ .

t

For now, we treat the estimator in Theorem 1 as a black-box
and defer its discussion until Section 4.1. Note that unlike
the Talagrand/Bousquet inequality presented before (3), this
confidence interval does not have a term depending on the
inverse of the worst case importance weight.

Algorithm 1 attains the following sample complexity.

Theorem 2. Let § € (0,1) and ¢ > 0. With probability

at least 1 — 0 Algorithm 1 returns h € H after T samples
where err(h) < err(h.) + € and

7 < log(1/€)[log(1/8)p* (€) 4+ ~*(€)].

4. Fixed Budget Algorithm

Algorithm 2 Fixed Budget ACED.
Input: Budget 7', tolerance € > 0
N {T/ logz(efl)J ;and 7jo = 0
fork=1,2,..., {logQ(e_l)J do

hy, +— argmin, _y, err(h, fi—1).
Let Ax be the solution of the following optimization problem

5oy (b () = h@:) —Si7
inf EC/\/N(O ])|: t
A€A hew 2-k+1 4 err(h, fg_1) — err(hi, fe—1)
(5)

Sample {zr,,..., 21y} ~ Ak.
Query x1,,...,21, and observe yi,...,Yn.
Compute an estimate 7).

end for

Return: arg min,,,, err(h, f)

In many applications, the agent is given a budget of T’
queries and a performance target ¢ > 0, and the goal is
to maximize the probability of outputing a classifier heH
such that err(ﬁ) < err(h,) + €. We design a new algorithm
for this setting that can be made computationally efficient
given access to a weighted classification oracle (defined
shortly).

Algorithm 2 splits the budget into Pog(e‘l)J
In each phase, the algorithm computes the design that
optimizes (5), the objective of which approximates

E|: 2ieln] )\1/2(}7‘ (zi)—h(z:)) 12

phases.

MaXheH\{h.} mmx(err(h) err(hy),2—F+1) The algo-
rithm can use any estimator 7, at each round k. The next

theorem uses the estimator of Theorem 1.

Theorem 3. Let T € Nand e > 0. Let h denote the h € H
returned by Algorithm 2. There exists an estimator 7y, using
the samples {(x1.,ys)}\_, in round k of Algorithm 2 such
that for an absolute constant ¢ > 0

P(err(h) > err(hy) + €)

1 cT
<log(ne™ ) eXp( log(e=1)[v* () + p* (e )])

If T > clog(log(e™")) log(1/6) log(e~)[v*(e) + p*(e)].
then with probability at least 1 — §, Algorithm 2 outputs he
H such that err(h) < err(h,) + €. The proof of Theorem
3 leverages the estimator defined in Theorem 1 for H and
failure probability d = exp(—O(N/~x)) with 5 equal to
the value of (5).

Remark 2. Given {(I;,y;)}1_, where I; ~ ) define

~(Importance) __

. 6
Al ZMM L (6)

If importance-weighted estimator ﬁg”"” ortance) \vith v=0is

used in Algorithm 2 (with a slightly modified objective func-
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tion in (5), see the Supplementary Material), one can obtain
a computationally efficient algorithm whose probability of
error scales as

~

P(err(h) > err(h.) +€) <
T —log(| Hx |)¢" (€)
log(e=1)[y*(€) + p*(€) + ¢*(e)]

)

log(ne™1)? exp(—

where

*(€):= min ma .
¥i(e) AEA, iE[n]:Eliz(eH max(e, err(h) — err(hy))
hs(zi)#h(z:)
There are instances where *(€) > ~v*(¢) and therefore the
cost of computational efficiency is a worse sample complex-
ity. See the appendix for more details.

4.1. Discussion of Theorem 1

Theorem 1 above demonstrates the existence of an estimator
that avoids any dependence on log(| Hx |). The construc-
tion of the estimator in Theorem 1 uses generic chaining,
a technique that builds a highly optimized union bound
to avoid extraneous logarithmic factors (Talagrand, 2014).
Generic chaining is most easily applied when a given esti-
mator 7 satisfies the property that err(h, 1) — err(h’, ) is
sub-Gaussian for every “direction” h — h’ of interest (e.g.,
see (Katz-Samuels et al., 2020)). Though the ﬁgmpmance)
estimator has sub-Gamma tails in general, ruling out its
use, the following result shows that for A — i’ in a ball
under a certain norm, we can construct an estimator for
err(h, 7)) — err(h', 7)) with a sub-Gaussian-like tail.
Proposition 4. Fix A € A, § € (0,1), and h,h/ € H.
If T samples are taken from A\ and 1) = ﬁglmp ortance)
log(2/9)

3220 ﬁﬂ{h(l’i)7ﬁh/(wi)}
probability at least 1 — §

then with

computed with v =

|[err(h, ) — err(h',0)] = [err(h) — err(h')]] <

(\/§+1) \/22?:1wﬂ{h(xi)%h'(:vi)}log(g).

t

The idea behind Theorem 1 is to apply generic chaining to
all h — I/, but to use a different 7) (specifically, a different
~) based on the size of h — h’ prescribed by Proposition 4.
Details of the technique can be found in the supplementary
materials.

4.2. Computationally Efficient Experimental Design

In this section, we discuss how to solve (5) efficiently
given access to a weighted empirical risk minimiza-
tion oracle, which we will introduce shortly. First,
note that minimizing (5) is equivalent to minimizing

E¢on(o,r)[maxpesn f(A; h; ()] with respect to A where

Zie[n](}_m(:vi)fh(xi)) ";f’/Q

FA R Q) =

2—k+1 46t (h, A —1) —er(hy,fk—1)
S (R (wi) =) =Sy

TRy, (=210 (e () — k()

It is known that E¢ n (0, 1y [maxpep f(A; h; ()] is convex in
A (Katz-Samuels et al., 2020), hence we perform the mini-
mization over A via stochastic mirror descent with stochas-
tic gradient g(\, ¢) = V f(A, h; ¢) where ¢ ~ A (0,1) and
h € arg maxpey F(A,h; ). To obtain h for a fixed A and
¢, first note that the value maxyey f(A; h; ) is equal to

i bject t b i+ di)h(z;) <0
min 7 subjec o ar+ +I}£1€a7>{< Z(CT—F (i)

i€[n]
where a = 52*’““ = Yiep (1 - 2, (i), b =
Zie[n] m\%hk(iﬂi), ¢i=1—=20-1,and d; = n}\%

For any fixed positive value of r it suffices to check the
constraint. We can then use a line search procedure to find
the minimizing value of r (details in Appendix K).

Thus we have reduced to checking the constraint for a
fixed r € R*. Specifically, the difficulty is to solve for
maxp ey Zie[n] wj - h(x;) where w; are arbitrary weights.
This can be reduced to weighted 0/1-loss minimization
problem that is solvable by a weighted classification oracle:

oracle({t;, &;, J; } 1, ) :=argmin Y ;- 1{h(i;) # 7}
hen 1€[n]

for inputs {;, Z;, §; }7_,. Then,

max w; - h(x;) = oracle({|w;|, x;, 1{w; > 0} }1 ;).
€
i€[n]

5. Implementation and Experiments

In the previous section we reduced the experimental design
objective of (5) to a weighted 0/1 loss classification problem
using weights that are functions of the estimated vector 7).
In practice we replace this 0/1 loss with a surrogate convex
loss, namely the logistic loss. However, to implement Al-
gorithm 2 we still have to specify the choice of estimator 7).
Though the estimator specified in Theorem 1 is theoretically
grounded, it is difficult to implement in practice since it
involves a costly constrained linear optimization problem
over the set of hypothesis in H. As described in Remark 2,
it is still possible to have a theoretical guarantee for other
estimators such as the IPS estimator. As described precisely
in Appendix K, in our implementation we take the estimate
for 1y, to be

[f],(gNaive)]i = average({y\?) : IV =i, s € [N}],j € [K]}),
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i.e. a simple average of the labels we see. Here I S(j ) indexes
the s-th query we made in round j. In our experiments we
only considered the persistent noise setting (i.e., querying
the same image more than once would always return the
same label as before, or formally, n; € {0,1}). Thus, if
@)
I

we sample a point . (ie., I S(j )) more than once, we set

ygj ) to be the previously observed label and we did not
count this observation in our count of total labels taken. To
take advantage of all of the labels observed so far, we also
employ a water-filling technique for sampling in practice
(details in Appendix K).

Baselines. To validate Algorithm 2 we conducted a set of
experiments against the following baselines that are con-
sidered to be state-of-the-art theoretically-justified methods
in disagreement based active learning. Our set of methods
are chosen based on the ones considered in (Huang et al.,
2015), the most recent work of relevance. Details on the
precise implementations of these methods are available in
the supplementary materials in Appendix K.

* Passive: We considered a passive baseline where we uni-
formly at random choose samples from our pool, retrain
our model on our current samples and report the accuracy.

* Importance Weighted Active Learning IWAL) : IWAL
was originally introduced in Beygelzimer et al. (2009)
and is an active learning algorithm in the streaming set-
ting. Our implementation is based on the algorithm pre-
sented in Beygelzimer et al. (2010) which we refer to as
IWALQ. We also consider variants, IWAL1, and oracular
versions ORA-IWALO, ORA-IWALI detailed in Huang
et al. (2015).

* Online Active Cover (OAC): OAC is described in Huang
et al. (2015). We used the implementation of OAC that is
available in Vowpal Wabbit (Agarwal et al., 2014).

Datasets. We evaluate on the following four real datasets.

e MNIST 0-4 vs 5-9 (LeCun et al., 1998). We considered
the standard MNIST dataset but in a binary setting where
digits 0-4 are labelled as 0, and 5-9 are labelled as 1. Our
pool has 50000 images in total, and we classified based
on the flattened images (784 dimensions).

 SVHN 2 vs 7 (Netzer et al., 2011). We considered the
binary classification problem of determining whether a
digit was a 2 or a 7 (ignoring all other images). To prevent
the logistic classifier from overfitting to arbitrary labels
and to restrict the hypothesis class H, we downsample the
images to 512 dimensional feature vectors through PCA.
There are 16180 images in total.

e CIFAR Bird vs Plane (Netzer et al., 2011). We con-
sidered the binary classification problem of determining
whether a digit was a bird or a plane (ignoring all other
images). To prevent the logistic classifier from overfitting
to arbitrary labels and to restrict the hypothesis class H,

we downsample the images to 576 dimensional feature
vectors through PCA. There are 10000 images in total.

¢ FashionMNIST T-shirt vs Pants (Xiao et al., 2017). We
considered the binary classification problem of T-shirt
vs Pants. Our pool has 12000 images in total, and we
classified based on the flattened images (784 dimensions).

Implementations. We use two implementations to measure
the performances of the algorithms.

* Implementation from Vowpal Wabbit (Agarwal et al.,
2014) that is used by Huang et al. (2015). The imple-
mentation employs an online learner that only updates
based on the latest queried label, therefore has time com-
plexity that scales linearly in the number of images n.

* For our implementation in a batched setting, we retrain
the entire classifier to convergence every time new labels
become available. We find that the online learner of above
can perform significantly better than our batched learner
during the first few batches of training. However, our
implementation has more stable accuracies during the
course of training and performs slightly superior (< 1%)
in final accuracy. This comes at a cost of an O(n?) time
complexity, which is too expensive in some of the settings.

In particular, we only use the Vowpal Wabbit implementa-
tion for the OAC experiments and the oracular variants of
IWAL algorithms for our MNIST experiement, due to the
high computation cost for running these algorithms with
exhaustive hyperparameter search. However, we think this
is still a fair comparison when evaluating some baselines
using the the two implementations since it is the best one
can achieve for those baselines within a computation budget
(single machine with state-of-art commercialized CPU that
runs for a month).

Hypothesis Class. In our implementation, we took the
hypothesis space to be the set of linear separators in the
underlying feature space. We used the logistic regression
implementation in Scikit-learn (Pedregosa et al., 2011) for
our underlying classification oracle.
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Discussion. For each of the binary classification datasets,
we plot the running maximum accuracy on the unlabelled
pool against the number of queries taken as in Figure 1,2,4,3
(full scale images included in Appendix L). The passive
curves are evaluated based on the averages of 10 runs. In
the CIFAR experiment, ACED is an average over 5 runs. We
find the curve in this setting to be very consistent, and that
the standard deviations are minimal for visualization. All
of the other curves are evaluated based on a single run. For
baselines algorithms proposed in the streaming setting (vari-
ants of IWAL and OAC), in each round we uniformly sample
an example from the pool, and feed a fixed number of passes.
We select the best Cy based on which hyperparameter set-
ting takes the least amount of queries to reach the same
level of accuracy. Detailed hyperparameters considered for
the baselines are included in Appendix M. Furthermore, to
demonstrate active gains in generalization, we include plots
on holdout test sets in Appendix N.

On all four datasets, our algorithm outperforms other base-
lines by taking much fewer queries to reach the passive
accuracy on the entire dataset. Sometimes the active learn-
ing algorithms even beat the passive accuracy on the whole
dataset, which is a known phenomenon of active learning
studied by Mussmann & Liang (2018). For the MNIST
dataset, we do not include performance curves for the orac-
ular variants of IWAL, since the Vowpal Wabbit implemen-
tation turns out to be performing at random chance. We
also notice that OAC stops taking queries very early on (no
longer making queries when given more passes over the
pool). However, when increasing Cj, the aggressiveness
to make a query, OAC starts performing worst than pas-
sive pretty easily. We include Figure 9 in the appendix to
demonstrate how sensitive the OAC curves are to the hyper-
parameter Cy, which one cannot tune in real applications.

As a special case, on the FashionMNIST dataset, our bi-
nary classification task is linearly separable and the baseline
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methods fail miserably. For all of the IWAL algorithms
on this dataset, we searched in an extended range of hy-
perparameters than the ones used in the other three tasks.
When fixing the random order of the stream, however, all
of the baselines become equivalent, and perform almost
identical to passive. Since in practice, only one set of hy-
perparameters can be deployed, this again demonstrates
the shortcoming of these baseline algorithms, whereas our
method does not rely on any aggressiveness hyperparameter.

6. Related Work and Discussion

Active Classification: Active classification has received
much attention with a large number of theoretical and em-
pirical works (see (Hanneke et al., 2014) and (Settles, 2011)
for excellent surveys). Cohn et al. (1994) initiated research
into the study of disagreement based active classification al-
gorithms, proposing CAL for the realizable setting. Balcan
et al. (2009) extended disagreement-based active classifica-
tion to the agnostic case, introducing the method, A2, Han-
neke (2007) provided a general analysis of A? in terms of
the disagreement coefficient, with follow-up works improv-
ing on the sample complexity of this approach (Dasgupta
et al., 2007; Hanneke, 2009; Hanneke et al., 2011; Koltchin-
skii, 2010; Hanneke et al., 2014). The results in Section 2.2
show that our sample complexities are never worse than the
ones obtained by this line of work.

An extension of this line of work has aimed to attain simi-
lar sample complexities, while leveraging an empirical risk
minimization oracle to design more practical algorithms
(Dasgupta et al., 2007; Hsu, 2010; Beygelzimer et al., 2010;
Huang et al., 2015). With the exception of Huang et al.
(2015), these methods tend to have a conservative query
policy that samples uniformly in the disagreement region,
leading to an onerous label requirement. While Huang et al.
(2015) has a more aggressive query policy that does not
sample uniformly in the disagreement region, their sam-
ple complexity result could also be obtained by sampling
uniformly in the disagreement region and, therefore, their
theoretical result does not reflect gains from a careful se-
lection of points in the disagreement region. In particular,
the dominant term is still the disagreement coefficient and,
hence, it can be much worse than our sample complexity on
instances such as the one in Proposition 3.

Recently, Jain & Jamieson (2019) showed that active classi-
fication in the pool-based setting is an instance of combina-
torial bandits, an observation that is central to our analysis.
They provided the first analysis that shows the contribution
of each example to the sample complexity providing a more
fine-grained result than the disagreement coefficient. We
improve on this work by optimizing the sampling distri-
bution in the region of disagreement and using improved
estimators such as the one in Theorem 1. Proposition 4 of

Katz-Samuels et al. (2020) implies that our sample com-
plexity is always better than the sample complexity in Jain
& Jamieson (2019).

Finally, we also note that Zhang & Chaudhuri (2014) also
give an algorithm that improves on disagreement-based ac-
tive learning, but the sample complexity of their algorithm
is difficult to interpret and their algorithm is not computa-
tionally efficient.

Linear and Combinatorial Bandits. p* has been shown to
be the dominant term in a lower bound for pure exploration
linear bandits and combinatorial bandits (Soare et al., 2014;
Chen et al., 2017; Fiez et al., 2019). Recently Katz-Samuels
et al. (2020) introduced the notion of v* for linear and
combinatorial bandits, showing that it is a lower bound
for any non-interactive oracle MLE algorithm. One of our
contributions is making the connection between the active
classification and linear/combinatorial bandit literature, and
showing that we can leverage the results from this work to
obtain improved sample complexities for agnostic active
classification.
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A. Generalization

Proof of Remark 1. Define the event

er=WheH:aﬂ@—@@@»#ﬂmnsdwm%@)+¢fu

where the randomness is over the draw of the pool {z1,...,2,} ~ Dy and c is a universal positive constant. Using
the bounded differences inequality and 3.4 in (Boucheron et al., 2005), we have that if c is a sufficiently large universal
positive constant, then by a standard argument P(£) > 1 — 4. Suppose £ holds for the remainder of the proof. Let

h = argmin cq, P, )~ (h(z) # f(2)). Then,

P(h(z) # f(z)) < ert(h) + c[\/@ " \/z]
< hmeiq{llerr(h) + e+ c[\/@_,_ \/z]
<err(h) + e+ c[\/@Jr \/g]
swmm¢fu»+e+%wmﬁfﬂ+¢g.

B. Reduction to Combinatorial Bandits

We state and prove our results for active classification in the language of combinatorial bandits, a strictly more general
problem, which we now introduce.

Combinatorial Bandits: There are n distributions v1, ..., v, supported on [—1,1] with mean y; = E¢,,(. Hisa
collection of subsets of [n]. At each round ¢, the agent queries a distribution (or arm) I; and observes y; ~ vy,. Given
e >0,d € (0,1), the goal is to identify h € H that satisfies

Z i = Z Wi — €
i€h i€h,
with probability at least 1 — § using as few samples as possible.

We also write 1 := (1, ..., ftn) | . We interchangely treat each h € H as a set in [n] or as a vector in {0,1}" with h; = 1

if i € h and h; = 0 otherwise. Using this vector notation, we often write h " 1 = > icn Mi- We use the notation
Ap=hlp—hTp

where h. € argmaxycq h' .

Reduction to combinatorial bandits: We use the reduction of active classification to combinatorial bandits from (Jain &
Jamieson, 2019). Note that

1
e(h)=—[ > o+ Yy (-ml=—1d m— D> i
i€[n]:h(x;)=0 i€[n]:h(x;)=1 i€[n] i€[n]:h(x;)=1

where f1; := 2n; — 1. Thus, treating each h € H as a set where 7 € h iff h(x;) = 1, we observe arg min, o4, err(h) =
arg maxycq, > _;cp, Mi and that finding a hypothesis i such that
err(h) — min err(h') <
(h) iglelg}t (W)= e

is equivalent to finding h such that ), p1; > maxureqy Y ;cps i — ne. Thus, active classification can be viewed as
an instance of combinatorial bandits where each v; is a random variable supported on {—1, 1} with mean p; = 2, — 1.
Therefore, any algorithm for e-good arm identification for combinatorial bandits yields an algorithm for active binary
classification in the pool-based setting. Finally, we note that

Ay = nlerr(h) — err(hy))
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C. Disagreement Coefficient

We now introduce equivalent definitions of p*(€),v*(€) and the disagreement coefficient in the combinatorial bandit setting.

’ h
§ ) A1
p*(e) := inf sup
( ) XED, heH\ {ha} max(uT(h* - h)v 5)2
s (he = B)T ANV,
= inf Eso
7€) ,\lenAn N0 [heftli?h*} max(p " (hy — h), €) |

=

Define the ball of radius r centered at h,

hA,
Blh.r) = {h e # : AR

<r}
and
DIS(B(hy,7)) = {i : Ih, b’ € B(hy,r) s.t. i € hAR'}.

The disagreement coefficient is defined as

 qup [ DIS(B( )/

0
(¢) Sup .
— sup [{i : i € hAR for some h,h' € H s.t. max(|h.Ah|, |hAR]|) < nr}
r>e nr ’

The proof of Proposition 2 follows by a peeling argument and the application of the following lemma.
Lemma 1. Let e € [%, 1].

* Suppose the noiseless case holds, i.e., n € {0,1}"™. Ife € [A’:j" ,V), then
2
‘h*_hHA( )-1 v?
. )
AT~ Z
Séglg min h:rAnhagnﬁ (n{)Q - 99(6) €2
and if € € [v, 1], then
2
‘ e = hHA( )-1
. )
supmin  max ———————— < 96(e).
5;2 A h:AR<ng (n&)? < 96(e)

* Suppose that the Tsabokov noise condition holds for some a € [1,00) and o € (0, 1]. Then,

2

‘ o= ’A( )1 1
i W 2 -1 -1
m;n h:?ha%(ne T = 2—2a 9(%“) log(nAmm Ve )

Proof. Case 1: 1 € {0,1}™ (Noiseless). We begin by noting that when n € {0, 1}", we have the following equality that
we will use repeatedly:

1 1
er(h)=~[ > mi+ Y (A =m;)] = ~[nAh|.
i€[n]:h(z;)=0 i€[n]:h(z;)=1
Then,

en(h) = InAN =[S 1+ S =[S Y- Y =gl w0

i€n\h i€R\n i€n i€ER\n i€nnh i€h
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where we used p; = 2n; — 1.

Recall v = err(h.). Fix £ > €. Suppose A, < né. We have by (7) 2 3., p; = 2| n| — 2| Ah| and thus
n§ > Ap = |[nAh| —|nAhy| = |nAh| —nv

and thus | n Ah| < n(€ 4+ v). Thus, if A;, < n&, we have that

|he AR| < |h An |4 |RA7| <n(2v + &) (8)
Furthermore, by (8)
he—h ’
min max —’ *_ HA(A)_l = min max 7Zi€h*ml A%
X h:Ap<ng (n&)? X h:Ap<nge (n€)?
< {i:i € hoAhforsome h € H s.t. Ay < né}| - maxp.a, <ng | AR|
- (n&)?
< [{i:4 € hoAhforsome h € H s.t. |h.Ah| < n(2v+ &)} - n(2v + &) ©)
- (n&)? '

where the first inequality takes A to be the uniform distribution over |{i : ¢ € h.Ah for some h € H s.t. A, < n}.

Case 1.1. Suppose € > v. Then, £ > € > v, and we have

[{i:4 € hAhfor some h € H s.t. |h.Ah| < n(2v + &) }Hn(2v + &)

(né)?
< 3|{z : i € hyAh for some h € H s.t. |h Ah| < 3né)}|
< e
_ 9|{z 21 € hoAh for some h € H s.t. |hAh| < 3n&)}
3né
and, using (9) in addition,
2
supmin  max ‘ o = hHA(A)*l - Sup9|{i - i € hoAh for some h € H s.t. |h,Ah| < 3n&)}|
£>e A h:Ap<ng (n&)? £>e 3n&
< 90(3¢)
<96(e).
Case 1.2. Now, suppose € € [%, v]. We may suppose wlog that £ > e satisfies £ € [AL, v] since otherwise it reduces

to case 1.1. Then, "

[{i: 7 € h.Ah forsome h € H s.t. |hAh| < n(2v+ &) }Hn(2v + &)

(n€)?
_ i:ieh.Ahforsome h € H st |hAR| < n(2v + &)} n(2v + ) v*
a (nv)? &2
i:1 € h.Ahforsome h € H s.t. |h.Ah| < 3nv)}| v?
<3 —
- nv £2
i:1€ h,Ahforsome h € H s.t. |h.Ah| < 3nv)}| v?
<9 —
- 3nv £2
2
2
<96(6)"

?.
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Combining this with (9), this implies that

2
| ] =]
supmin max I AT min m, 4 AT
£>e A h:Ap<né (n§)2 _526 A h:Ap<ng (nf)Q
2
v
<90(e)—.
(€)=

Case 2: Tsabakov Noise. Suppose Tsabokov’s noise condition is satisfied with a € [1,00) and « € (0, 1]. Fix £ > €. If
Ap < n&, then Tsabokov’s noise condition implies that

B A

no Selg ) s
Then,
2
min max —’ " HA(/\)A = min max 7Zi€h*é‘h%
X h:Ap<né (n&)? A hiAp<ng  (n€)?
< [{i : i € hoAhforsome h € H s.t. Ay < né} - maxp.a, <ne |Re AR
- (n€)?
- [{i : i € hoAh for some h € H s.t. w < a€®}| - maxp. A, <ne | AR
- (n€)?
- [{i:4 € h.Ah for some h € H s.t. w < a&*}ang®
- (ng)?
o {7 :i € hoAh for some h € H s.t. w <a&®} 1
=a agon £2-2a

< % b(ac®)

Taking the sup over £ > e of both sides implies the result.

Proof of Proposition 2. The argument follows by a peeling argument. Define

2
‘ o = hHA(A)
(k) . ] !
A o arg)fnln h:AhE(nrél*a"?(*l,nQ*k] A%L
. Mogy (rALL Ve )]
A= — M)
[logy(nA L, Ve t)] kz:;)
Notice that WMA(A(’“)) = A()), which implies that

AN < [logy(nAZL v e AR~ (10)

min
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Thus,

2
h*—h’

p*(ne) =min  max L)
A her\{h.} max(ne, Ap)?

2
‘ o = hHA(X)—l
< a —_———
- he%\fi*} max(ne, Ap)?
2
=
AN
= max max e
k=0,1,....[logy(nA"L ve-1)] h:Ap€(n2-*=1 n2-%] max(ne, Ap)
2
‘ o = hHA()\(k))—l
< [logy(nAf Vet max max (11)
[loga( ) k=0,1,....logy(nATL ve-1)] h:Ap€(n2-+—1,n2-k] max(ne, Ap)?
2
Hh* _hHA()\(k)) 1
= [logy(nA_L Vet max min max - 12
[logy (RA i, )] k=0,1,....[logy (AL Ve-1)] A hil,€(n2—F—1,n2-+] max(ne, Ap)2 (12)
2
‘ o = hHA(/\) 1
< 2[log,(nA=L Vet S min max — 2
> [ g2( min V € )—I ézevu32i7z )} h:AhSX’nﬁ (n€)2

where inequality (11) follows by (10) and (12) follows by the definition of ),

The result now follows by applying Lemma 1 in each case (noiseless n € {0, 1} with e > v and € < v, and Tsabokov noise
condition). O]

Proof of Proposition 3. Step 1: Define the instance. Let m € N. Define h; = [m] U {m + i} fori = 1,...,m? and let
n =m + m?2. Define hy = . Let j1; = —1 for all i € [n]. Note that hy is the best set and that ;1" (hg — h;) = m + 1 for
all i # 0.

Step 2: Compute problem-dependent quantities. We have that

*

Djelmluimtit = 9m? + 2m?
mjUim+i} 5 m* 4+ 2m
— inf A <0(1
preinf max — T S gz =W

where we used

N ﬁ i € [m] .
’ Loie{m+1,...,m+m?}

2m?2

Let ¢ such that n¢ < m + 1. Letting r = m + 1, we have that

[{i: 7 € h,Ah for some h € H s.t. |h.Ah| <71}
r

0(¢) =

m—i—m2
m-+1
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D. Ridge IPS Estimator Tail Bound

Now, we introduce the ridge IPS estimator, which we leverage in constructing our generic chaining estimator.

Proposition 5. Fix X = {e; : i € [n|} and H C {0,1}" as well as some p € [—1,1]™. Let v € R™. Fix some A € A\, and

draw {xs}t_, ~ X\ and then observe y with mean x [ 11 and |y;| < 1 with probability 1 fors = 1,...,t

For any a € R} define

n
Q) = E aee,
i=1

For some s > 0 define

= (AN +s) X Ty.

where X, y, € are the {(x;,y;, €;) }; stacked. For any s > 0 let A(a + 8) := A(«) + sI,,. If we take s = —1og2/8)

then

2[[0]% 51 log(2/6
|mﬁ—ung<¢ag+n¢||A@Z 5(2/9)

Proof of Proposition 5. Fix X = {e; : i € [n]} and H C {0,1}" as well as some x4 € [—1,1]".

v € {=1,0,1}" we have

[E[(v,

(A(t +SUlA@Mu—MH

t/\ )+ sI) " )|
SHv”(tA()\)—i-sI) 1

using the fact that 4 € [—1, 1]™. Define
S = (0,70

A(tA) —|—sI) TiY;

_Z”
i=1
3o,
1=1

Note that
ZE[X?] = Z]E[@, (A(N) + sI) " tay:)?
=1 =
< v (A(N) + sI)TPAN)(A(EN) + sT) o
< ol anysn-
and

|| < (v, (A@N) + s) " agys)| < 1/

for all i. We have by Bernstein’s inequality that with probability at least 1 — §

}jx —E[Xi] < /200112, 40y 401y l08(1/0) +

S

v,
|(v, )+ sI)THARN) + 8T — s — p)
= |s{v

. log(1/0)

3fv H(nA(A)) 1

Note that for any
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Thus,
_ - log(1/9)
(v, < El(0, )] + /20013, 400y 011 To(1/8) + 52
_ log(1/0)
= (0,1) + EL(0, i = )] + 200013, 4000y 108(1/8) + =202
log(1/9)
< (v,p) + S||1)H(2nA(>\)+sI)—1 + \/2”””%",4(,\)4_3[)—1 log(1/6) + ETEE
from which we conclude, that with probability at least 1 — 29
~ log(2/6)
(07 = 1] < 801 aay et + s+ 2100, a0ry o1y 10B(2/9)

log(2/4)
< slolfuagny-r + =g+ /20,001 08(2/9).

If we take s = , | =128/ thep
BlIVIT, A a1

(v, i — )| < (V/2/3

R % ||vHA<A , log(2/0)

E. Looseness of Bernstein’s Bound for Importance Sampling Estimator

A natural approach to combinatorial bandits is to use the importance sampling estimator and apply Bernstein’s bound in an
algorithm like RAGE from (Fiez et al., 2019). Applying the standard analysis would yield a term in the sample complexity
that scales as:

1
by
1nfmax max
X h#h, jER.AR Zkeh I — Zkeh e

The following proposition shows that there exists instances where such a sample complexity is suboptimal by a polynomial
factor in the dimension.

Proposition 6. There exists a combinatorial bandit problem where p* = O(1) and

1
A
mf max max > Q(v/n
N heEh jERAR D e Mk = Dgen Pk (vn)

Proof. Step 1: Define the instance. Let m € N. Define h; = [m] U {m + i} fori = 1,...,m? and let n = m + m?.
Define hg = 0. Let y; = —1 for all i € [n]. Note that 1" (hg — h;) = m + 1 for all i # 0.

Step 2: Compute problem-dependent quantities. Then,

*=inf ma Zje[m]u{mﬂ}%ﬂ‘ 2m? + 2m? <0(1)
P=1 1‘:1,...?(m2 (m+1)2 - (m+1)2

where we used

7= i€ [m]

gy i€{m+1,...,m+m?}
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On the other hand,
1 1
. , . X,
inf max max 2 — >inf max max z
X i=1,...,m2 je[m]u{m+i} m + 1 X i=1,...m2j=m+im + 1
C om+1
S 1
-m
-2
1

2

s

F. Proof of Theorem 1

Before proving Theorem 1, we introduce some machinery from the theory of generic chaining (see e.g. (Vershynin, 2019)
for more details). Fix a set ' C R™. Consider a sequence of subset (T%)72 , such that T, C T'

Tol =1, Ty <22

A sequence (T})32 , satisfying the above properties is called admissible.

Definition 1. Let d be a metric on R™. The ~yo-functional of T is defined as

T,d) = inf su 2k /2q(¢t, T
72(Td) (TmeIT),gg (¢ T)

where the infimum is taken over all admissible sequences.

Here, we state and prove Theorem 4, the combinatorial bandit counterpart of Theorem 1. The proof uses the technique
of generic chaining to avoid a naive union bound, which would introduce a dependence on log(|G|). Unfortunately, the
IPS estimator has an excessively large sub-Gaussian norm, and the concentration inequality for ridge IPS estimator from
Proposition 5 decays at a suitably fast sub-Gaussian rate for only a subset of pairs h, h’ € G—not all pairs—implying that
neither of these estimators can be used directly. To sidestep this issue, we apply the estimator from Proposition 5 to all pairs
of h, b/ € G to construct a feasibility program that yields the estimator in Theorem 4. The proof has similarities to proof
techniques in the theory of generic chaining (Vershynin, 2019).

Theorem 4. Let G C H. Fix some A\ € A\, and draw {xs}t_, ~ X\ and then observe ys with mean x| 1 and |y,| < 1 with
probability 1 for s =1, ..., t. There exists an estimator i € [—1,1]™ such that with probability at least 1 — 6,

sup |(h =)' (i~ )| < cllog(1/8) ma |n 1
h,h'€G h,h'€G

+E¢n sup h" A(tA)~1/?
A T EeeN@nBup AT AN T

Proof of Theorem 4. Step 1: Pick the admissible sequence. Fix hy € G. Note that for any & € R”

sup [(h— )" (fi — )| < 2sup|(h — ho) " (1 — )| (13)
h,h'€G heg

and thus we focus on upper bounding the RHS.
Let (Ry,)%_, be an admissible sequence of G where Ry = {ho} and Rx = G and R, C G such that

K
su 262 inf ||h— B
heg kz::l R ERS A(tA)—1

< 2v(G,

)

[N

Let T, = UF_ | R;. Note that 7; C T2 C ... C T and K = log(log(|G|)) < log(n).
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Step 2: Defining the event. Let X, and y be the {(z5, y,)}%_, stacked, respectively. For each h, ' € G and k € [K] such

that h, h' € T}, define the estimator
Gnn e = (AN + spw ) T X Ty

k/2 . ..
where sp p/ 1 = /1/ 3Hqu2 where s, 5,/ 1, is chosen based on Proposition 5. Define the events
h—h’

A(ta)—1

}

e = 100 = 1) (s ] < (VB + O+ 2]

K
E = Ni=1 NhweTi Enpr k

Applying the bound for the Ridge IPS from Proposition 5 and rearranging, for every k € [K] and h, h’ € T,

A(t)\)il) < 2exp(—2(u + 2¥/2)?).

Pr(|(h = 1) Ginse = ] > (/273 + DVA(u +242) [0 — w7

Then, by the union bound, we have that

Pr(£9) <> [Tal> Pr(&f o x)

k>1
<) |Thl? exp(—2(2" + u?))
E>1
< CZ 92" +1 exp(—2(2F 4 u?))
E>1

< exp(—2u?).

where (17) follows by (16) and where line (18) follows since by construction
k k l k
Tel <) IRk <D 2% <22
1=1 =1

Suppose £ holds for the remainder of the proof with u taking the value of @ = 4/ M.
Step 3: Define the estimator. Define the polyhedron

feP={ze[-1,1]":Vke K], YK €T |(h—h) Finwr—2)| < cla+ 2’“/2]Hh W

A(ta)—t

We define the estimator /i to be any point in P if it is nonempty and, otherwise we let /i be any point in R™.

(14)

15)

(16)

A7)

(18)

Note that on the event &, ;1 € P and hence P is nonempty. Furthermore, by the triangle inequality, V& € [K],Vh,h' € Ty

[(h=h")T (= )| < [(h=h")" (7 = Bnpe i) + (=BT (T pe ke — )
< 2c(a+ 2’€/2)Hh W

AN -1

Step 4: Proving the inequality. Fix i € G. Let k(h, [) be the smallest integer such that

T d(B7 779 hl—1 )
A(h Toguyy) < i),

Note that

o =g oo
d(h, Tr(n,py) < 2 o h—h

AN -1
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Let m;(h) € Ty 5,1y such that

Hﬁ—ﬂ'l(ﬁ)H = min
A(tk)_l hen(ﬁ,l)

‘B— hH .
A(tA) -1

By the triangle inequality

(= ho) (= )] < 3 |(m(R) = mima ()T (i — )

1>1
= k/2 7\ 7
< 202(u+2 )Hm(h) 7r171(h)HA(t/\)71
1>1
< (a4 20?2 H h —BH 19
<Y (u+282)|m(h) Ay (19)
1>1
where we use event £ and the triangle inequality. We have by construction that
i, <53 g
L LIDRU RIS OIS 1 LaLl
>1 1>1
< du max Hh - ) (20)
h,h'€G A(tA)—1
Furthermore,
22| 7, (R) - A < ) 21
Z m(h) A(tA) 1 <G, A(tk)—l) 1)
1>1
< "E¢anio,n [;SLIEIE T AN Y2 (22)

where (21) follows by the definition of 75 and (22) follows by Talagrand’s majgrizing measure theorem (Theorem 8.6.1 in
(Vershynin, 2019)). Putting together (13), (19), (20), and (22), and noting that h is arbitrary, the result follows.

O

Remark 3. We emphasize that the construction of this estimator does not use any knowledge of . The admissible sequence
(Rk)ken does not require knowledge of  to be chosen and the polyhedron P can be defined without knowledge of .

G. Fixed Confidence Algorithms

We restate Algorithm 1 in the language of combinatorial bandits.

Algorithm 3 ACED for Combinatorial Bandits.

Input: Confidence level § € (0,1).
Hi +— H, k +— 1,6, +— 5/2k>.
while (7| > 1 do
Let A\, and 7 be the solution and value of the following optimization problem

h—hn ’

. _NnT —1/2 12 i
mAanCNN(O,I)[hmaX (h=h") AN)" /7] + 2log(+-) max .

e R/ EH, Ok’ h,h'€Hy

ok+1

Set Nj, +— c7(2-—)* where c is a universal constant.
Query I1,...,In, ~ A and receive rewards y1, ..., YN, -
Let iy, be the estimator defined in Theorem 4.
Hir1 «— Hi \ {h € Hy. : 30’ such that (b’ — h) "fix — 3%+ > 0}
k+—k+1
end while R
Return: H; = {h}.

We now restate Theorem 2 as Theorem 5 in the combinatorial bandits setting.
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Theorem 5. Let 0 € (0,1) and € > 0. With probability at least 1 — § Algorithm 1 returns h € H such that MTE +e>pulh,
and uses at most

clog(1/€)[log(1/6)p"(€) + 7 (€)]
samples where c is a positive universal constant.

The proof of Theorem 5 is essentially identical to the proof of Theorem 4 in (Katz-Samuels et al., 2020), and we therefore
omit it. The key technical and conceptual technical hurdle in obtaining Theorem 5 is the estimator given in Theorem 4.

H. Fixed Budget Proof

We restate the fixed budget algorithm, Algorithm 2, and the Theorem 3in the language of combinatorial bandits as Algorithm
4 and Theorem 6, respectively.

Algorithm 4 Fixed Budget ACED for Combinatorial Bandits.
Input: Budget 7', tolerance € > 0.
i =0€cR", N+ {T/ 1og2(ne—1)J.
fork=1,2,..., {logﬂne’l)J do

hy +— argmax;, ¢ fip h
Let Ax be the solution of the following optimization problem

. hy, —h)TAN)"Y/?
inf E¢.n(o,r)[max (R ) ,\( ~) ¢ ]2 (23)
PYEVAN heH 2—k+1p 4 MkT(hk —h)

Sample {z1,...,zN} ~ Ag.

Query z1, ...,z N and receive rewards y1,...,yn.

Let fix+1 be the estimator defined in the proof of Theorem 6.
end for

. oT
Return: arg max;, ¢4, g1 h-

Theorem 6. Let T € Nand ¢ > 0. Let h denote the h € H returned by Algorithm 2. If T > log(ne=1)[y*(€) + p*(€)], then

T

PuThte < uTha) < log(ne™)? exp(— ey

)

The key technical challenge in the proof (see Step 1) is constructing an estimator that concentrates rapidly enough. To this
end, we leverage the estimator in Theorem 4, applying it to various subsets of H based on their estimated gaps and combine
them into a single estimator by defining it to belong to a polyhedron (denoted P in step 1.2.2) characterizing estimators
with the suitable concentration properties. We argue that on a good event, the true mean p belongs to P, making it feasible
and thus obtaining our estimator. The next challenge is bounding the probability of error of our algorithm. The estimator
constructed at round k + 1 is chosen to have failure probability

N

hr—h)T A(N)—1/2¢
E[SuphEH (%:—h))—rﬁk(ﬁ-;_k*’ln]z

);

Op41 = exp(—c

for a suitably large universal constant ¢ > 0, which we note is a function of (23). Thus, this step of the proof (step 3) shows
that 011 < exp(— log(ne_l)['zz‘(e) ) ). We note that while this step of the proof and algorithm style are novel to our
knowledge, the mechanics of bounding the various quantities appearing in this step are quite similar to arguments in the

proof of Theorem 5 in (Katz-Samuels et al., 2020).

Proof of Theorem 6. Step 1: Construction of the Estimator. Define the sets

Sp={heH: A, <n27F}
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Let iz, be some estimator formed from data collected in kth round. Define the event

. . N A
Ex(fir) = (¥ € SE, |(he = 1) (B — )| < 5"}

T 27k:+1n
N{Vh € Sk, |(he =B (i = )] < =)
We show that at every round k, we can construct an estimator [ik € [-1,1]* such that

Pr(&E (1) |Ex—1(Fik—1), - - -, E1(fi1)) < 6 log(ne~!) where d;, > 0 will be chosen at the kth round.
Step 1.1: Base Case

Let /11 be the estimator from Theorem 1 applied with ¢; to # (to be chosen later). Then, we have that

sup |(h —1')" (i — p)| < cllog(2/61)

max Hh — K
h,h'€H h,h'eH

+E¢n sup h T A(NX)~/2
eyt T EeNon[sup bt ANA)THEC]]
™ _ —
< [ log(2/01)E[sup (h — h') T ANA) 2] + B oo, [sup h T AN V2] (24)
heH heH
< \/1og(2/61)Ecn(o,n) [sug hTANN)TYV2().
S

where in line (24) we used Lemma 2. Now, we have that

/ W) (- -1/
SUDp n/eH |(hn R') (i — )] < C\/mE[SUPheH hTi(N)‘) ! QC]]

<

col| —

where we chose

N

E[SuPh,e”H hT’r;A(A)_l/QC]]Q

81 = 2exp(—”’

)

for a universal constant ¢’ > 0 large enough. This proves the base case for both h € S§ and h € S;.

Step 1.2: Inductive Step. Next, we show the inductive step. Suppose that at round k, the hypothesis is satisfied, i.e., the
algorithm has constructed estimators i1, . . . , fix, such that E(fix) N ... N E (fi1) holds. Now, we construct an estimator
k1 for round k + 1. Define for every [ € [k] U {0}, the set

Sy ={h: (he —h) fip <2710},

We will construct an estimator each subset §l and then combine these into a single estimator. §l can be thought of as an
estimate for S; as suggested by the following claim.

Claim 1. Si.1 C S, C Sy foralll € [k].
Proof of Claim 1. Since &, holds, by Lemma 3, we have that
1. forall h € S§,
Gt = 1) B = (o = 1) Thl < S 23)
2. forall h € Sk,

~ . 1
|(hi — h) "fir — (he — h) T < 52 ki, (26)
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Suppose h € §l, that is, (ﬁk —h) T < 27 1n. We show that h € S;_y. If h € Si, then we automatically have that
h € S;_1sincel € [k] and Sy, C S;—1. Thus, suppose h € S;. Then, (25) implies that A, < (hy — R) iy + % <

2= lHln 4 A2’L. Rearranging, we have that A;, < 27!*+2p, implying that h € S;_;. We conclude that S, C Sy

Now, suppose that h € Sjy1. If h € S, then we have that (hy — h) T i, < 3/2A, < 2715 and hence h € S,. Suppose
h € Sk. (26) implies that

(i —B) i < Ap +27Fn <278 n 4 97Fp < 2782y

where the second inequality follows since h € Si. Thus, h € S, k—1. Showing that Si41 C §k follows by a similar argument
and we conclude that S;, 1 C .5;. This shows the claim.

O

Step 1.2.1: Constructing the estimator for S;. Let € [k]U{0}. We use Theorem 1 to construct an estimator Brt1,1(0k+1)
for each S; such that for all [ € [k] U {0}, the event

Er1y={ sup [(h— 1) (Fks1,0(6ks1) — p)| < cllog(2/0k+1) max ’ h—h
h,h'€S, h,h' €S, A(NX)—?
+Econo.nlsup hTANA) T3¢}
hes;

holds with probability at least 1 — 01 (that will be chosen later). We assume that ﬂle[k]u{o}é’kﬂ,l holds for the remainder
of the proof, which by the union bound holds with probability at least 1 — & log(ne™1).

Fix [ € [k]. We have that

sup (b — 1) (firg1,0(ke1) = )| < sup [(h = B) T (Fies1,0(0pg1) — 1) (27)
h,h'€Si41 h,h' €5,
< c[log(2/0k+1) max |[h—h' +Econon[sup hTANN) T3]
h,h €S, A(NN)—1 hes,
< ¢ fiog(1/3ks1)Elsup AT A(NA)-1/2] 8)
h€§l
< c\/log(l/ékH)E[ sup hTA(NN)~1/2(]2 (29)
heS;_1

where inequality (27) follows by S;+1 C §l from Claim 1, inequality (28) follows by Lemma 2, and the inequality (29)
follows from .S; C S;_1 from Claim 1.

Now, we have that

Sup}L,h/ESl+1 |(h — h/)T(ﬁk+1,l(5k+1) - :u)| < C\/log(

hTA(NN)—1/2
1/see)E| sup TLANNTEC),

2-In heS;_1 2-Iln

hi—h)T A(X)—1/2
]E[SuPheSl,l (he=h)TAN) 4]2

< ¢ log(1/%41) E—

hie—h)TAN)—1/2¢
E[Suph65171 ( kAh,)—&-Q*(’“r)ln ]2

< C”\/ log(1/6+1) N (30)

hi—h)TA(N)—1/2
\/ Elsupey UA,L)H—JH)WCP
N

hie—h)T A(N)—1/2¢
E[Suphe”ﬂ (%:,h))Tﬂk(Jrg)—kﬂn]Q

< J log(1/d+1) 0 (3D
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Since iLk € S;—1 by Lemma 3 and for all h € S;_1, 27120 > Ay + 27 n, we may apply Lemma 4 to obtain line (30).
(31) follows since we assumed &, holds and Lemma 3.

Now, we choose
, N

. (he—=h)T AN =1/2¢
E[buphe’}-[ (i:kkfh)Tﬂk,+2*k+1n]2

)

Sp41 = log(ne™ ") exp(—c

for a universal constant ¢’ > 0 large enough to guarantee that with probability at least 1 — g1,

supy, presy sy |0 =) T (g1 (Okr1) — )
2-Iln

1
< —.
- 32

Step 1.2.2: Combining the estimators into a single estimator /iy ;. Now, define the polyhedron based on the estimators
ﬂk+1,l(6k+1) forl = 0,1,..., k:

[(h = b)) T (k10 (Brrn) —9)| _ i}
2-In - 327

We define the estimator i1 as follows: if P is nonempty, then let fix 1 be any point in P; otherwise, let fix 1 be any

point in R™.

P={ye[-1,1]":Vl e [k]U{0},Vh,h' €S :

On the event ﬁle[k]u{o}5k+1,l , P is nonempty since x4 € P and, thus, jig1 € P.

Let! € [k]U {0} and h, B’ € S,. By the triangle inequality the event Nieku{o}Ek+1,1- and g1 € P, we have that

[(h =) T (ks = )| _ [ =) T (ks = )| | (b= T (0 = fgan)| _ 1

< .
2-ln - 2-ln 2-ln — 16

+

By the union bound, with probability at least 1 — 0y 1 log(ne~1), for every I € [k] U {0},

N\ T (7 _ N\ T (7 _
sup |(h —n') _(luk+1 0] < sup |(h — 1) _(,;lk-&-l 0] < i
h,h'€S14+1 2=in h7h,€§l 2=in 16

where we used S;;11 C §l from Claim 1. Furthermore, since fi, € [—1, 1] note that §0 = H and so we also have that

_ h/ T _ 1
sup [(h = h") " (k41 — ) <X
R EH n 16

Thus, we have shown that for all | € [k] U {0},

(b= H)T @iks — )] _ 1
< —. 32
WS In =16 52)

Now, we are ready to finish the inductive step. Let h € S ;. Let j be the largest integer such that . € S;. Then,
277n < Ay, < 277F1n, Then, the inequality (32) implies that

|(he = 1) " (fik1 = )] _ (B = 1) T (g1 — )|

. 33
Ay, - 27In (33)
W —n)T (L1 —
o L =) s =0l -
h.h/€S; 27n
< €1 (35)
- 16
A similar argument shows that if h € Si41,

- 2= Fn

(A = h) T (fik1 — p)| < (36)
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Step 2: Correctness Consider the final round k = {log(ne_l)J and let h such that A;, > ¢. Then, by the previous step,
we have that

Ap

(A = h) T (i, — w)| < 5

Therefore, (h, — h)' 7y, > _%A;L > 0. Thus, h cannot be the empirical maximizer in the final round and the algorithm
outputs h € H such that " h > " h, — .

Step 3: Bounding the probability of error Now, we need to bound the probability of error. We bound dy, for all k. This
argument is quite similar to the one given in the proof of Theorem 5 in (Katz-Samuels et al., 2020). Fix a round k. Lemma 3
yields

(he =) TAN)12¢

(e — h)TA(A)*”QC]z

Eqn = 2 < B 37
N O S A O ) = N O TR R, Gn
(he =h)TAN)2C.
< CI[E@N(O,I)[Y}?E%){( =F+in 1 A, ] (38)
(he = ) TAQN) 3¢,
R L e . vl 39
We start by bounding the first term. Fix hg € H \ {h.}.
(he =h)TAN)T2¢,
]ECNN(O’I)[%HG%?L{ 2=k+t1n + Ay )
(he —h)TAN)T2C 1o
< Een
< FBeevonl, s, o mn s,
2
. hy — hoH
(he =—h)TAN)2¢ o ‘ AR~
< 8E¢., 8 40
< SEcnonl, 0o Ty Ay T ST Ay )2 @0
(he =h)TAN)Y2¢,
< 8[E¢n
< 8[Ecno.n) [he%l\a{);*} max (e, Ap)
2
‘ o hHA(A)*l
_— 41
* }rgéah% max(e, Ap)? ) “D
where line (40) is the consequence of exercise 7.6.9 in (Vershynin, 2019).
Now, we turn to the second term. We have that
(he = hi) TAN) T3¢ (he = hi) TAN)TM2C o
Eemnon e = T A1 S Beanoonlmax( 9—k+1p 0]
~o2
=
c A(N)—1
= (2-k+1p)2
-2
e = thA(A) 1
, _
— (42)
max(e, Az, )?
2
[
< 2 (43)

herﬁl\a{ﬁ* } max(e, Ap)?

where we obtain line (42) since hy € Sk+2 by Lemma 3.
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Plugging in the design used at round k, \g, we have that

(hw, — ) TA(A) "V 2 (hi — ) TAN)Y2¢

Eco max - =minE,. max = 44
(L Sareem + g (hy — 1) inEcno.n ax o505 + A By, — h)] @
< cm}in[p*(e; A)+ 7% (e; N)] (45)
< d[p"(e) +7"(e)] (46)
where
2
(e
AN

*(e;A) == sup
P& her\{h.y Max(p’ (hy — h), €)?

. (he = M) TAN T2,
7 (6 A) = Econon]  sup
(N =Eevonl 0 max(u (e~ Be)

and (44) follows by definition of Ag, (45) follows by (39), (41), and (43), and (46) follows by Lemma 13 of (Katz-Samuels
et al., 2020).

Putting it together, for all k

N
(he=h)T AN ~1/%¢ 2
hie—h) T fig+2-F+1n

)

)

Op41 = exp(—¢’

E[SuphE’H (
N

[v*(€) + p*(e)]
T

log(ne=1)[y*(€) + p*(€)]

< exp(—c”

< eXp(fcm

)

This completes the proof.

O
Remark 4. We stress that the construction of the estimators in the proof of Theorem 6 is based solely on data observed by
the algorithm and H and at no point is knowledge of |1 used.
H.1. Technical Lemmas

The proof of Theorem 6 uses the following Lemmas, which appeared originally as Lemma 11, Lemma 1, and Lemma 13 in
(Katz-Samuels et al., 2020).

Lemma 2. Let G C H. Then,

oo s [AO) 2= 0TGP = 2 mae [n-w]
Lemma 3. Let k > 1. Consider the kth round of Algorithm 4. Suppose that
s ifh € Sf,
e = 1) (= )] < S @
* ifh € Sy,
e =) =] < 2 )

Then, the following hold:
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1.
hi € Skya, (49)
2. ifheS§
- R 1
(ki = h) T i = (B = 1) Tt < 38k (50)
3. lfh S Sk,
|(hie — h) T fig — (hy — B) T pa| < %2*’”171. (51)

4. There exist universal constants c,c’ > 0 such that

cBsup 11 W AO) TG

hy — h) A()\) I/QC
24 ( k 2
heH Ap +27k+p ] s

T nen (hy — h) Tl + 27k

by — R)T A(N)~V/2¢
< ( k 2
= E[Z’ZE Ap 4 27F+n ]

Lemmad. LetV = {vy,...,v,} C R4 with0 € V. Suppose a; > 1 foralli € [l]. Then,

Econo.n[sup v ¢} < Econio.n[sup a;v) (]
v; €V v, EV

I. Efficient Fixed Budget Algorithm

Algorithm 5 Fixed Budget ACED for Combinatorial Bandits (Computationally Efficient).
Input: Budget 7', tolerance € > 0.
i =0eR: N — {T/ 1og2(ne*1)J.
fork=12,..., {log2(defl)J do

~T
hy <— argmax; c4 g h

Let )\S) be the solution of the following optimization problem

7 T —1/2
inf EQNN(O,I) [max (hk h) :4(A~) C ]2 (52)
rea heH 2=k+1n 4 [l (hy, — h)

Let A;f) be the solution to

(53)

1
. X

inf max max P

NEA heH iehyah 27k n + T (hy — h)

e — 5O +07)
1,

Sample {Zx S EN} A~ Ak
Query z1,...,xn and receive rewards y1, ..., yn.
Let fix+1 = Zil AN " tzsys.

end for

~T
Return arg max;, ¢ fg 1P

In this section, we present Algorithm 5, which can be implemented in practice. Algorithm 5 resembles Algorithm 4 with two
differences. First, it uses the IPS estimator instead of the theoretical estimator derived in the proof of Theorem 6. Second, it
mixes the design (given in used in (23)) with the design defined in (53) in order to control the worst-case deviations of the
IPS estimator.
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Now, we briefly discuss why Algorithm 5 can be efficiently implemented. As is standard in combinatorial bandits, we
assume access to a linear maximization oracle: for any v € R?, we can compute

Oracle(v) = argmaxv ' z
Z2€EZ

efficiently.” (Katz-Samuels et al., 2020) gave a procedure for efficiently solving (52) up to a constant factor assuming

A .
i€hi Ah 35— k+1n+ﬁ7(hk h)’ g 18

convex since it is the maximum of a collection of convex functions. One can compute the subgradient of g using the linear
maximization oracle. For each ¢ € hy, one can compute

a linear maximization oracle, and so we focus on (53). Define the function g(A) = max

max 7, h
h:i¢h Mk

by defining

(i R JF
M§){ J

-0 j=1

and use the linear maximization oracle to compute maxj ' i(). Using a similar technique, for each i ¢ hy, one can
compute

max [, h.
h:ieh 'UJk

1

Then, using a standard result about subgradients, we have that g(\) consists of -2 X where 7 and h attain the

)\
Ay (h h)
maximum in

1

max ma. As
heH zehkAh 2-k+lpn 4 ol (hy —h)

Thus, using this trick for computing the subgradient and any optimization procedure for nonsmooth convex optimization, we
can optimize (53). In Theorem 7, for the sake of simplicity and focusing on the key ideas, we suppose that (52) and (53) are
solved exactly, but using the optimization ideas laid out here would only affect the sample complexity up to constant factors.

The following complexity parameter is a key term in Theorem 7:

1

* - by
VO = min, max e e (e =)

Theorem 7. Let T € Nand e > 0. If T > ¢y log(ne=1)[v*(€) + p*(e) + ¥*(¢) log(|H|) log(log(|H|))] , then Algorithm 5
satisfies

— log(|#]) log(log(#]))¥" (€)
log(ne=1)[y*(€) + p*(e) + ¢*(¢)]

]P’(,uTﬁ +e< p'hy) < calog(ne )2 exp(— )

where c1, co > 0 are universal constants.

Proof of Theorem 7. Let a > 0 be a universal constant that will be specified later. Let § > 0 such that
T = alog(ne™")[log(1/8)(y* (€) + p"(€) + " (€)) + 9" (€) log(|H]) log (log(|H]))],
which exists since by assumption 7' > clog(ne=1)[y*(e) + p*(€) + ¥* () log(|H]|) log(log(|H]))]. Note that

N =log(1/6)a(y"(€) + p*(€) + ™ (€)) + " (€) log(|H]) log(log(|H[))- 54

’In the setting of active classification, this is equivalent to assuming a weighted 0/1 loss minimization oracle.
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Recall fiy, = AN SN 27y, and
Sp={hecH:A, <n27F1}
Note that Sy = H since p € [—1, 1] by assumption. Define the event at round & for I € [k] U {0},
Era ={ sup |(h—1")"(x — p))) <
h,h' €Sy

1
mMaxp,nes, MaAXieh AR/ X7

c[E[sup hT A(NX)™/2¢] + (log(log(|Si])) log(|S]) + log(1/3)) I
heS;

Vlog(1/6))}

+ Hh— %
A(NN)-1

Define &, = ﬂfzo&c, jand € = ﬂf:g“‘i(mil)é'k. Now, using the law of total probability, the independence of samples between
rounds, and Lemma 5

k
P(ES) <D D P(E | NEZL &) < log(ne ).
k>11=0

Suppose that £ occurs for the remainder of the proof. Note that using the same series of inequalities as in (27)-(29), we have
that

sup |(h—h) " (1ix — p)]) <
h,h'ES,

/ T —1/2 maxp p'es, MaAXich AR/ %
C[\/log(l/5))E[:ggh A(NA)"=(C] + (log(log(]S1])) log(|Si]) + log(1/6)) ~ ]

We argue inductively that at every round k > 2

1. forall h € S¢,

R A
[(he — B) T (i, — p)| < ?h

2. forall h € Sy,

. 2fk+1,n
(e — 1) T (i — )| < 2
Claim: Base Case. Let & = 2. Then, the event &> ¢ implies that
T (77, —
sup (R — h) " (g — p)l)
heH 271n
h— hl T(. _
N e O]
hh'EH 2='n
1

1 maXp, h'er MaAX;chAL' Y

< 57=¢/[Viog(1/0) Elsup hT ANNA) /2] + (log(|M]) + log(1/8)) —— =]
heH

maX}L,h’EH maX;ehAh' %ﬁ ]
¥*(€)(log(log(H)) log(H) + log(1/4)) "
(55)

_ ! C/[\/log(l/@E[SUPhEH KT A(N)~1/2¢]2

27 log(1/0)aly () + o+ (oellH]) +1log(1/9)) 7
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where the last line follows by (54). Recall that \; = %(Agl) + )\él)) where /\51) is the minimizer of (52) and )\51) is the
minimizer of (53). We have that

hTA) V%, hT AN =1/2¢

E < 4E
hTAN) V3¢,
— 4minE[sup 22 5
min [sgp 51, ] (57)
< c[y"(e) + p*(e)] (58)

(56) follows by sudakov-fernique inequality since A(\;) = %A(Agl)) implies that v2A(A{"))=1/2 = A(A;)~1/2. Line
(57) follows by definition of )\gl). Finally, (58) follows by the same series of inequalities that established (46).

Fix h,h' € H. Then, if : € hA} , then either ¢ € hAh, ori € h'Ah,. Thus,

1 1
A1,i A1,i
max max T <2 max max T
h,h€H ichAR 271In heH\{h.}i€RAR, 2710
_1
AR
<4 max max 1 59)
heH\{h.}i€hAh, 271n
1
=8min max max -t (60)
X heH\{h.}i€hAL, 21
< cyp*(e) (61)

where (59) follows by definition of A1, (60) follows by definition of )\52), and (61) follows by definition of ¢* (¢) and since
forall h € H\ {h.}, Ap < 2n.

Then, putting together (55), (58), and (61), we have that if the universal constant « is large enough, then

h—Hh T(3, _
wp =BT~ ) _ 1
h,h'eH 2_117, 8
this proves the base case.
Claim: Inductive Step. Suppose that at round k > 2
1. forall h € S},
N Ap
|(hs — h)T(Nk — )| < 3
2. forall h € Sk,
R 27k+1n
(e = 1) T (e = )| < =5

Now, we prove the statement for round k + 1. Let [ € [k + 1]. Using £x41,;, we have that

SUuPp, pres, [(h = 1) T (fikg1 — ) hTA(NX,)~1/2¢ )
< Bl S, VA
=™ <ec 1og(1/5)E[§g§)l = (62)
maxXhp,h'es, MaAXichAh! 12/:\zk,f
+(log(log(|S1])) log(|Si]) + log(1/6)) (63)

N
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Bounding the first term, we have that

e )12
hTA(NXg) WC \/ Efsupy,cs, L1008 ]2
log(1/0)E[su log(1/96) L 27"n
\/g(/)[hegl B — g(1/9) N
SUPpes, (Ek_h)TAf(Z\izil/QcP
log 1/5 €95 Ap+2 n (64)
N
sup, (ﬁk—h)TA(2k2*1/24]2
log( 1/5 S ]AV’H_T o (65)
suppe EITAG)
Ta 1
M log 1/5 (he—h)T fi+2—F+ (66)

N

Since hy, € S; by Lemma 3 and forall h € S;_1, 27"2n > Ay, + 27%+1n, we may apply Lemma 4 to obtain line (64).
(66) follows since we assumed & holds and Lemma 3. Using a similar series of inequalities to Step 3 in the proof of
Theorem 3, we have that

RTA(NA,)~V/2¢ E[sup;, s (hae— MTAQ 12
v L tip
10g(1/5)E[Sup —lk]g <" log(1/5) (ho—h) T fint2
hES; 2=In N

(hie=m)TAQ)=1/2¢ 1o
UPhen (he—h)T fig4+2=*+1n

Efsu

< ""\|log(1/9) N (67)
E[suppeq (hi =) TAQ) /% ]2
—_— ngn log(1/6) EH (hy, ]G)T#kJrZ k+ln (68)
S /I///\/log(l/é) (6) j\;’y (E) (69)
1
< 32 (70)

where (67) follows by Sudakov-Fernique inequality and the definition of A\, (68) follows by the definition of )\2,1), (69)
follows by the same series of inequalities used to establish (46), and the last line follows by plugging in (54) and letting «
be a large enough universal constant.
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Now, we bound the second term. We have that

1/ Ak 1/ Ak
max max — < 2max max
h,h/ €Sy i€hAh! 27l heS) ichan 270
1/ Ak
<4max max —————— 71
heSt ichenn 275 N + Ay 7n
1/
< cmax max [k, (72)
heSi iehy,ah 2=k n 4+ ] (hy — h)
1/
< cmax max / k7~
heH 16}1kAh2 ’H‘ln—i— (hk —h)
1/)\(2)
< ¢ max max =
heH jchpAn 27Kt In + 10 (hk —h)
1/X;
= ¢ minmax max / (73)
N heH ichpan 27k n 4+ i (hy, — h)
1/
< c m)}nl}?eaﬁzen}iaih 72 ’f‘*‘ln—i—Ah (74)
/N /N
< TR A T B 75
<" min max 5 Fln 1 A, | AER ichoAn 2R n + A, (75)
/N
< " 1
¢ minrf?ea’ft{zgg Ah 27 ’H‘ln—i—Ah
S C,Nd)*(e)
(76)

where in (71) we used that since for all h € S}, 27 'n > W%Ah and and in (72) we used the inductive hypothesis and

Lemma 3 and in (73), we used the definition of /\,(f), and in (74) we used the inductive hypothesis and Lemma 3, and finally
in (75) we used if ¢ € hj, Ah, then either i € h,Ah ori € hipAh,.

Thus,
1/ Mg,

Ea < "' (log(log(|S|)) log(]Si]) + log(l/a))w;\(ﬁ

(77)

maxp n'es, MaX;chAh!
N

(log(log(|S1])) log(|Su]) +log(1/6))

1
<
- 32

where the last line follows by plugging in (54) and letting « be a large enough universal constant. Then, putting together
(63), (70), and (78) yields for every [ € [k + 1] U {0}

(78)

supy pres, |(h — W) (B — 1) < 1
2-Iln — 16

Using the same series of inequalities used to establish (35) and (36) completes the inductive step.

Correctness. This argument is the same as in the correctness step in the proof of Theorem 6 O

I.1. Lemmas

In this Section, we prove the main concentration inequality, Lemma 5, that is used in the proof of Theorem 7. We need the
following definition for the proof of Lemma 5.

Definition 2. Fix a set'T' C R™. Let d be a metric on R™. The v, -functional of T is defined as

T,d) = inf su ZdtT
mn( (Tx) feJEZ 2
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where the infimum is taken over all admissible sequences of T

Lemma 5. Let G C H. Fix some \ € /\,, and draw {x,}!_, ~ ) and then observe ys with mean x[ 11 and |y;| < 1 with

probability 1 for s = 1, ..., t. Then, there exists a universal constant ¢ > 0 such that for any u > 0 with probability at most
exp(—u)
sup |(h —h') -1 T1,Ys — <
Al T

1

_ maxp p'eg MaXichAh! X

c[E[sughTAm) Y2¢] + (1og(log(|G1) log(1G]) + u) e
he

+||p - Vil

A(tA) -1

Proof. Using Corollary 7.9 of (Ledoux, 2001), we have that with probability at least 1 — exp(—u),

sup [(h —h') Tr,Ys — <
h,h'€g ‘( Z
1
maXh,h'eg max;echAh’ -
E[ sup |(h—h') T1,Ys 3
d [h h'eg I Z t
o V). (79)
A(tA) -1
Using the standard technique of symmetrization, we have that
E[ sup |[(h— h xr.ys — )] < 2E, .. [ sup |[(h— h xr esl] (80)
Al Z el SR Z
where €1, . .., € are Rademacher random variables. By Bernstein’s inequality, we have that
1 i u2 U
P(\(h—h’)T(fA()\)flszSes\ > u) < 2exp(—c , —)- 81)
t max;ehAh’ 7x;

pou Hh wl®

A(tA)~1

Define the set G = {A(\) "1/ : h € G}. Then, using (81) and applying Theorem 2.2.23 of (Talagrand, 2014), we have that

t
1 _ ~ ~
]E[hS}}lpg |(h =BT (AN Y w6l < (G, da) +71(G, )] (82)
h'e s=1
where ds is the metric induced by H . H and d; is the metric induced H . H . Using Talagrand’s majorizing measure theorem
2 e’}

(Theorem 8.6.1 in (Vershynin, 2019)), we have that

72(G,d2) < Ecno.n [}sLu?I_)L hTAN) Y. (83)
€

From the definition of 1, it follows trivially that

1
maxp, n'eg MaAXichAh! 3o

71(G, dh) < log(log(|g])) og(I9]) ; - (84)

Finally, putting together (79), (80), (82), (83), and (84), we obtain the result.
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J. Thresholds

Let n be a power of 2. Let H = {ey : k € [n]} where [e4]; = 1{i € A}. Assume that . € €(2ep,; — 1) for some
k. € [n]. Then

. <h—h*,ﬁ—u*>r
:=infE |sup ——M—=
K |:h67'l <h - h*a 1u’*>

2
. (h — hs, A(A)1/2<>]
=infE |su
A LEE (= T )
2
k41 A PRI
=infE | sup MV, sup ZAERL VA

A kske (B=kJh gk, (B = k)R

and

max max

1 1ea G
%g .log, (n) k=[27,27+1) ELZ\/)\»,L

k
< max - E
7=0,...,log,(n) k= [21 27+1) ] —

i=

_ G 1
7=0,..., log, (n) 27 — \/)Tl + k=[r2171,a2)§+1) 27 22; \/A»

k
1 Gi
< max — + max max — .
T j=0,...,Jogs(n) \ 27 4 oy §=0,...,log, (n) k=[2j,2j+1)2jz:j\/)\i>
1=

We now take \; = Note that " | A\; > 1/2 and for any k > 1 we have Z )\i < k%logy(n)/2.

1
ilogy(n)”
For any v we have

271 279 -1

1 G 1 1
E |exp VQ—]; ow = exp VZQZ] ;)\7 < exp (y210g2(n)/2)

X3

so we apply Proposition 1 with 02 = log,(n) and 7 = {0, 1,...,log,(n)} to obtain

271

E QJZ

Ing(n)

< V/2logy(n) log(log,(2n)).

The second term deserves a bit more care. First, note that

1 & i /210g b
_ ? 2
=0, oy () (k_{;}?2?§+1) 2 =N ) 0, oga(n) (zc (27 55+1) ZCZ)

=27

12 log b G)
2 § J
= max
7=0,..., log, (n) ( 1,...,2 CZ )
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where each {C(])}2—1 are i.i.d. sequences of N (0, 1). Now

/21og2 N
P max D) >t
(] =0,.. 710g2(”)< 27 ZC ) )
< Z max ”21Og2 ZC >t
o (n) k=1,...,2 2J

S exp(~t2/4logy(n))

J=0,...,log,(n)
= log,(2n) exp(—t?/41og,(n))

IN

where the last inequality follows from Doob’s maximal inequality. Thus,

2logy(n) )
Y- (k_ra%%fzjv o 2

E
i=1

o /210g (
< P max max 2 D) >t
B /t:O <j=o,...7log2(n) <k L. ZC
S/ min{1,log, (2n) exp(—t*/4log,(n))}dt

< a4+ logy(2n)+/4mlogy(n /
V4T log2

< a+logy(2n)+/4m logy(n) exp(—a?/4 logz(n))}
< V/4logy(n) log(logy(2n)) + /4 logy(n)

exp (—t?/41ogy(n)) }dt

for a = \/4log,(n) log(log,(2n)).

Putting it all together we have

.4 2
1 < & (V210 (n) ooz (2n) + /o (n) ooz 2n) + /i log ()
< 194 1og,(n) log(log,(2n))

= 62

K. Implementation Details

In this section we discuss the modifications and implementation details of Algorithm 2. We consider the slightly modified
version present in Algorithm 9.

K.1. Optimization

First, we reiterate the following definition from Section 4.2:

et (i (21) = hlw:) 472
92—k+1 + é}/r(hvﬁkrfl) _ é}/r(ilk,ﬁkil) .

F Q) =

K.1.1. MIRROR DESCENT

In Algorithm 2, we need to solve the optimization problem in (5), namely,

Jnf Bewo,nmax f(X; h; €]
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We use stochastic mirror descent method. Specifically, given a current iterate Xand aniid. sample (1, - - - ,(p we computed
an unbiased estimate of the sub-gradient

B
~ 1
g(>‘) - E ;VA I}?ea]){( f(A7ha<l) A ’

and then move to A, = H(exp(log(X) - ng(X))) where II(z) = x/||x||; and log, exp are applied element-wise. The step
size 1 is chosen by back-tracking line search where two step sizes are equivalent if the difference in estimated function
values is dominated by the the square root of the empirical variance, with respect to the finite batch size estimates.

The batch size was grown adaptively. Let f(\) = E¢n(o,r)[maxpen f(X; h; €)], Ax € argminy f()) and suppose the
algorithm is at some current configuration by By convexity of f we have
)
= (VF(N) =g\ A = A) +(g(AN), A = A

where 7 is the empirical variance of [9(A\)] 5. namely, the sample variance of {[Vx maxpep f(X; h; Ci) N X]k}{il divided

by B. Note that 5, = O(1/+/B). Thus, we double the batch size B + 2B whenever 2 max}, 5}, > max (g(X), X — eL).
This also motivates our stopping condition: for input €, terminate when 2 maxy, o + maxg(g(A), A — ex) < €. Because B
is increasing over time, this stopping condition will always, eventually, be met.

For a fixed ¢;, to compute the corresponding gradient, we computed h = arg maxycqy f(A; h; ¢) and used the fact that
Vamaxpen f(A;h;¢) = Vaf(X; h; (). As described in the next section, finding h is difficult due to the use of surrogate
loss functions. We provide a line search method, LineSearch(, ¢), that finds an approximate value for it. Together, the full
optimization is as follows:

Algorithm 6 SMD (hy,, 7jj._1 ).

Goal: Solve for maxy E¢no,r)[f(A; h; ¢)], where f inherently depends on hy and 7, 1.

Input: Tolerance e for stopping criteria.

Initialize: \ «— 11

repeat
Sample (1, ...,(s ~ N(0,1).
Compute h; = LineSearch(/A\, ¢i) for all ¢ € [B] and their corresponding gradient estimates V » f (X, hi, &).
9 = F 32, Vaf K hi, o).

~

X «— I(exp(log(X) — ng(X))) where 7 is chosen as described above.

if 2 maxy, 0, > maxg(g(\), A — ex) then
B «— 2B.
end if R
until 2 maxy, 0% + maxg{(g(A\), A —e) < e

K.1.2. LINE SEARCH
Then, computing maxpey; f(A; h; €) is equivalent to

min r subjectto g(r) <0
reR+

where a = —2751 — 37, (1= 20 ) hi (i), b = ey b (@i)s i = 1= 21, di = =575 and

i

g(r)=ar +b+ new Z (cir + di)h(z;).

1€[n]
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In particular at the optimal value of r, called 7*, arg max;,c4, f(X; h; ¢) = argmax;, 4 g(r*).

As shown in Section 4.2, given access to a weighted classification oracle, computing maxp ey Zie[n] (cir + di)h(x;) is
equivalent to a 0/1-loss minimization problem that is solvable using a weighted classification oracle. If we had such an oracle
then since g(r) is monotonically decreasing as a function of r we can use a binary search procedure to solve this optimization
problem. Indeed, for any given range [I'min, "'max] Where the optimal 7 lies in, we are checking if g(w%) < 0. If that
is the case, we just set 7y, — minfErmax otherwise, we set ryax — “minfmax We then check the sign of g(Zminfrmax)
again and repeat this procedure until a sufficient tolerance is met.

However, in practice, we do not have access to a weighted 0/1 loss oracle and must employ a convex surrogate loss that may
not correctly solve the weighted classification problem. To be concrete, in all of our experiments we used Scikit-learn’s
LogisticRegression classifier. Given such a surrogate, which we denote as maxy,c g to acknowledge that it may not
find the optimal h, the resulting function

§(r) = ar + b+ max i+ di)h(;
g(r) = ar + b+ max EZH(cH Yh(z;)

may no longer be monotonically decreasing in 7 hence a binary search procedure would fail. However intuitively it suffices
to look at a large enough set of ’s near a zero (). To overcome this issue, we used the procedure in Algorithm 8.

Algorithm 8 overcomes this issue by considering a large set of potential r values and for each value computing the
corresponding h, = argmax §(r) and stores these in the array S. It then returns arg max;,c g f(A; h; ¢). The set of r values
considered is chosen by a multi-scale procedure that looks at  values on a finer and finer geometric grid given a budget
NIIlaX'

Algorithm 7 Oracle(r, S).
Goal: Solve for maxnenar +b+ 3¢, (cir + di)h(zi).
Compute h = maxXnen ;e (¢ir + di)h(wi) by the relaxed weighted classification oracle.
Set g« ar +b+ >, (cir + di)h(:).
S+ Su{h}.
Return: g, S.

Algorithm 8 LineSearch(}, ¢).

Goal: Solve for maxpey f(A; h; Q).
Input: fixed A and ¢; maximum number of iterations Nmax; tolerance e.
Initialize: S < {}, r « 100, v + 10,6 < +/2, and t + 0.
g, S < Oracle(r, S).
while § < 0 and ¢t < Nmax do
r < r/2. {ris too large}
g, S < Oracle(r, S).
t+—t+1
end while
forj=t,..., Nmax — 1 do
g,S < Oracle(r, S).
if g > 0 then
r < v - 7. {ris too small, need to increase r so that g decreases. }
else
r + 7/v2. {Reaches a point where 7 is too large, scale back.}
v /0. {Start searching with a finer grid scale.}
end if
end for
Return: argmax;, cg f(A; h; Q).

K.2. Sampling

The last portion of our algorithm is the sampling scheme. The algorithm described in Algorithm 2 does not reuse samples
between rounds to compute an estimate for 7). In practice, this can be very wasteful and we instead want an estimator
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based on all samples up to and including those taken in round k. In each round the algorithm computes Ay with the goal of
Ak &~ A, for large enough values of k to ensure that we are sampling from the optimal distribution in that round. Hence,
since we are recycling samples, we need to ensure that the distribution of all samples taken by the end of round k, including
those in previous rounds, match A.

To ensure those, we use a waterfulling technique. We set p; = A1 and then for each k > 1 we set

pr, = arg min max max{0,k - Ay j — (Z Dij) — qj}- (85)
g€, I=n »

Our algorithm being implemented is shown below:

Algorithm 9 Fixed Budget ACED with Waterfilling.
Input: Budget 7', tolerance € > 0, batch size /N (default 250).
770 +«—0
fork=1,2,..., {logQ(efl)J do

hy, +— argmin, ¢, ert(h, fe—1).

Optimization _
Ak <— SMD(hk, ﬁkfl).
Sampling
Sample till observing N unique {wgk), ... ,J:S\]f)} ~ pi that has not been queried before (from rounds 1, ..., & — 1).
Query z1,...,xn and observe yi,...,yn.
Compute an estimate 7j; with the naive estimator n(vae) as defined in Section 5.
end for

Return: argmin, 4, ar™ (h)

K.3. Batched IWAL

In this section we explain our implementation of the IWAL algorithm(Beygelzimer et al., 2010) (and variants such as
IWALI1 and oracular variants) for streaming active algorithms. In round £ we assume access to a (labeled) dataset
Sk—1 = {(zi, i, pi) ¥} C X x {1} x [0, 1], with n, < k. Given a new point from a stream, x, the decision to label
zj, is made by computing two hypothesis. Firstly we compute

1
—argmlnz {h T #yz}

heH i

and second we compute

1 {h(x; i
hj, = argmin 27{ (ac);éy}
heH i1 bi
hi (z1)#hy, (xk)

Thus to compute i), we need access to a weighted classification oracle for 0/1 loss that can handle a single constraint.
In general including the constraint hy () # h}.(xx) is not easy for arbitrary classes and past methods have considered the

optimization

angnin Y- HLIE 1) 2 o)

K2

for a sufficiently large weight ¢ € R to ensure the constraint(Karampatziakis & Langford, 2010) .

However in the case of linear classes under the surrogate convex logistic loss, the main focus of experiments in this paper,
we take a different approach. Assume that X C R and that H = {h(z) = w2z +b:w € R, b € R}. W.Lo.g. assume
that hy(z) = —1. Under this convex relaxation, we seek a classifier where w'x, +b = ¢, where e > 0i.e. the linear
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predictor flips the predicted sign of z;, and has margin e. Thus we learn (an approximate) hj}, by solving

Nk 2

1 1
min Z P log(1 + exp(—yi(w' z +b))) = %{1 P log(1 + exp(—yi(w z; —w ' xp + €)))
% wERP =1 Lt

Nk

1
= min >~ D101 + expluw (@~ 20) +)
WER L P

This is a convex optimization problem with no constraints that is easily solvable using a procedure for logistic regression
where we assume that the intercept is some € with really small magnitude.

L. Full Scale Plots for Performances on the Pool
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Figure 5. Full scale of Figure 1
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M. Hyperparameters for Baselines

We searched in the following Cj that uses the same grid fineness as (Huang et al., 2015):

Baseline MNIST SVHN FashionMNIST CIFAR
IWAL-0&1 10°7,1076,...,1 1077,1075,...,1 1078,1077,...,1 1077,1076,...,1
ORA-IWAL-0&1 N/A 1074,1073,...,107' 107%,1077,...,1 107%,1073,...,10!

OAC .001,.003,.01,.03 .01,.03,.1,.3 .001,.003, ..., 1 .001,.003, .01, .03

Table 1. Ranges of Cj searched for different experiments.
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Figure 9. Sensitivity of OAC to Cj on the CIFAR 2 vs 7 dataset (training accuracy).

We used the following amount of passes over dataset for the following baselines. For OAC, we made sure the number of
passes is sufficient enough so that the algorithm is no longer taking more queries.

Baseline MNIST SVHN FashionMNIST CIFAR
IWAL-0&1 and ORA-IWAL-0&1 1 (N/A for ORA variants) 2 2 2
OAC 5 10 10 10

Table 2. Ranges of Cj searched for different experiments.

For Vowpal Wabbit, we used an initial learning rate of 0.5 for CIFAR, and 1 for every other experiments.

N. Generalization Performance on Holdout Set

In the following figures, we show performances of the algorithms on a holdout test set. We note that there’s no algorithm
that is consistently the best among all four experiments, but ACED is consistently among the top two algorithms, and is the
best in two of the four experiments. We also reiterate that the OAC curves have stopped taking more queries at the end, so
their final accuracies are inferior than other algorithms in most cases.
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Figure 10. MNIST performance on test set
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Figure 11. SVHN performance on test set
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Figure 13. CIFAR performance on test set



