Adaptive Newton Sketch

A. Additional experimental details

For NS-ada, we double the sketching dimension when Ay (z'*1) > ¢;Af(2%) min(1, cad s (2*)7). Here ¢1,co > 0 and
7 € [0, 1]. For all compared methods, we use the backtracking line search method to find a step size satisfying the Armijo
condition. For NS-ada, NS and NE, we stop the algorithm when A (z) < 1075 or A¢(z) < 1075. For first-order methods,

we first compute a referenced solution z* based on NS-ada. Then, we stop the algorithm when %(’;@)) <1078,

The parameters of NS-ada and NS with for each dataset are summarized in Tables 2 to 4.

Dataset mg | ¢1
RCVI1 100 | 2
MNIST 100 | 0.5
gisette 10 2
realsim 100 | 2
epsilon 100 | 1
a8a-kernel 10 | 0.5
w7a-kernel | 10 | 0.5
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Table 2. Parameters of adaptive Newton sketch with SJLT sketching.

Dataset mg | ¢c1 | T | co
RCV1 100 | 1 011
MNIST 100 05| 1] 6
gisette 10 2 101
realsim 100 2 (0] 1
epsilon 100 | 1 0| 1
a8a-kernel 10 |05 (0| 1
w7a-kernel | 100 | 0.5 | 0 | 1

Table 3. Parameters of adaptive Newton sketch with RRS sketching.

Dataset m (SJILT) | m (RRS)
RCV1 800 800
MNIST 800 1600
gisette 400 400
realsim 800 3200
epsilon 800 3200
a8a-kernel 100 800
w7a-kernel 100 800

Table 4. Sketching dimensions of Newton Sketch.

We present numerical performance of compared methods with additional details and additional numerical experiments in
Figures 5 to 9. Comparatively, NS-ada-RRS tends to have larger sketching dimension than NS-ada-SJLT. This may come
from that NS-RRS has stronger oscillations than NS-SJLT in the plot of A #(«'). Thus, NSN-ada-RRS can be slower than
NS-ada-SJLT in some test cases where n is not significantly larger than d.

For kernelized regularized logistic regression, the data matrices A and A are constructed as kernel matrices based on the
original data features. Namely, it follows
Aij = k(as,a;), A = k(@™ a;),

where {a;};-, and {a{**"}]"* are original data features from the training set and test set respectively. Here k(x,z’) :

R? x R — R is a positive kernel function. We use the isotropic Gaussian kernel function:

k(z,z') = (2rh) =2 exp (—21h||m — x’||§> ,
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Figure 5. RCV1. n = 10000, d = 47236, 1 = 10™~.
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Figure 6. MNIST. n = 30000, d = 780, = 10" ".
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Figure 7. realsim. n = 50000, d = 20958, ;1 = 1073,



Adaptive Newton Sketch

relative-error

test-error

relative-error

test-error

Ns-ada-SJLT NS-ada-SJLT Ns-ada-SJLT
Ns-ada-RRS —+ NS-ada-S|LT NS-ada-RRS Ns-ada-RRS
NS-SJLT . NS-ada-RRS NS-SJLT NS-SJLT
NS-RRS —— NSSILT NS-RRS NS-RRS
Newton e NS-RRS Newton Newton
1072 10
—— GD-LS — Newton GD-LS GD-LS
- \ —— NAG-LS /e GD-LS NAG-LS T NAGLS
10 t S —— SVRG . nagLs SVRG i SVRG
Katyusha — Katyusha
1051 | { ty SVRG | aty . b
\ l —— Katyusha | =
0 50 100 150 200 250 300 O 200 400 600 800 0 20 0 60 80 100 0 20 40 60 80 100
epoch time epoch time
tilde-lambda tilde-lambda sketch-dim sketch-dim
—— NS-ada-S|LT Ns-ada-SJLT -0 - 7 -
10° 1094
—— Ns-ada-RRS NS-ada-RRS . o .
108 —— NSSJLT 106 NS-SJLT 1o J 1o
—— NSRRS NS-RRS O R
10° —— Newton 10% Newton f
100 100 —— 102 | —— NS-ada-SJLT 102 r —— NS-ada-SJLT
P —— NS-ada-RRS f —— NS-ada-RRS
103 103 —— NSSILT —— NSSJLT
10-6 t 10-¢ ) —=— NS-RRS —— NS-RRS
- X I . —
| 100 I Newton 100 Newton
0 50 100 150 200 250 300 O 200 400 600 800 50 100 150 200 250 300 200 400 600 800
epoch time epoch time
. . -3
Figure 8. gisette. n = 3000,d = 5000, x = 10™°.
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Figure 9. epsilon. n = 50000, d = 2000, = 10™*.
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where h > 0 is the bandwidth. We set A~ = 10 for a8a dataset and h = 20 for w7a dataset. For NS-ada-SJLT and

NS-ada-RRS, we let ¢c; = 0.5,7 = 0 and ¢, = 1. For NS, the sketching dimensions are summarized in Table 5.

We present numerical results with additional details in Figures 10 and 11. We can also observe super linear convergence rate
of NS-ada in the plot of A¢(x") when z* is close to the optimum of the optimization problem. Similarly, NS-ada-RRS tends

Dataset m (SJILT) | m (RRS)
a8a-kernel 100 800
w7a-kernel 100 800

Table 5. Sketching dimensions of Newton Sketch. kernel matrix.

to have larger sketching dimension than NS-ada-SJLT.
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Figure 10. a8a. kernel matrix. n = 10000, d = 10000, . = 10.
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B. Proof of main results

B.1. Proof of Lemma 1

Let € dom f. We use the shorthand A : = V?f(x)'/2, and we let A = USV " be a thin SVD of A. We denote
by H'/? an invertible square-root matrix of the Hessian H = H(z) = AT A 4 V2g(x). Recall that Hg = Hg(z) =
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ATSTSA+ V2g(x). Then, we have

Cs=H *HgH * =H %(H + (Hs — H))H %
= I+ H Y*(Hg— HYH™/?
= I, +H Y?vs(UTSTSU - I,)sVTH-Y/2,

We use the shorthand M : = XV T H~1/2, Using the fact that V2g(x) = p Iy, it follows that
|M||% = trace(SV T H'VY) < trace(SV T (AT A+ puly) 7 'VYE) = d, () . (37)

It remains to control the spectral norm of M " (UTSTSU — I;) M.

(SJLT). It was shown in (Nelson & Nguyén, 2013) that for £ > 0 and p € (0, 1/2), it holds with probability at least 1 — p

M|

4
that |M T (UTSTSU — I;)M|| < e provided that m > COHETF, where ¢y > 0 is a universal constant. Note that this

p
lower bound on the sketch size is increasing as a function of ||M||%. From inequality (37), it is then sufficient to have

m 2= ¢ % for the above inequality to hold with probability at least 1 — p.

(SRHT). According to Theorems 1 and 9 in (Cohen et al., 2015), it holds with probability at least 1 — p that
IMTWTSTSU — I)M]j2 < = provided that m > coe~?(|[M]3 + log() log(|M|[3/p) ), where co is a univer-
sal constant. Note that this lower bound on the sketch size is increasing as a function of || M||%. From inequality (37), it is
then sufficient to have m > coe2 (du(m) + log(é) log(d,(x)/ p)) for the above inequality to hold with probability at
least 1 — p. O

B.2. Proof of Theorem 1
Let z € dom f. Plugging-in the definitions of vy, and vy, we have
1one = Vnsicll () = [1H'? (vne = vnsi)ll2 = | H2(Hg 'V f(z) = HT'V f(2))ll2
= |(HPHG HY2 — 1) H V2V f (@)
<G5t = Lall2 [|[H2V f(2)]2 -
Using that | H Y2V f(2)|2 = ||vne|| (), we further obtain

HUne - UnskHH(z) < ||CS_1 - Id”? aneHH(z) .

Under the event &, ,,, , it holds for e € (0,1/4) that (1 +¢/2)"1I; < Cg' < (1 — £/2)7'1,. Using the facts that
(1+¢/2)7' >1—cand (1 —/2)7! < 1+ ¢, we obtain the inequality [|Cg" — I4]|2 < &, whence

||Une - vnskHH(z) g € H'UneHH(z) )

which proves the first inequality of Theorem 1. On the other hand, we have
(@) = (Vf(@), H3 'V (@) = (H V() A HG HYH 3V [ (2))
_1
= |Cs* H 2V f ()2

It follows that

1 ~ 1
— M (@) < 2 p(2)? < ——— M (2)?.
Umax(CS) f( ) f( ) Umin(CS) f( )

Conditional on the event &, ,,, - and using that (1 +/2)7! > 1 —cand (1 —£/2)~! < 1+ ¢, we obtain the claimed result,
ie.,

(1—2) Ap(2)? < Ap(2)? < (1+¢€) Ap(a)?.



Adaptive Newton Sketch

B.3. Proof of Lemma 2

Our proof of this result closely follows the steps of the proof of Lemma 3(a) in (Pilanci & Wainwright, 2017): the core
arguments are the same, but we adapt the proof to our technical framework, that is, conditional on the event &, ,, .

The strategy of the proof is to show that the backtracking line search leads to a step size s > 0 such that f(zpsk)— f(z) < —v.
We define the univariate function g(u) : = f(z +uwvng.) and we set &’ = 2. We first show that & = satisfies

1—e°
the bound

1+(14+¢) A s (x)

g(i) < g(0) — atA}(z), (38)

which implies that @ satisfies the exit condition of backtracking line search. Therefore, the step size s must be lower bounded
as s > bu, which further implies that the new iterate x,sx = = + supg satisfies the decrement bound

X ()2
Flns) — (o) < —abp— 2
T+ (14 2=%)Ap(2)
By assumption, hy 7(z) > n. Using the fact that the function u WQAU) is monotone increasing, we get that
1—¢
0
f(@nsk) = fz) < —ab —————~ =,

1+ (1+ 2y
which is exactly the claimed result. It remains to prove the claims (38).

According to Lemma 4 in (Pilanci & Wainwright, 2017), we have for any v > 0 and v > 0 that

g(u) < g(0) — uds(z)* —y —log(1—7) , (39)
provided that u||vnsk || r(z) < 7 < 1. By assumption, the event &, ,, . holds true. As a consequence of Theorem 1, we have
that

LSS @) = L+ ) (a).

[Vnsk | (z) < (14€)Ap(2) < T

It follows that @ | vnsk || r(z) < @(1 + €/)Xf(l') < 1. Plugging-in v = @ and v = 4(1 + 5’Xf(x)) into (39), we obtain that

2 _ (24224 (2)?

= ey Ve find

Using that i(1 + /)X s (2)2 4+ a(1 4 ) Ap(z) = (1 + &)X f(x) and a((1 + )2 — 1) Az (z)
that
(£ +2) A (2)?

a(@) < g(0) = (1 + )%y (@) +log(L+ (1 + (@) + mmor o s

Applying the inequality —z + log(1 + z) < —1 (sz) with z = (1 + 5/)Xf($), we further obtain that

% 1+5/)2Xf(33)2 . (512 +2€')Xf(1')2
1+ (1+ep(z) 1+ (1+e)r(x)

2 ’
where the final inequality follows by the assumption thata < 1 — % (E) , thatis, a < % — 522 — ¢’. This concludes the

proof. O
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B.4. Proof of Lemma 3

We recall Theorem 4.1.6 of (Nesterov, 2003) (see, also, Exercise 9.17 in (Boyd & Vandenberghe, 2004)): it guarantees that
for a step size s > 0 such that |1 — s||vnsk || 7 (z)| < 1, we have

1

(1 = sllvnskl| 7 (2))?

(1 = sllonskllzr())® H(2) = H(2 + svnsi) < H(z). (40)

By assumption, the event &, , .- holds. As a consequence of Theorem 1, we have ||vnsk||m(z) < (1 4 €')[|Vnell 7 (2)-
Plugging this bound into (40) and using that || vne|| () = Ay (2), we obtain

1
(1= s(1+e)Ap(x))?

(1—s(1+&V\(2))? H(z) = H(z + svpsk) =< H(z), (41)

for s > 0 such that s(1 + &’)As(x) < 1. Denote by sy the step size obtained by backtracking line search. It satisfies
Snsk = 1. Then, it holds that

snsk(1+€)Ap(2) < (T+)Ap(x) <

where inequality (i) follows from the assumption that &, ,,, .- holds and from Theorem 1; inequality (ii) follows from the
assumption that Ay(z) < 7. Furthermore, we have ¢/ < ¢ < 1/4, as well as n < 1/16 (see Lemma 7) and this yields
inequality (iii).

Using (41), we then obtain that

A (ns) = [ H ()29 F ()
< T @ e
= e e (v
< TN

1

H(x+ svnsk)vnskds)

0 2

(Ml + MQ) )

where

)

2

M, = HH(:Z:)1/2 <Vf(:z:) + /O1 H(x + svnsk)vneds>

1
M2 = HH(QT)1/2 H(m + Svnsk)(UHSk - vne)ds
0

2
It remains to bound the terms M; and M>. Regarding M7, we have after re-arranging and using inequality (41) that

1
M, = ‘ / (H(x)_1/2H(x + Svns) H (z)~1/2 — Id) ds H(z) v
0

1 L 1/2
/o (1—5(1+5’))\f(3;))2d3_1' HH(x) Unel|,

1+
1-— (1 +€/))\f(CE) ’

2

<
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Regarding Ma, we have

1
My = / H(x)’l/ZH(x + SUnsk)H(x)*lﬂdS H(I)l/Q(Unsk _ Une)
) 2
1 1 1/2
< H nsk = Une
/0 (1—8(1+€’))\f(x))2d3 ()" (Vnsk — v )2
1
- H 1/2 nsk — Une
1—(1+e)As(x) H ()7 (nsk — ne) |
e'\(z)

S 1-(1+e)A(2)]

where the last inequality follows from the assumption that the event £, ., .- holds and as a consequence of Theorem 1.
Plugging these bounds on M; and M,, we obtain that

(I4+e)Ay (1‘)2 + &' (x)
(1= +e)Ap(z))?
Recall that &’ < € Ay(z)". Combining this inequality with (42), we obtain

. (L+eXs(@)T) Ap(@)? +eAp(2)tHT B M) +edp(z) + € e
M) S T o @A @E G- AT ea @A @)E T

c=a(r,z)

>\f (ﬁnsk) g (42)

< HaX(@) _ (4e)n o 1

On the event &, ,,, .-, we have according to Theorem 1 that (1 + €)Af(z) < 7= S = S i where the last

inequality follows from Lemma 7. Hence, the denominator of «(7, x) satisfies
1= (12X (@) (0) 2 1= (14 () > 1o
while the numerator of «(7, ) satisfies

1,11
161-7 32 2

Ap(@) 7T +edp(a) +e <

Combining these bounds together, we obtain that

8+1/2+ 167 167
—— < 0. — = .

It is easy to verify that a(7)'/7 < 2 forany 7 € (0, 1]. Furthermore, for 7 = 0, we obtain that «(0) ~ 0.63333 < 0.64 = 18

25°
and this concludes the proof. Note that a similar linear convergence rate was obtained for the Newton sketch provided that

m 2, d (see Lemma 3 in (Pilanci & Wainwright, 2017)). O]

a(r,z) <

B.5. Proof of Lemma 4

By induction, we obtain for any ¢ > 0 that o 8; < (v )", To have 8, < /4, it suffices that (a% n " < ar /b,
Taking the logarithm on both sides, this yields (1+7) log(a7 1) < log(a7v/3), i.e., (1+7)t log(1/a7n) = log(1/ar/3).
By assumption, log(1/a77) > 0 and log(1/a7v/3) > 0. Therefore, after dividing both sides by log(1/a77) and taking
again the logarithm, we find that it is sufficient to have

1 log(1/ax /6
t> Jog  EU/27 VD) ),
10g(1+7’) log(l/a?n)

7log(1l/d
—7 1 log 1+ 210gg((1//a% 1
~ og(1 Tlog(1/n)
gl +7) T\ 1+ h/
= dra6-
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B.6. Proof of Theorem 2

We denote N; : = M andp := ijQ, where T : = Ny + 1 + T. 5. Recall that we pick € = 1/8.

Our proof strategy proceeds as follows. In a first phase, we show that f(znsk) — f(2) < —v until such a decrement cannot
occur anymore, i.e., until f(z;) — f(2*) < v. Technical arguments for Phase 1 essentially follow from Lemma 2. Then, we
enter a second phase where we observe a geometric decrease of the Newton decrement as described in Lemma 3.

We define
t::inf{k>0|Xf($k)<Tl} )

According to Lemma 8, we have ¢ < N; with probability at least 1 — Nyp.

We turn to the analysis of Phase 2. We suppose that Ty > ¢ (i.e., the algorithm has not terminated during Phase 1), we define
the additional number of iterations J : = min{TT’%& Ty —t — 1}, and we introduce the event

J

@~ e[ f

EF = Eamee N gl't+1+jvmt+1+j756§ '
Jj=0

Let us assume that £ holds true, which happens with probability at least 1 — (24 TT,% s)P according to Corollary 1.
According to Lemma 9, we have forany j = 0, ..., J that m;414; = M» and,

(1) T A (@es115) < (@(7) T A (@egn)) T

Further, we have from Lemma 3 and Theorem 1 that Ay(z41) < ;—g Ap(ze) < == < m < 15 Hence,
Oé(T)%/\f(l‘H_l) < 1/8. As a consequence of Lemma 4, we must have that As(z¢414,)? < 26 for some j < T, s5
which further implies that

3(1+¢)

8

The above inequality implies termination of the algorithm before the time ¢ + 1 + TT% s- Using a union bound over
{t < N1} and & (2), we find that the algorithm terminates within N; + 1 + T57% s lterations with probability at least
I1—(Ni+2+ T_,_%(;)ﬁ

N

o 3
Af(@r4145)? < (L +)Af(@er145)° i< 0.

It remains to guarantee that the algorithm returns a point Z such that f(Z) — f(x*) < 6. Note that the exit criterion
guarantees that h f(f)2 < %6. Furthermore, the final sketch size m necessarily satisfies m > 74, so that, according to
Theorem 1, we have with probability at least 1 — p that A¢(7)? < %_EX #(Z)? < 4. Self-concordance of f further implies
that f(z) — f(z*) < \f(T)? < 6.

In conclusion, we have shown that the algorithm returns a J-accurate solution within Ny + 1 + TT%(; iterations with
probability at least 1 — (Ny +3 + T 3 s)P0 = 1 — po. This concludes the proof. O
B.6.1. COMPLEXITY GUARANTEES FOR THE SJLT

With the SJLT, consider the quadratic convergence case, i.e., 7 = 1. Let py > 0 be a failure probability, and consider the
sketch sizes

—2
_ d,loglog1/d
bo

—2
d, loglog1/6 .

o 1
Mo < —
2 0 Po

my R

We observe quadratic convergence with Ty = O(loglog(})) iterations. Further, assuming that the sketching cost O(nd)

—4
d,, log(log(1/6))*
52p2

dominates the cost O(72d) of solving the randomized Newton system, i.e., n > , then the total complexity

results in

C= O(ndloglog 1/5) .
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Similarly, we consider the linear convergence case, i.e., 7 = 0, and pick a failure probability py > 0. Consider the sketch
sizes

—2
d, log 1/6.
bo

myp X mo <

We observe linear convergence with Ty = O(log %) iterations. Assuming again that the sketching cost dominates the cost of

Za
d, log=(1/6)
3

solving the randomized Newton system, i.e., n 2, , we obtain the total time complexity

C = O(ndlog(1/9)) .

B.7. Proof of Lemma 5
Let S € R™*" be an embedding, and C's : = H~/?HgH /2. We use the notations A : = V2 fy(z)/2, and we let
A =UXVT be athin SVD of A. Then, we have
Cs=H *HgH % =H 3(H+ (Hs— H)H %
=I;+H Y*(Hg - HYH/?
=I;+MT(UTSTSU - I;)M

where M := ZVTH*1/2. According to (Cohen et al., 2015), it holds that [|[M T (UTSTSU — I;)M|s < E—“ (i.e.,

ICsll2 <1+ “) with probability at least 1 — p, provided that m > Q(log®(1/p)) for a SRHT S, and, m > (1/p) for a
SJLT S.

Then, we use the fact that

1

Ap()? = (HHPV f (), HYVPHG Y PHT 2V f(2)) >
sl

Ar(@)?.

Conditional on ||Cg|2 < 1 + 4 “ , it follows that

<6.

&\0'1

~ d
Ap(@)* < [Cslla As(2)” < (14 57)
Using the self-concordance of f, we obtain that f(x) — f(z*) < §. This concludes the proof. O
B.8. Proof of Theorem 3

‘We introduce the notations

T/2
T=T s + Ny p== and ¢ =¢ 0 / )
TO((TE) ’ (1+€)d

We consider 7 a sketch size such that £, 7 . holds with probability at least 1 — p, that is,

—2__
drd,T
— i
m= Q( P ) for the SJLT,
_ d™ (= Td™/? d,T
m Q((ST (dﬂ + log (podT/Q) log (-~ ”

))) for the SRHT .

Phase 2. Let t > 0 be the first iteration such that m; > m, if any. Let x = x,; be an iterate after time ¢, for some j > 0.
The sketch size is non-decreasing, whence m = m;; > ™. We assume that &£, ,,, .- holds, and that the algorithm has not



Adaptive Newton Sketch

yet terminated, i.e., X #(x)? > §/d. Note that £ > &', whence &, ,,,  also holds. By Theorem 1, this implies in particular
that Ay (2)? < (1 +¢)As(z)?, and we further obtain that A ¢ (x)? > ﬁ, ie.,

e <elp(z).
There are two possible events.

« Ey: Either Af(z) > 1. Using the fact that &, ,,, . holds, it follows from Lemma 2 that f(2ne) — f(z) < —v.

« By Or Af(z) < 7. Using the facts that &, , . holds and that & < eXf(z)7, it follows from Lemma 3 that
Af(znsk) < a(7) (Ap(2))' 7. Assuming further that the event &, _, .o holds, we have according to Lemma 6 that
Af(Tnsk) < Ag(z) < mand then

Xﬂﬂw)Svﬁ+&M@mQ<vﬂ+€Mﬂﬂvuﬁ“T

(§ﬂ+wm@mWﬂf¢“
= a(r,e) (Ap(2)FT,

where inequalities (i) and (ii) are immediate consequences of Theorem 1.

nsk

Hence, conditional on Es occurs once, then the event Fy occurs K additional times in a row with probability at least 1 — Kp.
According to Lemma 4, if K > T’ ;) s then the algorithm terminates. On the other hand, the event £, can occur at
most N7 times.

In summary, conditional on m; > 77, the algorithm must terminate within 7" additional iterations with probability at least
1 —Tp =1 — pg, and with final sketch size m < 2m.

Phase 1. At each iteration, one of the following events must occur:

[ {Xf(l’) >, f(xnsk) - f(l') < 71/}

e2 i = {Ar(@) <, Ap(2na) < alr,e)(hp(2)) 77
ez :={m + 2m}.

Fix any iteration ¢ > 0, and suppose that the algorithm has not yet terminated. Consider the sequence of events ¢y, ..., c; €
{e1, ez, e3} up to time ¢. According to Lemma 4, any subsequence of {c; };-:0 which contains only the event e would result
in termination of Algorithm 2 if its length is greater or equal to T o (+ c),5/q4 + 1. Consequently, any such subsequence must
have length smaller or equal to T ,(+¢),5/4- Between two consecutive longest subsequences containing only e, either ey or
e3 occur. The event e; occurs at most V7 times. By assumption on the choice of m, once e3 has occurred at least O (log(au))
times then the sketch size is greater than . Consequently, there are at most 71 : = O((Ny + log(d,)) Tr a(r.e),6/d)
iterations before reaching a sketch size m such that m > m without termination. In the latter case, we enter Phase 2.

Combining Phase 1 and Phase 2. Combining the two above results, we obtain with probability at least 1 — pg that
Algorithm 2 terminates with a final sketch size m smaller than 27 and within a number of iterations 7" scaling as

T =T +T; = O((N1 +10g(dy)) Tra(re).0/a) = O(l0g(dy) Tra(re).0/a) »
where the last equality holds by treating N7 as O(1).
Total complexity. The worst-case complexity per iteration is given as follows.
(1) For a SILT S, the sketching cost is at most O(nd) at each iteration, and forming and solving the linear system

Hgsvyue = —V f () with a direct method using the Woodbury identity takes time O(72d). Multiplying by the number
of iterations, we obtain the total time complexity

A or 12
4, d" T () 5/

527’1)%

é =0 (Tld + ) log(ap) Tr,a(‘r,a),ﬁ/d
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d,d? log(log(d/5))?

For 7 =~ 1, we have that T’ o (; )5/ = O(log(log(d/d))). Forn 2 5202 , the memory and time

complexities simplify to

7n:Q<wﬁbgbgW®)

o~ > ; C = O(nd log(d,,) log(log(d/4)))) -

d* log(d/s)? . e
“Oi#, the memory and time complexities simplify to
0

For 7 = 0, we have T (7 ¢),5/a = O(log(d/d)). Forn 2

sz(ﬁbgwﬁ

) , C = O(nd log(d,) log(d/é))) .
bo

(2) We assume for simplicity that d,, > log®(log(d/8)). For the SRHT, the sketching cost is O(nd log7), whereas
forming and solving the Newton linear system takes time O(72d). Thus, the total complexity is given by

C= (’)((nd logm + de) log(EH) Tr,a(r,s),é/d) .

For 7 ~ 1, we have T’ o(r.c).5/a = O(log(log(d/d))). Picking py < 1/d,,, we obtain the memory complexity

< g (@, + og(d/8) log(d,.)) -

Consequently, logm < log(d/§) and 2 < gé(ai +log®(d/5) log®(d,,)). Hence, provided that . > ‘i—fi, we obtain
C = O(ndlog(d/é)log(d,,) log(log(d/é))) .
For 7 = 0, we have T’ 4(7.¢),5/4 = O(log(d/d)). Picking pp < 1/d,,, we obtain the memory complexity
m=d,.
Consequently, logm < log(d,,) and m? < Ei. Assuming that n 2 EZ /log(d,,), the total time complexity is

é:o@mmg@ﬁmgwﬁ)

This concludes the proof. O

C. Auxiliary results

Lemma 6. Let x € dom f and £ € (0,1/4). Suppose that the event Ey, 1, « N\ Exg, .y muee,e 0lds, and that Xf(x) < 0. Then,
we have that

X (@nsi) < A () < 7. 43)

Proof. By assumption, the event &, , . . - holds. It follows from Theorem 1 that A #(Tnsk) < V14 e Ap(znsk). We have

by assumption that &, . holds and that Af(z) < 7. As a consequence of Lemma 3, we have Af(z) < 32 Af(z). Asa

consequence of Theorem 1, we have Ay (x) < \/17 As(x). Combining these bounds together, we obtain that

1—¢

~ [14¢€ 16 ~
< — .
Ar(@nsk) < 1—¢ 925 Ar(@)

. . 1t 16
Finally, using that € € (0, 1/4), we get that %_i 32 < 1, whence,
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Lemma 7. Fore € (0,1), it holds that

n< — S - (44)

Proof. Sety = (ﬁ) . We aim to show that 7 ,/4 < 1/16. Plugging-in the definition of 7) and using that a > 0, we have
¢ <1
8

nyy =% 1_%_ < 1;%. Since (7) : = & # is monotone decreasing and since v > 1, we obtain that 1 /7 < ¢(1),
ie,n7 < 15 O

C.1. Technical lemmas for the proof of Theorem 2

Lemma 8 (Phase 1). It holds that

t < Ny, withprobability at least 1 — N1p . ‘

Proof. Let j < t be any iteration before ¢;. Note by construction of Algorithm 1 that m; = 77;. Assuming that the event
Ex;,m,; e holds true, it follows from Lemma 2 that we observe the decrement f(zpsk) — f(2;) < —v. Consequently, under

the event EL) ; = ﬂ; (1) Ez,.m,,e» We obtain that

t—1

F@®) = fzo) < flae) — fzo) = Y flwjn) — fla) < —tv.

=0

Hence, under £V, we must have ¢ < M, i.e.,, t < Ni. According to Lemma 1 and the choice of my, each
event £;; m, - holds with probability at least 1 — p. Using a union bound, the event £M holds with probability at least
1— Nip. O

Lemma 9 (Phase 2). Under the assumption that £ holds, we have for any j = 0, ..., J that

Mit145 = M2,
Af(Ter144) <1,
1 1
()" Ap(Teg14541) < ()7 Ap(zig145)) 7.

Proof. We prove this claim by induction. We start with j = 0. By definition of the time ¢, we have by #(z¢) < 1. Therefore,
by construction of Algorithm 1, we have m;1 = 7. From Lemma 6 and under £(?), we get that A (z441) < Af(2,) < 7.
Furthermore, before termination, we have that \ f(:zctﬂ)2 > %6 . It follows from Theorem 1 that

3 2

(@)’ > —d = 58,

)‘.f(xt+1) 4(1 +5) 3

1+e
and this implies in particular that e07/?2 6(%)7/2)\f(xt+1)7 < 2eAf(2441)7. Consequently, the hypotheses of Lemma 3
are verified and we have a(7)* TAf(@y2) < (afr )%A‘f(mt+1))1+7.

Now, we prove the induction hypothesis for any j = 1, ..., J, assuming that it holds for j — 1. Since A F(@ep145-1) <,
it follows by construction of Algorithm 1 that m;14; = ™. From Lemma 6 and under £ (?), we get that A #(@e145) <
Af(@t4+14j—1) < 7. Furthermore, before termination, we have A ¢ (z4414;)? > %6. It follows from Theorem 1 that

3 2

/\f($t+1+y)2 > ———0= 30,

Af($t+1+j)2 4(1 +€) 3

>
1+e

and this implies in particular that £67/2 < 5(%)T/2>\f($t+1+j)7— < 2eAf(x¢4145)7. Consequently, the hypotheses of

Lemma 3 are verified and we have a/(7)* Af(@ig14541) < (afr) i A (@g144)) T O

Corollary 1. The event £?) holds true with probability at least 1 — (2 + T, 25)D.
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Proof. Recall that m; = m; by definition of the time ¢. According to Lemma 9, if E@ holds true, then Myy145 = M for
j=0,...,J. From Lemma 1, we have that P(€;, m, c) 2 1 —pand P(&,, . m, c57/2) = 1 — p. We obtain by a union

bound that P(E®)) > 1 — (2 + T} 34)p. -



