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Appendix for “Stability and Generalization of Stochastic Gradient Methods for
Minimax Problems”

A. Notations

We collect in Table A.1 the notations of performance measures used in this paper.

Notation Meaning Definition
AV (w, V) weak PD population risk sup E[F(w,v')] — inf E[F(w',v)]
v/ EY w’'ew
Weak AY(w, V) weak PD empirical risk sup E[Fs(w,v')] — inf E[Fs(W,v)]
Measure v'ey w'ew
sup E[F(w,Vv')| — sup E[Fg(w, Vv
AY(w,v) — Ag(w,v) | weak PD generalization error (v/e?/ [ ) v'erx); [Fs 1)
inf E|Fg(w — inf E[F(w
(it Bl v)] — Jnf) BFGY, V)])
A (w,v) strong PD population Risk sup F(w,v') — ingv F(w',v)
v/ EY w’'e
Strong NG (W, V) strong PD empirical Risk sup Fs(w,v') — inf Fg(w',v)
Measure v/EV wEW
- (sup Fw,v') — sup Fs(w,v'))
N (w,v) — Ag(w,v) | strong PD generalization error VeV viEW
inf Fg(w',v)— inf F(w’
+(v‘}’n€V S(W ,V) wl’IéW (W 7V))
R(w)— inf R(w') | excess primal population risk sup F(w,v') — inf sup F(w',v')
. w'ew v'ey weWvey
Primal
Measure | Rg(w) — inf Rg(w’) | excess primal empirical risk sup Fg(w,v') — inf sup Fs(w',v')
w/EW v'EV wew v'eY
R(w) — Rg(w) primal generalization error sup F(w,v') — sup Fs(w,v')
VeV VeV
F(w,v) — Fg(w,Vv) plain generalization error

Table A.1. Notations on Measures of Performance.

We collect in Table A.2 the stability measures for a (randomized) algorithm A.

Stability Measure Definition
Weak Stability | sup ( sup Ea[f(Aw(S),v'52) = f(Aw(S),¥'52)] + sup Ea[f(W, Au(8):2) = f(w', A(8");2)])
z \VIEV w/EW
Argument Stability Eq [ (AW(S) ; AW(S,)) ] or (AW(S) a AW(S,))
Ay(S) — Ay (9" X Ay (S) — Ay (9) )
Uniform Stability sup [f(Aw(5), Av(5); 2) — f(Aw(S"), Au(S"); 2)]

Table A.2. Stability Measures. Here S and S’ are neighboring datasets.
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B. Proof of Theorem 1

In this section, we prove Theorem 1 on the connection between stability measure and generalization.

Let S = {z1,...,2, and S’ = {z],..., 2}, } be two datasets drawn from the same distribution. For any i € [n], define
S = {z1,...,2i-1, %}, Zi+1,- - ., 2n }. For any function g, g, we have the basic inequalities

sup g(w) — sup g(w) < sup (g(w) — g(w))
w w w ( (B.1)

inf g(w) — inf §(w) < sup (g(w) — §(w)).

B.1. Proof of Part (a)

We first prove Part (a). It follows from (B.1) that

A7(Aw (). Av(8)) = AF(Aw(S). Av()) € 51D ELF (A0 (8).¥) = Fs(Au(5). V)
+ sup E[Fs(w, Au(S)) ~ F(w', Au(S)]

According to the symmetry between z; and z, we know
E[F(Aw(S), V') = Fs(Aw( ZE w($1).v)] = E[Fs(Aw(S), V)]
fZE w(S), V5 2) — f(Aw(S),V'; )],

where the second identity holds since z; is not used to train A (S(). In a similar way, we can prove

E[Fg(w', Av(S)) — F(w', Ay(9))] = % Z [f(w', AV(SW); 20) = f(W', Ay(S); 2:)].

As a combination of the above three inequalities we get

AY(Ay(8), Ay(S)) — A¥%(Aw(S), Ay(S)) < sup % Z]E[f(Aw(s@)),v'; z) — f(Aw(S),V'; zi)]]+
1 n

sup [f Z [f(w’,AV(S(i)); zi) — f(W', Ay(S); zz)ﬂ

wew L i—1
The stated bound in Part (a) then follows directly from the definition of stability.

B.2. Proof of Part (b)

The following lemma quantifies the sensitivity of the optimal v w.r.t. the perturbation of w.

Lemma B.1 (Lin et al. 2020). Let ¢ : W x V > R. Assume that for any w, the function v — ¢(w, V) is p-strongly-concave.
Suppose for any (w,v), (w',v') we have

[Vvo(w,v) = Veg(w', V)|, < LIw — w']|>.

For any w, denote v*(w) = arg maxyey ¢(w, v). Then for any w,w' € W, we have

|

* * L
vi(w) = v (W2 < EHW-W’IIQ.
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We now prove Part (b). For any S, let v = arg maxyey F'(Aw(S), v). According to the symmetry between z; and z] we
know

E[SE%F(AW(S),V')]:*Z]E sup F(Aw(57),v')]

n

7ZE S() VE(l‘))] - %ZE[f(Aw(S(i))’Vg(U;Zi)]’

i=1

where the last identity holds since z; is independent of A, (S®)) and v* S

According to Assumption 1, we know

F(Aw(S™), Vii ) — f(Aw(S), vEiz)
= f(Aw(SY), Vi 21) — F(Aw(SD), vE; i) + F(Aw(S™), V51 2:) — F(Aw(S), VE; 2)
< G||Aw(SY) — Aw(9)|, + Gl[vise) — vill, < 1+ L/p)G||Aw(SD) — Aw(S)

||2, (B.2)

where in the last inequality we have used Lemma B.1 due to the strong concavity of v — F(w,v) for any w. As a
combination of the above two inequalities, we get

1< . (1+L/p)G
E[ s%%F(Aw(S),v')] <- D E[f(Aw(S), v z)] + / ZE | Aw (SD) = Aw(9)],]
v i=1
. 1 +L/p)G
— B[Fo(Au(S),v3)] + LG ZE [4w(59) = Au(S)]],]
1+L
<E| su%FS(AW(S),v’)] ( /'0 ZIE | Aw (SD) = Aw(9)]],]- (B.3)
v'e
The stated bound in Part (b) then follows.
B.3. Proof of Part (c¢)
In a similar way, one can show that
. 1+ L/p)G & i
E[ inf Fs(w', Av(S)] —E[ inf F(w' Ay(8))] < % ;E[\lAv<s< ) = Av(9)]l2]-

The above inequality together with (B.3) then implies

E[A%(Aw(S), Av(S))] ~ E[AF(Au(S), Av(S)]

:E[f}g}F(AW(S),V’)] E[sup Fs(Aw (S),v)]—i—IE[ 1nf Fs(w', Ay(9))] —E[wlrg/vF(w A(9))]

< (1+L/p)GE[||Aw(SD) — A ()II] + (1+ L/p)GE[|| Av(SD) — Ay(S)]|2]
<+ pavaE]| (450 - S [)

where we have used the elementary inequality a + b < 1/2(a? 4 b?). This proves the stated bound in Part (c).

B.4. Proof of Part (d)
To prove Part (d) on high-probability bounds, we need to introduce some lemmas.

The following lemma establishes a concentration inequality for a summation of weakly-dependent random variables. We
denote by S\{z;} the set {z1,...,2i_1, 2i41,-..,2n}. The L,-norm of a random variable Z is denoted by ||Z||, :=

(E[1Z7])7,p > 1.



Stability and Generalization of Stochastic Gradient Methods for Minimax Problems

Lemma B.2 (Bousquet et al. 2020). Let S = {z1, ..., 2z, } be a set of independent random variables each taking values in
Zand M > 0. Let g1, . . ., gn, be some functions g; : Z™ — R such that the following holds for any i € [n]

* |Es\(2i319:(S)]| < M almost surely (a.s.),
« E.,[9:(9)] =0as.,
s forany j € [n] with j # i, and z] € Z
|gi(S) —9i(215 5 251, 2 2y zn)’ <B. (B.4)
Then, for any p > 2

H igi(S)HP < 12V6pn[log, n] + 3vV2M /pn.

The following lemma shows how to relate moment bounds of random variables to tail behavior.

Lemma B.3 (Bousquet et al. 2020; Vershynin 2018). Let a,b € Ry and § € (0,1/e). Let Z be a random variable with
|Z||, < \/Pa + pb for any p > 2. Then with probability at least 1 — 6

|Z] < e(a\/log(e/(s) + blog(e/d)).

With the above lemmas we are now ready to prove Part (d). For any S, denote

v = arg max F(Aw(S),v). (B.5)

We have the following error decomposition

NF(AW(S) VS) _nsull)jFS ZEZ VE;Z) _Ez;[f(Aw(S(i))an(i);Z)]]+
v'e

D By [B2lf(Aw(SD), Vi Z))- F(Aw(S©) vs<>,zl]+ZE [F(AW(SD), Vi 20)|—n sup Fs(Aw(S).v).

v'ey

By the definition of v}, we know Ez[f(Aw(S™¥), viu: Z2)] = Ez[f(Aw(S™), vi; Z)]. It then follows that

nF(Aw(S), vs)fnsup Fs(A <ZEZ vg;Z)—]Ez;[f(Aw(S(i)),vfg;Z)]]Jr
v/'ey

n

DB [E2[F(Aw(SY), Vo3 2= (Aw(SD), Vio: 20| 4D By [F(Aw(5®), i 2| = sup Fs(Aw(S), V).
, i=1 v
According to (B.2), we know

> E, [f(Aw(sm), vg(i);zi)} < (14 1/p)G Y Eur [ Aw(8D) — Au(S)[1,] + 3 F(Aw(S), vEi 20)

i=1 i=1

:(1+L/p)Gi:EZ;[ Ag (S (9)|,] + nFs(Aw(S), vE)
i=1
< (1+L/,;)G§]EZ; |Aw (S — Aw(9)]], ]+nvngs(Aw(5),v').
As a combination of the above two inequalities, we derive
NE(Aw(S),¥5) — n sup Fs(Aw(S),¥)) < (21 L/p)nGe + 3" gi(8), (8.6)

/
v'ey i—1
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where we introduce
9i(8) = Ef |E2[f (Aw(5Y), vi; 2)] = F(Aw(S™), Vi 21)
and use the inequality
F(Aw(S),v§: Z) = f(Aw(SY), v Z) < Gl Aw(S) — Aw(SY)]2 < Ge.
Due to the symmetry between z; and Z, we know E_, [g;(S)] = 0. The inequality [Eg\ 1.,1[9:(S)]| < 2R is also clear.

For any j # i and any 2/ € Z, we know

1 [BALF(Aw(S). vh: 2)] = F(Aw(SD). Vi )| — Bay (B2l (Aw(S]"). Vi D] = F(Aw(S]). Vi 20|

J

1 [B2L (Aw(89). Vi 20] = B2l (Aw(S]"). ¥0: D] | By [ (A (8D, Vi 120) = F(Aw(S]”). Voo )

b

where SJ(-i) is the set derived by replacing the j-th element of S() with z;’ . For any z, there holds
[F(A (), v5032) = F(AW(S]), Vi 2)|
< |f(AW(S(i))aV§<U§Z) - f(Aw(S(i) S(?)a ’ + !f S(l ), V;@;z) - f(AW(SJ('Z))vvg(_i);Z)‘

< Glvie — Vi w(SD) = A (S)l2 < (L/p+ 1) Gl Aw(SD) — Aw(SS) ]2,

where in the last inequality we have used the definition of v, and Lemma B.1 with ¢ = F. Therefore g;(5) satisfies the

condition (B.4) with g = (L /p+ 1)Ge. Therefore, all the conditions of Lemma B.2 hold and we can apply Lemma B.2 to
derive the following inequality for any p > 2

H Zgz(S)H < 12V6pn(L/p + 1)Ge[logy n] + 6v2R/pn.
i=1 P
This together with Lemma B.3 implies the following inequality with probability 1 — §

’ Z gi(S)‘ < e<6R\/ 2nlog(e/d) + 12\/6n(L/p + 1)Gelog(e/d)[log, n]) .
i=1
We can plug the above inequality back into (B.6) and derive the following inequality with probability at least 1 — §

F(Aw(S),vs)— s/uE%FS(AW(S),V’) < (2+L/p)Ge+e(6R 2n-1log(e/5) +12v6(L/p+1)Gelog(e/d)[log, n})

This proves the stated bound in Part (d).

B.5. Proof of Part (e)

Part (e) is standard in the literature (Bousquet et al., 2020).

C. Proof of Theorem 2

In this section, we present the proof of Theorem 2 on the argument stability of SGDA.

C.1. Approximate Nonexpansiveness of Gradient Map
To prove stability bounds, we need to study the expansiveness of the gradient map
(v W — 1V f(W, V)
G (V) (Vmetins)
associated with a (strongly) convex-concave f. The following lemma shows that G s ,, is approximately nonexpansive in

both the Lipschitz continuous case and the smooth case. It also shows that G, is nonexpansive if f is SC-SC and the step
size is small. Part (b) can be found in Farnia & Ozdaglar (2020).
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Lemma C.1. Let f be p-SC-SC with p > 0.
(a) If Assumption I holds, then
H (W —nVwf(w, V)) B (W’ - anf(WCV’))
VANV f(w,v) v+ nVyf(w', V)
(b) If Assumption 2 holds, then

H (W vaf w, V)) _ (wl - nvwf(w/7vl)>
v+ nVyf(w,v) v + 9V f(w,v')

2
+8G?n?.
2

w—w
v—v

<] (17)

2

< (1—2pm+ L*?)
2

2

2

To prove Lemma C.1 we require the following standard lemma (Rockafellar, 1976).
Lemma C.2. Let f be a p-SC-SC function, p > 0. Then

((2) (Sptms Sty o f (42

Proof of Lemma C.1. Itis clear that
|G

e H (W—nvwf(w,v)) (W =V f(W Vv )
' v+nVyf(w,v) v +nVy (W, V)
9 w—w Vwf(w,v) — Ve f(w,v)
2_ " v—v )\ V f(W, V)= V,f(w,v) ’
2

2
(C.1)

2

7 N\

(wa(w’, V/) - vwf(wa V)
(w )

)

V) = Vo f(W',v

2
+ 7P

Plugging (C.1) to the above inequality, we derive
<vwf(w/7 Vl) - vwf<w7 V))
2

A< (1_2”)” (ﬁjf) Vo (w,v) = Vo f(w', V)

We can combine the above inequality with the Lipschitz continuity to derive Part (a). We refer the interested readers to
Farnia & Ozdaglar (2020) for the proof of Part (b). O

2

We now prove Theorem 2. Let S = {z1,...,2z,tand S" = {z1, ..., 21, 2, }. Let {wy, v;} and {w}, v} } be the sequence
produced by (4.1) w.r.t. S and S’, respectively.

C.2. Proof of Part (a)

We first prove Part (a). Note that the projection step is nonexpansive. We consider two cases at the ¢-th iteration. If i, # n,
then it follows from Part (a) of Lemma C.1 that

y 2
Wi+l — Wi
/
Vi+l = Vi

thwf(Wt, Vi; th) W; + ntvwf(wiv V%; Zit)
Vt + vf(Wtavta zi,) = Vi = m Vv f (Wi, Vi 2i,)

H( 7,

If i; = n, then it follows from the elementary inequality (a + b)? < (1 + p)a® + (1 + 1/p)b* (p > 0) that

/
Wil — Wi

/
Vitl = Vg

2

+ 8G?n?. (C2)

2
— Vi (Wi, Vi 2n) — Wi + 0. Vi f(W), vi; 20)
Vt + Vo f(We, Vi 2n) — v — eV f (W, vy 20)

2
W
< (1+p) H<V _Vtt>

2

(vwf(wtvvt; Zn) - wf(wé7vé; Z;))

2

+(1+1/p)nt
2

\Y
vvf(Wh Vi3 Zn) - vvf(wgh V;; Z;z) (C3)

2
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Note that the event i; # n happens with probability 1 — 1/n and the event 4, = n happens with probability 1/n. Therefore,

we know
2 2
Wi+l — W:H»l n—1 W; + 8G2772 4+ 7 1 +p Wt
Virl = Vit | T Vt -vi )l ¢ Vt — v
W — W,
(%o v;) £ 8GR+ 1/(np)).
Applying this inequality recursively implies that

b [H (sz: - i?:) j <SPG+ 1) Y (1+2)" =spe2(14 I (R Y
= s (2 +§)((1+ 2y ).

By taking p = n/t in the above inequality and using (1 + 1/t)* < e, we get

2

N

N G?

it

8(1+1/p)

2

= (1+p/n)

2 t2
] < 169°G2 (14— ).
n

/
Wit1 — Wiy
EA / +
Vitl = Vit /g

The stated bound then follows by Jensen’s inequality.

C.3. Proof of Part (b)

We now prove Part (b). Analogous to (C.2), we can use Part (b) of Lemma C.1 to derive

2 NS
Wi — Wy
Vi — Vi

Wil — Wiy
Virl = Vigr /||y
in the case i; # n. We can combine the above inequality and (C.3) to derive
Wil — Wi ’ < (= 1)( 1+L2 2+1+P Wt
Vitr = Vig o © Vt -V

BN

V—Vt

< (1+ L%n7)

2

2

4+
2

8(1+1/p)

n;G?

77t2G2.

2
Applying this inequality recursively, we derive
2

_ /
Vitl = Vit J g
By the elementary inequality 1 4+ a < exp(a), we further derive

[ =i )[] < 202 5 1 e (0

=1 j=k+1

2
:wzn eXp<L2 Z 77]+p(t7 )/n)

n
= j=k+1

t

8G2(1—|—1/p in H (1+L277J2»—|—p/n).

n
k=1 j=k+1

t

2
< wexp (LQZ”?WV”)Z”’%'

j=1 k=1

By taking p = n/t we get

!
Wi+l — Wi
/
Vi+l — Vi 2

The stated result then follows from the Jensen’s inequality.

21 < 8@G2(1n—|— t/n (ng%)i
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C.4. Proof of Part (c)

To prove stability bounds with high probability, we first introduce a concentration inequality (Chernoff, 1952).

Lemma C.3 (Chernoff’s Bound). Letr X, ..., Xt be independent random variables taking values in {0,1}. Let X =
Z;:l X; and 1 = E[X]. Then for any 6 > 0 with probability at least 1 — exp ( — p6%/(2 + 6)) we have X < (1 + 6)p.
Furthermore, for any 6 € (0, 1) with probability at least 1 — § we have

X < p+log(l/d) + +/2nlog(1/9).

We now prove Part (c). According to the analysis in Part (a), we know

2
Wit1 Wt+1 Wi 8G2n2 | 1., 1 Wi — Wi
H (Vt+1 — Vi ) (H ( Vi ) i nt) ot + | (14P) Vi — vy

2
It then follows that
2

/
Wi+l — Wt+1>
!
Vitl = Vit1 / ||o

Applying this inequality recursively gives

Wi+l — Wt+1
Vitl = Vig

+8(1+ 1/p)?7§G2> Liy=n)-

+8G% (1+ Tjjy=n) /1) (C4)

2
w
S(l-&-pﬂm =n] H(Vt v;)

2

t

<802 QZ L+ T —n/p) [] (1+pl5,=n)

k=1 j=k+1
t
- 8G?2 22 1+ Iji,=n) /D) H (1_|_p) [ij=n)
k=1 j=k+1

. t
< SGHP(1+ )2 9 (64D Ty /).

Applying Lemma C.3 with X; = [};, _,; and p = t/n (note E4[X;] = 1/n), with probability 1 — ¢ there holds
t
>~ sy < t/n+1og(1/8) + /20 Log(1/3). ©5)
j=1

The following inequality then holds with probability at least 1 —

H (Wt+1 “’;H—l) < 8G2772(1 +p)t/7n+10g(1/6)+ 2tn—1log(1/6) (t+t/(pn) +p—1 10g(1/§) +p—1 2tn—1 log(l/é))
Vi+l = Vit1 /g

1
t/n+log(1/8)++/2tn—1log(1/5)

Wil — Wt+1
Virl — Vig

This finishes the proof of Part (c).

We can choose p = (note (1 + x)*/* < ) and derive the following inequality with probability

atleast 1 — ¢

<86G2 2(t+(t/n+log(l/5)+ 2tn*110g(1/5))2).

C.5. Proof of Part (d)

We now turn to Part (d). Under the smoothness assumption, the analysis in Part (b) implies

W — W 2]1' tla+ wt 2
vi— v, ) ||, el ) — v

2

2

Wit1 — W2+1> < (1 2. 2
<(1+1L
H(VtH -V ) ( )

+8(1+ 1/p)77?G2> Ifi,=nj-




Stability and Generalization of Stochastic Gradient Methods for Minimax Problems

It then follows that

/
Wip1 — Wt+1

/
Vitl = Vi

We can apply the above inequality recursively and derive

2 2

+8(1+ 1/p)nf G*ljs, =
2

2,2 Wy — W,
< (1 + L n; +pﬂ[it:n]) H<Vt - v;>

2

t

2 t
Witl — Wi 2 2 2p2
‘ (Vt+1 — Vi >‘ <8(1+1/p)C ZWH[@'F"] H (1+ L*nf + plis,—ny)

2 k=1 j=k+1
t t t
§8(1+1/p)G21722]I[ik:n] H (1+L%n?) H (1 + pl, =)
k=1 j=k+1 j=k+1
t t t
=81+ /DG > Tymey [[ (+2%2) [ (1+p)"
k=1 j=k+1 j=k+1

t t t
<81+ 1/pe? [ (14 2202) [T (4 ) 7 3 Ty

Jj=1 j=1 k=1

It then follows from the elementary inequality 1 + = < e* that

/
Wit1 — Wiy

/
Vitl = Vg

According to (C.5), we get the following inequality with probability at least 1 — §

/
Wit — Wt+1

/
Vitl = Vil

We can choose p =

2 ¢ . t
< 8(1+1/p)G*n* exp (L2 Z 77]2) (1+p) 2 lij=m Zl[ik:n]
2 =1 k=1

2
< 8(1+1/p)G*n? exp (L?tn?) (1+p)t/n+log(1/6)Jr V2t Hlog(1/9) (t/n+log(1/8)++/2tn—1log(1/4)).
2

1
t/n+10g(1/6)+\/2t7f1 log(1/6)

/
Wii1 — Wiy

/
Vitl = Vip

The stated bound then follows.

and derive the following inequality with probability at least 1 — ¢

2 2
< 8eG*n” exp (L?tn?) (1 +t/n+log(1/0) + /2tn~! log(l/é)) :
2

C.6. Proof of Part (e)

If iy # n, we can analyze analogously to (C.2) excepting using the strong convexity, and show

/ /
Wir1 — Wi Wi — Wy
/ /
Vil — Vi Vi — Vy

If 24 = n, then (C.3) holds. We can combine the above two cases and derive

, 2
] Wit1 — Wiy
Azl
2
n—1 Wt—W; 2 9 1+p Wt_W;E
((1—2pm)’(vtv; 2+8Gm T v =,

W — W
V¢ *V;

] < (1 —pme)

2

< (1—2pm)
2

2
+ 8G*n}.
2

E

N

2
n;G?

IN

L 801 1)

2

2
+ 807 G*(1+1/(np)).

W — W
Vi — V)

= (1 —=2pn; + (2om: +p)/n)

We can choose p = pn(n — 2) to derive

2
/
E. Wit1 — Wiy
it /
Vit — Vt+1

2
1
+82G2 (1 n 7)
, n(n —2)pn,

2
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It then follows that

t

: 1
<8G*Y (nj T 2),0) IT a—=pm).

j=1 k=j+1

2
Ea

Wit1 — Wiy
Vigl = Vig
For 1, = 1/(pt), it follows from the identity HZ:jH(l —1/k) = j/t that

/ 2 2 1 9
Wipl — Wy < 8G* N 8G* rlog(et) 1
B UKWH ~Vis ) ] St Z ((pj) i n(n — 2)P> = P> ( i n(n — 2))'

2 j=1
The stated result then follows from the Jensen’s inequality.

2

D. Optimization Error Bounds: Convex-Concave Case

In this section, we present optimization error bounds for SGDA, which are standard in the literature (Nedi¢ & Ozdaglar,
2009; Nemirovski et al., 2009). We give both bounds in expectation and bounds with high probability. The high-probability
analysis requires to use concentration inequalities for martingales. Lemma D.1 is an Azuma-Hoeffding inequality for real-
valued martingale difference sequence (Hoeffding, 1963), while Lemma D.2 is a Bernstein-type inequality for martingale
difference sequences in a Hilbert space (Tarres & Yao, 2014).

Lemma D.1. Ler {&. : k € N} be a martingale difference sequence taking values in R, i.e., E[¢|&1,...,&k—1] = 0.
Assume that |, — K, [€k]| < by for each k. For § € (0, 1), with probability at least 1 — § we have

" " 1\3
;&c < (2;% log 5) . (D.1)

Lemma D.2. Let {& : k € N} be a martingale difference sequence in a Hilbert space with the norm || - ||2. Suppose
that almost surely ||&x|| < B and Y5 _, E[|k]2[€1, - - -, Ex—1] < 07 for or > 0. Then, for any 0 < § < 1, the following
inequality holds with probability at least 1 — 0

! B 2
< — =.
o | 6 < 2(5 + o) e

Lemma D.3. Let {w;, v;} be the sequence produced by (4.1) with n, = 1. Let Assumption I hold and Fg be convex-concave.
Assume supg,cyy |W|l2 < Bw and sup,¢y, | V]2 < By. Then the following inequality holds

B%, + B?  G(Bw + By)

EA[sup Fs(wrp,v) — inf Fg(w,vr)] <nG? + , D.2
A[velg s(Wr,V) Jnf s(w,vr)] <n T T (D.2)
where (WT, VT) is defined in (4.2). Let § € (0,1). Then with probability at least 1 — 6 we have
B%, + B? G(BW + BV) (9 log(6/6) + 2)
Fs(w — inf Fg(w,vp) <nG?*+ H_—V . D.3
sup s(Wr,v) — inf Fs(w,vr) <nG”+ 5Tn T (D.3)

Proof. According to the non-expansiveness of projection and (4.1), we know

[Wepr — w3 < [we = 0V f (We, ves 2i,) — w3
= |we — w3 + 07 IV f (We, vis 22,) 15 + 200 (W — Wi, Vo f (We, Vi3 23,))

< lwe — w3 4+ n7G? + 20w — Wy, Vw Fs (W5 vi)) + 200(W — Wy, Vi (Wi, Vi 2,) — VwEs (W, vi)),

where we have used Assumption 1. According to the convexity of Fs(-, v¢), we know

2 (Fs(wi,vi) — Fs(w,vy)) < [[wy — wll3 — [ Wi — w3+
N7 G? + 200 (W — Wi, Vo (Wi, Vi3 21,) — VwFs(We, vi)).  (D.4)
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Taking a summation of the above inequality from¢ = 1tot =T (w; = 0), we derive

2n (Fs(Wt,Vt) — Fg(w, Vt)> < ||W||% + Tn*G?

[M]=

o~
Il
-

T T
+ 277 Z<Wta VWFS(Wtth) - wa(Wt,Vt; Zit)> + 277 Z<Wa wa(wt7vt; Zit) - VWFS(Wt7vt)>'

t=1 t=1

It then follows from the concavity of Fis(w, -) and Schwartz’s inequality that

M=

2n (Fs(Wt,Vt) — Fs(w, \_IT)) < B;‘;V + Tn*G?
t=1
T T
+20) (Wi, VaFs(Wi, vi) = Ve f (Wi, vis 24,)) + QUBWH D (Vwlf(we,vii 2,) = VaFs(wy, vi)) H2
=1 t=1

Since the above inequality holds for all w, we further get

[M]=

2n (Fs(wt,vt) — ianS(w,\_/T)) < BIQ,V + Tn*G?
t=1
T T
+2n Z<Wt, VwFs(We, Vi) — Ve f(We, V5 23,)) + 2773WH Z (Vo f (Wi, vi5 2i,) — Ve Fs(wy, vy)) H2 (D.5)
t=1 t=1
Note

E;, [(we, VwFs(wWy, vi) — Vw f (Wi, vi;2;,))] = 0. (D.6)
We can take an expectation over both sides of (D.5) and get

© S B[Pt vl ~Ealig Pt )] < 218 B0 5 (9 o v Pt w) ]
t=1

~
Il
=

According to Jensen’s inequality and (D.6), we know

(Ea [H i (Ve (Wi, vis 22,) — Vg Fs (Wi, vi)) HQDQ <E, {H ZT: (Y f (Wi, Vi 22,) — Vg Fs (Wi, v4)) Hz}

t=1

T
2
= ZEA {vaf(wt,vt;zit) — VWFS(Wt,vt)HQ} <TG
t=1

It then follows that

T

1 B2 nG%?  BwG
— Y E4[F —E[inf Fs(w,vr)] < 2L + — + ——. D.7
T; A[Fs(wy, vy)] A[lvnv S(W,VT)]_%T-&- 5t T (D.7)

In a similar way, we can show that
T

_ 1 B nG?>  ByG

Easup Fs(wr, v)] = 7 S BalFs(wev)] < 5+ -+ = (D3)

t=1
The stated bound (D.2) then follows from (D.7) and (D.8).

We now turn to (D.3). It is clear that |(wt, VEs(wyi,vi) =V (Wi, vi; 2, )>‘ < 2G By, and therefore we can apply Lemma
D.1 to derive the following inequality with probability at least 1 — §/6 that

T
Z<Wt’ VwFs(Wi, Vi) — Vi (W, Vi; 25,)) < 2GBw (2Tlog(6/5)) . (D.9)

t=1

=
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For any ¢t € N, define §; = Vi f(W¢, vi; 25, ) — VwFs(wy, vi). Then it is clear that ||& ||z < 2G and

T

> Ell&l3lEr, - &) < ATG.

t=1

Therefore, we can apply Lemma D.2 to derive the following inequality with probability at least 1 — 6/3

HZ@

Then, the following inequality holds with probability at least 1 — §/3

<2 23G 2GVT) log(6/9).

H zir: (VS (Wi, vis 2i,) — V‘,‘,Fs(wt,vt))H2 <4G(1+ \/f) log(6/9).

We can plug the above inequality and (D.9) back into (D.5), and derive the following inequality with probability at least
1-46/2

S ; 2 9GBw /21 P
Z (W, v¢) — inf Fg(w, vp) < Biy | nG*  2GBw/210g(6/9) 8BwGlog(6/)

H \

In a similar way, we can get the following inequality with probability at least 1 — §/2

nG? 9By Glog(6/5) + 2By G

B2
sup Fs(wrp,v) — = Fs(wye,vy) <V 4I= 4
VEE S T Z S(Wi, Vi 2T B \/T

Combining the above two inequalities together we get the stated inequality with probability at least 1 — §. The proof is
complete. O

The following lemma gives optimization error bounds for SC-SC problems.

Lemma D.4. Let Assumption 1 hold, to > 0 and Fs(-,-) be p-SC-SC with p > 0. Let {w,v:} be the sequence produced
by 4.V withn, = 1/(p(t + to)). If to = 0, then for (V_VT, \_IT) defined in (4.2) we have

2log(eT)  (Bw + B
E4[sup Fs(Wr,v) — inf Fs(w,vr)] < GZlog(eT) | (Bw + Bv)G. (D.10)

vey wew pT \/T
If supy,eyy [|Wll2 < Bw and sup,,¢y, || V]2 < By, then

2pto(BE, + BY) n G?log(eT)

AY (W, V) <

(D.11)

Proof. Analyzing analogously to (D.4) but using the strong convexity of w — Fg(w, v), we derive
20 [Fs (Wi, vie) = Fs(w,vo)] < (L=mep)[we — wl5 — [[wes — wli5 + 177G + & (w),
where & (W) = 2, (W — Wy, Vi f (W, V5 23, ) — VwFs(wy, vi)). Since ny = 1/(p(t + to)), we further get

2 G2

o+ to) [Fs(we,ve) = Fs(w,vi)] < (1= 1/(t +to))llwe = WI3 — [wesr — wli3 + i) + & (w).

Multiplying both sides by ¢ + ¢y gives

2 G2
;[FS(Wtth) — Fs(w,vi)] < (t+to — Dflwe = w3 — (¢ +to)|Werr — w3 + (¢ + to)&(w) + 2t t)
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Taking a summation of the above inequality further gives

G?log(eT)
2p

T
+ 23+ t)é(w),

t=

T
> [Fs(wi,vi) — Fs(w,v)] < 2ptoBfy +
t=1

[

where we have used ZtT,l t~! < log(eT). This together with the concavity of v — Fg(w, v) gives

_ 5 GZlog(eT) p d
Z Fs(wyg,vy) Fs(W7VT)} < 2pto By + T + 5 Z(t + to)&(w). (D.12)
t=1 t=1

Since the above inequality holds for any w, we know
T T
_ G? log(eT) p
. 2
; [Fs(weve) = inf Fs(w,vr)] < 2010Bfy + =22 0 sup 3 (1 +10)6(w).

Since EAKWt,vwf(Wt,Vt;Zit) — VwFs(we, vi))] = 0 we know

5u$VZ +t0)&(w)] = ZEA[ sug\;z t+ to)n (W, Vaw f(Wy, vi; 2i,) — vwFs(Wt,Vt»}
we we

T
<2 sup [[wlsEs D0+ to)n (T (e vis 21) = VuFs(wi, o))
we
2\ 1/2
)

T 1/2
< 2By <Z(t + 10)?02Ea || Ve f (We, Vi zi,,)||§> < 2BwGp VT.

t=1

< 2Bw (EA

T
Z t+to) 77t Vwf(We,ve;2i,) — VWFS<Wt;Vt>)

We can combine the above two inequalities together and derive
T

G?log(eT
ZEA [Fs(wt,vt) — lgiv Fs(W, \_/'T)] S 2,0750312/[/ + 2gp(6) + BwG\/T
t=1

In a similar way one can show
G2 log(eT
S B [sp F(wr,v) — Fa(wi.vi)] < 200053 + AT 4 GV,
=1 vey

We can combine the above two inequalities together, and get the following optimization error bounds

G?log(eT
TEa[sup Fs(Wr,v) — irelist(w,\_/T)] < 2pto(B3, + BY) + opg(e)
vey w

This proves (D.10) with ¢y = 0.

+ (Bw + By)GVT.

We now turn to (D.11). Since E 4[£:(w)] = 0, it follows from (D.12) that

v G?log(eT
ZEA [FS(Wt;Vt) — FS(W,VT)} < thOB‘%V + 28;()
t=1

In a similar way, one can show

T

ZEA [Fs(Wr,v) — Fs(wy,vi)] <2ptoBf +
t=1

G?log(eT)
2p ’

We can combine the above two inequalities together and derive

2pto(B? B2 2] T
E[FS(V_VT,V)—FS(W7\7T] < pO( I{/Z[/'_‘+ V)_|_G ;%1(6 )

The stated bound (D.11) then follows by taking the supremum over w and v. The proof is complete. O
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E. Proofs on Generalization Bounds: Convex-Concave Case

In this section, we prove the generalization bounds of SGDA in a convex-concave case. We first prove Theorem 3 on bounds
of weak PD population risks in expectation.

Proof of Theorem 3. We first prove Part (a). We have the decomposition
Aw(WT, VT) = Aw(WT, {IT) — A%U(WT, VT) —+ Ag’(v’vT, {’T). (E.1)
According to Part (a) of Theorem 2 we know the following inequality for all ¢
—
=)
Vi+l = Vi1 /g

It then follows from the convexity of a norm that
WT — WT
T — V

sup ( sup Ea[f(Wr,v';2) — f(Wp, V5 2)] + sup Eal[f(W,Vp;2) — f(W, V7 Z)D
z v'ey w'ew

< G(Ball[wr ~ Wrl] + Eallvr — ¥5,]) < 4vane? (VT + ).

] < 477G(\/i+ %)

} < 4nG(\/T+ %)

2

and therefore

According to Part (a) of Theorem 1, we know
W (= S W (o S 2 T
A (Wop, ¥7) — A (Wr, 1) < 4V20G (\/T + g)-

According to Eq. (D.2), we know

By +B%  G(Bw+By)
2nT VT

AY(wrp,vp) < nG? +

The bound (4.3) then follows directly from (E.1).

Eq. (4.4) in Part (b) can be proved in a similar way (e.g., by combining the stability bounds in Part (b) of Theorem 2 and
optimization error bounds in Eq. (D.2) together). We omit the proof for brevity.

‘We now turn to Part (c). According to Part (e) of Theorem 2 and the convexity of norm, we know

w1 — W
EAw(vTv&>

Analyzing analogous to Part (a), we further know

Z\fGlo() 1
2]— I *m)'

N (W, vr) = A (Wr, Vr) < 4G(log\z/(;T) i \/ﬁ>

p
This together with the optimization error bounds in Lemma D.4 and (E.1) gives

wr— - 4G? log%(eT) 1 G?log(eT) = (Bw + By)G
A (WT,VT)S—( 7T +m)+ P N

p
The stated bound then follows from the choice of T'. The proof is complete.
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Finally, we consider Part (d). Since tq > L?/p? we know 1, = 1/(p(t + to)) < p/L?. The stability analysis in Farnia &
Ozdaglar (2020)° then shows that A is e-argument stable with e = O(1/(pn)). This together with Part (a) of Theorem 1
then shows that

Aw(V_VT,\_fT) AS (WT7VT (1/(pn))

We can combine the above generalization bound and the optimization error bound in (D.11) together, and get

A (W, vr) = O(1/(pn)) + O(% + logp(;T))’

The stated bound then follows from 7" < n. The proof is complete. O
We now present proofs of Theorem 4 on primal population risks.

Proof of Theorem 4. We have the decomposition
R(Wr) — R(w*) = (R(Wr) — Rs(Wr)) + (Rs(Wr) — Fs(w*, 7))
+ (Fs(w*,v7) — F(w*, 7)) + (F(w*, V1) — F(w*,v")).
Since F(w*,vr) < F(w*,v*), it then follows that
R(wr) — R(w*) < (R(Wr) — Rs(Wr)) + (Rs(Wr) — Fs(w*, 1)) + (Fs(w*, vr) — F(w*, V7). (E2)
Taking an expectation on both sides gives
E[R(Wr) — R(w*)] <E[R(Wr) — Rs(Wr)] + E[Rs(Wr) — Fs(w*,vr)] + E[Fs(w*,vr) — F(w*,v7)]. (E3)

Note that the first and the third term on the right-hand side is related to generalization, while the second term Rg(Wr) —
Fs(w™*,vr) is related to optimization. According to Part (b) of Theorem 2 we know the following inequality for all ¢

/
Wit1 — Wy
EA |: < / +
Vt+1 — Vt+1 9

It then follows from the convexity of a norm that

] (%3

This together with Part (b) of Theorem 1 implies that

p (LQtn2/2)17-

] < G+/8e(t +t2/n) ox

] < GBI AT ) (L2T772 /2)77. (E4)

(1+ L/p)G?*n\/8e(T +T?/n) exp (L*Tn?/2)
7 .

Similarly, the stability bound (E.4) also implies the following bound on the gap between the population and empirical risk

Es a {R(WT) - RS(WT)} <

(1+ L/p)G*n\/8e(T + T2 /n) exp (L*Tn?/2)

Es, [Fs(w*,vT) _ F(w*,v—T)} < =

According to Lemma D.3, we know

B, + B G(Bw + By)
Rg(wrp) — Fg(w*,vr)] <E Fg(w — inf F vr)] < nG? W~V )
a[Rs(wr) — Fs(w*,vy)] < A[32€ s(Wr,v) = inf Fs(w,vr)] <nG”+ onT T

We can plug the above three inequalities back into (E.3), and derive the stated bound on the excess primal population risk in
expectation.

3Farnia & Ozdaglar (2020) considered the constant step size n; = 1 < p/L?. It is direct to extend the analysis there to any step size
ne < p/L? since an algorithm would be more stable if the step size decreases.
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We now turn to the high-probability bounds. According to Assumption 1 and Part (d) of Theorem 2, we know that with
probability at least 1 — 6 /4 that SGDA is e-uniformly stable, where € satisfies

€= o(n exp(L2Tn?/2)(Tn~" + 1og(1/5))). (E.5)
This together with Part (d) of Theorem 1 implies the following inequality with probability at least 1 — §/2

R(wr) — Rg(wrp) = O(Lp_lelognlog(l/é) + n_%\/log(l/é)),

where e satisfies (E.5). In a similar way, one can use Part (d) of Theorem 1 and stability bounds in Part (d) of Theorem 2 to
show the following inequality with probability at least 1 — §/4

Fs(w*,vp) — F(w*,vr) = O(lognlog(l/é)e) +0(n2 log? (1/0)). (E.6)
According to (D.3), we derive the following inequality with probability at least 1 — §/4

Rs(wr) = Fs(w",vr) = sup Fs(wr,v) = Fs(w',vr) = O(n-+ (Tn) ™ + T~} log(1/5)).
ve

We can plug the above three inequalities back into (E.2) and derive the following inequality with probability at least 1 — §
R(wr) — R(w*) = O(Lpfln exp(L*Tn?/2) lognlog(1/8)(Tn~" + log(l/é))) +0(n~%/10g(1/4))

+O0(n+ (@)t + T Flog(1/6)). E7)

The high-probability bound (4.6) then follows from the choice of 7" and 7. The proof is complete. O

Finally, we present high-probability bounds of plain generalization errors for SGDA.

Theorem E.1 (High-probability bounds). Let {wy, v} be the sequence produced by (4.1) with n, = 1. Assume for all z,
the function (w,v) — f(w,V; z) is convex-concave. Let A be defined by A (S) = wr and Ay (S) = v for (Wr,vr) in
(4.2). Let supy,cyy [Wll2 < Bw,supyey, [[Vl2 < By and § € (0,1). Let Ay = |F(wr,vy) — F(w*,v*)

(a) If Assumption I holds, then with probability at least 1 — §
Ap = O(n lognlog(1/8) (VT +Tn~" + 1og(1/6))) +0(n"2 log%(l/cS)) + O((Tn)_1 +T73 log(l/d)).

If we choose T =< n? and n < T—3/* then we get the following inequality with probability at least 1 — §

Ar = O(n~Y2lognlog?(1/6)). (E.8)
(b) If Assumptions 1, 2 hold, then the following inequality holds with probability at least 1 — ¢
Ap = O(n log nlog(1/6) exp (L*Tn?/2) (Tn~" +log(1/6)) + n"2 log%(1/5) +(Ty) ' +T2 10g(1/5)>.
In particular, we can choose T = n and 1 =< T~/ to derive (E.8) with probability at least 1 — 6.
Proof. We use the error decomposition

F(V_VT,\_IT) — F(W*,V*) = F(WT,\_/T) — Fs(\x/’T7\_/T) + Fs(V_VT,\_fT) — FS(W*,‘_/'T)
+ Fs(w*,vr) — F(w*,vy) + F(w",vp) — F(w",v"). (E.9)

We first prove Part (a). According to Assumption 1 and Part (c) of Theorem 2, we know that SGDA is e-uniformly stable
with probability at least 1 — /4, where

€= O(n(\/T—I— Tn™t' + 10g(1/5))>.
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This together with Part (e) of Theorem 1 implies the following inequality with probability at least 1 — §/2
F(Wr,v7) — Fs(Wr,vp) = o(n log nlog(1/8) (VT +Tn™" + 1og(1/5))) +0(n"2 log?(1/6)). (E.10)
Similarly, the following inequality holds with probability at least 1 — 6/4
Fs(w*,vp) — F(wW*,vr) = O(n lognlog(1/8) (VT + Tn~ ! + log(l/é))) +O(n" % log? (1/5)). (E.11)
According to Lemma D.3, the following inequality holds with probability at least 1 — §/4
Fy(Wr,¥7) = Fs(w*,7) < sup F(wr,v) — inf Fs(w,vr) = O(n+ (Tn) " + T ¥ log(1/6)).  (E12)

According to the definition of (w*, v*), we know F(w*, vy) < F(w*, v*). We can plug this inequality and (E.10), (E.11),
(E.12) back into (E.9), and derive the following inequality with probability at least 1 — §/2

F(wr,v7) — F(w*,v*) = o(n log nlog(1/8) (VT + Tn~" + 1og(1/5)))
+O(n~ 4 log?(1/6)) + O((Tn) ™ + T~ H log(1/9) ).
Analyzing in a similar way but using the error decomposition
F(w*,v*) — F(wp,vp) = F(W*,v*) — F(wp,v*) + F(wp,v*) — Fs(wp,v")
+ Fs(Wrp,v*) — Fs(Wp, Vr) + Fs(Wrp, V1) — F(Wr, V1),

one can derive the following inequality with probability at least 1 — §/2

F(w*,v*) — F(Wp,vp) = O(nlognlog(1/§)(ﬁ+ Tn™t' + log(l/d)))

+O(n~ % log? (1/6)) + 0((T77)*1 v T3 1og(1/5)).

The stated bound then follows as a combination of the above two inequalities.

Part (b) can be derived similarly excepting using the stability bounds in Part (d) of Theorem 2. We omit the proof for brevity.
The proof is complete. O

F. Stability and Generalization Bounds of SGDA on Non-Convex Objectives
F.1. Proof of Theorem 5

In this section, we show the stability and generalization bounds of SGDA for weakly-convex-weakly-concave objectives.
We first introduce some lemmas. As an extension of a lemma in Hardt et al. (2016), the next lemma is motivated by the fact
that SGDA typically runs several iterations before encountering the different example between S and S’.

Lemma F.1. Assume |f(-,-,2)] < 1 for any z and let Assumption 1 hold. Let S = {z1,...,z,} and S’ =
{#1y. .+, 2n-1, 2 }. Let {w¢, v} and {w},v,} be the sequence produced by (4.1) w.rt. S and S’, respectively. De-

note
W, — W,
_ t
Ay = ,
Vi —V,

(F.1)
2

Then for any tg € N and any w', v’ we have

4t(]
n

E[f(wr,v';2) = f(Wp,v'i2) + f(W,vri2) = f(W, v 2)] < — + V2GE[A7|Ay, = 0],
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Proof. According to Assumption 1, we know
f(wr, V5 2) = f(Wh, V5 2) + fF(W,vr; 2) — f(W, vl 2) < GV2Ar. (F.2)
Let £ denote the event that A;, = 0. Then we have
E[f(wr, v’ 2) = f(wp, v 2) + f(W, vri2) = f(W', v 2)]
=PEIE[f (Wr, Vs 2) = f(Wp, V' 2) + f(W, vy 2) — f(W, v 2)[€]
+ PEJELf (wr, Vs 2) = f(Whp, V' 2) + f(W, vy 2) — f(W, v 2) €7
<V2GE[A7|E] + 4P[£°],

where in the last step we have used (F.2) and the condition | f(-, -, z)| < 1. Using the union bound on the outcome i; = n
we obtain that

t
PIET <> Pliy =n] = =
t=1
The proof is complete by combining the above two inequalities together. O

Lemma F.2 shows the monotonity of the gradient for weakly-convex-weakly-concave functions. Its proof is well known in
the literature (Liu et al., 2020; Rockafellar, 1976).

Lemma F.2. Let f be a p-weakly-convex-weakly-concave function. Then
w—w Vwf(w,v) — Vi f(w,v) S w—w
v—v )\ Ve f(W, V)= Vf(w,v) =P\ v—v

We are now ready to prove Theorem 5.

2
(F.3)

2

Proof of Theorem 5. Note that the projection step is nonexpansive. We consider two cases at the ¢-th iteration. If i; # n,
then it follows from Lemma F.2 and the Lipschitz continuity of f that

2 /

2 ’ ve=vi ) |l

Wit1 — W2+1

Vi+1 — V2+1
Ve (W Viizi) = Ve woviz) [°y, [ (we= Wi (Ve (Wi viizi) = Ve (W] vii24,)
2 h Vi — Vé ’ vvf(wg7 V:ﬁa Zit) - vvf(wt7 Vi Zit)

2 2
< Wi — 0 Vwf(We, Vi zi,) — Wi + 0V f(Wh, v 23,)
2 B v+ TIthf(wt’vt; Zif,) - V; - ntvvf(wgavé; Zif,)

+77t2 . ’o .
vvf(whvtz Zit) - VVf(Wthv Zit)

T
Wi — W,
Vi — V)

+ 8G?n?. (F.4)
If i; = n, then it follows from the elementary inequality (a + b)? < (1 + p)a® + (1 + 1/p)b? that

2
/
Wit1 — Wiy
/
Vi+l = Vip

<(14 2n:p)

IN

2 2
Wi — ntvwf(wtv Vi3 Zn) - W:f + ntvwf(wga V:f; 241)
Vi + 0V f (Wi, vis zn) — Vi = mi Vi f(W, vi; 27,)

W, — W
aen (=)

Note that the event i; # n happens with probability 1 — 1/n and the event ¢, = n happens with probability 1/n. Therefore,

we know
Wil — Wi | -1 w —wp) | L+p| (w—w;
R | EE (N R R B ()
Vitl — Vi 9 n Vi =V 2 n
W — W
Vi — V}

2
(vwf(wtvvt; Zn) - wa(Wé,Vg; Z’;L)

2

2 2

+ (1 +1/p)m;
2

IN

(F.5)

vvf(wtavﬁ Zn) - vvf(wévv;; Z;))

2

> 8(1+1/p)

E;,

IN

2

+ 817 G*(1+1/(np)).

IN

(1+ 2np 4 p/n)

+ ——nG?
n
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Let ¢y € N and &£ be defined as in the proof of Lemma F.1. We apply the above equation recursively from ¢ = ¢y + 1 to T,

then
W —W/T
] (%23

By the elementary inequality 1 + a < exp(a) and 7, = ¢, we further derive

/
Wil — Wiiq
IEA ( / +
Vi+l = Vip

2 T T

51 <8G*(1+1/(mp)) > n¢ J] (1+2mp+p/n).

t=to+1  k=t+1

2

2 2

2 S 2cp | P
el <sc?(1+1/mp) 3 5 I e (52+2)

2 t=to+1 k=t+1 "
T T
c 2¢ T
<8G2(1+1/(np)) = exp ( 7’0 +2).
t=to+1 k=t+1 n

By taking p = n/T in the above inequality, we further derive

Wil — Wi ’ 2 T ¢ r 2¢cp
Ea “(Vt+1_v2+l) E| <8eG (14‘?) Z t—2exp( Z 7)

2

t=to+1 k=t+1
) T\ = T
<8eG (1 + 7) Z 3 oXP (QCplog <?))
M e
T
T 1
S8C2€G2 (1 + 72)T2Cp Z W
n t=to+1
<862€G2 (1 2) (z)%pl
“2cp+1 n2/ \tgy to

Combining the above inequality and Lemma F.1 together, we obtain

n

4ty 4\/ecG? (1+\/T)(T>cp 1

EA[f(WTavléz) _f(W/TvV/§Z)+f(WIaVT§Z) —f(W/;V/T§Z)] §7+ NoTTES % ﬁ. (F.6)

The right hand side is approximately minimized when

2
o — (LG <1+@)TC”n o
0 V2ep +1 n '

Plugging it into the Eq. (F.6) we have (for simplicity we assume the above % is an integer)

VeceG? (1 N ﬁ)p)* (1)1

EALf(wr, V'3 2) — F(Wip, V5 2) 4+ (W', Vs 2) — (W', Vi 2)] ss(

V2ep+1 n n
Since the above bound holds for all z, .S, 5" and w’, v/, we immediately get the same upper bound on the weak stability.
Finally the theorem holds by calling Theorem 1, Part (a). O

F.2. High-Probability Stability and Generalization Bounds

In this section, we give stability and generalization bounds of SGDA with nonconvex-nonconcave smooth objectives with
high probability. The analysis requires a tail bound for a linear combination of independent Bernoulli random variables
(Raghavan, 1988).

Lemma F.3. Let ¢, € (0,1] and let X1, -+ , X1 be independent Bernoulli random variables with the success rate of X
being p; € [0, 1]. Denote s = Zthl c¢pg. Then, for all a > 0,

ea

T s
P[;Q&Xt > (1+a)s} < (m> )
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In particular, for all § € (0,1) such that log(1/6) < s with probability at least 1 — 6 we have

T
Z e Xt < s+ (e — 1)4/log(1/9)s.
t=1

Theorem F.4. Let {w, v} be the sequence produced by (4.1) with 1, < ¢ for some ¢ > 0. Assume Assumption 1, 2 hold

and |f(-,;2)] < 1. Forany ¢ € (0,1), ifc < m, then with probability at least 1 — § we have

[F(wr,vr) = Fs(wy,vr)| = O(T log(n) log**(1/6)n"1/% + n™Y/210g/2(1/5) ).

Proof. Let S" = {z1,...,2n-1, 7, } and {w}, v}} be the sequence produced by (4.1) w.r.t. S". If i; # n, it follows from

the L-smoothness of f that

/
Wi+l — Wigg
/
Vit1 — Vi vt - vt

If 74 = n, we have
_ / _ /
Wt-‘,—l Wt-‘,—l < Wi Wt
! — /
Vit — Vt+1 9 Vi — 'V,

We can combine the above two inequalities together and get
W — W,
Vi — V)

!
(Wt+1 - Wt+1)
/
Vitl — Vi 2

We apply the above inequality recursively from ¢t = 1 to 7" and get

+77t < (1+ L)

va(wta Vi, Zit) - va(ww/fa V;; Zit) 2

(vwf(wta Vi3 zit) - wa(W27 V:&; Zit))

2

<(1+ Ln) + 4G, =)

2

T T
|G, = a6t TL (e )
T T/ 2 t=1 k=t+1

By the elementary inequality 1 + a < exp(a) and n; < ¢, we further derive

T

T
[(yr )], o3 2 T o (5F) = a3 o (37 F)
k=t+1 t=1 k=t+1
I =n) T o N Lie=n]
<4eq " lie=nd Llog (=)) < 4cGT .
¢ ; t P (C Og(t)) ¢ ; teL+1

By Lemma F.3, for any 6 > 0 such that log(2/6) < Zthl ﬁ with probability at least 1 — /2 we have

W — WT
v — VT

T T

§4cGTCL<Z ﬁ +(e—1),|log(1/8) ) ﬁ)

2 t=1 t=1

Note that

| Tt 1
Z tel+1 — tcLJrl <1+ E
t=1
Plugging the above bound into Equation (F.7) , we know with probability at least 1 — §/2

H (VT - VTT) <aerer (AL (o )y [l Dlos1/0)y,

Dl

F.7)
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By the Lipschitz continuity of f, the above equation implies SGDA is e-uniformly stable with probability at least 1 — 6/2
and
= O(TCL\/log(l/é)n_%).
This together with Part (e) of Theorem 1 implies the following inequality with probability at least 1 — ¢
|F(w,v) — Fs(wrp,vr)| = O(TCL log(n) log®?(1/8)n~1/2 4 n~1/2 logl/Q(l/é)).

The proof is complete. O

F.3. Proof of Theorem 6

In this section, we prove Theorem 6 on generalization bounds under a regularity condition on the decay of weak-convexity-
weak-concavity parameter along the optimization process.

Proof of Theorem 6. Let S = {z1,...,2z,} and S" = {z], ..., 2/} be two neighboring datasets. Without loss of generality,
we assume z; = z, for i € [n — 1]. If iz # n, then it follows from Assumption 2 that

2 2

wf wtavtazu) - Wf(wtavta Zt Wf wt7vt7Z'Lf) - wa(wgavg;zit) < L2 Wi — W;
Vof(Wi,vi;2i,) — Vo f (W), Vs 2 Vol (Wi, Vi 2i,) — Vo f (W, V] 2 = vy — Vv,
t ty Vit “ t ty Vi “it 2 t 2
If i = n, then it follows from Assumption 1 that
2
w.f Wi, Vi3 Zu) - wa(W;,V;; Z;,) < 8G2
vf Wi, Vi, th) vvf(wrl‘vvgv Zz/'t) 2 -
Therefore, we have
2
E. vwf(wtyvt; Zit) - wa(wgu\’;f; Z;,) < (TL — 1)L2 Wi — W;f + 8G2 (F 8)
" va(wtvvt; Z’it) - va(WQ,VQ; th) 9 n Vi — V:ﬁ 2 ' )

According to (4.1), we know
/ 2 /
Wi+l — Wi < || (Wt~ Wt
Vitr = Vigr Jly T [\ ve — v

Taking a conditional expectation w.r.t. ¢; gives

2

+ 7
2

2

(wa(wtavt; Zit) - vwf(wLV;t; Z;,))
)

vvf(wtavt; Zit - vvf(wghvft; th) 2

B W — Wi\ (Vwf(We,ve;2i,) — Vi f(W), Vi 2])

~

v (Wt>Vt;Zit)

2

/
E. Wil — Wt+1
iy —
Vitl = Vit /g

2 2
AT 2 TG | AP < Wi =W\ (Vo f(We, vis 2i,) = Ve f(W), v 27,) >
- Vi — vy 9 ! Vi — vy 9 n N vi—vy ) T\ Vv f(Wi,vis 7)) = Vv f (Wi, vis 2i,)
2 2
_ W —wy Lz | (Ve W n 8G*n; 9 < Wy — W, VwFs(Wi,vi) — VwFg (Wi, vy) >
vi—vi ), It vi—vi ), n Mt vi — Vi |\ VyFs (W}, v}) — VyFs(wy,vi) ) /7

where we have used (F.8) in the first step and used the fact
E, Vf(w,v,z;,)=VFs(w,v), E;Vf(w,v, z;f) =VFs (w,v)

in the second step. According to (5.1), we know
< (wt — wg) <VWF5(Wt,Vt) — VwFs (wé,vé)) >
vi — v}, ) '\ VyFs (W}, v}) — VyFs(wWe, vy)
_ < W — W VwEs(wi,vi) — Vi Es(wi, v}) > n < W — W VwEs(wi,vi) — VFs (W}, v}) >
vi — v, )\ VyFs(w},v;) — VyFs(wy, vy) vy — v, ) '\ VyFs (W}, v}) — VyFs(w},v})

W, — W) ? + < W — W, VwFs(wi,v}) — VwFs (W}, v}) >
vi—vi ), vi — vV, ) '\ VyFs (W}, v}) — VyFs(wj,vy) )/

v

—pt
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It follows from Assumption 1 that

< Wi =W\ (VwFs(Wi, vi) = VwFo (W), vi) >7l< Wi = Wi\ (Vwf(Wi, Vi zn) = Vwf (Wi, vis 2,) >
v)’ b VE) — b Vi )\ Vvf(wi,visz,) = Vo f(wi, viszn)

VyFs(wi,vi) — VyFs(wi, vy) n
o () M (S -
Vt*Vt Vo f Wtavtazn)f vf Wtavtazn

We can combine the above three inequalities together and derive

Vi —V; Vi — Vv,

23l

2 2

N 8n?G? 4\f 2Gn,

e /
o e ) %)
t+1 — Vi1 9 Vi Vt 9 n n Vi Vt 9
2 2 2 2
W — W 8 G Wi — W 8G
< e | () e ()L 5
2 2
Applying the above inequality recursively, we get
2 t
E, H (Wt+1 - W/QH) < 8G? Z (m? + l) H (1+ 200 + L202 + 172).
Vi T Vi1 /o "= " i
By the elementary inequality 1 4+ a < exp(a) we know
Wip1 — W) 2 2 2 1 i
E < EEE (D) e (X @omt 22+ 1)
A H (Vt+1 IR ; m; P k:zj;l (2pwm + (L* + 1)ng)

It then follows from the Jensen’s inequality that

/
Wit1 — Wiy
IEA < /+
Vitl = Vipr

The stated bound then follows from Part (a) of Theorem 1 and Assumption 1. The proof is complete.

t 2

2[G 3 (m ) exp ( S (2owme + (L% + 1)7713))

Jj=1 k=j+1

G. Stability and Generalization Bounds of AGDA on Nonconvex-Nonconcave Objectives

In this section, we give the proof on the stability and generalization bounds of AGDA for nonconvex-nonconcave functions.
The next lemma is similar to Lemma F.1, which shows AGDA typically runs several iterations before encountering the

different example between S and S’.

Lemma G.1. Assume |f(-,-,z)] < 1 for any z and let Assumption 1 hold. Let S = {z1,...,2,} and S’ =
{z1,. - y2n-1,2 . Let {wy,vi} and {w}, v} be the sequence produced by (5.2) w.rt. S and S’, respectively. De-

note
Ay = |lwe = willa + [[ve = villa-

Then for any ty € N and any w', v’ we have
8t
ELf(wr v 2) — f(Wr ¥ 2) + F(W Ve 2) — F(w Vi 9] € S0 4 GE[Ar|A, = 0]

Proof. Let £ denote the event that A;, = 0. Then we have

Elf(wr,V';2) = f(wp, V5 2) + (W, vr; 2) — f(W', vip; 2)]
=P[EIE[f(wr,V'; 2) — f(Wp, V5 2) + f(W,vr; 2) = f(W',vip; 2) [€]

+ PETE[f(wr, V5 2) = f(Wip, Vs 2) + f(W,vr; 2) — f(W', v 2)[E°]
<GE[AT|E] + 4P[E€],

(G.1)

(G.2)
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where we have used (F.2) and the assumption | f(+,-, z)| < 1. Using the union bound on the outcome i; = n and j; = n we
obtain that

to
P& SZ n] +P[jy =n]) = —.
The proof is complete by combining the above two inequalities together. [

Proof of Theorem 7. Since z;, and z;, are i.i.d, we can analyze the update of w and v separately. Note that the projection
step is nonexpansive. We consider two cases at the ¢-th iteration. If i, # n, then it follows from Assumption 2 that

(Wit — Wil
<|IWi = Nt Vo f(We, Vi, 2i,) = Wi+ 1wt Vo f (W Vs 23, |2
SHWt - WW,tVWf(thvta Zi,) — W;f + nW,tVWf(Wgavtv zi,)|l2 + ||7]w,tvwf(W;7Vt, Zi,) — VW,tVWf(W;aV:vait”b
<1+ Logw,o)l[we = Willz + Lijw el[ve — vi[2.

If iy = n, then it follows from Assumption 1 that

W1 — Wi ll2 S<IWe — Dt Vo f (We, Vi, 24, ) — Wi + Dt Ve f (W5, v, 23,) |2
<|lwe — will2 + 2Gnw, .

According to the distribution of i;, we have

-1 1
Ea (14w L) Iwe = Will2 + Litw.tl[ve = villa] + - (Iwe = w2 + 200, G)

277w,tG
n .

Eallwipr = wipill2] <

<1+ nwi L)Eal[[we — willo] + Lipw i Ea[[[ve — vill2] + (G.3)

Similarly, for v we also have

277v,tC¥

Eall[vesr = vigallo] <A+ nveDEA(llve = villo] + Loy Ea [[[we — will2] + (G4)
Combining (G.3) and (G.4) we have

2wt + v .t)G
Eall|wWerr — Will2 + [[vier — Vigll2] S0+ wye + nv,e) DEa[[[we — Wil2 + [[ve — vill2] + 201wt +11v.)G

n
Recalling the event £ that A, = 0, we apply the above equation recursively from ¢t = ¢y + 1 to 7', then
s T T
Ealllwesr = Wipqll2 4 [Ves1 — Vi ll2|As = 0] §7 Z (Thw,t + 1v.t) H (14 (Mw,k + 1v,) L)
t=to+1 k=t+1
By the elementary inequality 1 + = < exp(z) and 7w+ + 7v,+ < £, we have

Ea[lWesr —Will2 4 [Vesr — V2+1||2|Ato =0

_2cG XT: ﬁ eXp(cL) 2cG XT: %exp( XT: %)

t= t0+1 k=t+1 t=to+1 k=t+1
T T
2c¢G 1 T 2cGTeL 1 2G
= n Z $ 5P (cLlog (?)) = n Z tel+1 = Ln( )
t=to+1 t=to+1

By Lemma G.1 we have

2 c
Bl (Wi Vs 2) — F(Wh Vi) + f(W.vri2) — F v 2)] <o 2 (L)

- n (G.S5)
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The right hand side of the above inequality is approximately minimized when

G2 fl-*—l cL
to = (7) T
O \4rL

Plugging it into Eq. (G.5) we have (for simplicity we assume the above ¢ is an integer)

2 —1
E[f(wr,vs2) = f(Wh v 2) 4 (W, vrs2) = F(w v 2)) <16( 5 ) T et
Since the above bound holds for all z, S, 5" and w’, v/, we immediately get the same upper bound on the weak stability.
Finally the theorem holds by calling Theorem 1, Part (a). O

We require an assumption on the existence of saddle point to address the optimization error of AGDA (Yang et al., 2020).

Assumption 4 (Existence of Saddle Point). Assume for any S, Fs has at least one saddle point. Assume for any v,
miny, Fs(w, v) has a nonempty solution set and a finite optimal value. Assume for any w, max, Fs(w, v) has a nonempty
solution set and a finite optimal value.

The following lemma establishes the generalization bound for the empirical maximizer of a strongly concave objective. It is
a direct extension of the stability analysis in Shalev-Shwartz et al. (2010) for strongly convex objectives.

Lemma G.2. Assume that for any w and S, the function v — Fg(w, V) is p-strongly-concave. Suppose for any w, v, v’
and for any z we have

|f(w,viz) = f(w,v';2)| < G|v =V (G.6)
Fix any w. Denote V5 = arg maxyey Fg(w,v). Then
. . 4G?
E[Fs(w,VvE) — F(w,v3)] < —.
on
Proof Let S' = {2},...,2} be drawn independently from p. For any i € [n], define S =
{#1,-+ 5 2i21, 2], 2zit1,- -, Zn }. Denote Vi, = argmaxyey Fg) (W, V). Then
Ak Ak 1 A% % 1 Ak Ak
Fs(w,vs) = Fs(w, V) “n Z (f(W,Vs; zj) — f(vasm;Zj)) + n (f(W,Vs; zi) — f(w, Vs(i)§Zi))
J#i
1

NEY Ak 1 e A~k
:ﬁ (f(Wv"s(i);Z;‘) - f(w,V5; Z;)) + o (f(W7 Vs 2i) — f(WaVscz');Zi))

+ Fsi (W, ¥5) — Fso (W, Vi)

1 Ak Ak 1 Ak Ak
Sﬁ (f(W7Vs(1:>§Z;‘) — f(w, Vss Z:)) + n (f(Wa Vgs 2;) — f(WaVsm;Zi))
2G| . s
<— 95 = ¥y (G.7)

where the first inequality follows from the fact that ¥, is the maximizer of Fig(:) (W, -) and the second inequality follows
from (G.6). Since Fs is strongly-concave and ¥% maximizes Fis(w, -), we know

p

2

Ak

. 2 . .
Vs — Vs ’2 < Fg(w,¥g) — Fs(w, V).

Combining it with (G.7) we get ||V — V%)

, < 4G/(pn). By (G.6), the following inequality holds for any 2

- ok 4G?
£w.¥552) = Flw, 9503 < O
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where the last identity holds since z; is independent of ¥;,. Therefore
i ORI o . 4G?
E[Fs(w,vs) — F(w,¥5)] = - S E[f(w,¥5iz) — f(w, Vi 2)] < o
i=1
The proof is complete. O

Corollary G.3. Let 81,p > 0. Let Assumptions 1, 2, 3 with $1(S) > 1, 82(S) > p and 4 hold. Assume for any w and
any S, the functions v — F(w,v) and v — Fs(w, V) are p-strongly concave. Let {wy, v} be the sequence produced by

cL+1
(5.2) with e < 1/(B1t) and ny + < 1/(B1p°t). Then for T = (5%;)3) 2eLFL e have

E[R(wr) - R(w")] = O(n#7 Pl ).
where ¢ < 1/(1p?).
Proof. We have the error decomposition
R(wr) — R(w") = (R(wr) — Rs(wr)) + (Rs(wr) — Rs(w")) + (Rs(w") — R(w")). (G.8)

First we consider the term R(wr) — Rg(wr). Analogous to the proof of Theorem 7 (i.e., the only difference is to replace
the conditional expectation of function values in (G.2) with the conditional expectation of E[||wy — W/ ||2 + ||ve — v/ ||2]),

one can show that AGDA is O(nilT ﬁ)-argument stable (note the step sizes satisfy 7w, + 7v.+ < ¢/t). This together
with Part (b) of Theorem 1 implies that

E[R(wr) — Rg(wr)] = O((pn) ' TeE57). (G.9)

For the term Rg(wr) — Rg(w™*), the optimization error bounds in Yang et al. (2020) show that

N 1
E[Rs(wr) — Rs(w")] = O(W). (G.10)
Finally, for the term Rg(w™*) — R(w™*), we further decompose it as

E[Rs(w") — Riw")] = E[Fs(w",v5) - F(w",v")] = E[Fs(w", %) — F(w*,v5)] + E[F(w*,¥5) = F(w",v")].

where V% = arg max, Fs(w*, v). The second term E [F(w*,¥v%) — F(w*,v*)] < 0 since (w*, v*) is a saddle point of

F. Therefore by Lemma G.2 we have
E[Rs(w") — R(w")] < E[Fs(w",v5) — F(w",v%)] = o(f).
We can plug the above inequality, (G.9), (G.10) into (G.8), and get

E[R(wr) —~ B(w")] = O((pn) T57) + O( o) + 0= ).

BT o
cL+1
We can choose T' < (6277;3) 2eL+1 to get the stated excess primal population risk bounds. The proof is complete. O
H. Proof of Theorem 9

To prove Theorem 9, we first introduce a lemma on relating the difference of function values to gradients.

Lemma H.1. Let Assumption 3 hold. For any u = (w,V) and any stationary point u sy = (W (s, V(s)) of Fs, we have

)13 [VwFs(w,v)|[3
—W < FS(u) - FS(U(S)) < W)Q
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Proof. Since ug) is a stationary point, it is also a saddle point under the PL condition (Yang et al., 2020) which means that
Fs(W(S),VI) < FS(W(S),V(S)) < Fs(Wl,V(S)), Yw e W,v € V.
It then follows that

Fs(u) — Fs(u(s)) = Fs(w,v) — Fs(W(g),V) + Fs(W(g),V) — Fs(W(s), V(s))

< Fs(w,v) — Fg(w(s),v) < Fg(w,v) — wi,fg/st(W’,V) < 251( )HV wFs(w,v)|l3,
where in the last inequality we have used Assumption 3. In a similar way, we know
Fs(u) — Fs(ugy) = Fs(w,v) — Fs(w,v(s)) + Fs(W,v(s)) — Fs(W(g), V(s))
> Fs(w,v) — Fs(w,v(s)) > Fs(w,v) — SLIPFS(W,VI) > _w%(S)HvVFS(W’V)”g'

The proof is complete. O

Proof of Theorem 9. Let S’ = {z},...,z.} be drawn independently from p. For any i € [n], define S} =
{#1y. o, 2im1, 20, Zit1,y -y 20 Let ug = (Aw(S), Av(S)) and u(S ) be the projection of ug onto the set of station-
ary points of F. For each i € [n], we denote u; = (Aw(S®), A,(S®)) and ul@ the projection of u; onto the set of
stationary points of Fiq(). Then V Fqq) (ugi)) =0.

We decompose f(u;; z;) — f(us; z;) as follows

i i s s
fluiz) = flusiz) = (flusz) = Fs2)) + (Fz) = fags2)) + (fug’s2) - fusz). HD
We now address the above three terms separately.
We first address f (uz(i); zi)— f (ugs)7 2;). According to the definition of Fs, S, S(?), we know

Fl;z) = nFs(ul”) — nFg (") + f(ul”; 2]).

Since z; and 2] follow from the same distribution, we know E[f(u @, 21 ) =E[f (u(SS); z;)] and further get

E[f(u}”sz)] = nE[Fs(u)”)] —nE[Fso ()] + E[f(ug”;2)].
It then follows that

E[f(u{’;2) - f(af;20)] = nE[Fs(u”) — Fye (u{”)] = nE|Fs(u{”) - Fs(uf")], (H2)

where we have used the following identity due to the symmetry between z; and z}: E[Fg¢) (ugl))] =E [Fg(u(ss))} . By the
PL condition of Flg, it then follows from (H.2) and Lemma H.1 that

0., (5) Ngr 1
]E[.f(u( )121) f(uS 725)] S QE[ﬁl(s)

Z-)) = 0 and therefore ((a + b)? < 2a? + 2b%)

|V Fs(ui™)]3]. (H.3)

According to the definition of u( D

&A

we know Vy Fgei (u

2
|V Fs(uf”) ||2—Hv Fyio(u Ez)—*wa( u:20) Vsl 2|

, _ 4G?
<*Hwa( u; V2B + 2||wa(ui ;Zi)IIQSF, (H4)

where we have used Assumption 1. This together with (H.3) gives

(S) LGQ { 1 } (H.5)

E[f(u;z) - f(ug”;2)] < no o Lp(S))
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We then address f(u;;2;) — f (ugi); z;). Since u; and u'® are independent of z;, we know

E[f(u;z) — f(ul”;2)] = E[F(w) - F(u{")] = E[F(us) — F(u$")], (H.6)

where we have used the symmetry between z; and z;.

) (%)

Finally, we address f(ufgs ;2;) — f(ug; z;). By the definition of ug’’ we know

(f(u(SS);zi) — f(us;zi)) = n(Fs(u(SS)) — F5<U.S>). (H.7)

n

K2

Plugging (H.5), (H.6) and the above inequality back into (H.1), we derive

n

D E[f(wiiz) - flug;zi)] < E[

=1

2G?
B1(S)

| + nE[F(us) = F@{)] +nE[Fs(uf) - Fs(us)].

Since z; and z; are drawn from the same distribution, we know

1« 1
E[F(us) — Fs(us)] = - > E[F(w) - Fs(us)] = - S E[f(usz) — flus; zi)]
i=1 i=1
2G? 1
< 715[7} +E[F(ug) — F(u{))] + E[Fs(uf”) — Fs(us)], (H.8)
where the second identity holds since z; is independent of u;. It then follows that
2G? 1
E[F(uY)) - Fsi)] < ZR|——|. H.9
[ (uS ) S(uS )] = |:,81(S)i| ( )
According to the Lipschitz continuity we know
[F(us) ~ F(ug”)| < Glus —ug’l> and  [Fs(us) — Fs(ug”)] < Glus —ug..
Plugging the above inequality back into (H.8), we derive the following inequality
2G? 1 3s)
E[F(us) — F < T[] + 2GE[Jus - uf”|2]. H.10
[F(ug) s(ug)] < i 5(S) + [[lus —ug”’|2] ( )
By Lemma H.1 and (H.2), we can also have
, 1 )
E (1) ) — (9). : >_2E VVF (2) 2 .
[f(uz ?Z) f(uS 72)] = 2 [ﬁQ(S)” S(uz )”2]
Using this inequality, one can analyze analogously to (H.10) and derive the following inequality
2G? 1 s
E[F(us) — F > == F| | - 2GE[|lus — u{’|l5].
[F(us) = Fs(us)] = —— 5(9) [lus — ug”|l2]
The stated inequality follows from the above inequality and (H.10). The proof is complete. O

I. Additional Experiments

In this section, we investigate the stability of SGDA on a nonconvex-nonconcave problem. We consider the vanilla GAN
structure proposed in Goodfellow et al. (2014). The generator and the discriminator consist of 4 fully connected layers,
and use the leaky rectified linear activation before the output layer. The generator uses the hyperbolic tangent activation
at the output layer. The discriminator uses the sigmoid activation at the output layer. In order to make experiments more
interpretable in terms of stability, we remove all forms of regularization such as the weight decay or dropout in the original
paper. In order to truly implement SGDA, we generate only one noise for updating both the discriminator and the generator



Stability and Generalization of Stochastic Gradient Methods for Minimax Problems

at each iteration. This differs from the common GAN training strategy, which uses different noises for updating the
discriminator and the generator. We employ the mnist dataset (LeCun et al., 1998) and build neighboring datasets S and
S’ by removing a randomly chosen datum indexed by 4 from S and ¢ + 1 from S’. The algorithm is run based on the same
trajectory for S and S’ by fixing the random seed. We randomly pick 5 different i’s and 5 different random seeds (total
25 runs). The step sizes for the discriminator and the generator are chosen as constants, i.e. n = 0.0002. We compute the
Euclidean distance, i.e., Frobenius norm, between the parameters trained on the neighboring datasets. Note that we do not
target at optimizing the test accuracy, but give an interpretable visualization to validate our theoretical findings. The results
are given in Figure 1.
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Figure I.1. The parameter distance versus the number of passes. Left: generator, right: discriminator. ’total’ is the mean normalized
Euclidean distance across all layers and the shaded area is the standard deviation.

It is clear that the parameter distances for both the generator and the discriminator continue to increase during the training
process of SGDA, which is consistent with our analysis in Section F.1 and F.3.



