Tightening the Dependence on Horizon in the Sample Complexity of Q-Learning

A. Analysis: finite-horizon MDPs

In this section, we present the proof of Theorem 3 — a more general version of Theorem 2 — which accounts for the full
g-range.

Theorem 3. Consider any € € (O, ﬁ] Theorem 2 continues to hold if

- cs H* ( log3 T) (log LH;"T)

27

min{e?, e}

for some sufficiently large universal constant cg > 0.

A.1. Preliminaries

Let us first introduce several vector and matrix notations that are adopted for the finite-horizon case.

Vector and matrix notation. We use vector 7, € RIS/l to represent the reward function 7, at step h. The vectors
Vir e RIS, Ve RIS, Q; <€ RISIAl and Q; € RISIIAI are defined in an analogous manner. Let Q:in € RISIMA
(resp. Vi 5, € RIS |) be the estimate )y p, (resp. V4 ;) in the ¢-th iteration at step h, namely

Qirn=0-1)Qi—1.n+m(rn+ PepVint1)s Vi<h<H, (28a)
Vi = max Qy p, V1<h<H. (28b)

Here, the maximum in (28b) is taken in an entry-wise manner (cf. (8)). We also use matrix P}, € RISIAIXISI to represent
the probability transition kernel P, at step h. Moreover, let the matrix P j, € {0, 1}ISIAIXIS] pe

1, ifs' =s. (s, a),

P, ((s,a),s") := {0 (29)

otherwise.

Similar to the infinite-horizon case, let us first collect a couple of basic facts that will be useful in the proof.

Ranges of Q; 5, and V; ;,. We shall start with some simple bounds for Q; 5 and V; ;. Lemma 3 (below) demonstrates that
the estimates for the Q-function and the value function are bounded as long as they are properly initialized.

Lemma 3. Suppose that0 < ny < 1 forallt > 0. Assume that Q%H = VIS,H = 0. Thenforallt > 0and1 < h < H+1,
one has
0<Qn<(H+1-h)1 and 0<V,, <(H+1-h)1. (30)

Proof. We can use the induction argument to prove this. First, our initialization obeys (30) for ¢ = 0 and h = H + 1. Next,
suppose that (30) is true for ¢ — 1 and h + 1. By the update rule (19), it is straightforward to compute

Qir=1—-1)Qi—1n+n:(rn + P pVipy1) >0,

and

Qin=1-n)Qi—1n+m(rn+ P.pVint1)
< (T =m)1Qt-1,nllocX +me(lIrnllce + [ Penll1lVentilloo)l
<(A—m)H+1-h)1+mn(1+(H—-h)1=(H+1-h)1.

where we use the facts 7, < 1 and P} is a probability transition kernel. In addition, since V}!(s) := max, Q}, (s, a) for all
t>0,1<h<H+1lands € S,itiseasytoseethat0 < V;; < (H + 1 — h)1. This completes the proof for (30). O

It immediately follows from Lemma 3 that forall¢ > 0and 1 < h < H + 1,

—H1<-Q} <Q¢in—Q <Qin < HI.
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Combined with the fact |Q* || < H, one further has

1Qen — Qoo < H.

t>0, 1<h<H+1

This suggests we can focus on the case where ¢ < H and the claimed iteration number in (27) satisfies

H41oe3 T'1 [SI[A|T H4loe3 T'1 [SIIA|T
p o @i log"Tlos Z5=  csHTlog  Thog =57~ o 1131007 log ISIAT
min{e?, e} € 0

(3D

Several facts regarding the learning rates. Next, we present a few useful bounds regarding the learning rates ngt)

defined in the same way as (25). From the assumption (11a) and the bound (31), it is easily seen that the step size obeys

Hlog?T 1 1 Hlog?T
s < T S S T < = - (32)
‘@ L+ og77 t Hlog? T €2
Let us set s
_— 33
B i (33)
for some sufficiently small constant ¢4 > 0. In what follows, we present two upper bounds of 77§ ) for any ¢t > — log -
* Forany 0 < i < (1 — )t, one know from (32) and T > H? (cf. (11b)) that
2 Bt 2 el
nEt)S (1_Hlog T) < (1_Hlog T) S H(log H) L (34)
2c1T 21T 272
where the last step holds provided c;ca < ¢4/4.
* Turning to i > (1 — )t > ¢/2, we can use the condition ¢ > — ]OgH to bound
-, - Hlog?T _ 2H log® T - 2H log T - 2H log® T 35)
T i cot — T/logH — T
Moreover, the sum of n( ) continues to satisfy
t t t
t
Zn() H L=ni)+m [JA=n)+n J[JA=n)+-+ma@—n)+m =1 (36)
i=0 j=1 j=2 j=3
A.2. Proof of Theorem 3
We are now in the position to prove Theorem 3. For convenience of notation, we shall define
At,h = Qt,h - Q;
In addition, let 7; denote the policy such that for any state-action-horizon pair (s, a, h),!
me(al|s,h) = {(1)7 ifla = min {a'| Q¢ n(s,a’) = maxr Qy (s, a”)}, 37)
, else.

Namely, for any s € Sand 1 < h < H + 1, the policy m; chooses the smallest indexed action that achieves the largest
Q-value in the estimate Q¢ 1 (s, -). It immediately follows that

Qun(s,mi(s,h)) = Vin(s) and  PVipp =P Qini1 > PrQipyr foranym, (38)
where PT is defined in (14).

'If there is only a single action that satisfies Q1 (s,a’) = max,» Q;n(s,a”), then 7 (a|s,h) = 1 if and only if a =
arg mings Q¢ 5 (s,a’) and 0 otherwise.
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A.2.1. KEY DECOMPOSITION

We first make the following elementary decomposition:
h=Qin—Qh=1-1)Qi1n+n(rn+ P pViny) — Qj
=1 =n)(Qt-1,n — Q) + ne(rn + P nVint1 — Qp)
=1 =n)A¢—1,n +1:(Pyn Ve — PuVii )
=1 —=n)A1n +1{Pr(Vins1 — V1) + (P — Pr)Vihs }-
Similar to (22), one can use (38) to control the quantity P, (V; p41 — Vh*_H) by

Pu(Vint1 = Vie) = Pl Qunta — Py Qi < PP Qunir — PR Qg = Pt Ag s,
Po(Vinr = Vitia) = P Qunir — PY Qiyt 2 P Qe — P Qi = P A,
Combining (40) with (39) yields
App < (T—n)A¢1n+ ﬁt{PgtAt,iHl + (Pyn — Ph)‘/i,h+1};
Ay > (1 =n)An+ nt{P}?*Athrl + (P — Po)Vihs }-

We can then apply this relation recursively to reach

Aip < 77(() ‘A ot Zn(t) PU A1+ (P — Pr)Ving),

=1

¢
Ayp > ﬁ(()t)Ao,h + Zm(t)(Pﬁr*Ai,hH + (Pip — Pu)Vipg1).
i1

In the following, we shall use (41) to upper and lower bound A, ;, individually.

A.2.2. UPPER BOUNDING A, j,

Let us first upper bound A, 5, for ¢ > In view of (41a), we further decompose its right-hand side as

_T _
colog H*®

(1-p)t
Ay < Tlo ‘A 0,h + Z PTFLAZ hi1 + (Pin — Pn)Vipg)

=1
::Ct,h
t t
+ Z f )(Pz',h, —P,)V 1+ Z m(t)P;:”Ai,h+1
i=(1—B)t+1 i=(1—B)t+1
::5t,}L

where we recall that 8 := % defined in (33).

Step 1: bounding (; . From the upper bounds (34) for 77@

7

<(1-pyt ' 1<i<(1-B)t

it is straightforward to control (¢ p, as follows:

< | Bonll + ¢ max nf  max (1P Ainilloo + 1P Vi lloo + [1PuVinea )

(39)

(40a)
(40b)

(41a)

(41b)

(42)

< Aoplle +t max 0 max NPT Asnialle + (1Ponll 1Pl Vil

At 1<i<(1-p)t

QAo+t max 7 max  (|Aintillee +2[Viniallo)

K2

i<(1-p)t 1<i<(1-p)t
(i) 1 1
< -H+ — -t-3H
= 272 + 272 3
2H
< =,
- T

Here, (i) relies on || P}

1 =||Pinll1 = || Pnll1 = 1 since they are all probability transition matrices; (ii) holds due to (34).
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Step 2: bounding &; . Observe that &, ;, is a sum of martingale differences, namely

t
&n = Z Zih with z; j, == 77( )(B,h — Pp)Vi by,
i=(1—B)t+1

where the z; ;,’s satisfy
E[zin|Vipst, s Vons1] = 0.

This suggests we can invoke Freedman’s inequality (see Lemma 4) to control &; 5, for any ¢ such that ? <t<T.

* First, it is straightforward to bound

B = i < »h — Pr)Vi
g [zinlloe < g 1 (P — Pr) Vit |l
273
() 4H log T
< . P, P V; o X ————. 43
< pmax_ ol (1Bl + 1P [V | - @3
where the last step arises from (35), Lemma 3, and the fact || P; ,||1 = || Py|1 = 1.
* Next, recall the notation Varp(z) in (16). One can compute
t t
W, = Z Var(zivh | ‘/¢7h+1, Tty ‘/O,h+1) = Z (m(t)) VarPh (Vv@h-‘-l)
i=(1—B)t+1 i=(1—B)t+1
t
< < max 771@)( Z 771( )) max  Varp, (Vi nt1)
(1-p)t<i<t (e (1-B)t<i<t
2H log® T
<= V. V; , 44
S e arp, (Vint1) (44)
where the last inequality relies on (35) and (36).
* Additionally, we can use Lemma 3 to further bound W,
2Hlog®T ., 2H®log®T )
Wy <——— -H"1 = = 1
Wil < = T 7
In particular, we know that
o2 2H log® T
—_ === 45
2K — T “3)

where K := [2log H] .

With the above bounds in place, we apply the Freedman inequality in Lemma 4 and the union bound to find: with probability
atleast 1 —

TH’
o? SIATHE \S||A\THK
(1) 3
< \/16(Wt 4 %1) log% + (3B 10g %) 1
() [32H (log” T) (log AT 1202 (log® T) (log SILAT)
< \/ T (u,%l)%;(mvarph (Ving1) + 1) + - 1

Here, (i) arises from (45) and log w < 2log % (which holds due to (31)); (i1) makes use of the relation (43)
and (44).
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Step 3: using the bounds on (; , and &, j, to control A, ;,. Let us define

H log3 T log ISIAIT
$Pt,h = Cs 8 (

. max Varp, (Vips1) + 1) (46)

1<i<t

for some sufficiently large constant c5 > 0. In view of bounds for ¢; j, and &; 5, the following holds with probability
exceeding 1 — &: forall 2 <k <tand1 <h < H,

ICk,n] + 1€k,n] < /Prn- 47)
Inserting (47) into (42) reveals
t
Acn < VEn+ Y. 0PI A (48)
i=(1—B)t+1
We now define a sequence {az(»t) }i as follows
()
ol = T 0<i<t

i t )’
2j=-pyr+1

It is easy to check that for any ¢, the sequence {az(-t) }Z. satisfies

o >n®  and oo =1 (49)
i=(1—-F)t+1

where the first inequality results from (36). This enables us to rewrite (48) as

k

k
Ak,h S \/(Pth + Z nff‘)P}:—h Ail,h+1 = Z (agf) /<pt7h + nl(f)P *h A”“h—l-l) . (50)

ih=(1-B)k+1 in=(1-B)k+1
for all 2¢/3 < k < ¢. By the definition of 3 (cf. (33)), one has (1 — 3)¢ > 2t/3. We can then exploit this relation recursively
to obtain

t

At’h = Z ( Zh)\/ +nzt)P " Alh,h+1)
in=(1—B)t+1
in

t k3 th41
< Z { VPt.h t 77( )P " Z ( int1V Ptht1 1+ mhh)1 13h+]1Jr Ath+1»h+2) }
in=(1—

(1 ,B)tJrl Zh_*_l:(lfﬁ)ih*%l
O 5 o t < o) (i)
< Z W VPR T Z Z 228 z;lf_;_lp Pt
in=(1-p)t+1 ih=(1=B)t+1ip1=(1-p)in+1
t ih h+1
t in us
+ Z Z nl(h)nl(h:»)l H P Ay n2

in=1=B)t+1ip1=(1-S)in+1 k=h
. )

th
(i) .
=2 >, allel) {vewm+ Bl veu)

in=(1=B)t+1inyt1=(1—B)in+1

t ih h+1
+ > ST a0l T P A s (51)
ih=(1=B)t+1ip41=(1—B)in+1 k=h
where (i) relies on ,7( ) < a ) in (49), and (ii) holds since Zl A =(1—B)int1 Oéz(h};)l = 1 by (49).
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Our proof strategy is applying (50) recursively to control A, j, for all 1 < h < H. Towards this, we need some preparation
beforehand. First, let us define

g, = ol el =0, 1<h<H (52)

7/h 7fh+1 tH

forany t > ip, > tp41 > - > 1. By (49), one has

iy, =l (53)
Next, let us define the index set
Lin ::{(ih,--- vig) |(1=08)t <ip <t—1, (1—=P)ij <ijp <i;—1, Vh§j<H}, 54)
which satisfies
> augr, =1L (55)
(%h, - sim)€ELs

In addition, as /3 := c4/H for some sufficiently small constant ¢4 > 0, we know that
Cq H 2
1-p)H = (1 — —) > 2
(1-8) H -3
and consequently

in >ipr > >ig > (1= B)Ht>2t/3  forall (i, ,ig) € Ty

With these in place, we now invoke the relation (50) in a recursive manner to obtain

sus Y e {veme 3 115 ven)

(ih, - sim)ELs,n j=h+1k=h

H j—1
<o S TIR v | (56)

)yt T
(in, - ,im)ELe,n J=hk=h

forall ¢t > W Here, the last step arises from the fact that Z(Zh )T ik}, = 1 (cf. (55)). One can upper

bound the entrywise square of the quantity in curly braces as follows

H j—1 2 ( H j—1
T4 T4 T4

> 5 “ P < HE 1P e

j=h k=h j=hk=h

H 1 : SI||A|T
(iii) i— mkHlogd Tlogl H5| (

SHY I[P -

max Varp, (Vi 1) + 1)

J=h k=h 3 Si<t
(iv) H2(log®T) (log SIAIT) H -1 H3(log® T) (log SIAIT
< (log )7(1g 0 )ZHP’“maXVarp(Vi,jH)—i— (log );g )1
j=hk=h 2 St
) H*(1log® T) (log SIAT
S HUEDIE T (14 max AL 57
T L<i<t,k>h ’

where (i) arises from the Jensen inequality and the fact [[}_ 91 P: *isa probability transition matrix; (ii) relies on the
Cauchy-Schwarz inequality; (iii) is due to the definition of ¢, 5,; (iv) holds since H W”“ 1 =1; (v) is valid as long as

Lemma 4 holds.
Lemma 4. One has

H j—1
ST B max Varp, (Vi) S H (1+ max A oo) 1 (58)

t
i=h k=h —<7,<t 5 <i<t, k>
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Proof. See Section A.2.5. O

Plugging (57) back into (56) reveals that the following holds simultaneously for all ¢ > ﬁ with probability at least
1-6:

H4 ( log3 T) ( log ‘SHAlT)
T

A < (1 + max  [Aigl) 1. (59)

L <i<t,k>h

A.2.3. LOWER BOUNDING A, p,

In this section, we proceed to lower bound A; ;,. Invoking a similar argument for (56) and replacing m; with 7*, we can
derive

H j—1
Aygp>— max {ZHPk (Pf,]}

ity z
(in, - sim)ELe h h—h

One can further apply an analogous argument for (57) to bound the right-hand side as follows

H j—1 4 ISHAIT
H log® T) (log
ZHPk th ( ); )(1+ , e 1A k]lo0) 1.
j=h k=h 2="=
Consequently, we find that with probability at least 1 — 0,
H4 (1o T) (1 |5\|A|T
oz -y R0 ) (1 e Al) (60)
’ T L <i<t,k>h

2=

holds simultaneously for all ¢ > ﬁ.

A.2.4. COMBINING OUR UPPER AND LOWER BOUNDS ON A, ;,

Taking (59) and (60) together, we know that with probability greater than 1 — 26,

H4( log® T) ( log IS”A‘T)

[Acnle S ¥

<1+ max || A x]lo), 61)

£ <i<t,k>h

holds simultaneously for all £ > ﬁ. As a result, the claim in Theorem 2 immediately follows from the same argument

for the infinite-horizon case in Appendix 4.2.3, which we omit for the sake of conciseness.
A.2.5. PROOF OF LEMMA 4

We shall invoke a similar argument for Li et al. (2021a, Lemma 5) to establish Lemma 4. For the sake of conciseness, we
omit some details of proof.

To begin with, we can argue analogously as for Li et al. (2021a, (64)) to show that forany 1 < 5 < H,

max Varp (‘/i,j-&-l) — Varpj(ijH) < 4H max ||Ai,j+1||oo]-- (62)
L<i<t ’ L<i<t

As a consequence, one can bound the left-hand side of (58) by

H j-1 H j-1

ST B max Varg, (Vi i) < Y [[ Pe*Varg, (Vi) +4H® | max  [|A; ko1 (63)
J=h k=h 3 <i<t J=h k=h zSistk>h
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Now it remains to control the first term on the right-hand side of (63). Towards this, we can first bound similarly as in Li
et al. (2021a, (67)) to obtain

Vaer(Vj*«H) = Pj(Vj*H o j*+1) — (P j*+1) o (Pjvj*ﬂ)
< (P (@540 Q51— @) Q) +2Q5 o7y +4H max [[Auill. (64)
i<

With the estimate for Varp, (Vg*+1) in place, one can invoke the same argument for Li et al. (2021a, (68)) to reach

H j—1 H j—1
ST Br*vare, (Vi) < ST P (P72 (@410 Q1) — Q10 Q)
j=h k=h j=hk=h
H j—1 _
+ Z H P (QQ; or; +4H i’ngl?ft HAi,jHHocl)
j=hk=h 2
<4H?*(1+4 max [|A;]le)l.

L <i<t,k>h

Plugging the above bounds back into (64) immediately establishes the claimed bound (58).

B. Freedman’s inequality

The analysis of this work relies heavily on Freedman’s inequality (Freedman, 1975), which is an extension of the Bernstein
inequality and allows one to establish concentration results for martingales. For ease of presentation, we include a
user-friendly version of Freedman’s inequality as follows.

Theorem 4. Suppose thatY,, = Y ;_, Xi € R, where {X};} is a real-valued scalar sequence obeying

Xl <R and  E[X (X)) =0 forak=1,

j:j<k}
Define

n
. 2
W= B [X7],
k=1
where we write Ey,_1 for the expectation conditional on { X }j:j<k. Then for any given o® > 0, one has

2
2 /2
P{Dfn‘ > Tal’lde <o } < 2eXp <_0'2—f—_R7'/3> . (65)

In addition, suppose that W,, < o2 holds deterministically. For any positive integer K > 1, with probability at least 1 — §
one has

o2 2K 4 2K

Proof. See (Freedman, 1975; Tropp, 2011) for the proof of (65). As an immediate consequence of (65), one has

IP’{|Yn|>1/40210g§+§R10g§ande<J2} <. (67)

Next, we turn attention to (66). Consider any positive integer K. As can be easily seen, the event

2 2K 4 2K
Hy = { Y| > \/8max{Wn, ;—K}logT + gRlog (5}
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is contained within the union of the following K events

Hi C U B,
0<k<K
where we define
402 2K 4 2K o? o?
402 2K 4 2K o?

Invoking inequality (67) with o2 set to be 2,‘5—: and 9 set to be %, we arrive at P { B, } < §/K. Taken this fact together with

the union bound gives
K-1

P{Hk}< Y P{B} <6

k=0

This concludes the proof. O



