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Abstract

Most of existing statistical theories on deep neural
networks have sample complexities cursed by the
data dimension and therefore cannot well explain
the empirical success of deep learning on high-
dimensional data. To bridge this gap, we propose
to exploit low-dimensional geometric structures
of the real world data sets. We establish theoreti-
cal guarantees of convolutional residual networks
(ConvResNet) in terms of function approxima-
tion and statistical estimation for binary classi-
fication. Specifically, given the data lying on a
d-dimensional manifold isometrically embedded
in RP, we prove that if the network architecture
is properly chosen, ConvResNets can (1) approxi-
mate Besov functions on manifolds with arbitrary
accuracy, and (2) learn a classifier by minimiz-
ing the empirical logistic risk, which gives an
excess risk in the order of n_m, where s
is a smoothness parameter. This implies that the
sample complexity depends on the intrinsic di-
mension d, instead of the data dimension D. Our
results demonstrate that ConvResNets are adap-
tive to low-dimensional structures of data sets.

1. Introduction

Deep learning has achieved significant success in various
practical applications with high-dimensional data set, such
as computer vision (Krizhevsky et al., 2012), natural lan-
guage processing (Graves et al., 2013; Young et al., 2018;
Wau et al., 2016), health care (Miotto et al., 2018; Jiang et al.,
2017) and bioinformatics (Alipanahi et al., 2015; Zhou &
Troyanskaya, 2015).
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The success of deep learning clearly demonstrates the great
power of neural networks in representing complex data.
In the past decades, the representation power of neural
networks has been extensively studied. The most com-
monly studied architecture is the feedforward neural net-
work (FNN), as it has a simple composition form. The rep-
resentation theory of FNNs has been developed with smooth
activation functions (e.g., sigmoid) in Cybenko (1989); Bar-
ron (1993); McCaffrey & Gallant (1994); Hamers & Kohler
(2006); Kohler & Krzyzak (2005); Kohler & Mehnert (2011)
or nonsmooth activations (e.g., ReLU) in Lu et al. (2017);
Yarotsky (2017); Lee et al. (2017); Suzuki (2019). These
works show that if the network architecture is properly cho-
sen, FNNs can approximate uniformly smooth functions
(e.g., Holder or Sobolev) with arbitrary accuracy.

Filter

(a) Convolution. (b) Skip-layer connection.

Figure 1. Illustration of (a) convolution and (b) skip-layer connec-
tion.

In real-world applications, convolutional neural networks
(CNNss) are more popular than FNNs (LeCun et al., 1989;
Krizhevsky et al., 2012; Sermanet et al., 2013; He et al.,
2016; Chen et al., 2017; Long et al., 2015; Simonyan &
Zisserman, 2014; Girshick, 2015). In a CNN, each layer
consists of several filters (channels) which are convolved
with the input, as demonstrated in Figure 1(a). Due to
such complexity in the CNN architecture, there are lim-
ited works on the representation theory of CNNs (Zhou,
2020b;a; Fang et al., 2020; Petersen & Voigtlaender, 2020).
The constructed CNNs in these works become extremely
wide (in terms of the size of each layer’s output) as the
approximation error goes to 0. In most real-life applica-
tions, the network width does not exceed 2048 (Zagoruyko
& Komodakis, 2016; Zhang et al., 2020).

Convolutional residual networks (ConvResNet) is a special
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CNN architecture with skip-layer connections, as shown in
Figure 1(b). Specifically, in addition to CNNs, ConvRes-
Nets have identity connections between inconsecutive layers.
In many applications, ConvResNets outperform CNNs in
terms of generalization performance and computational ef-
ficiency, and alleviate the vanishing gradient issue. Using
this architecture, He et al. (2016) won the 1st place on the
ImageNet classification task with a 3.57% top 5 error in
2015.

Recently, Oono & Suzuki (2019) develops the only repre-
sentation and statistical estimation theory of ConvResNets.
Oono & Suzuki (2019) proves that if the network architec-
ture is properly set, ConvResNets with a fixed filter size
and a fixed number of channels can universally approxi-
mate Holder functions with arbitrary accuracy. However,
the sample complexity in Oono & Suzuki (2019) grows ex-
ponentially with respect to the data dimension and therefore
cannot well explain the empirical success of ConvResNets
for high dimensional data. In order to estimate a C'® function
in R? with accuracy ¢, the sample size required by Oono
& Suzuki (2019) scales as a‘#, which is far beyond the
sample size used in practical applications. For example, the
ImageNet data set consists of 1.2 million labeled images of
size 224 x 224 x 3. According to this theory, to achieve a
0.1 error, the sample size is required to be in the order of
10%24x224x3 which greatly exceeds 1.2 million. Due to the
curse of dimensionality, there is a huge gap between theory
and practice.

We bridge such a gap by taking low-dimensional geometric
structures of data sets into consideration. It is commonly
believed that real world data sets exhibit low-dimensional
structures due to rich local regularities, global symmetries,
or repetitive patterns (Hinton & Salakhutdinov, 2006; Osher
et al., 2017; Tenenbaum et al., 2000). For example, the
ImageNet data set contains many images of the same object
with certain transformations, such as rotation, translation,
projection and skeletonization. As a result, the degree of
freedom of the ImageNet data set is significantly smaller
than the data dimension (Gong et al., 2019).

The function space considered in Oono & Suzuki (2019)
is the Holder space in which functions are required to be
differentiable everywhere up to certain order. In practice,
the target function may not have high order derivatives.
Function spaces with less restrictive conditions are more
desirable. In this paper, we consider the Besov space B, .
which is more general than the Holder space. In particular,
the Holder and Sobolev spaces are special cases of the Besov
space:

s+a,00 __ s, st+a s+a
w =H g B < Bpaq

00,00 —
forany 0 < p,q < 0o,s € Nand « € (0, 1]. For practical
applications, it has been demonstrated in image process-
ing that Besov norms can capture important features, such

as edges (Jaffard et al., 2001). Due to the generality of
the Besov space, it is shown in Suzuki & Nitanda (2019)
that kernel ridge estimators have a sub-optimal rate when
estimating Besov functions.

In this paper, we establish theoretical guarantees of Con-
vResNets for the approximation of Besov functions on a
low-dimensional manifold, and a statistical theory on bi-
nary classification. Let M be a d-dimensional compact
Riemannian manifold isometrically embedded in R”. De-
note the Besov space on M as B, (M) for 0 < p,q < o0
and 0 < s < oo. Our function approximation theory is
established for B;, ,(M). For binary classification, we are
given n i.i.d. samples {(x;,y;)}" , where x; € M and
y; € {—1, 1} is the label. The label y follows the Bernoulli-
type distribution

P(y = 1x) = n(x), P(y = —1|x) = 1 —n(x)

for some 1 : M — [0,1]. Our results (Theorem 1 and 2)
are summarized as follows:

Theorem (informal). Assume s > d/p + 1.

1. Given e € (0,1), we construct a ConvResNet architec-
ture such that, for any f* € By (M), if the weight
parameters of this ConvResNet are properly chosen, it
gives rises to f satisfying

If = o= <e.

2. Assume n € B, (M). Let f} be the minimizer of the
population logistic risk. If the ConvResNet architecture
is properly chosen, minimizing the empirical logistic risk
gives rise to fg n, with the following excess risk bound

E(&ﬁ(ﬁm,f;)) < On~ =26 loghn,

where 5¢(}:ﬁ,n, f3) denotes the excess logistic risk of

fon against f3 and C'is a constant independent of n.

We remark that the first part of the theorem above requires
the network size to depend on the intrinsic dimension d and
only weakly depend on D. The second part is built upon the
first part and shows a fast convergence rate of the excess risk
in terms of n where the exponent depends on d instead of
D. Our results demonstrate that ConvResNets are adaptive
to low-dimensional structures of data sets.

Related work. Approximation theories of FNNs with
the ReLLU activation have been established for Sobolev
(Yarotsky, 2017), Holder (Schmidt-Hieber, 2017) and Besov
(Suzuki, 2019) spaces. The networks in these works have
certain cardinality constraint, i.e., the number of nonzero
parameters is bounded by certain constant, which requires a
lot of efforts for training.

Approximation theories of CNNs are developed in Zhou
(2020b); Petersen & Voigtlaender (2020); Oono & Suzuki
(2019). Among these works, Zhou (2020b) shows that
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Table 1. Comparison of our approximation theory and existing theoretical results.

Network type  Function class  Low dim. structure  Fixed width Training
Yarotsky (2017) FNN Sobolev X X . .
Suzuki (2019) FNN Besov X X dlfgﬁ?:;‘i;;am
Chen et al. (2019a) FNN Holder v X dinalit traint
Petersen & Voigtlaender (2020) CNN FNN X X cardinality constrain
Zhou (2020b) CNN Sobolev X X can be trained
Oono & Suzuki (2019) ConvResNet Holder X v without the
Ours ConvResNet Besov v v cardinality constraint

CNNs can approximate Sobolev functions in W*?2 for
s > D/2 + 2 with an arbitrary accuracy ¢ € (0,1). The
network in Zhou (2020b) has width increasing linearly with
respect to depth and has depth growing in the order of £ =2
as € decreases to 0. It is shown in Petersen & Voigtlaender
(2020); Zhou (2020a) that any approximation error achieved
by FNNs can be achieved by CNNs. Combining Zhou
(2020a) and Yarotsky (2017), we can show that CNNs can
approximate W * > functions in R” with arbitrary accuracy
€. Such CNNs have the number of channels in the order
of e=P/5 and a cardinality constraint. The only theory on
ConvResNet can be found in Oono & Suzuki (2019), where
an approximation theory for Holder functions is proved for
ConvResNets with fixed width.

Statistical theories for binary classification by FNNs are
established with the hinge loss (Ohn & Kim, 2019; Hu et al.,
2020) and the logistic loss (Kim et al., 2018). Among these
works, Hu et al. (2020) uses a parametric model given by
a teacher-student network. The nonparametric results in
Ohn & Kim (2019); Kim et al. (2018) are cursed by the data
dimension, and therefore require a large number of samples
for high-dimensional data.

Binary classification by CNNs has been studied in Kohler
et al. (2020); Kohler & Langer (2020); Nitanda & Suzuki
(2018); Huang et al. (2018). Image binary classification is
studied in Kohler et al. (2020); Kohler & Langer (2020) in
which the probability function is assumed to be in a hierar-
chical max-pooling model class. ResNet type classifiers are
considered in Nitanda & Suzuki (2018); Huang et al. (2018)
while the generalization error is not given explicitly.

Low-dimensional structures of data sets are explored for
neural networks in Chui & Mhaskar (2018); Shaham et al.
(2018); Chen et al. (2019a;b); Schmidt-Hieber (2019);
Nakada & Imaizumi (2019); Cloninger & Klock (2020);
Chen et al. (2020); Montanelli & Yang (2020). These works
show that, if data are near a low-dimensional manifold, the
performance of FNNs depends on the intrinsic dimension
of the manifold and only weakly depends on the data di-
mension. Our work focuses on ConvResNets for practical
applications.

The networks in many aforementioned works have a car-
dinality constraint. From the computational perspective,

training such networks requires substantial efforts (Han
et al., 2016; 2015; Blalock et al., 2020). In comparison, the
ConvResNet in Oono & Suzuki (2019) and this paper does
not require any cardinality constraint. Additionally, our con-
structed network has a fixed filter size and a fixed number
of channels, which is desirable for practical applications.

As a summary, we compare our approximation theory and
existing results in Table 1.

The rest of this paper is organized as follows: In Section
2, we briefly introduce manifolds, Besov functions on man-
ifolds and convolution. Our main results are presented in
Section 3. We give a proof sketch in Section 4 and conclude
this paper in Section 5.

2. Preliminaries

Notations: We use bold lower-case letters to denote vectors,
upper-case letters to denote matrices, calligraphic letters to
denote tensors, sets and manifolds. For any z > 0, we use
[2] to denote the smallest integer that is no less than z and
use | x| to denote the largest integer that is no larger than
x. For any a,b € R, we denote a V b = max(a,b). For
a function f : R — R and a set Q C R?, we denote the
restriction of f to Q by f|q. We use || f||» to denote the
LP norm of f. We denote the Euclidean ball centered at ¢
with radius w by B,,(c).

2.1. Low-dimensional manifolds

We first introduce some concepts on manifolds. We refer the
readers to Tu (2010); Lee (2006) for details. Throughout this
paper, we let M be a d-dimensional Riemannian manifold
M isometrically embedded in R? with d < D. We first
introduce charts, an atlas and the partition of unity.

Definition 1 (Chart). A chart on M is a pair (U, ¢) where
U C Misopenand ¢ : U — R?, is a homeomorphism
(i.e., bijective, ¢ and ¢~ are both continuous).

In a chart (U, ¢), U is called a coordinate neighborhood and
¢ is a coordinate system on U. A collection of charts which
covers M is called an atlas of M.

Definition 2 (C* Atlas). A C* atlas for M is a collection
of charts {(Ua, ¢a) }aca which satisfies | ), 4 Ua = M,
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and are pairwise C* compatible:
$a 0 @5 i 0p(Ua NUs) = ¢o(Ua NUs)  and

$50 05" 0a(UaNUs) = ¢(Ua NUp)
are both C* for any o, 8 € A. An atlas is called finite if it
contains finitely many charts.

Definition 3 (Smooth Manifold). A smooth manifold is a
manifold M together with a C* atlas.

The Euclidean space, the torus and the unit sphere are ex-
amples of smooth manifolds. C* functions on a smooth
manifold M are defined as follows:

Definition 4 (C*® functions on M). Let M be a smooth
manifold and f : M — R be a function on M. We say f
is a C*® function on M, if for every chart (U, ¢) on M, the
function f o ¢~ : ¢(U) — Ris a C* function.

We next define the C'*° partition of unity which is an impor-
tant tool for the study of functions on manifolds.
Definition 5 (Partition of Unity). A C'°° partition of unity
on a manifold M is a collection of C™ functions {pa }ac A
with po : M — [0, 1] such that for any x € M,

1. there is a neighbourhood of x where only a finite number
of the functions in {ps } acA are nonzero, and

2. Z Pa(x) =1

acA

An open cover of a manifold M is called locally finite if
every x € M has a neighbourhood which intersects with a
finite number of sets in the cover. The following proposition
shows that a C°° partition of unity for a smooth manifold
always exists (Spivak, 1970, Chapter 2, Theorem 15).

Proposition 1 (Existence of a C'*° partition of unity). Let
{Ua }aca be a locally finite cover of a smooth manifold
M. There is a C* partition of unity {p,}52_, such that
supp(pa) C Us.

Let {(Ua, ¢a)}aca be a C atlas of M. Proposition 1
guarantees the existence of a partition of unity {pa faca
such that p,, is supported on Ul,.

The reach of M introduced by Federer (Federer, 1959)
is an important quantity defined below. Let d(x, M) =
infye am ||x — y||2 be the distance from x to M.

Definition 6 (Reach (Federer, 1959; Niyogi et al., 2008)).
Define the set

G = {x € RP : I distinct p,q € M such that
d(x, M) = [x —pll2 =[x — g2}

The closure of G is called the medial axis of M. The reach
of M is defined as

= inf inf ||x — y]s.
7= inf ylrelGllX yl2

We illustrate large and small reach in Figure 2.

1 ] ,\I
Y

Slow Change: Large 7 Rapid Change: Small 7

Figure 2. Illustration of manifolds with large and small reach.

2.2. Besov functions on a smooth manifold

We next define Besov function spaces on M, which gener-
alizes more elementary function spaces such as the Sobolev
and Holder spaces. To define Besov functions, we first
introduce the modulus of smoothness.

Definition 7 (Modulus of Smoothness (DeVore & Lorentz,
1993; Suzuki, 2019)). Let Q C RP. For a function f :
RP — R be in LP(QY) for p > 0, the r-th modulus of
smoothness of f is defined by

wrp(fit) = Sup AL lzr, where
t

[h|2<
AL () (x) =
> =0 (;)(_1)7'_jf(x +jh) fxeQ,x+rhe,
0 otherwise.

Definition 8 (Besov Space B, (). For 0 < p,q <
00,8 > 0,7 = |s] + 1, define the seminorm | - |B§ , as

° A\
R g R B LR
SUP;sot Wy p(f, 1) if g = oo.
The norm of the Besov space B, (S2) is defined as
1flBs @ = Ifllr) + |flBs @) The Besov space
is By ,(0) ={f € L*(Q)|fl| 55, < oo}

\f

We next define B, , functions on M (Geller & Pesenson,
2011; Triebel, 1983; 1992).

Definition 9 (B, , Functions on M). Let M be a compact
smooth manifold of dimension d. Let {(U;, ¢;)}S be a
finite atlas on M and {p;}S*4 be a partition of unity on
M such that supp(p;) C U;. A function f : M — Risin
By (M) if

Cm
Bs o) = O (fpi) 0 67 M Ips ey < o0. (1)

i=1

11

Since p; is supported on Uj;, the function (fp;) o ¢; *

;1S
supported on ¢(U;). We can extend (fp;) o ¢; ' from ¢(U;)
to R? by setting the function to be 0 on R? \ ¢(U;). The
extended function lies in the Besov space By ,(R?) (Triebel,

1992, Chapter 7).

2.3. Convolution and residual block

In this paper, we consider one-sided stride-one convolution
in our network. Let W = {W, 1., } € R *K*C be a filter
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where C’ is the output channel size, K is the filter size and
C is the input channel size. For z € RP*C the convolution
of W with z gives y € RP*¢" such that

K C
y=Wxz, ;= Z ij,k,lzi+k—1,la ()

k=1 1=1
where 1 < i< D,1 < j <(C’"andwe set z;+;,_1,; = 0 for
i+ k—1> D, as demonstrated in Figure 3(a).

The building blocks of ConvResNets are residual blocks.
For an input x, each residual block computes

x + F(x)
where F' is a subnetwork consisting of convolutional lay-
ers (see more details in Section 3.1). A residual block is
demonstrated in Figure 3(b).

j-th column

3

=
!!:;w*z]»z) Flx)
;C',,_J (x+ F(x))

(b) A residual block.
Figure 3. (a) Demonstration of W * z, where the input is z €

RP*C and the output is Wz € RP*" Here W = {W; 1.} €
RC’XKXC

(a) Convolution.

is a filter where C” is the output channel size, K is the
filter size and C is the input channel size. W; . . is a D x C' matrix
for the j-th output channel. (b) Demonstration of a residual block.

3. Theory

In this section, we first introduce the ConvResNet architec-
ture, and then present our main results.

3.1. Convolutional residual neural network

We study the ConvResNet with the rectified linear unit
(ReLU) activation function: ReLU(z) = max(z,0). The
ConvResNet we consider consists of a padding layer and
several residual blocks followed by a fully connected feed-
forward layer.

We first define the padding layer. Given an input A €

RP*C1 | the network first applies a padding operator P :

RP*C1 5 RPXC2 for some integer Cp > C such that
Z=PA)=[A 0 0] € RP*C2,

Then the matrix Z is passed through M residual blocks.

In the m-th block, let W, = {W, ... W)Y and
B = {Bﬁ), - By(,f’")} be a collection of filters and bi-

ases. The m-th residual block maps a matrix from R?>*¢

to RP*C by .
Convy,, 5, + id,

where id is the identity operator and

Convwy,, 5, (Z) = ReLU (Wf,fm> oo

m

-+ % ReLU (wgp *Z+B£P) ~-~+B£fm))7 @)

with ReLU applied entrywise. Denote
Q(x) = (Convyy,, B, +id)o---
o (Convy, B, +id) o P(x). 4)

For networks only consisting of residual blocks, we define
the network class as

Co"™(M, L, J, K, k) =
{Q|Q(x) is in the form of (4) with M residual blocks.

Each block has filter size bounded by K, number of
channels bounded by J, max L,, < L,

max [W0l|e V [ B oo < .}, )
where ||-|| , denotes £>° norm of a vector, and for a tensor
W, W”oo = max; k.1 |Wj,k,l|-

Based on the network (Q in (4), a ConvResNet has an addi-
tional fully connected layer and can be expressed as

f(x)=WQ(x)+b (6)

where W and b are the weight matrix and the bias in the
fully connected layer. The class of ConvResNets is defined
as

C(M3L7 JvKa 517521R) =
{f1f(x) = WQ(x) + b with Q € C°°™(M, L, J, K, k1),
[Wlloo V |b] < Ko, || fllL < R}. (7)

Sometimes we do not have restriction on the output, we
omit the parameter IR and denote the network class by
C(Ma La Ja K, K1, ’{2)'

3.2. Approximation theory

Our approximation theory is based on the following assump-
tions of M and the object function f* : M — R.

Assumption 1. M is a d-dimensional compact smooth Rie-
mannian manifold isometrically embedded in RP. There is
a constant B such that for any x € M, ||x||s < B.

Assumption 2. The reach of M is 7 > 0.
Assumption 3. Let 0 < p,qg < 0o, d/p+1 < s < 0.
Assume f* € By (M) and ||f*||ps (m) < co for a con-

stant ¢o > 0. Additionally, we assume || f*||L~ < R fora
constant R > 0.

Assumption 3 implies that f* is Lipschitz continuous
(Triebel, 1983, Section 2.7.1 Remark 2 and Section 3.3.1).

Our first result is the following universal approximation
error of ConvResNets for Besov functions on M.

Theorem 1. Assume Assumption 1-3. For any € € (0,1)
and positive integer K € [2,D), there is a ConvRes-
Net architecture C(M, L, J, K, k1, k2) such that, for any
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Input| Residual block Residual block
Pad} id .. id
“led1 ’ 1A°dCM ‘

Chart|determination

— Output
~ P Fw)

Fao ¢z

Cardinal B-spline approximation

VCM,N © (vbCM‘

Figure 4. The ConvResNet in Theorem 1 contains a padding layer,
M residual blocks, and a fully connected (FC) layer.

[* € By (M), if the weight parameters of this ConvRes-
Net are properly chosen, the network yields a function
feC(M,L,J K, ki, k) satisfying

If = frllz= <e. ®)
Such a network architecture has
M=0 <€_d/s) , L =0(log(1/e) + D + log D),
J=0(D), k1 = O(1), log ko = O(log*(1/¢)).  (9)

The constant hidden in O(-) depend on d, s, %, P, q,Co, T
and the surface area of M.

The architecture of the ConvResNet in Theorem 1 is illus-
trated in Figure 4. It has the following properties:

e The network has a fixed filter size and a fixed number of
channels.

e There is no cardinality constraint.

o The network size depends on the intrinsic dimension d,
and only weakly depends on D.

Theorem 1 can be compared with Suzuki (2019) on the
approximation theory for Besov functions in R” by FNNs
as follows: (1) To universally approximate Besov func-
tions in R? with ¢ error, the FNN constructed in Suzuki
(2019) requires O (log(1/¢)) depth, O (¢~P/¢) width and
O (P /5 1og(1/ £)) nonzero parameters. By exploiting the
manifold model, our network size depends on the intrinsic
dimension d and weakly depends on D. (2) The ConvRes-
Net in Theorem 1 does not require any cardinality constraint,
while such a constraint is needed in Suzuki (2019).

3.3. Statistical theory

We next consider binary classification on M. For any x €
M, denote its label by y € {—1,1}. The label y follows
the following Bernoulli-type distribution

Py = 1x) = n(x), Ply = —1|x) = 1 —n(x)
for some 7 : M — [0, 1].

(10)

We assume the following data model:
Assumption 4. We are given i.i.d. sample {(x;,vi)}" 1,
where x; € M, and the y;’s are sampled according to (10).

In binary classification, a classifier f predicts the label of x
as sign(f(x)). To learn the optimal classifier, we consider

the logistic loss ¢(z) = log(1+exp(—=z)). The logistic risk
E4(f) of a classifier f is defined as

Es(f) = E(o(yf(x)))- (11)
The minimizer of £, (f) is denoted by f7, which satisfies

f5(x) = log li(:;()x)

For any classifier f, we define its logistic excess risk as
Es(f, 15) = Eo(f) = E4(15)- (13)

In this paper, we consider ConvResNets with the following
architecture:

cm = {f|f:ggoi_zogloﬁwhere

ne coonv (Ml,Ll,Jl,K, /ﬁ) ,01 € clonv (1,4,87 1,,‘@2),

i_l € CCOHV (M27L27J25 lvlil) 7§2 € C(15378717K’37 1aR) }
(14)

where My, Ms, L, J, K, k1, ko, kK3 are some parameters to
be determined.

12)

The empirical classifier is learned by minimizing the empir-
ical logistic risk:

J?¢,n = argmin 1 Z o(yi f(xi))-
i=1

fecm M iT

15)

We establish an upper bound on the excess risk of ﬁ,n

Theorem 2. Assume Assumption 1, 2 and 4. Assume 0 <
p,q<00,0<s<00,5>d/pt+landn € B, (M) with
|\77||3qu < ¢q for some constant cq. For any 2 < K < D,
we set

M1:O<n%>, MgzO(ﬂHﬁ%ﬁVd)),

L = O(log(1/e) + D +1log D), Ly = O(log(1/¢)),

J1=0(D), J; =0(1), k1 = 0(1),

log ke = O(log® n), k3 = O(logn), R = O(logn)
for C(™). Then

E(Es(fom: 3)) < On” 70 log'n. (16)

for some constant C. Here C' is linear in Dlog D and
additionally depends on d, s, S;—fd,p, q,co, T and the sur-

face area of M. The constant hidden in O(-) depends on
d, s, %ﬁd,p, q, co, T and the surface area of M.

Theorem 2 shows that a properly designed ConvResNet
gives rise to an empirical classifier, of which the excess risk
converges at a fast rate with an exponent depending on the
intrinsic dimension d, instead of D.

Theorem 2 is proved in Appendix A. Each building block
of C(") is constructed for the following purpose:

e g1 o7 is designed to approximate a truncated 1 on M,
which is realized by Theorem 1.
® g5 o his designed to approximate a truncated univariate

function log +=.
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C; 2
—

Figure 5. An atlas given by covering M using Euclidean balls.

4. Proof of Theorem 1

We provide a proof sketch of Theorem 1 in this section.
More technical details are deferred to Appendix C.

We prove Theorem 1 in the following four steps:

1. Decompose f* = ). f; as a sum of locally supported
functions according to the manifold structure.

2. Locally approximate each f; using cardinal B-splines.

3. Implement the cardinal B-splines using CNNs.

4. Implement the sum of all CNNs by a ConvResNet for
approximating f*.

Step 1: Decomposition of f*.

e Construct an atlas on M. Since the manifold M is
compact, we can cover M by a finite collection of open
balls B, (c;) for i = 1,...,Cx, where c; is the center
of the ball and w is the radius to be chosen later. Ac-
cordingly, the manifold is partitioned as M = J, U; with
U; = B,(c;) (M. We choose w < 7/2 such that U; is
diffeomorphic to an open subset of R? (Niyogi et al., 2008,
Lemma 5.4). The total number of partitions is then bounded

by Cpy < [SAL%M)TJ , where SA (M) is the surface area
of M and T} is the average number of U;’s that contain a

given point on M (Conway et al., 1987, Chapter 2 Equation
().

On each partition, we define a projection-based transforma-
tion ¢; as

¢i(x) = a;V;" (x — ¢;) + by,
where the scaling factor a; € R and the shifting vector
b; € R ensure ¢;(U;) C [0,1]%, and the column vectors
of V; € RP*? form an orthonormal basis of the tangent
space Tc,(M). The atlas on M is the collection (U;, ¢;)
fori =1,..., M. See Figure 5 for a graphical illustration
of the atlas.

e Decompose f* according to the atlas. We decompose

f*as
Cm
f* :Zfi with  f; = fpi,

=1

a7

where {p; }$* is a C° partition of unity with supp(¢;) C
U;. The existence of such a { pz}ZC:"f is guaranteed by Propo-
sition 1. As a result, each f; is supported on a subset of Uj,
and therefore, we can rewrite (17) as
Cnm
[r= Z(fi o¢; ) og x Iy, with f; = fp;, (18)

i=1

where 1y, is the indicator function of U;. Since ¢; is a
bijection between U; and ¢;(U;), fi o ¢; ! is supported on
¢:(Us) C [0,1]% We extend f; o ¢; " on [0, 1]\¢;(U;) by
0. The extended function is in B; ([0, 1]%) (see Lemma 4
in Appendix C.1). This allows us to use cardinal B-splines
to locally approximate each f; o gbi_l as detailed in Step 2.

Step 2: Local cardinal B-spline approximation. We ap-
proximate f; o ¢; ! using cardinal B-splines f; as

N
fiooi' = fi= Zfi,j with f; ; = Oé;%Mlg,j,ma 19)
=1

where afj_} € Riis a coefficient and M - [0,1]7 — R
denotes a cardinal B-spline with indecies k,m € NT,j €
R<. Here k is a scaling factor, j is a shifting vector, m is the
degree of the B-spline and d is the dimension (see a formal

definition in Appendix C.2).

Since s > d/p + 1 (by Assumption 3), setting r =
+oo,m = [s] + 1 in Lemma 5 (see Appendix C.3) and
applying Lemma 4 gives

|Fi=tioort|, < can—t o
for some constant C' depending on s, p, g and d.
Combining (18) and (19), we approximate f* by
. Om Cm N
Fr=) fiogixly, =3 Y fijo x1y,. 1)
i=1 i=1 j=1

Such an approximation has error

1F* = fllp= < CCppeoN~/4.

Step 3: Implement local approximations in Step 2 by
CNNs. In Step 2, (21) gives a natural approximation of
f*. In the sequel, we aim to implement all ingredients
of ﬁj o ¢; X 1y, using CNNs. In particular, we show
that CNNs can implement the cardinal B-spline ﬁ 7. the
linear projection ¢;, the indicator function 1y, and the
multiplication operation.

o Implement 1;;, by CNNs. Recall our construction of
U; in Step 1. For any x € M, we have 1y,(x) = 1if
d?(x) = ||x — c1||§ < w?; otherwise 1y, (x) = 0.

To implement 1, we rewrite it as the composition of a uni-

variate indicator function 1o 2] and the distance function
dz:
Ly, (x) =12 0di(x) for xe€ M. (22)

We show that CNNs can efficiently implement both 1o 2
and d?. Specifically, given § € (0,1) and A > 8D B2,
there exist CNNGs that yield functions 1 o and d? satisfying

Id} — d?|| L~ < 4B2Do (23)
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and
1, ifx € U, d?(x) <w? — A,

1y Y

0, ifx ¢ U, 24)
between 0 and 1, otherwise.

Taodi(x) =

We also characterize the network sizes for realizing 1A and
Jf: The network for 1 o has O(log(w?/A)) layers, 2 chan-
nels and all weight parameters bounded by max(2, lw? —
4B2D#)|); the network for d2 has O(log(1/6) + D) lay-
ers, 6D channels and all weight parameters bounded by
4B?. More technical details are provided in Lemma 9 in
Appendix C.6.

e Implement ﬁj o ¢; by CNNs. Since ¢; is a linear pro-
jection, it can be realized by a single-layer perceptron. By
Lemma 8 (see Appendix C.5), this single-layer perceptron
can be realized by a CNN, denoted by ¢SNN.

For ﬁyj, Proposition 3 (see Appendix C.8) shows that for
any § € (0,1) and 2 < K < d, there exists a CNN fCNN
FONN(L J, K, K, k) with

LO(log(15> ,J=0(1),k

such that when setting N = Cy 5~4/5 we have

HZ FONN _ ;1H <5 (25)
Lo (¢4 (Us))

where (' is a constant depending on s,p,q and d. The
constant hidden in O(+) depends on d, s, S;—fd, P, q,co. The

CNN class FCNN is defined in Appendix B.

-0 (5_(1ogz)(%+%))

o Implement the multiplication x by a CNN. According
to Lemma 7 (see Appendix C.4) and Lemma 8, for any n €
(0, 1), the multiplication operation X can be approximated
by a CNN x with L error #:

lla x b—x(a,b)||p~ <n. (26)
Such a CNN has O (log 1/7) layers, 6 channels. All param-
eters are bounded by max(2¢3, 1).

Step 4: Implement f* by a ConvResNet. We assemble
all CNN approximations in Step 3 together and show that
the whole approximation can be realized by a ConvResNet.

e Assemble all ingredients together. Assembling all CNN
approximations together gives an approximation of f; ; o
¢; x 1y, as

fii= % (JONe o™ 1sed). @D
After substituting (27) into (21), we approximate the target
function f* by
Cm N

=33 fis (28)

i=1 j=1

The approximation error of f is analyzed in Lemma 12 (see
Appendix C.9). According to Lemma 12, the approximation
error can be bounded as follows:
o CM
1=l <D (Ain+ Aia+ Ai3)  with

i=1

CNN o ¢CNN ]1 o d2)

Z(?JNN SN 5 (a Odz)HLw < Ny,
N
Aig = FoNN 0 gINN) ) x (T 0 d7)—
(35 (o) ) <
fix (@aod)| <4,
T S e(m+1)
Ai,S—”sz(]ledzz) fz L> S w(l—W/T)A7

where d,7, A and 0 are defined in (25), (26), (24) and (23),
respectively. For any ¢ € (0,1), with properly chosen
9,71, A and 0 as in (53) in Lemma 12, one has

1= o <e. (29)

With these choices, the network size of each CNN is quanti-
fied in Appendix C.10.

e Realize f by a ConvResNet. Lemma 17 (see Ap-

pendix C.15) shows that for every f,J there exists

JENN € FONN(L, J, K, k1, kig) with L = O(log 1 /e+D+

logD),J = O(D),k1 = O(1),logke = O(log2 1/¢)

such that fONN(x) = fi.(x) for any x € M. As a result,

the function f in (28) can be expressed as a sum of CNNs:
Cm N

fCNN — Z Z CNN (30)

=1 j=1

where N is chosen of O (~%/*) (see Proposition 3 and
Lemma 12). Lemma 18 (see Appendix C.16) shows that
FENN can be realized by f € C(M, L, J, k1, k2) with

M=0 (s_d/s) ,L =O(log(1/e) + D +log D),
J=0(D),k1 =0(1),logka = O (logQ(l/a)) .

5. Conclusion

Our results show that ConvResNets are adaptive to low-
dimensional geometric structures of data sets. Specifically,
we establish a universal approximation theory of ConvRes-
Nets for Besov functions on a d-dimensional manifold M.
Our network size depends on the intrinsic dimension d and
only weakly depends on D). We also establish a statistical
theory of ConvResNets for binary classification when the
given data are located on M. The classifier is learned by
minimizing the empirical logistic loss. We prove that if the
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ConvResNet architecture is properly chosen, the excess risk
of the learned classifier decays at a fast rate depending on
the intrinsic dimension of the manifold.

Our ConvResNet has many practical properties: it has a
fixed filter size and a fixed number of channels. Moreover,
it does not require any cardinality constraint, which is bene-
ficial to training.

Our analysis can be extended to multinomial logistic regres-
sion for multi-class classification. In this case, the network
will output a vector where each component represents the
likelihood of an input belonging to certain class. By assum-
ing that each likelihood function is in the Besov space, we
can apply our analysis to approximate each function by a
ConvResNet.
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Supplementary Materials for Besov Function Approximation and Binary Classification on
Low-Dimensional Manifolds Using Convolutional Residual Networks

Notations: Throughout our proofs, we define the following notations: For two functions f : @ — R and g : 2 — R defined
on some domain 2, we denote f < g if there is a constant C' such that f(x) < Cg(x) for all x € €. Similarly, we denote
f 2 g if there is a constant C' such that f(x) > Cg(x) for all x € Q. We denote f =< gif f < gand f = g. We use N to
denote the set of all nonnegative integers. For a real number a, we denote ay = max(a,0) and a_ = min(a, 0).

The proof of Theorem 1 is sketched in Section 4. In this supplementary material, we prove Theorem 2 in Section A. We
define convolutional network and multi-layer perceptrons classes in Section B, based on which the lemmas used in Section 4
are proved in Section C. The lemmas used in Section A are proved in Section D.

A. Proof of Theorem 2

A.1. Basic definitions and tools

We first define the bracketing entropy and covering number which are used in the proof of Theorem 2.

Definition 10 (Bracketing entropy). A set of function pairs {(f£, fU)}X, is called a §-bracketing of a function class F

with respect to the norm || - || if for any i, |f¥ — fL|| < & and for any f € F, there exists a pair (f£, fV) such that
L < f < fV. The 5-bracketing number is defined as the cardinality of the minimal §-bracketing set and is denoted by
NB(6, F, | - ||)- The d-bracketing enropy, denoted by H (8, F., || - ||), is defined as

Hp(0, F, | - ) = log N (8, F, || - |})-

Definition 11 (Covering number). Let F be a set with metric p. A 6-cover of F is a set { {1, ..., fx} C F such that for any
f € F, there exists f; for some k such that p(f, ;) < 0. The 6-covering number of F is defined as

N (6, F,p) =inf{N : there exists a & — cover { f1, ..., f5} of F}.

It has been shown (Geer & van de Geer, 2000, Lemma 2.1) that for any § > 0,p > 1,
Hp(0, F, |- ller) <logN(6/2,F, || - || o).

The proof of Theorem 2 relies on the following proposition which is a modified version of Kim et al. (2018, Theorem 5):

Proposition 2. Let ¢ be a surrogate loss function for binary classification. Let [}, Es(fn, f;) be defined as in (12) and
(13), respectively. Assume the following regularity conditions:
(Al) ¢ is Lipschitz: |p(z1) — ¢(z2)| < Ci|z1 — 22| for any z1, z2 and some constant C'.

(A2) For a positive sequence a,, = O(n~%) for some ag > 0, there exists a sequence of function classes {Fy, }nen such
that as n — oo,

Es(frs f) < an
for some f,, € F.
(A3) There exists a sequence { F, }nen with I, 2 1 such that sup e 7 || fl|L~ < F.
(A4) There exists a constant v € (0, 1] such that for any f € F,, and any n € N,
E (6(uf(x) — (uf3(x)))" < CoFi el (Eo(1. 15))"

for some constant Co > 0 only depending on ¢ and 1.

(A5) For a positive constant Cs > 0, there exists a sequence {0, }nen such that

5n 2—v
Hp (O, Fooll - 122) < Cae™m (F)

Jor {Fn}nen in (A2), {Fp}nen in (A3) and v in (A4).
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Let e% = max(an, §,,). Then the empirical ¢-risk minimizer fy ,, over F, satisfies

P (oo £5) 2 ) < Cooxp (~Cue~n 6/ (7)) o
for some constants Cyq,C5 > 0.

Proposition 2 is proved in Appendix D.1. In Proposition 2, condition (A1) requires the surrogate loss function ¢ to be
Lipschitz. This condition is satisfied in Theorem 2 since ¢ is the logistic loss. (A2) is a condition on the bias of f;)n Take
n as the number of samples. (A2) requires the bias to decrease in the order of O(n~%) for some ag. (A3) requires all
functions in the class F,, to be bounded. (A4) and (A5) are conditions relate to the variance of J?qm Condition (A4) for
logistic loss can be verified using the following lemma:

Lemma 1 (Lemma 6.1 in Park (2009)). Let ¢ be the logistic loss. Given a function class F which is uniformly bounded by
F, for any function f € F, we have

E [¢(yf) — ¢(yf3)]” < CeFE4(f. 13)

for some constant C.

According to Lemma 1, (A4) is verified with v = 1. Now we are ready to prove Theorem 2.

A.2. Proof of Theorem 2

Proof of Theorem 2. The main idea of the proof is to construct a sequence of network architectures, depending on n, such
that Condition (A1)-(A5) in Proposition 2 are satisfied. The excess risk is then derived from (31). In particular, we choose

_s S
Fp=C" q, =n~ =F26vD log?n, F, =

——  _logn,d, =n_ =D logh 32
2st+2(svd) 2" " o8 (32)

where C(™) is the network architecture in Theorem 2.

We first prove the probability bound of 5¢(J?¢>,n, f ;) by checking conditions (A1)-(A5) in Proposition 2. Note that ¢ is the
logistic loss which is Lipschitz continuous with Lipschitz constant 1. Thus (A1) is verified. According to Lemma 1, (A4) is
verified with v = 1. We next verify (A2), (A3) and (AS).

A truncation technique. Recall that f* = log ﬁ As 7 goes to O (resp. 1), f* goes to oo (resp. —oo). Note that (A3)
requires the function class JF,, to be bounded by F;,. To study the approximation error of F,, with respect to f*, we consider
a truncated version of f* defined as

F,,  iff; > Fy,
—F,, if 5 < —Fp.

Verification of (A2) and (A3). The following lemma is a very important lemma on approximating f;,n by ConvResNets.
It also provides the covering number of the network class which will be used to verify (AS).

Lemma 2. Assume Assumption 1 and 2. Assume 0 < p,q < 00,0 < s < 00, s > d/p+ 1. Foranye € (0,1) and any
K < D, there exists a ConvResNet architecture

C(Fn) = {f|f =g20 B ©0g101 where ne CCOHV (M17 le J17Ka K‘l) » g1 € CCOHV (174a 87 1, KQ) ’
h € CConV (MQ, LQ, JQ, 1, :‘il) , g2 € C (1,37 8,1, k3,1, R) }

with

M; =0 (g-d/S) , My =0 (e7Fre') Ly = O(log(1/e) + D +log D), L» = O(log(1/e)),

J1 =0(D), J, = 0(1), k1 = O(1), log ky = O(log*(1/¢)), k3 = O(log(F,,/e) + F,), R=F,,
such that for any 1 € By (M) with ||| s (m) < co for some constant co, and [} ,, be defined as in (33), there exists
Fom € CF) with

1 Fom = Fonllie < defe.

Moreover, the covering number of C\F») is bounded by

N@G,CHD || - ||z=) = O (Dga_(%“)) log(1/e) (log>(1/¢) + log D + F,, + 1og(1/5))) .

The constant hidden in O(-) depends on d, s, S;—fd,p, q, co, T and the surface area of M.
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Lemma 2 is proved in Section D.2. By Lemma 2, fix the network architecture C (Fn) | for g1 € (0,1), there exists a
— — 2s
ConvResNet fy ,, € C(Fn) guch that | fon — f;,n”L“’ < 4efrgy. Inthe following, we choose €1 = n~ 2s+2G:Vd) logn.

Next we check conditions (A2) and (A3) by estimating E( f@n, f ;) Denote

Ay ={xeM:|fj| <F.}, AS = {xe M:|[fi]| > F,}.
We have

EolFom 1) = /M 0 (6(Fom) — 6UD) + (1= 1) (B(—Fom) — S(—F3)) ldx)
- /A 0 (S(Fom) — S(F50) + (L= 1) (S(=Fom) — $(—F50)) 1(dx)

T

[ 0 0Uan) = 072) + (1= 1) (0 =Fa) = 1)) n(d). (34)

T2

where we used f > = f;; , on A,. In (34), T; represents the approximation error of fqm, and T is the truncation error.
Since || f5,n — f pllLe < 4efrey,

T, < /A 06Fom) — S5 + (L= D= Fsm) — D=5 |1ldx)
< ¢(fon) = d(f5n)llLee < 4emer. (35)

A bound of T is provided by the following lemma (see a proof in Appendix D.3):

Lemma 3. Assume Assumption 1 and 2. Assume 0 < p,q < 00,0 < s < 00, s > d/p+1, 7 € B;’q(/\/l) with
Hn||3§ (M) < co for some constant co. Let Ty be defined as in (34). If defmey < 1, the following bound holds:

Ty < 8F, e Fn. (36)

According to our choices of €1 and F),, 4efe; < 1 is satisfied. Combining (35) and (36) gives

Eo(fom: f3) <T1 4Ty < 4efre) 4+ 8F, e,

_ 2s .
Substituting £y = n~ z+26Vd) logn, F), = log n gives

_ s
25+2(sVd)
Eo(fom: f) < Cen™ =526V log?n

and CFn) = C(") where C(™) is defined in Theorem 2. Here Cy is a constant depending on s and d. Thus (A2) and (A3)

are satisfied with a,, = n~ =726V log? n, F,, = m log n.

Verification of (A5). For (A5), we only need to check that log A/ (d,,, C (n) |- loe) < C3nF, 16, for some constant Cs .
According to Lemma 2 with our choices of €1 and F;,, we have

(svd)
log N'(8,C™, || - || =) = O <D3n252+2<ﬂvd) log(n) (log®n + logn + log D + log(l/é))) :
Substituting our choice §,, = n"~ 25F2(3Va) log® n gives rise to
(n) 3 2(svd) 2 1 _F
log N (6,,,C"™ || - || =) = O ((D log D)n%=+2Gva) log n) < C3nF, "e= "o, 37

for some C3 depending on d, D> log D, s, Sp%d,p, q, co, T and the surface area of M. Therefore (A5) is satisfied.

Estimate the excess risk. Since (A1)-(A5) are satisfied, Proposition 2 gives

(38)

s+2(sVd)
25 + 2(s V d) n=+2Gvd) e%)

f 5 > < —
P (6¢(f¢,n7f¢) el €n> > C5 exp < 04 1ogn
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with efL = max(an, 0,) = Crn~ T2V log;4 n and ]?4," € F,, being the minimizer of the empirical risk in (11). Here C;
is a constant depending on d, D, log D, s, S;L_d,p, q, co, T and the surface area of M.

Note that (A5) is also satisfied for any §,, > C7n~ TGV 1og4 n. Thus

25+ 2(s Vv d) P ¢
(39

fom  f5) > ) < -
P (E(Fom f3) 2 ) < Cs exp< C e

forany t > Crn~ 2 F2 (V) log® n. Integrating (39), we estimate the expected excess risk as

BE Fon ) = [ (T Fim(a)

< CrP (E4(Foms £3) < Crn™ 775000 log n ) 0™ 7727 log* n

s+2(svd)
[e%s} 2 2 Vd 2s+2(svd) ¢
+C'5/ exp (—04 sH2Asvd)n )dt
S

Crn 2s+2é(svd) log* n logn

< Cgn™ =926V Jog* n (40)

for some constants C'7, Cs depending on d, D, log D, s, S;—fd,p, q, co, T and the surface area of M. O]

B. Convolutional neural networks and muli-layer perceptrons

The proofs of the main results utilize properties convolutional neural networks (CNN) and multi-layer perceptrons (MLP)
with the ReLLU activation. We consider CNNs in the form of

f(x) =W - Convyy p(x) 41)

where Convyy g(Z) is defined in (3), W is the weight matrix of the fully connected layer, W, BB are sets of filters and biases,
respectively. We define the class of CNNs as

FONN(L I, K, k1, ko) = {f |f(x) in the form (41) with L layers.

Each convolutional layer has filter size bounded by K.

The number of channels of each layer is bounded by J. (42)
mlaXIIW(”Iloo VIIBY oo < k1, [[Wlloo < o}
For MLP, we consider the following form
f(x) =W -ReLUW_;---ReLU(W1x +by)---+br_1) + by, (43)
where W1, ..., W and by, ..., by are weight matrices and bias vectors of proper sizes, respectively. The class of MLP is
defined as FMUP (L, ] k) = { £ | f(x) in the form (43) with L-layers and width bounded by .J. "

||W,»HOO7OO <K, ||bill, < wfori=1,... 7L}.
In some cases it is necessary to enforce the output of the MLP to be bounded. We define such a class as

FMEP(L, J, k5, R) = {f |f(x) € FMP(L, J,k) and || f|lc < R} .

In some case we do not need the constraint on the output, we denote such MLP class as FMLP (L, J, k).

C. Lemmas and proofs in Section 4

C.1. Lemma 4 and its proof

Lemma 4. Define f;,¢; as in (17). We extend f; o ¢; ' by 0 on [0,1]%\¢;(U;) and denote the extended function by
fio ¢;1‘[071]d . Under Assumption 3, we have f; o (257;_1“0’1]«1 € B; ([0, 1)) with

1 fio ;|

where C'is a constant depending on s,p, q and d.

B3 ,([0,1]4) < CCO
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To prove Lemma 4, we first give an equivalent definition of Besov functions:

Definition 12. Let ) be a Lipschitz domain in RY. For 0 < p,q < oo and s > 0, By () is the set of functions
B ,(Q) = {f: Q2 — R[3g € B; ,(R?) with gl = [},

where g|q denotes the restriction of g on Q. The norm is deﬁned as || f|

Bs. @) = infg lgllss  ®a)-

According to Dispa (2003, Theorem 3.18), for any Lipschitz domain 2 C R, the norm || - HB;.q(Q) in Definition 8 is
equivalent to || - [|5; (o) in Definition 12. Thus B; () = B} ().

Proof of Lemma 4. Since f € B3 (M), according to Definition 9, f; 0 ¢; ' € B3 (R?) in the sense of extending f; o ¢; '

by zero on Rd\qﬁ,( i), see Trlebel (1983, Section 3.2.3) for details. From Assumptlon 3, (1 fio oy | B: ,(Re) < Co. We next

restrict f; o qbi on [0, 1]¢ and denote the restriction by f; o ¢;° |[0’1]d.

Using Definition 12 and Assumption , we have
15 0 67 Hjo,1)4

and we next show f; o d);1|[071]d e U(B, ,([0, 1]4)). Since [0,1]¢ is a Lipschitz domain, Dispa (2003, Theorem 3.18)

implies By ,([0,1]%) = B ([0, 1]?). Therefore, there exists a constant C' depending on s, p, ¢ and d such that

| fio ¢;1|[0,1]d”B;1q([0,1]d) <l fiod; !

Bs (0,119 < Ilfio ||B-;,q(Rd) < Co;

s < .
Bs () < Cco

C.2. Cardinal B-splines

We give a brief introduction of cardinal B-splines.

Definition 13 (Cardinal B-spline). Let 1)(x) = Lo 11(x) be the indicator function of [0, 1]. The cardinal B-spline of order
m is defined by taking m + 1-times convolution of 1:

Um(z) = (P xth - x)(x)
—
m+1 times
where f = g(x) = [ f(xz —t)g(t)dt.

Note that 1),,, is a piecewise polynomial with degree m and support [0, m + 1]. It can be expressed as (Mhaskar & Micchelli,

1992)
m—+1

+1 .

ont) = o 30 (" )i

For any k, j € N, let My, j () = ¥, (2°x — 7), which is the rescaled and shifted cardinal B-spline with resolution 2%
and support 275, j + (m + 1)]. Fork = (ky,...,kg) € Nt and j = (j1,...,j4) € N9, we define the d dimensional
cardinal B-spline as le,j’m(x) = Hle U (2%ix; — 5;). Whenky = ... = kg = k € N, we denote M,‘f’j,m(x) =

[T tom (2% — ).
C.3. Lemma 5

Forany m € N, let J(k) = {—m, —m+1,...,2"*—1,2*}? and the quasi-norm of the coefficient {v, ;} fork € N, j € J(k)
be

1/p7 9\ Y4

[[{owk,;

S (2 (3 g

keN jeJ(k)

(45)

The following lemma, resulted from DeVore & Popov (1988); Diing (2011), gives an error bound for the approximation of
functions in B ([0, 1]%) by cardinal B-splines.
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Lemma 5 (Lemma 2 in Suzuki (2019); DeVore & Popov (1988); Diing (2011)). Assume that 0 < p,q,r < oo and
0 < s < oo satisfying s > d(1/p — 1/r)4. Let m € N be the order of the Cardinal B-spline basis such that 0 < s <
min(m, m — 1+ 1/p). Forany f € By ,([0,1]%), there exists fn satisfying

If = faller o) < CN*S/dHf”B;,q([O,l]d)
for some constant C with N > 1. f is in the form of

Z Y M (x Z Z@m & (), (46)

k=0 je.J (k) E=K+1 i=1
where {j o C J(k),H = [erlog(N)/d], H* = [v= 1og(AN)] + H + 1,n;, = [AN27V* 5] for |k = H +
JH* u = (1/p —1/r)r andv = (s — u)/(2u). The real numbers ¢c; > 0 and X\ > 0 are two absolute constants

chosen fo satisfy Zk L(2F +m)d + Zk 41k < N, which are to N. Moreover, we can choose the coefficients {a j}
such that

b <Ol

B 4([0,1]4)
for some constant C1.

Lemma 6. Let al(fg be defined as in (19). Under Assumption 3, for any 1, k, j, we have

lag | < CeoN oD (v +erd™)(d/p=s)+ 47)

—1

Sor some C depending on (d/p — s)yv™", s and d, where v, ¢1 are defined in Lemma 5.

Proof of Lemma 6. According to (45) and Lemma 5,

284 oy 5| < [ {ani}Hlos, < Crllfio &7 lbs , (0.119)-
Using Lemma 4 and since k < H* (from Lemma 5), we have
a3 < Cr2M P10 97 g rogey < Co2T P v erco (48)
for some C5 depending on s and d. From the expression of H*, we can compute
oH" < CSN(log 2)(v " 4erd™h) (49)

for some C3 depending on (d/p — s), v 1. Substituting (49) into (48) finishes the proof.

C4.Lemma 7

Lemma 7 (Eroposition 3 in (Yarotsky, 2017)). Forany C > 0and 0 < n < L. If |z| < C,|y| < C, there is an MLP,
denoted by X (-,-), such that -

% (z,y) — zy| <n, x(z,0) = x(y,0) = 0.
Such a network has O <log %) layers and parameters. The width of each layer is bounded by 6 and all parameters are
bounded by C*.

C.5. Lemma 8

The following lemma is a special case of Oono & Suzuki (2019, Theorem 1). It shows that each MLP can be realized by a
CNN:

Lemma 8 (Theorem 1 in (Oono & Suzuki, 2019)). Let D be the dimension of the input. Let L, J be positive integers
and k > 0. For any 2 < K' < D, any MLP architectures FM'Y (L, J, k) can be realized by a CNN architecture
FONN(L J' K kY, kb)) with

L'=L+D,J =4J,k} = k) = k.
Specifically, any fM'F € FMIP(LJ k) can be realized by a CNN fONN ¢ FONN(L/J' ' K' k!, Kb). Furthermore, the
weight matrix in the fully connected layer of f°NN has nonzero entries only in the first row.
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C.6. Lemma 9 and its proof

Lemma 9. Let d? and Ljo,2) be defined as in (22). For any 0 € (0,1) and A > 8B2D0, there exists a CNN c?f

approximating d? such that ~
' |d? — d?||p~ < 4B%D#,

and a CNN 1 5 approximating 1jg ,2) with
1, ifa < (1—27F)(w?—4B2D9),
Ta(x) =<0, ifa > w? —4B2DY,
28 (w? —4B%DO)"'a — 1), otherwise.

forx € M. The CNN for gf has O(log(1/0)) layers, 6D channels and all weights parameters are bounded by 4B?. The
CNN for 1 has [log(w?/A)]| layers, 2 channels. All weight parameters are bounded by max (2, |w? — 4B2D6)|).

As a result, for any x € M, 1 o c?f(x) gives an approximation of 1y, satisfying
1, ifx € Uy and d?(x) < w? — A;

laodi(x) =40, ifx ¢ Ui
between 0 and 1, otherwise.

Proof. We first show the existence of (? Here d?(x) is the sum of D univariate quadratic functions. Each quadratic function
can be approximated by an multi- layer perceptron (MLP, see Appendix B for the definition) according to Lemma 7. Let
h(z) be an MLP approximation of z2 for 2 € [0, 1] with error 6, i.e., ||(z) — 22||s < 0. We define

cif(x)le?;/%( >

as an approximation of d?(x), which gives rise to the approximation error ||d12 — d?|| < 4B2?D@. Such a MLP has
O(log 1/0) layers, and width 6 D. All weight parameters are bounded by 4B2. According to Lemma 8, d? can be realized
by a CNN, which is denoted by d?. Such a CNN has O(log 1/6) layers, 6D channels. All weight parameters are bounded
by 4B2.

Tj — Cij
2B

To show the existence of 15, we use the following function to approximate 1[g .2

1, ifa <w?—A+4B2D6,
Ta(a)=X0, if o > w? —4B2Duv,
r?—4B2Do
= LR gBQD07
We implement 1 A (a) based on the basic step function defined as: g(a) = 2ReLU(a — 0.5(w? — 4B2D#)) — 2ReLU(a —
w? 4+ 4B%D0). Define

otherwise.

gr(a) =go---og(a)
k
0, ifa < (1—27%)(w?—4B%D9),
= w? —4B?D9, ifa > w?—4B2D0,
2F(a — w? +4B?D0) + w? — 4B%D6,  otherwise.
WesetTp =1— (w? — 4B2D0)~ g, which can be realized by a CNN (according to Lemma 8). Such a CNN has & layers,

2 channels. All weight parameters are bounded by max(2, |w? — 4B2D@|). The number of compositions k is chosen to
satisfy (1 — 27%)(w? — 4B2D0) > w? — A + 4B2 D@ which gives k = [log(w?/A)].

O

C.7. Lemma 10 and its proof

Lemma 10 shows that each cardinal B-spline can be approximated by a CNN with arbitrary accuracy. This lemma is used to
prove Proposition 3.
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Lemma 10. Let k be any number in N and j be any element in N%. There exists a constant C depending only on

d and m such that, for and ¢ € (0,1) and 2 < K < d, there exists a CNN ngm € FONN(L, J, K, Kk, k) with
= 3—|—2flog2 (2%m) 4+ 5] [logy(dV m)] +d, J = 24dm(m +2) 4+ 8d and r = 2(m +1)™ V 2 such that for any k € N

andJGN

12!

Jm = Mlgl,j,mHL“’([O,l]d) <g,
(x) =0 forallx ¢ 27%[0,m + 1]<.

and M?

k,j,m

The proof of Lemma 10 is based on the following lemma:

Lemma 11 (Lemma 1 in Suzuki (2019)). Let k be any number in N and j be any element in N¢. There exists a constant
C depending only on d and m such that, for all ¢ > 0, there exists an MLP M,ijym e FMUP(L J k,1) with L =

3+ 2ﬂog2 (252) + 5] logy(d V m)],J = 6dm(m + 2) + 2d and k = 2(m + 1)™ V 2% such that for any k € N and
jeN?

||Mg,j,m - Mlg,j,mHLoo([O,l]d) <e,
and Ml | (x) = 0 forall x ¢ 27%[0,m + 1]%.

Proof of Lemma 10. According to Lemma 11, there exists an MLP My, =~ e FMUP(L/,J' k/,1) with L' = 3 +
2[logy (252) + 5] [logy(d V m)], J' = 6dm(m + 2) + 2d and " = 2(m + 1)™ V 2* such that

||Mg,j,m - Mllci,j,mHLOO([O,l]d) <e,
and M (x) = 0forall x ¢ 2770, m + 1]%.

Lemma 8 shows that such an MLP can be realized by a CNN Mg,j,m € FONN(L, J, K, k, k). O

C.8. Proposition 3 and its proof

CNN can approximate f; o ¢; ' with arbitrary accuracy.

Proposition 3 shows that if /V and €; are properly chosen, Zjvzl
Proposition 3. Lert f; o qfl be defined as in (18). For any 6 € (0,1), set N = C16~ . Suppose Assumption 3. For any

N
2 < K < d, there exists a set of CNNs { CNN} such that
j=1

N

SN fiogt| <4,

j=1 >
where C is a constant depending on s, p, q and d.

:%NN is a CNN approximation ofﬁj (defined in (19)) and is in FENN(L, J, K, k, k) with
L =0 (log(1/5)),.J = [24d(s + 1)(s +3) + 8d],k = O (5*00%2)(532

+Cld_1)) .

The constant hidden in O(-) depends on d, s, S;—id,p, q, Co-

Proof of Proposition 3. Based on the approximation (19), for each ﬁ j» we construct CNN f;~ FONN ¢4 approximate it.

()

Note that ﬁ i= )M k. j,m With some coefficient a5 and index k, j, m where M¢ k. jm 18 @ d-dimensional cardinal B-spline.

Lemma 10 shows that M k.j,m can be approx1mated by a CNN M, /g,jm with arbitrary accuracy. Therefor fz,j can be
approximated by a CNN NSJNN with arbitrary accuracy. Assume HM ,f’ sm— M, ,‘ci’j’mH Lo < e forsome g; € (0,1). Then
NN e FONN(L, J, K, k, ) with
L=0(og(l/e)),J = 24dm(m + 2) + 8d, k = max (|ak)| 2’“) 0 (Nﬂog2><”’1+°14’1)<”<d/P—8)+>) . (50)
where the value of k comes from Lemma 6 and (49).
The rest proof follows that of Suzuki (2019, Proposition 1) in which we show that with properly chosen N and &1,

Z;V L FENN can approximate f; o ¢; ' with arbitrary accuracy.
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We decompose the error as
N

N
Z FONN _ ¢4 o7! _O¢;1HLW+ Z ZC]NN 7 . 1)

j=1 Loo j=1 Lo

where ﬁ is defined in (19). We next derive an error bound for each term.
Let m be the order of the Cardianl B-spline basis. Set m = [s] + 1. According to (20) and Lemma 3,
|Fi= oo <N =% I{a{l} s, < Cillfls;,, (52)

for some constant C' depending on s,p,q and d, some universal constant Cy with {j;}*, < J(k), H =
[c1log(N)/d], H* = [~ log(AN)] + H + 1, np = [AN27*¢=H)] fork = H+1,...,H*, u=d(1/p—1/r),,

. —d/s ~
v = (s—u)/(2u) and 2521(2k+m)d+ZkH:H+l ni < N. By setting N = R%‘&co) -‘,wehave ||fi_fio¢;1“oo <
5/2.

Next we consider the second term in (51). For any x € [0, 1]¢, we have

N

STIENE) - fix)| < >0 (aldIME () = M, ()]

j=1 (k,j)eSn

<er > laflag, oz S crm+ D)1+ H2P W5 £,
(kj)eSn

)(bg 2)(d/p—s)+

<er(m+ 1) (141log(AN)v~" + c1log(N)/d + 3) (63()\N)”71Ncl/d 1f15;,

< Oy log(N)N o8 (v erd ™) (d/p=s) 1

-1 1
< Cyeplog <§) (§>—(10g2)(v +erd (L -d) _
with C; being some constant depending on 1, d, s, p, ¢, v~*. In the second inequality, 1 ML (0)#0 = 1if M;ij,m(X) #
0 and it equals to O otherwise. The third inequality follows from the fact that for each k, there are (m + 1)? basis
H{%J}H <0

= [log(AN)v~'| + H 4+ 1 and H = [c¢1 log(N)/d], and the last mequality follows from N = [(%)_d/s-‘. Setting

functions which are non-zero at x and 2k(s—4/p)

B .- In the fourth inequality we use

_ _ 2
1 5)%+(log2)(u Yteid 1)(‘313 —d

€1 = CreaToz(@/5) (5 )+ proves the error bound.

Under Assumption 3, s > d/p + 1. Therefore (g — d) =0andv = - Substltutlng these expressions into (50) gives

the network architectures. O

C.9. Lemma 12

Lemma 12 estimates the approximation error of f.

Lemma 12. Let 1) be the approximation error of the multiplication operator X (-, -), & be defined as in Proposition 3,
A and 0 be defined as in Lemma 9. Assume N is chosen according to Proposition 3. For any i = 1,...,Cnq, we have

H]g*f*HLOC < Zlczj\f( i1+ Ao+ A;3) with

Aiy = Z H CNN 0 ¢S T 0 d2) — fCNN ONN o (T4 Odz)HLm < 5y,

(N»CNNO(biCNN) X (iAOCAl?)—fi X (iAOCAl?) S(S,

]

E
i
o

LOO
. < e(r+1)

~w(l—w/7T)

&
|

i3 = || fi % (iAO‘;z?)—fi
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Sor some constant C' depending on d, s, p, q and some constant c. Furthermore, for any € € (0, 1), setting

: L/ e \*7 L wl-w/ne A
= —_ A — _
’ 3C m 1 C (3CM> ’ 30(7r + ]_)CM 0 16B2D (53)

gives rise to P .
If = f o= <e.
The choice in (53) satisfies the condition A > 8B2D0 in Lemma 9.

Proof of Lemma 12. In the error decomposition, A; ; measures the error from X:

N
Ay =Y [RTDN 0 6N Ta 0 @) = JNN 0 60NN x (a0 @)|| | < Ny < Co~,
j=1

for some constant C' depending on d, s, p, q.
A; 2 measures the error from CNN approximation of Besov functions. According to Proposition 3, 4; o < 6.

A; 3 measures the error from CNN approximation of the chart determination function. The bound of A; 3 can be derived
using Chen et al. (2019a, Proof of Lemma 4.5) since f; o d)i_l is a Lipschitz function and its domain is in [0, 1]%. O

C.10. CNN size quantification of fz j

Let fi,j be defined as in (28). Under the choices of 4,7, A, 6 in Lemma 12, we quantify the size of each CNN in fl j as
follows:

EZ? has O(log(1/¢) + D + log D) layers, 6D channels and all weights parameters are bounded by 452.
1A has O(log(1/¢)) layers with 2 channels. All weights are bounded by max(2, w?).
x has O(log 1/¢) layers with 6 channels. All weights are of max(c3, 1).

ﬁ%NN has O(log1/e) layers with [24d(s + 1)(s + 3) + 8d| channels. All weights are in the order of

O (s’(log 2)¢( siid“ld_l)) where c; is defined in Lemma 5.

e »$NN has 2 + D layers and d channels. All weights are bounded by 2B.

In the above network architectures, the constant hidden in O(-) depend on d, s, S;—fd , D, q, co, T and the surface area of M.
In particular, the constant depends on D log D linearly.

C.11. Lemma 13 and its proof

Lemma 13 shows that the composition of two CNNs can be realized by another CNN. Lemma 13 is used to prove Lemma
17.

Lemma 13. Let FFNN(Ly, J1, K1, k1, k1) be a CNN architecture from RP — R and FSNN(Ly, Jo, Ko, ko, K2) be a

CNN architecture from R — R. Assume the weight matrix in the fully connected layer of F-NN(Ly, J1, K1, k1, K1)

and fQCNN(Lg,Jg,KQ,@,Hg) has nonzero entries only in the first row. Then there exists a CNN architecture
FONN(L, J, K, K, k) from RP — R with

L=11+ Ly, J=max(J1, J2), K =max(K1, K3),k = max(k1, ko)

such that for any fi € FONN(Ly,Jy, Ky, k1,k1) and fo € FONN(Lo, Jo, Ko, ko, Ky), there exists f €
FONN(L J K, K, k) such that f(x) = fa o fi(x). Furthermore, the weight matrix in the fully connected layer of
FONN(L, J, K, K, k) has nonzero entries only in the first row.

In Lemma 13 and the following lemmas, the subscript of FCNN are used to distinguish different network architectures.

Proof of Lemma 13. Compared to a CNN, directly composing f; and f5 gives a network with an additional intermediate
fully connected layer. In our network construction, we will design two convolutaionl layers to replace and realize this fully
connected layer.

Denot dfob
enote fy and f; by f1(x) = Wy - Convyy, , (x) and fa(x) = Wa - Convyy, g, (X).
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where W, = {Wl(l)}ilvlgl = {Bil)}Ll We = {Wél)}

Ls

By = {Bél)}L2 , are sets of filters and biases and
Convyy, g, , Convyy, p, are defined in (3). In the rest of this prézl%, we will choosel;rloper weight parameters in W, B and
W such that f(x) € FONN(L, J, K, k, k) is in the form of

f(x) =W - Convyy p(x)
and satisfies f(x) = f2 o f1(x).

Forl1<[<L;—1,weset WO = Wl(l),B(l) = B%l).
For | = L4, to realize the fully connected layer of f; by a convolutional layer, we set
W1(L1) = (Wi, WSLI) =—(Wi)1,
and B(X1) = 0. Here W(E1) ¢ R2X1*M g 3 size-one filter with two output channels, where M is the number of input
channels of W;. The output of the L;-th layer of f has the form
{(fl )+ (fr (X))}

* *

where x denotes some elements that will not affect the result.

Since the input of f; is a real number, all filters of f; has size 1. The weight matrix in the fully connected layer and all
biases only have one row. For the (L; + 1)-th layer, we set

(1))
Li+1 B
WD = [0 oM. 5o = [P

where 4 varies from 1 to the number of output channels of Wél). Here W1+ is a size-one filter whose number of output

channels is the same as that of W2(1).

For {1 +1<[I<L -1, weset

(I-L1))
wl — Wél7L1)7 Bl = |:BQ 0 :| , forl=L1+1,...,L1 + Lo — 1.

Forl = L, we set

W= [Wﬂ.

With the above settings, the lemma is proved. [

C.12. Lemma 14 and its proof

Lemma 14 is used to prove Lemma 17.

Lemma 14. Let f; € FONN(Ly, Jy, K1, k1, k1) be a CNN from RP — R and fo € FONN(Ly, Jo, Ko, Ko, ko) be a CNN
from RP — R. Assume the weight matrix in the fully connected layer of f1 and fy have nonzero entries only in the first row.
Then there exists a set of filters VW and biases B such that

(ix)+ (hx)- (f2x)+ (f2(x)-| o goxa

Convyy g(x) = N N N N

Such a network has max (L1, Lo) layers, each filter has size at most max (K1, K5) and at most J, + Jo channels. All
parameter are bounded by max(k1, k2).

Proof of Lemma 14. For simplicity, we assume all convolutional layers of f; have J; channels and all convolutional layers
of f5 have J, channels. If some filters in f1 (or f5) have channels less than J; (or J3), we can add additional channels with
zero filters and biases. Without loss of generality, we assume L1 > Lo.

Denot dfob
enote fy and fz by fi(x) = Wi - Convyy, g, (x) and fo(x) = Ws - Convyy, g, (%),

1" " "2 " :

where W; = {Wl } , By = {Bl }z Wy = {W2 } ,By = {B2 }l , are sets of filters and biases and
i=1 =1 i=1 =1

Convyy, 5, , Convyy, s, are defined in (3). In the rest of this proof, We will choose proper weight parameters in WV, BB such

that (A (A (L) <f2<x>>]€RDx4'

Convyy p(x) = [ N N N N
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For1l <1< Ly —1, we set
Wi, = {(w1<l>)i7:,: 0} fori=1,....Jp,
W =0 OWD)icsyna] fori=Ji 1, Ty +
l l l
BO = B B

Each WU is a filter with size max (K7, K3) and J; + J5 output channels. When K7 # K5, we pad the smaller filter by
zeros. For example when K < K», we set

w =

IR

[(Wl(l))i** 0} fori=1,..,J1,
0 0
such that W®) has size K> filters.
For the L,-th layer, we set
Wik = W), ol fori =1, 03,

(L2)  _ [0 (Wa)r, (L2)  _ :
WJl—Qi-l,:,: - |:0 0 ’ WJlj-Q,:,: |0 0 ’

R )
W2 is a filter with size K and .J; + 2 output channels.
For L, +1<[<Lj;—1, weset

wi, = [(W{U)W 0] fori=1,....Jp,

0) |01 0 0 {0 0 1
WJ1+1,:,:_ [0 00 7)/\}‘]1—',-27:,:_ 0 0 o0/’

B(L2) — {Bng) 0] )
For the L;-th layer, we set

W{f;)Z[(Wé)l,: 8 8}7W<L:1:>:[—(W1>17; 0 o}’wunz[o 1 0}7W(L.1:):[0 0 1}’

IXE)

and B(L1) = 0. O

C.13. Lemma 15 and its proof

Lemma 15 is used to prove Lemma 17.

Lemma 15. Let M, N be positive integers. For any x = [xl e :L'M] T € RM, define
X — (1)+ (z1)- - (zm)+ (zMm)- c RVx(2M)
* * . * ’

For any CNN architecture FPNN(L, J, K, k, k) from RM — R, there exists a CNN architecture FENN(L, MJ, K, k, k)
from RN*CM) s R such that for any fi € FENN(L, J, K, k, k), there exists f € FENN(L, M J, K, k, ) with f(X) =
f1(x). Furthermore, the fully connected layer of FENN(L, M J, K, k, k) has nonzero entries only in the first row.

Proof of Lemma 15. Denote f7 as
f1 =Wy - Convyy, 5, (x)

Ly L
where W; = {Wfl) } - ,B1 = {BY)} ' are sets of filters and biases and Convyy, g, is defined in (3). For simplicity,

we assume all convolutional layers of f1 have J channels . If some filters in f have less than J channels, we can add
additional channels with zero filters and biases.
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We next choose proper weight parameters in W, B and W such that
f =W - Convy g(z)
and f(X) = f1(x).

For the first layer, i.e., [ = 1, we design W) and B() since x is a vector in R, the filter Wl(l) has 1 input channel and J
output channel. For 1 <¢ < Jand1 < j < M — K + 1, we set

1 ~
W((ill)M-i-j,:,::[O Win =V o Wik —OV)ik 0}

where 0 is of size 1 x (j — 1), 0 is a zero matrix of size 1 x (M — j — K +1).
Forl<i<Jand M — K+ 2<j < M, we set
1) _ 1 1 1 1
Wi mg: = [0 W ins =V o V)i juns —OW) ))i,K*jJrl,:}
where 0 is of size 1 x (j — 1). The bias is set as

(o) ()]
0 0

B —

We next choose weight parameters for2 <[ < 1 —1.For1 <:< Jand1<j; <M — K + 1, we set
) _ ! T ! T o~
Wilioymag,: = [0 ((Wl( ))i,:,1> o --- 0 ((Wf ))i,:,J) 0]
where 0 is of size 1 x (j — 1), 0 is a zero matrix of size 1 x (M — j — K + 1).
Forl1<i<Jand M — K+2 <35 <M, weset

) _ 1 T ! T
W(’i—l)MH,:,:_{O <(W1())i,1:1<—j+1,1) - 0 ((Wf))i,lzK—j+1,J>:|

where 0 is of size 1 x (j — 1). The bias is set as

T T
po— [(B) o (B)
0 .. 0
For the fully connected layer, we set
_ [0 e (n).)”
W= { 0 . 0 ’
With these choices, the lemma is proved. O

C.14. Lemma 16 and its proof

Lemma 16 shows that for any CNN, if we scale all weight parameters in convolutional layers by some factors and scale
the weight parameters in the fully connected layer properly, the output will remain the same. Lemma 16 is used to prove
Lemma 17.

Lemma 16. Let o > 1. Forany f € FNN(L, J, K, K1, ko), there exists f € FONN(L J K, a YKy, ko) such that

fx) = f().

Proof of Lemma 16. This lemma is proved using the linear property of ReLLU and convolution. Let f be any CNN in
FONN(L, J, K, k1, ko). Denote its architecture as
f(x) =W - Convyy p(x).

Define W = oW and W, B as WO — 01w 5O — o150
forany !l € (1,L). Set ~ -
f(x) =W - Convyy, 5(x)

We have f € FONN(L, J, K, o~ 'k1, abry) and f(x) = f(x) since ReLU(cx) = cReLU(x) for any ¢ > 0. O
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C.15. Lemma 17 and its proof

Lemma 17 shows that each fz ; defined in (27) can be realized by a CNN.

Lemma 17. Let fi, i be defined as in (27). Assume each CNN in JFL j has architecture discussed in Appendix C.10. Then
there exists a CNN fZ%NN € FONN(L, J, K, k1, ko) with

1
L =0(log(1/e)+ D +1log D), J = [48d(s + 1)(s + 3) + 28d + 6D}, k1 = 1,log ke = O <log2 6)

such that ﬁ%NN(x) = fi7j(x) Sfor any x € M. The constants hidden in O(-) depend on d, D, s, s;—id,p, q, co, T and the
surface area of M.

Proof of Lemma 17. According to Lemma 13, there exists a CNN g; ; realizing ﬁ%NN o ¢$NN and a CNN g; realizing
Iao &? Using Lemma 14, one can construct a CNN excluding the fully connected layer, denoted by g; ;, such that

i) = [0 (s GO G| s

* * * *

Here g; ; has [48d(s + 1)(s + 3) + 28] channels.

Since the input of X is {ggij ] Lemma 15 shows that there exists a CNN gCNN which takes (54) as the input and outputs

K3
% (Gi,j» Gi)-
Note that g; ; only contains convolutional layers. The composition "N~ o g; ;. denoted by ﬁC]NN
xXeM, CNN( ) = fi.j(x). We have fZ%NN € FONN(L, J, K, k, k) with

, is a CNN and for any

1
L=0 <logE+D+logD>, J = [28d(s +1)(s + 3) + 18d] + 6D, n:o( —(log2) S (5 +erd 1>).

and K can be any integer in [2, D].
We next rescale all parameters in convolutional layers of f CNN 6 be no larger than 1. Using Lemma 16, we can realize
FENN by FONN € FONN(L, J K, a~ 'k, alk) forany a > 1. Seta = C'e~ (98D 2 (52 +ad™) R D)M T where €' is
a constant such that k < O~ 10825 (F%+e1d™Y) With this a, we have fi(,ijN € FONN(L, J, K, k1, k2) with
L =0(og(1/e) + D +1log D), J = [28d(s + 1)(s + 3) + 18d]| + 6D,
= (8KD) M™% = O(1), log iz = O (log? 1/¢) .

C.16. Lemma 18 and its proof

Lemma 18 shows that the sum of a set of CNNs can be realized by a ConvResNet.

Lemma 18. Let F°NN(L, J, K, k1, ka) be any CNN architecture from RP to R. Assume the weight matrix in the fully
connected layer of FCNN(L, J, K, k1, k2) has nonzero entries only in the first row. Let M be a positive integer. There exists
a ConvResNet architecture C(M, L, J, k1, ka(1 V 67 1)) such that for any { f;(x)}M_, ¢ FONN(L, J, K, k1, k2), there
exists f € C(M, L, J, k1, ko(1V k7 1)) with

Proof of Lemma 18. Denote the architecture of f,,, by
fm(x) = Wi - Convyy,, 3, (%)

L L _ -
with W,,, = { 7(,?} , B = {BS}} . In f, denote the weight matrix and bias in the fully connected layer by W, b
=1 =1

and the set of filters and biases in the m-th block by W,,, and B,,, respectively. The padding layer P in f pads the input
from R? to RP*3 by zeros. Here each column denotes a channel.
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We first show that for each m, there exists a subnetowrk Convyy, 5« RP*3 — RP*3 such that for any Z € RP*3 in the
form of

Z=[x x |, (59)
we have

COHVWm,Bm(Z):|:8 :T;({M)+ ,{;(f*m):|

where * denotes some entries that we do not care.

(56)

For any m, the first layer of ﬁn takes input in R”. As a result, the filters in Wfr} ) are in RD. We pad these filters by zeros to
get filters in RP*3 and construct WP as

D), = [0 0 0.

For any Z in the form of (55), we have Wf,%) x J = Wﬁ,}) * X. For the filters in the following layers and all biases, we
simply set

wl =y forl=2,...,L—1,
BY =B forl=1,...,L—1.

In Convyy, 5, , another convolutional layer is constructed to realize the fully connected layer in f,,. According to our

assumption, only the first row of W,,, has nonzero entries. We set Bf,{‘ ) = 0 and WEL

. as size one filters with three output
channels in the form of

_ _ K - K
(vam)lm: =0, (vam)l:,: = i(Wm)lm (Wﬁl)s,:,: = _i(Wm)l,:-
K2 K2
Under such choices, (56) is proved and all parameters in Wi, B, are bounded by k1.
By composing all residual blocks, one has
i M H M
2 e () 2 (fm)+

(Convyy,, g,, +id) o --- o (Convyy, g, +id) o P(x) = |X * *

The fully connect layer is set as o "
v=10 m e 50
W= [0 o o | " 7

The weights in the fully connected layer are bounded by k2 (1 V /11_1).
Such a ConvResNet gives

B M M M
Fo) =D (fulx))4 = (Z(M(X))) =Y fm(x).

m=1 m=1

D. Proof of Lemmas and Propositions in Section A
D.1. Proof of Proposition 2

The proof of Proposition 2 relies on the following large-deviation inequality:

Lemma 19 (Theorem 3 in Shen & Wong (1994)). Let {x;}?_; be i.i.d. samples from some probability distribution. Let F
be a class of functions whose magnitude is bounded by F. Let v > supc r Var(f(x)),v > 0 be a constant. Assume there
are constants M > 0,0 < XA < 1 such that

(BI) Hp(wY?, F,| - llz2) < MM?/(8(4v + MF/3)),
(B2) M < \v/(4F), v'/2 <'F,
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(B3) if \M/8 < v'/2, then

1/2

v 1/243/2
M1 Hp(u, F, || - [|£2)"?du < %
AM /32 2
Then
1 n TLM2
- ) . > < —(1 = YR
P(iggn;(ﬂxz) B[/ (x:)) M) e (1Y) 30 7 )

Proof of Proposition 2. Let Cy,Co, C3 be constants defined in Proposition 2. Set €2 = max{2a,,,276,,/C1}. For each F,,
defined in (A2), define

n

E.(f) = - Z [D(yifn(x:)) — Dy f (xi)) — Eo(yifu(xi)) — &(yif(x:))]] - (57)

i=1
Note that Es(fn, ;) < an by (A2). Since Fo.n is the minimizer of E4(f), we have

P(&lfom S 2 2) <P ([ sup Y [olfalx) - as(yz-f(xim] > o) .

f€‘7: £¢(f f¢) n i=1
We decompose the set {f € Fn:&(f. f3) = 6%} into disjoint subsets {F,, ;} for i = 1, ..., 4,, in the form of
Foi={f€Fn 27 < E[. ) < 2'€2}.
Note that || f||,~ < F, and 5¢(f;) < Ey(f) forall f € F,. Therefore, for any f € F,,, we have
Es(f. 15) < Eu(f) = Elp(yf(x))] < CLiE[|f(x)[] < C1F,
which implies F,, ; is an empty set for 20" 1e2 > C1F,. We set i, = inf{i € N : 20"12 > C;F,}. Then we have
{f € Fn:&(f, f5) > e%} = Ui, F.. Since Eo(fns ;) < an < €, /2, we have

it E[pf(0) = oufa ()] = inf [E6(1.03) ~ Ealfun £3)] = 272,

Denote M,, ; = 2°=2¢2. We have

P (Eofom: 1) 2 &) < Zp<sup En(f) > [¢(yf(X))—¢(yfn(X))]>

7 1 fe-F’VL?
<SP ( swp Ba() 2 M)
= \JeFus

where E,, (f) is defined in (57). Then we will bound each summand on the right-hand side using Lemma 19. First, using
(A4), we have

sup E | (6(yf (%)) = 60 ()’

f€Fn,i

<2 sup E |(6(uf(x) = o(uf5 ()" + (6(yfa(3)) = (55 ()))’]

fEJ:n,i

<205e™ Fy <fsup Eo(f: f3)" + 5¢(fn,f$)”>
<205 ((262)" 4+ (2/2)") <4 o B ((27262)")
=4" T Coe™ 2V MY, .
Define Gn; = {9 = ¢(yfn(x)) — d(yf(x)) : f € Fni}. Forany g € G, Var(g) < 4“T1Che™ F2"MY ;. Since
fns | € Fn,wehave ||g]lne~ < Ci|fn — f| <201 F,
To apply Lemma 19 on G, ;, weset A\ =1/2, F = D F,,, M = M, ;andv = v, ; = DQF,%*VM;;Z» with
1

Di=————Dy, Dy= 4V Che™ 64(201)%7V) .
1 8(20,)1—v 2, 2 max{ e, 64(2C) }
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Since Dy > 2C; and Dy > 41Y(Che™, we have SUPyeg,,
validation of (B2). Since M, ; < 2C1F,,, Dy > 64(2C1)*7",
v Un,i < 64(201)272VD2F27V(201F71)U 64(201)27

gl < F and SUPyeg,. , Var(g) < v,,;. We first check the

— = <1

F? ~ D?F2 — D2F? D,
8(201)1_VD2F2_DMV- VUn.i Un.i
Mni _ Ml_»VMV < (20 Fn 1—VM1/ o n nto_ n,t < n,t
s . n,g — ( 1 ) n,i 8D, F, 8Dy F, = 8F,

when F), is large enough. Thus (B2) is satisfied.
For (B3), note that for g1 = ¢(yfn(x)) — ¢(yf1(x)), 92 = d(yfn(x)) — ¢(yfa(x)) where fi, fa € Frnis [g1 — g2| <
Cl|f1 — f2| ‘We have

HB(57 gn,ia H ' ||L2) < HB(015, fn iy || ||L2) < /HB(C'l(S ]:nv || ||L2)

/2

where the second inequality comes from F,, ; C Fy,. Since M, - (Hp(7,Gnis | - [122)) /2 4r is a non- increasing

AM,, /32
function of 7,
vl/2
_ n,t 1 2
M} (Hp(7,Gns | - 122))"? d7
AM,, /32

1/2

<M / (Hp(Crr, Fo, | - 122)) 2 dr
n1/64

<M tol/2 (Hp(Cré2 /128, Fo, || - [112))°

g(Dng—V)WM;;/f—l (Ce~Pn (2" re2p ) )
SC’é/QCll_V/QDé/QF;”’/Qe’F”/2(6%/2)”/2’1 (27u/277n1/2672;uF5/271)
(261/ 12,=Fu 02 VD2)1/2 1/27
where in the third inequality we used (AS). (B3) is satisfied when F}, is large enough.
To verity (B1), we use (B2) and (B3). From (B2), since v, / < F, we have M,, ; < vy, ;/(4F) < é 1/2 hich implies

nz

711/12 > 8M,,; > M, ;/16 = AM, ;/8. Thus the condition in (B3) is satisfied. From (B3), we derive

1/2

/2 M, ; _ Un,i
(1 (027 Gl uLz)) < M / (Hp(7.Gnir | - |22)) "/ dr
IUTl,i - Mn/z/64 My /64
Mn,i —o3y2. 172 ~ A M o 030 1/2 _ L Mni 179
= 1/2 "2 n s 3.1/2 "2 n 3.919/2 1/2” ’
Un.i 7Mn77/64 Un.i Un,i

where in the third inequality we used M,, ; < 161;711{ 2-2. Again from (B2), M,, ; < vy, ;/(4F) = v, ;/(8F). Therefore
)\Miin M2 ; MfL in

8(dvp; + My F/3)  16(dvn,; + Mn TF/3) = (64+2/3)on,

M2 .n
o — > M (0 G| 12

R 2197}'”,2'

and (B1) is verified.
Apply Lemma 19 to each H,, ;, we get

anm-
(g¢(f¢nvf¢ >6 ) Z3EXP< 4Un7i+Mn,iF/3)>
< i 3exp (—CanMy ;/vn ;) < Z 3exp (705 (21.)27” ¢ (ei/Fn)Q_y)
i=1 i=1

<Cg exp( Cse~ ”n( i/Fn)zfu) )




Besov Function Approximation and Binary Classification on Manifolds by ConvResNets

D.2. Proof of Lemma 2

The proof of Lemma 2 consists of two steps. We first show that there exists a composition of networks f;n such that
[ fo.n = [l < 4efme. Then we show that f ,, can be realized by a ConvResNet fon-

Lemma 20 shows the existence of fqm

Lemma 20. Assume Assumption 1 and 2. Assume 0 < p,q < 00, 0 < s < 00, s > d/p + 1. There exists a network
composition architecture

FE) = {gr, o hn o gn o} (58)
where
7€C(M,L,J, K, k1, ko) with
M =0(eY*), L =0(log(1/¢) + D +1log D), J = O(D), k1 = O(1), log ks = O (log*(1/¢)),
hy € FMIP (Lo Jo, ko, Fy,) with
Ly = O(log(ef™ /¢)), Jo = O(ef e log(ef™ /¢)), ko = O(ef™),

and

(2) = ReLU (—ReLU (—s 4 — )+ <=1y 4 1
In - 14+ eFn 1+ efn 1+ eFn )
gr, = ReLU (—ReLU (—z + F,,) + 2F,,) — F,,.

Foranyn € B, (M) with ||n||B§ (M) < co for some constant co, let fj . be defined as in (33). For any n and € € (0,1),

there exists a composition of networks fg ., € FE) such that

| fg.n — f;,nHL"o < defre.
Proof of Lemma 20. According to Theorem 1, for any £; € (0,1) and K € [2, D], there is a ConvResNet architecture
C(M,L,J, K, k1, ka) with
M = 0(;"%), L=0(og(1/e1) + D +1log D), J = O(D), r1 = O(1), log xs = O (log*(1/e))
such that there exists 7 € C(M, L, J, K, k1, /-;2) with || — ||~ < &1

w1th

Since f; = log ﬁ, we have f = log ;-
ﬁa if n(x ) TreFs B
N (x) = n(x), if 1+€F71 <n(x) < 1_7.;%7

efn

F
Tfeln if n(x) > m~

2 T+eFn 1+efn
Then g,, o 7 is an approximation of 7,,.

Define 5
hy, = max (min (log <1> ,Fn) ,—Fn>
-z

for z € [0,1] which is a Lipschitz function with Lipschitz constant (1 + ef7)?/ef. According to Chen et al. (2019a,
Theorem 4.1), there exists an MLP h € FMIP (L, J, k) such that ||h — h, < ey

The function max(min(z, —<—), =) can be realized by g,,(z) = ReLU (—ReLU ( z+ 11:}") + ‘{M;,}) It

el < eaqryr with
L = O(log(ef™ /e3)), J = O(ef" ey log(ef™ Je3)), K = 1.
Let by, = wh Then hy, € F(Ly, Ja, ko) such that ||h, — hy ||z < 2 with
Ly = O(log(ef™ /&), Jo = O(ef™e5  log(ef™ Je3)), wa = O(ef™).
Let gr, = ReLU (—ReLU (—z + F,) + 2F,,) — F,,. We define

f¢>,n =JF, ohnognoﬁ
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as an approximation of f7 , . Then the error of ﬁm can be decomposed as

1 fom — f;,n |Lee = |[(9F, © hn) 0 (gn 0 M) — hp oML
< |l(g9F, 0 hn) 0 (gnoN) = hn o (gn o N)llLe + [hn 0 (gn 0 N) — hn 0 Npllee
1+ efn)? _ 1+ efn)?

S €2 + (eT)”nn —gn© 77||L°° S (GT)gl + £9.

Ch : _ (14efn)? . . 7 * F . . .

oosing €3 = “—_7——¢1 givestise to || f5.n — f7 [l < 4e""e1. With this choice, we have

Ly = O(log(1/¢1)), Jo = O(ey M log(1/e1)), ka2 = O(ef™).

Setting €1 = ¢ proves the lemma. O

To show that (=) can be realized by a ConvResNet class and to derive its covering number, we need the following lemma
to bound the covering number of ConvResNets.

Lemma 21. Let C(M, L, J, K, k1, ko) be the ConvResNet structure defined in Theorem 1. Its covering number is bounded
by
IOgN (57 C(M7 La J7 KJ K1, HZ)? || : ||L°°) =0 (D?)g—d/s IOg(l/E) (log(l/g) + ]'Og D ]'Og(l/é)) :

Lemma 21 is proved based on the following lemma:

Lemma 22 (Lemma 4 of Oono & Suzuki (2019)). Let C(M, L, J, K, k1, k2) be a class of ConvResNet architecture from
RP toR. Let k = K1 V ka. For § > 0, we have

N(6,C(M, L, J, K, k1, k2), || - ||l 1) < (26A;/5)72,
where
Ay = (8M +12)D*(1V k2)(1 V k1)pp T, Ay = ML(16D*K +4D) 4+ 4D + 1
withp = (14+p)M,pt =1+ MLp*,p= (4DKk1)* and p™ = (1V4DKk)".

Proof of Lemma 21. According to Lemma 22,
log/\/ ((57 C(]\47 L, J, K, K1, K2)7 || . ||L°°) < A2 10g(2K,A1/(S)

In the ConvResNet architecture defined in Theorem 1, k; = (8DK)~'M~YL p = (1/2)!M~' < M~'. We have
p=04+pM < 1+ M 1HM < e. Moreover, we have p* = 1,57 = 1 4+ ML. Since logry = O(log*(1/¢)),
substituting M = O (~%¢) and L = O(log(1/c) + D + log D) gives rise to log A1 = O(log*(1/e) + log D) and
Ay = O (D3~ 1og(1/¢)). Therefore,

log N (6,C(M, L, J, K, k1,K2), || - || =) = O (D35_d/s log(l/a)(logQ(l/e) +log D + log(l/é)) .

The constants hidden in O(+) depend on d, s, S;—fd,p, q, co, T and the surface area of M. O

The following lemma shows that FIn) can be realized by a ConvResNet class C(*») and estimates the covering number of
the class of C(F™).

Lemma 23. Let C'"™) be defined as in Lemma 2. The network composition class F(Fn) defined in Lemma 20 can be
realized by a ConvResNet class C'*™). Moreover, the covering number of CF») is bounded by

log N'(8,C) || - || o) = O (57(%“)) (log?(1/<) + F, + 1og(1/5))) .

Proof of Lemma 23. In this proof, we show that each part of f;n in Lemma 20 can be realized by ConvResNet architectures.

Specifically, we show that 7, g,,, h,, can be realized by residual blocks 7, g, b, and gr, can be realized by a ConvResNet
gr, - In the following, we show the existence of each ingredient.



Besov Function Approximation and Binary Classification on Manifolds by ConvResNets

Realize 7 by residual blocks. In Lemma 20, ;7 € C(M ™ L j0 ) 0y ih
M® =0 (5*‘1/5) , L™ = O(log(1/¢) + D +log D), J™ = O(D), k™ = O(1), log " = O(log?(1/¢)).
By Lemma 21, the covering number of this architecture is bounded by
log N (5,C(M(’7),L("), J(n)7‘;((77)’,<;§’7)7,€g7))7 | - ||LOO)
=0 (s—(%vlﬁ log(1/¢) (1og?(1/e) +log D + 1og(1/5))) .

Excluding the final fully connected layer, denote all of the residual blocks of 77 by 7€) then 7 € C(" with (") =
cConv (AL, Lm g f(m, ,{gn)) and

log N (5,0(77)’ - ||LOO) <log N (5,C(M(n)’ L, g e o oy ”Lw)

-0 (D?)g*d/s log(1/¢)(log2(1/¢) + log D + log(1 /5))) .

We denote the i-th row (the i-th element of all channels) of the output of the residual-blocks 7(°°™) by (ﬁ(con"))i .

In the proof of Theorem 1, the input in R? is padded into R”*3 by 0’s. The output of 7 has the form (r_](con"))L: -
(m)

”(1—7:) [* i ﬁ_]. Here x denotes some number that does not affect the result. In this proof, instead of padding the

o

input into size D x 3, we pad it into size D x 8. The weights in the first M blocks of h is the same as that of 7 except

we need to pad the filters and biases by 0 to be compatible with the additional channels. Then the output of 7(C°™) is
w(m

S5 ne 7 0 0 0 0 0]
Ko

5
Realize g,, by residual blocks. To realize g,,, we add another block with 4 layers with filters and biases {ngn), Bé(,ln) }
=1

where W) € R8x1x8 Bl ¢ R8x8 We set the parameters in the first layer as
(W) —[o =70 00 0 0 0}
gn - (n) )
2,1,: A%}
(W<1>) {0 0% 0000 0}
gn - (m) )
3,1,: K1
(W(1)>-1 =0 fori=1,4,5,..,8,

and Bél) = 0. This layer scales the output of 7 back to [* s H— 0 0 0 O 0]. Then we use the other 4 layers to
realize g,,. The second layer is set as

(W), =[0 -1 100 00 0

In

<W£§i))1 =0 fori = 152737576’ 7’87

adye

gn 14efn

(B2) =lo 00 £ 0000 |

5

(52)..

,:

I
=)

fori=2,...,8.
The third layer is set as

00 -1 00 0 0,

/
S
c

N—

IS

—

I
—
o

fori =1,2,3,5,6,7,8,

Y
S
3w

N

N—

-

—

Il
=]

1+efn

N
oy}
N
ac)
N——
—
Il
L |
o

006”‘—10000},

/N
&
Q~
S
N—
2
Il
=]

fori=2,...,8.
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The forth layer is set as

(W) =fo 00100 0 0,

1,

(Wgﬁ))‘l —0 fori=1,2,3,567,8,

9n 1+efn

(BW), =[0 0 0 s 000 0 ],
(ng?)i::o fori—2,..8.

The output of g, o 7 is stored as the first element in the forth channel of the output of g,, o 7(Co"¥):

(§n077)1,::[* * % gnpon 0 0 O 0]

We have g,, € C(9») where C(9) = Cl9) = CCOHV(M(gn)’ Lln) | jlgn) K (gn) ,{(gn)) with

() Fy
M) =1, L) =4 gln) =8 Kl =1 xom) =0 Ry, _¢ .
Hgﬁ) 1+ efn

According to Lemma 22, the covering number of C(9") is bounded as
(o) Héﬂ) eFn
9n . 0o ) = < _
log N'(8,CY9) || - || =) = O [ log N V1 P +log(1/9) | .
(m ()

Substituting the expressions of x;", k5" into the expression above gives rise to logk(9») = O((log®(1/¢)) and
log N(8,C9) || - || ) = O(log?(1/¢) + log(1/4)).

Realize i~zn by Eesidual blocks. To realize i~zn, from the construction of i~zn and using Oono & Suzuki (2019, Corollary 4),
we can realize h,, by h,, € C(") with

cn) = c(pg ) ()| gn) pghn) ) () oy

and

M®) =0 (e51), L) = 0 (log(1/22)), J") = 0(1), K" =1,

k") = 0(1), log k") = O(log(Ln /e2)),
where €5 = utiin ) g, and Ly, is the Lipschitz constant of h,,. According to Lemma 22, the covering number of this class
is bounded by

log N (&C(h”)v - ||L°°) = O (D%¢; " log(1/e3) (log(1/e3) + log(Ln /e2) + 1og(1/4)) -

Note that such £ is from R to R. Since the information we need from the output of g,, o 7 is only the first element in the
forth channel, we can follow the proof of Oono & Suzuki (2019, Theorem 6) to construct h by padding the elements in
the filters and biases by 0 so that all operations work on the forth channel and store results on the fifth and sixth channel.

Substituting 9 = (H':F#e and Lj,, = (1+ ef")2 /el yields

M) =0 (e_F"E_l) , L") = 0 (log(1/e)), J) = O(1),
ri") = O(1),log w3 = O (log (¢™ /e))
and

log A (5,c<hn>, |- ||Loo) = O (D%~ Fre~ log(1/e)(log(1/e) + F,, + log(1/5)) .

Similar to 7(°™), denote all residual blocks of & by ~(C°"¥), We have
B thn)
” Kéhn)

{* * % x (hp)y (hp)— 0O 0}.

(E(Conv))l
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Realize g, by a ConvResNet. We then add another residual block of 3 layers followed by a fully connected layer to
realize g, . Denote the parameters in this block and the fully connected layer by {WélF)n , BélF)n }3_, and {W, b}, respectively.
Here W € R®1x8 B ¢ R8x8 117 € R&8 and b € R.

The first layer is set as
(hn)

1 K
(), =0 0 0 0 5 00 9],
(Wu)) 100000 =5 00

gF’rL 6)11: Kg}l"L) 7
(Wu) =0 fori=1,2,3,4,7,8,

gF")i,l,:
(Bg)n)_ =0 fori=1,2,..8.

This layer scales the output of A(C°™) back to [* * * * (hn)y (hn)— 0 O}. The rest layers are used to realize
an °

The second layer is set as
2 _
<W§F)n>7,1,f[o 000 -1 0 0 0],

=0 o000 10 0,
(W@))‘l_:o fori=1,...,6

(B2) =[0 00000 F El

The third layer is set as

9Fy,

(W), = 00000 -1 0,

(ngl)S,L_:[o 000000 —1],

(W(3) )‘1 =0 fori=1,...,6

9Fn

(Bé(li)n>17;:[0 00000 F F,

gF,

(B<3> ) =0 fori=2..8.
The first row of the output of the third layer is 7'
oo min((ha) o B min((hn) -, F)| -
Then the fully connected layer is set as

WL;:[O 0 000 01 71],
W;. =0 fori=2,..8

and b = 0.
Thus §r, € C19%) with C97) = C(M9ra) | L(gra) | Jlor) K lor) 1 {97n) 1 (97)y ang
(97,) s (grn)
M9F) — 1, L@r) — 4, JOr) — 8, Kar,) — 1 Klan -0 ?h ; VE,|, K29Fn —1
Ky "
According to Lemma 22, substituting the expressions of ngh"),méh") gives rise to log N'(6,CW9m) || - |[z=) =

0] (D2 (log(1/e) +log F,, + 1og(1/5))).
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The resulting network j:{),n =gr, © h(Comv) 6 G o ﬁ(con") is a ConvResNet and
Foun(x) = fo.n(x)
for any x € M. Denote the class of the architecture of fg , by CF»)  Its covering number is bounded by
log N'(8,CF) || - || )
<1og N (8,C, |- [l ) +log A (6,09, |- |1 )
+1og N7 (8,6, - e ) +1og N (3,C97), | - || <)

—0 (D%—(%Vl)) log(1/¢) (log>(1/€) + log D + F,, + 1og(1/5))) .

The constants hidden in O(-) depend on d, s, S;—fd,p, q, co, T and the surface area of M. O
Proof of Lemma 2. Lemma 2 is a direct result of Lemma 20 and Lemma 23. O
D.3. Proof of Lemma 3

Proof of Lemma 3. We divide AL into two regions: {x € M : fiy > Fn}and {x € M : f; < —F,}. Abound of T is
derived by bounding the integral on both regions.

Let us first consider the region {x € M : f5 > I, }. Since n = efs /(14 €%), we have
i

WU + (1= O(—15) = Tz 0Uf3) + 30— F3)

log(1 + e?)
< ¢o(Fn)+ sup —————=
< ¢(Fn) S e

log(1 + ef™)
1+ efn
< 2Fpe” (59)

1+€fo

<log(l+e )+

On this region, F, — 1 < f¢7n < F,,. Thus

*

ef¢

_ 1 _
o ¢(fon) + mcﬁ(—f@n)

log(1 + efen)
14 el
log(1 + ef™)
< 2F, e fn, (60)

N¢(fon) + (L =1)d(—=fpn) =
S d)(Fn - 1) +

<log(l+e 1)+

Combining (59) and (60) gives
[[no(f5) + (L =m)d(=13)] = [n6(fo,n) + (1 == Fon)]| < 4Fpe™ . (61)

Now consider the region {x € M : ff < —F,}, we have

;
WOUZ) + (1= mO—15) = Tz 0l13) + 30— F3)
e*f;
~0(7) +

1 *
S 1+efd 1+e‘f$¢( 13

log(1+ e %)
< o(Fy) + Z;EI;R Txe—z
log(1 + ef™)
1+ efn
< 2F, e fn. (62)

<log(l+e )+
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On this region, —F;,, < fqﬁ,n < —F,, + 1. Thus
BFom) + (1=~ Fon) = 9 Fo) + b~ Fon)

P gn K o) = 14+e 7o o 14+e 45 o

log(1 + ¢~ fon
n g( - )

1+4+e7¢

log(1 + ef™)

1+efn
< 2F,e . (63)

§¢(Fn_1>

<log(1+4 e~ Fn=b) 4

Combining (62) and (63) gives
[[n6(£3) + (1= md(=f5)] = [16(foun) + (1 = )b (= fon)]| < 4Fpe™ " (64)

Putting (61) and (64) together, we have

T, < /AB |no(f5) + (L =m)d(=13)] — nd(fon) + (1 = n)d(—Ffon)]| u(dx) < 8Fe™ ™.



