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Abstract

Classical global convergence results for first-order
methods rely on uniform smoothness and the
Lojasiewicz inequality. Motivated by properties
of objective functions that arise in machine learn-
ing, we propose a non-uniform refinement of
these notions, leading to Non-uniform Smoothness
(NS) and Non-uniform tLojasiewicz inequality
(NL). The new definitions inspire new geometry-
aware first-order methods that are able to con-
verge to global optimality faster than the classical
Q(1/t?) lower bounds. To illustrate the power
of these geometry-aware methods and their corre-
sponding non-uniform analysis, we consider two
important problems in machine learning: policy
gradient optimization in reinforcement learning
(PG), and generalized linear model training in su-
pervised learning (GLM). For PG, we find that
normalizing the gradient ascent method can ac-
celerate convergence to O(e~¢*) (where ¢ > 0)
while incurring less overhead than existing algo-
rithms. For GLM, we show that geometry-aware
normalized gradient descent can also achieve a
linear convergence rate, which significantly im-
proves the best known results. We additionally
show that the proposed geometry-aware gradient
descent methods escape landscape plateaus faster
than standard gradient descent. Experimental re-
sults are used to illustrate and complement the
theoretical findings.

1. Introduction

The optimization of non-convex objective functions is a
topic of key interest in modern-day machine learning. Re-
cent, intriguing results show that simple gradient-based op-
timization can achieve globally optimal solutions in certain
non-convex problems arising in machine learning, such as
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in reinforcement learning (RL) (Agarwal et al.,[2020)), super-
vised learning (SL) (Hazan et al.|, 2015)), and deep learning
(Allen-Zhu et al.| 2019). While gradient-based algorithms
remain the method of choice in machine learning, the con-
vergence of such algorithms to global minimizers has still
only been established in restrictive settings where one can
assert two strong assumptions about the objective function:
(1) that the objective is smooth, and (2) that the objective
satisfies a gradient dominance over sub-optimality such as
the Lojasiewicz inequality. We will find it beneficial to re-
call the definitions of these properties. For the remainder of
this paper let © = R<.
Definition 1 (Smoothness). The function f : ©® — R is
B-smooth (3 > 0) if it is differentiable and for all 6,6’ € O,
1) - 106)~ (D0 =) < 51w o1
Definition 2. (fojasiewicz, |1963} |Polyak, 1963} \Kurdykal
1998) The differentiable function f : © — R satisfies the
(C, &)-Lojasiewicz inequality if for all § € ©,

df (0) : 1-¢
L2 ze-(o-pre)™ o
where C' > 0 and & € [0, 1].

In particular, if an objective function f satisfies both assump-
tions, gradient-based optimization can be shown to converge
to a global minimizer by noting first that uniform smooth-
ness Eq. (1)) ensures the gradient updates achieve monotonic
improvement with an appropriate step size (i.e., f(0;11) <
F(00) = 35 - IV F(00)]5, 3 Or 1 < 0 — 5 -V £(0,)), while
the Lojasiewicz inequality Eq. (2) ensures the gradient does
not vanish before a global minimizer is reached. Several
global convergence results have recently been achieved in
the machine learning literature by exploiting assumptions
of this kind. For example, in reinforcement learning it has
recently been shown that policy gradient (PG) methods con-
verge to a globally optimal policy (Agarwal et al.| [2020;
Mei et al.| [2020b); in supervised learning it has been shown
that gradient descent (GD) methods converge to global mini-
mizers of certain non-convex problems (Hazan et al.l 2015));
and in deep learning theory it has been shown that (stochas-
tic) GD can converge to a global minimizer with an over-
parameterized neural network (Allen-Zhu et al., 2019).

However, previous work that relies on the two uniform con-
ditions in Definitions [[land 2l assumes universal constants
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B and C, which ignores important problem structure and
limits both the applicability of the results and the strength
of the results that can be obtained.

In this paper, we expand the class of problems for which
gradient-based optimization is globally convergent, develop
novel gradient-based methods that better exploit local struc-
ture, and improve the convergence rate analysis. We achieve
these results by first defining then investigating a new set
of non-uniform smoothness and Lojasiewicz inequalities,
which generalize the classical definitions and allow a refined
characterization of the space of objectives. Given these
refined notions, we then tailor novel gradient-based algo-
rithms that improve previous methods for these new problem
classes, and extend the analysis to exploit these new forms
of non-uniformity, achieving significantly stronger conver-
gence rates in many cases. Importantly, these improvements
are achieved in non-convex optimization problems that arise
in relevant machine learning problems.

The remainder of the paper is organized as follows. First, in
Section 2| we illustrate how natural optimization problems,
including those in machine learning, exhibit interesting local
structure that cannot be adequately captured by the uniform
smoothness and Lojasiewicz inequalities. Then, Section 3|
introduces the the Non-uniform Smoothness (NS) property
and the Non-uniform Lojasiewicz (NL) inequality, based on
which Section 4] provides non-uniform analyses. Sections 3]
and [0 then present new results for policy gradient and gen-
eralized linear models respectively. Section [7]concludes the
paper and discusses some future directions. Due to space
limits, we relegate most of the proofs to the appendix.

2. Motivation

To illustrate the significance of non-uniformity in machine
learning problems, we consider examples motivated by re-
cent theoretical (Zhang et al.| 2019} Wilson et al.,2019; Mei
et al.| 2020b) and empirical studies (Cohen et al.l 2021]).

Regarding smoothness, it is clear that a uniform smooth-
ness constant 3 cannot always adequately characterize an
objective over its entire domain. For example, the convex
function f :  — 2* cannot be informatively characterized
by a uniform smoothness constant 3 because its Hessian
f" : & + 12 - 22 has the property that f”(x) — oo as
|x] = oo, and f”(x) — 0 as |x| — 0. Varying smoothness
of this kind has motivated the study of alternative defini-
tions to explain, for example, the effectiveness of gradient
clipping in training neural networks and normalization in
optimization (Zhang et al.,[2019;|Wilson et al., 2019). Mean-
while |Cohen et al.| (2021) present neural network training
results that cannot be well explained using the standard
smoothness condition of Definition [

Regarding the Lojasiewicz inequality, a recent study of

policy gradient optimization in reinforcement learning has
shown that, with the standard softmax parameterization, the
expected return objective cannot satisfy any Lojasiewicz
inequality with a universal constant C' (Mei et al.,[2020b)),
which removes the possibility of using Definition [2|to prove
convergence. By introducing a non-uniform version of the
Lojasiewicz inequality, the same authors were able to show
a global convergence rate for the same problem.
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Figure 1. Non-uniform landscape of non-convex function.

Figure [I] illustrates another example of a non-convex ob-
jective, which arises in supervised learning. Subfigure 1(a)
visualizes the mean squared error (MSE) of a generalized
linear model (GLM) (Hazan et al., 2015}, which is not only
non-convex but also highly non-uniform. As a “teaser”, sub-
figure 1(b) compares the convergence behavior of two algo-
rithms: standard gradient descent (GD), which suffers from
slow convergence on the plateaus due to the non-uniformity
of the objective, and an alternative algorithm (GNGD), soon
to be introduced. This figure previews how proper handling
of non-uniformity in the optimization landscape can enable
significant acceleration of optimization progress, including
a quick escape from plateaus.

3. Non-uniform Properties and Algorithms

The main results in this paper depend on two core con-
cepts, Non-uniform Smoothness (NS) and Non-uniform
Lojasiewicz (NL) inequality. The NS property is a new,
intuitive generalization of smoothness. The NL inequality
is a recent proposal of Mei et al.| (2020b) and generalizes
previous Lojasiewicz inequalities. Our key contribution
is to show that the combination of these two non-uniform
concepts is particularly powerful, applicable to important
non-convex objectives in machine learning, and allows the
development of improved algorithms and analysis.

3.1. Non-uniform Smoothness

The first main concept we leverage is a generalized notion of
smoothness that depends on the parameters non-uniformly.

Definition 3 (Non-uniform Smoothness (NS)). The function
f: © = R satisfies §(0) non-uniform smoothness if f is
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differentiable and for all 0,6 € ©,

10— 10 - (L0 0 —0)| < 27 1o - o

where 3 is a positive valued function: 3 : © — (0, 00).

B(0)

We will refer to 3(6) in Definition [3|as the NS coefficient.
This alternative definition generalizes and unifies several
smoothness concepts from the recent literature. First, NS
clearly reduces to Eq. (1) with 5(6) = 5. However, NS
also generalizes the notion of (Lg, L1) smoothness from
Zhang et al.[(2019) by using () = Lo + L1 - ||V f(8) |,

p—2
By using 3(0) = c- [|[V£(0)|37", NS also reduces to the
notion of strong smoothness of order p proposed in Wilson
et al.|(2019). Finally, with 3(0) = ¢/ ||9H127, NS reduces to
a special form of non-uniform smoothness considered in
Mei et al.| (2020a)). We will show later that NS also covers
other previously unstudied smoothness variants. Below we
will demonstrate the key benefits of Definition [3]in terms
of its generality, better convergence results, and practical
implications in conjunction with the NE inequality.

3.2. Non-uniform Lojasiewicz Inequality

The second main concept we leverage is a generalized
Lojasiewicz inequality introduced by Mei et al.| (2020b):

Definition 4 (Non-uniform Lojasiewicz (NL)). The differ-
entiable function f : © — R satisfies the (C(0),&) non-
uniform Lojasiewicz inequality if for all § € ©,

df (9) oy 1—€
d@‘ FO9 =, 3

where § € (—00,1], and C(0) : © — R > 0 holds for all
0 € ©. In this definition, either 0* = argmingco f(0), or
f(0%) is replaced with infy f(0) if the global optimum is
not achieved within the domain ©.

> C(0)-1f(0) -
2

Definition [4] extends the classical “uniform” Lojasiewicz
inequalities in optimization literature, such as the Polyak-
Lojasiewicz (PL) inequality with C(f) = C' > 0 and § =
1/2 (ojasiewiczl 1963 Polyak, |1963); and the Kurdyka-
Lojasiewicz (KL) inequalityﬂ by setting C(0) = C > 0
(Kurdykal |1998). Following (Mei et al., 2020bza), we refer
to £ as the NE degree and C(0) as the NE coefficient. Gener-
ally speaking, a larger NE degree & and NE coefficient C'(6)
indicate faster convergence for gradient based algorithms.
Appendix [E|provides an overview of remarkable non-convex
functions that satisfy the NL inequality for various ¢ and
C(6). As stated, our main contribution in this paper is to
show how, when combined with NS, NL becomes a power-
ful tool for both algorithm design and analysis, which is a
novel direction of investigation.

'The KL inequality is violated at bad local optima, since van-
ishing gradient norm cannot dominate non-zero sub-optimality gap.
Therefore Definition E]actually recovers global KL inequality.

3.3. Geometry-aware Gradient Descent

A key benefit of the non-uniform definitions is that we can
introduce stepsize rules that make gradient descent adapt
to the local “geometry” of the optimization objective. First
consider the classical gradient decent update.

Definition 5 (Gradient Descent (GD)).
Orr1 < 0p —n -V f(0y). 4)

The key challenge with deploying GD is choosing the step
size n; if 7 is too large, instability ensues, if too small,
progress becomes slow. Recall from the introduction that
n = 1/ is a canonical choice for assuring convergence in
uniformly 3 smooth objectives. This suggests that in the
presence of non-uniform smoothness 3(6) given in NS, the
stepsize should be adapted to 1/3(6). This leads to a new
variant of normalized gradient descent.

Definition 6 (Geometry-aware Normalized GD (GNGD)).

V£(6:)
B(0;) - ®)

Op1 0, —1n-

Key to making this approach practical will be efficient ways
to measure (or bound) 5(0). Below we will show how in
the context of NS and NL properties, GNGD can be made
both practical and extremely efficient at solving various
global optimization problems in machine learning. These
results also broaden our fundamental knowledge of the set
of objectives that admit efficient global optimization.

4. Non-uniform Analysis

Our first main contribution is an analysis for GD and
GNGD based in the presence of non-uniform properties.
For minimization problems, we assume infy f(6) > —oo
(supy f(#) < oo for maximization problems).

Theorem 1. Suppose f : © — R satisfies NS with 3(6)
and the NL inequality with (C(0),€). Suppose C =
infy>1 C(6:) > 0 for GD and GNGD. Let §(0) := f(6) —
f(0%) be the sub-optimality gap. The following hold:

(1a) if B(0) < c- §(0)172¢ with & € (—o00,1/2), then the
conclusions of (1b) hold;

1-2¢

(Ib) if B(8) < - [VFO) 5" with € € (—o0,1/2), then
GD with 1 € O(1) achieves §(0;) € @(1/2513725), and
GNGD achieves §(0;) € O(e™?).

(2a) if B(0) < Lo+ L1 - [V f(0)
of (2b) hold;

(@b) if 5(6) < Lo~ T + L - [V F(6)], then GD
and GNGD both achieve 6(6;) € O(l/tﬁ) when
¢ € (—00,1/2), and O(e™t) when € = 1/2. GNGD
has strictly better constant than GD (1 > C' > C?).

1-2¢
(3a) if B(O) <c-||Vf(O)|ly ¢ with& € (1/2,1), then the
conclusions of (3b) hold;

o then the conclusions
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Property / Set Convex set
A NS B(6*) =0 O all convex NS
B NS B(6%) >0 BF strongly convex NS
C NL £<1/2 @\ BF | (not strongly) convex NS
]:) NL €2 1/2 Non-convex set
E convex
F strongly convex
(AUB)NC [ all NS-NL [ B(6") < o in this diagram |

Figure 2. Different function classes for 5(0*) < co. We use a label notation where, e.g., C denotes the set of all functions that satisfy
property C, and ACE := A N C N E. The two largest ellipsoids correspond to A U B and C. We study the following four non-convex

function classes in (AUB) N C,ie., W := AC\ (ADUACE), X :=

(3b) if B(0) < c-6(0)1 =25 with & € (1/2,1), then GD with
1 € O(1) does not converge, while GNGD achieves
5(6;) € O(e™?).

Remark 1. The cases (1)-(3) cover all three possibilities of

B(0%). Since 0* is the global minimum, V2 f(0*) is positive

semi-definite (negative if 0* is maximum) if it exists.

(1) If V2f(0%) = 0, then B(0) — 0 as 0,0 — 0%, which
means the landscape around 0* is flat;

(2) If V2 £(0%) has at least one strictly positive (negative)
eigenvalue, then $(0) — > 0as 0,0" — 6*.

The cases (1)-(2) also cover the situations where the Hessian
V2 f(0*) does not exist but one can find a finite 3(6*) > 0
1o upper bound the Lh.s. of Definition[3}

(3) The case (3) is for blow-up type non-existence of
V2f(0*), where B(0*) is unbounded.

Remark 2. In Theorem C = inf;>1 C(6,) is related to
the early optimization and plateau escaping behavior stud-
ied in|\Mei et al.|(2020a). It remains open to study whether
GNGD can be combined with different parameterizations in
Mei et al|(2020dl) to further improve C.

Note that (1b) recovers the strong smoothness of order p
with p = 1/¢ in [Wilson et al.| (2019), and (2a) recovers
the (Lo, L) smoothness of Zhang et al.|(2019). The results
here consider more general NL functions and establish faster
rates of convergence. The other cases have not been studied
in literature to our knowledge. In Sections[5]and |6 below we
study practical machine learning examples that are covered
by cases (1) and (2) in Theorem Other cases of different
B(0) and & are discussed in Appendixfor completeness.

4.1. Function Classes and Existing Lower Bounds

Before applying these results to problems in machine learn-
ing, we first provide a refined characterization of function
classes organized by their NS and NL properties. This also
clarifies the relation between the non-uniform properties and
standard notions of convexity and smoothness; see Figure [2]

Proposition 1. The following hold for an objective f:
(1) D C C. If f satisfies NE with degree &, it satisfies NL

AD\ ADE, Y := BC\ (BDUBCE), and Z := BD\ (BDEUBF).

with degree &' < &;
(2) FCD. A strongly convex f satisfies NL with € =1/2;
(3) FNA = (). A strongly convex f cannot satisfy NS with
B(0) = 0as 0,0 — 6%
(4) ECC. A (not strongly) convex f satisfies NE with £ =0.

The next proposition provides concrete examples for each
convex function class in (A U B) N C in Figure 2}

Proposition 2. The following results hold: (1) ACE # ().
(2) ADE # (). (3) BCE # (. (4) BDE # (. (5) BF # 0.

A more interesting result considers examples in the classes
of non-convex functions (A U B) N C in Figure 2| The
non-uniform analysis above largely still applies to these
problems, even when standard convex analysis cannot apply.

Proposition 3. The following results hold: (1) W = AC\
(ADUACE) # 0. (2) X == AD\ ADE # (. (3)Y =
BC\ (BDUBCE) # 0. (4) Z .= BD \ (BDEU BF) # ().

We next apply the techniques to a class of convex func-
tions, achieving results that cannot be explained by classical
convex-smooth analysis.

Proposition 4. The convex function [ : x — |x|P with
p > 1 satisfies the NL inequality with § = 1/p and the NS
property with 3(x) < ¢; - §(x) 2.

Consider any p > 2, such as p = 4, where it follows that
f satisfies NE with degree £ = 1/4 < 1/2. According
to (1a) in Theorem 1} GD will achieve §(z;) € O(1/t?),
while GNGD attains §(x;) € O(e™ ") (where ¢ > 0). Note
that standard convex analysis can only give a O(1/t) rate
on (not strongly) convex smooth functions. The ©(1/t?)
rate for GD here follows from using NE. degree & = 1/4,
which improves on ¢ = 0 from mere convexity ((4) in
Proposition [1). The O(e~°?) rate has also been observed
for this example by exploiting strong smoothness ((1b), as
noted) (Wilson et al, 2019). Figure 2] provides a more
general understanding of when this happens.

Q(1/t?) lower bound for convexity-smoothness. Note
that GNGD satisfies x¢11 = 21 — 2221 ﬁ -Vif(x;) €
Span{z1,Vf(x1),...,Vf(z:)}, which is a first-order ora-
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cle (Nesterov, [2003). Thus there exists a worst-case objec-
tive in the convex-smooth class that forces §(z;) € Q(1/t?)
for t € O(n), where n is the parameter dimension (Ne-
mirovski & Yudin, |[1983; [Nesterov, 2003} [Bubeck! [2014).
This is not a contradiction, since the lower bound is es-
tablished by constructing a convex smooth function with
a constant § > 0 (Bubeck, 2014), and S(z) — 8 > 0
as z,2’ — z* in Deﬁnition Hence, the ©(1/t?) result
covers some functions in BCE in Figure 2] Meanwhile
fx— |z|P with p > 2 satisfies 8(x) — Oas z,2" — 0
in Definition [3| (ACE in Figure [2), which implies that the
standard convex-smooth class consists of two subclasses.
One subclass (BCE) admits first-order sub-linear lower
bounds, while the other (ACE) allows linear convergence
using first-order methods. This illustrates the necessity of
non-uniformity in subdividing the NS class as A U B in
Figure[2] This partition also inspires geometry-aware GD.

Q(1/4/t) lower bound for (Lg, L;)-smoothness. For
B(0) = Lo+ Ly - |Vf(6)|l2 ((2a) in Theorem [1)) with
Lo,L; > 1, standard normalized GD is subject to a
Q(1/+/t) lower bound (Zhang et al., 2019). However, in
Section [5] we will show that normalized policy gradient
(PG) method achieves a linear rate of O(e~¢*). Again, this
is not a contradiction for similar reasons. With Ly > 1,
B(0) — Lo > 0as 6,0 — 6*, the Q(1/+/t) lower bound
will hold for some functions in BCE U ) in Figure 2| While
in Section E] the objective satisfies Ly = 0 and L; > 0,
hence 3(6) — 0 as 0,6/ — 6* (ACE U W in Figure [2).
This shows a similar separation of rates for first-order meth-
ods will also occur based on NS conditions. Furthermore, in
Section[6] we will show that both GD and GNGD achieve
a O(e=“") rate for GLM, but here the objective is in Z in
Figure [2]so the lower bounds do not apply.

Unbounded Hessian. Consider any p € (1,2), such as
p = 3/2 where [ satisfies £ = 2/3. According to The-
orem EKBa), GD diverges since the Hessian is unbounded
near 0. This makes it necessary to introduce geometry-
aware normalization to ensure convergence, which is veri-
fied in Appendix [F This has practical implications for RL,
for example ensuring exploration using state distribution
entropy, which has unbounded Hessian near probability
simplex boundary (Hazan et al.|[2019) and alternative prob-
ability transforms (Mei et al.| [2020a).

5. Policy Gradient

Our second main contribution is to show that the expected
return objective considered in direct policy optimization in
RL falls under the function class WV in Figure[2] in particular
satisfying case (1) of Theorem |l| with NE degree £ = 0.
The key point is that value functions in Markov decision
processes (MDPs) satisfy NS properties with coefficient

being the PG norm (Lemmas [2]and [6). This novel finding
not only provides a much more precise characterization than
existing standard smoothness results (Agarwal et al.| |2020;
Mei et al., [2020b)), but also enables PG with normalization
to use the NL inequalities (Lemmas and[gb differently than
for standard PG (||V f(0)]|, vs. ||V f(#)]|5), which leads to
faster convergence as well as plateau escaping.

5.1. RL Settings and Notations

For a finite set \V, let A(N) denote the set of all probability
distributions on V. A finite MDP M = (S, A, P, r,7) is
determined by a finite state space S, a finite action space A,
a transition function P : S x A — A(S), a scalar reward
function  : S x A — R, and a discount factor y € [0,1).

In policy-based RL, an agent interacts with the environment,
i.e., the MDP M, using a policy 7 : S — A(A). Given
a state sy, the agent takes an action a; ~ 7(+|s;), receives
a one-step scalar reward r(s;, a;) and a next-state s;y1 ~
P(-|st, ar). The long-term expected reward, also known as
the value function of 7 under s, is defined as

V7T(s) = E Z'ytr(st,at) )
so=s,at~7(+|s¢), P
st41~P(|se,ae)

The state-action value of m at (s,a) € S x A is de-
fined as Q™ (s, a) == r(s,a)+v >, P(s'|s,a)V7(s"), and
A™(s,a) == Q™ (s,a) — V™(s) is the advantage function of
m. The state distribution of 7 is defined as,

dg (5) = (1—7) Z’yt Pr(s; = s|so,m,P). (7)
t=0
Given an initial state distribution p € A(S), we denote
V7(p) = Eymp [V7(5)] and di(s) = Eqgmp [dT,(5)].
There exists an optimal policy 7* such that V™ (p) =
Supr.s—a(a) V" (p). For convenience, we denote V* :=
V™. Consider a tabular representation, i.e., #(s, a) € R for
all (s, a), so that the policy my can be parameterized by 6 as
mo(+|s) = softmax(é(s, -)); that is, for all (s, a),
exp{0(s,a)}
Pweaexp{l(s,a’)}
When there is only one state the policy mg = softmax(6)
is defined as mg(a) = exp{f(a)}/ >, c 4 exp{f(a’). The
problem of policy-based RL is then to find a policy 7y that
maximizes the value function, i.e.,
sup V™ (p). )
0:Sx A—R

For convenience, and without loss of generality, we assume
r(s,a) €[0,1] forall (s,a) € S x A.

®)

mo(als) =

5.2. One-state MDPs

We first illustrate some key insights for one-state MDPs
with K actions and v = 0. The value function Eq. (6)
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reduces to expected reward 7, r, where r € [0,1]%, 0 €
RX, and 7y = softmax(). Mei et al.|(2020b) have shown
that even though maxg w‘;r 7 iS a non-concave maximization,
global convergence can be achieved with a O(1/¢) rate using
uniform smoothness and the NL inequality:

Lemma 1 (NL, Mei et al.| (2020b), Lemma 3). Let a* be
the optimal action. Denote 7 = argmax, . 7' r. Then,

Note that Lemma [I} is not improvable in terms of the co-
efficients C(0) = my(a*) and & = 0 (Mei et al., 2020b),
Remark 1 and Lemma 17). However, this result is based on
only using a uniform smoothness coefficient 5 = 5/2 (Mei
et al.l 2020b, Lemma 2), which even empirical evidence
suggests can be significantly refined. To illustrate, we run
standard policy gradient (PG) on a 3-action one-state MDP.
As shown in Figure[3|a), PG first goes through a long subop-
timal plateau, and then eventually escapes to approach 7*.
Figure[3[b) presents the spectral radius of the Hessian and

d T
the PG norm 3- ‘ th !

that the smoothness behaves non-uniformly: it is close to
zero at the suboptimal plateau and near 7*, highly aligned
with the PG norm. Compared to any universal constant /3,
the PG norm characterizes the non-uniform landscape infor-
mation far more precisely. We formalize this observation by
proving the following key result:

Lemma 2 (NS). Denote 0 := 0 + ¢ - (6 — 0) with some
¢ €1[0,1). Foranyr € [0,1]%, 6 g v satisfies 3(0¢)

+
dmy r

77 > mg(a*) - (7" —mg) 1. (10)

2

as functions of time ¢. It is evident
2

dTI';CT

non-uniform smoothness with 3(6;) = 3 - ‘

o,

0 _
0 500 1000 1500 2000 0 500 1000 1500 2000

(a) 7rf;rl r and my, (a*) (b) Hessian spectral radius and PG norm

Figure 3. PG results on r = (1.0,0.8,0.1) .

Comparing Lemma [2] with (1b) in Theorem [I} we have
& = 0, and GNGD requires normalizing B(QC), which is the
PG norm of 6 rather than 6. However, ¢ is unknown. Fortu-
nately, the next lemma shows that, if we still normalize the
PG norm of 0, the 3(6) in Lemma 2] can be upper bounded
by ’

d7r9 r

, given the learning rate is small enough:
2

d7r6 / ‘

— 0) with some C € [0,1]. We have for all

d
W" r Denote

Lemma 3. Let 0 = 0+ 1) -
Oc =0+ (¢

€ (0,1/3),
d7rgT< r
db.

dwl;r T
df

Y

=
5 1-3n

2

Next, the NE. coefficient 7y (a*) is bounded away from 0,
which provides constants in the convergence rate results.

Lemma 4 (Non-vanishing NL coefficient). Using normal-
ized policy gradient method, we have inf;>1 mp, (a*) > 0.

To this point, we demonstrate that the non-concave func-
tion 7r6T r satisfies (1b) in Theorem (1| with £ = 0 in each
iteration of normalized P(ﬂ Lemmas [2 and |3 show that

71'—r T
the NS coefficient 5(0¢,) < ¢1 - Hdd%‘ ,
v ll2

4
-

and guarantee || —g ‘ > ¢y - (7% — mp,) Tr. There-

fore, combining Lemmas

convergence rate O(e

while Lemmas

to[d] we prove the global linear
~¢t) of normalized PG:

Theorem 2. Using normalized PG 0411 = 60y + 1 -
dzg /’ , withn = 1/6, forall t > 1, we have,
¢ 2
c-(t—1)

(m* —mp,) r<e 1= -(m

d‘n'gf

*

-
—Tg,) T, (12)
where ¢ = inf;>q mg, (a*) > 0 is from Lemma and cis a
constant that depends on r and 01, but not on the time t.

Remark 3. If wy, is uniform, i.e., mp,(a) = 1/K,V a €
[K], then we have ¢ > 1/K in Theorem[2| This can be
proved by showing that 7o, (a*) > mg,(a*), similar to
Mei et al.|(2020b, Proposition 2).

5.3. Geometry-aware Normalized PG (GNPG)

Next, we generalize from one-state to finite MDPs, using
the GNPG| on value function, as shown in Algorithm 1}

Algorithm 1 Geometry-aware Normalized Policy Gradient
Input: Learning rate > 0.
Initialize parameter 64 (s, a) for all (s, a).
while ¢t > 1 do
0, 0,
buvs 00+ et/ |20

end while

This essentially means we prove that a uniform Lojasiewicz
inequality holds for the entire sequence {6}, ,, but this does not
imply that the NE. condition is unnecessary. As shown in[Mei et al.
(2020b, Remark 1), Lojasiewicz-type inequalities with constant
C > 0 cannot hold. It can only become uniform after specifying
an initialization 61 and an algorithm (in this case, PG). Otherwise,
uniform Lojasiewicz cannot hold since initialization can make the
NL coefficient g (a™) arbitrarily close to 0.

3We use GNPG as the name of Algorithm 1| since NPG is
usually used to refer to the natural PG algorithm in RL literature.
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5.4. General MDPs

For general finite MDPs, we assume “sufficient exploration”
for the initial state distribution u, which is also adapted in
literature (Agarwal et al., 2020; Mei et al.,|2020b).
Assumption 1 (Sufficient exploration). The initial state
distribution satisfies ming p(s) > 0.

Given Assumption (1} |Agarwal et al.|(2020) prove asymp-
totic global convergence for PG on the non-concave
maxg V™ (p) problem, while Mei et al.| (2020b) strength-
ens this to a O(1/¢) rate using uniform smoothness and the
following NL inequality that generalizes Lemmal[I]
Lemma 5 (NE, Mei et al.[(2020b)), Lemma 8). Denote S :=
|S| as the total number of states. We have, ¥ 0 € RS*A

V| . minmoa*()s) . e
H 00 9 \/E.Hdg*/dzeHoo (VZ(p) =V™(p)),

where a*(s) is the action that ™ selects in state s.

Here, the NL degree £ = 0 is not improvable Mei et al.
(2020b, Lemma 28). In one-state MDPs with S = 1,
Lemma [3]recovers Lemma [Tl with the same N¥. coefficient
C(#) = mp(a*), indicating that C(¢) in Lemma [5| might
also be unimprovable. On the other hand, the uniform
smoothness considered in (Agarwal et al., [2020; |[Mei et al.}
2020b) B = 8/(1 — )3 is too conservative, particularly
when + is close to 1. Our next key result shows that the
policy value also satisfies a stronger NS property, with the
NS coefficient being the PG norm, generalizing Lemma 2}

Lemma 6 (NS). Let Assumption E]hold and denote §; =
0+ ¢ (0 — 0) with some ¢ € [0,1]. 8 — V™ (u) satisfies
B(6¢) non-uniform smoothness with

2 (Coo —(1— 7))} Havﬂsc )
e VE 2w
(o) [ (1—7)~ %0c 1,
_ 4 :
where Coo = maixr |50 < s iy < 00

In one-state MDPs with vy = 0 and S = 1, we have C, =
1 — ~. Thus Lemmal6]reduces to Lemma 2] with the same

dmg
NS coefficient 5(6;) = 3 - H d;i H . Similar to Lemma ,
2

if we use Algorithm[I] with small enough learning rate, then
(0¢) in Lemma [6]is upper bounded by the PG norm of ¢:

(1—v)~ 1 ;
6-(1-7) 714 (Coc—(1—7) VS and 0" =

0+n- 8‘/;(;(“)/ H avgee(u) H2 Denote 0 == 0+(- (0" —0)
with some ¢ € [0, 1]. We have,
V™ (1)
H 96;

Lemma 7. Letn =

ovTe ()

90 (13)

<*|

2 2

Next, the NE coefficient min, mg(a*(s)|s) in Lemma 3]is
lower bounded away from 0:

Lemma 8 (Non-vanishing NL coefficient). Let Assump-
tion [I| hold. We have, ¢ := inf,es 1>1 79, (a*(s)|s) > 0,

where {0,},-, is generated by Algorithm

Now we have the non-concave function V™ (p) satisfies
(1b) in Theorem (1| with & = 0 in each iteration of Algo-
rithm[I} Therefore, combining Lemmas [5]to[8] we prove the
global linear convergence rate O(e~“?) of Algorithm

Theorem 3. Let Assumption|l\hold and let {0}, be gen-
erated using Algorithmwith n= 6.(1_7).,;41_;?2/;7 —

v

1 — a3 / —
NG where (o = max, m HOO Denote Cl :
dr ..
max, H 7" . Let c be the positive constant from Lemma
o0

We have, forallt > 1,
(V) = V™ (1) - Cle ey
1—v

_ (1=7)*7-c 1
where C' = miioms Gy 5 ° ‘

V*(p) = V™ (p) <

n
o

d‘zr* H—l

o0

Not only the O(e~") rate in Theorem [3| is faster than
O(1/t) for standard PG without normalization, but also
the constant is better than [Mei et al.| (2020bl, Theorem 4).
The strictly better dependence ¢ > ¢? in PG) is related to
faster escaping plateaus as shown later (Mei et al., 2020a).

Remark 4. The conclusion of GNPG has better constants
than PG (¢ > c?) arises from upper bounds (Theorem
and|Mei et al.|(2020b, Theorem 4)), which is also supported
by empirical evidence. In fact, there exists a lower bound
that shows c cannot be removed for PG (Mei et al.| 2020a,
Theorem 1) under one-state MDP settings. For finite MDPs,
very recently, |Li et al|(2021) show that for softmax PG
(without normalization), ¢ can be very small in terms of the
number of states. It remains open to consider whether c is
reasonably large for GNPG.

Remark 5. To our knowledge, existing PG variants can
achieve linear convergence O (e~ ") only if using at least
one of the following techniques: (a) regularization; Mei
et al.| (2020b) prove that entropy regularized PG enjoys
O(e=¢") convergence toward the regularized optimal policy.
(b) natural gradient; |Cen et al.|((2020) prove that entropy
regularized natural PG achieves linear convergence. (c) ex-
act line-search; |Bhandari & Russo|(2020) prove that with-
out parameterization, PG variants with exact line-search
achieve linear rates by approximating policy iteration.

Among the above techniques, regularization changes the
problem to regularized MDPs, while natural PG and line-
search require solving expensive optimization problems to
do updates, since each update is an arg max.

On the contrary, Algorithm[I|enjoys global O(e~°?) rate
(i) without using regularization, since Algorithm [I]directly
works on the original MDPs; (ii) without solving optimiza-
tion problems in each iteration, and the normalized PG
update is cheap. The strong results rely on the NS and NE

)
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properties, and also the geometry-aware normalization that
takes advantage of the non-uniform properties.

Remark 6. Standard softmax PG with bounded learning
rate follows Q(1/t) lower bound (Mei et al.||2020b)), which
is consistent with the case (1) in Theorem[I} Algorithm([I|
achieves faster linear convergence rates, indicating that the
adaptive update stepsize 1/ ||V V™ (p) ||, is asymptotically
unbounded, since |[VV ™ (p)||, — 0 ast — oo.

1 —
09 [ / 1 R [N

o8f) 10
07
06
05
04
03

— PG 35 — PG
0.2 ——GNPG ——GNPG

0.1 -40
0 500 1000 1500 2000 0 500 1000 1500 2000

(a) m;r' r (b) log (7" — 7T9,)T r

Figure 4. PG and GNPG on r = (1.0,0.8,0.1) .

We compare PG and GNPG on the one-state MDP problem
as shown in Figure[d Figure[d[a) shows that GNPG escapes
from the sub-optimal plateau significantly faster than PG,
while Figure d{b) shows that GNPG follows linear conver-
gence O(e™“?) of sub-optmality, verifying the theoretical
results. Similar experimental results on synthetic tree MDPs
with multiple states are presented in Appendix [

6. Generalized Linear Models

Next, we investigate the generalized linear model (GLM)
with quasi-maximum likelihood estimate (quasi-MLE),
which applied widely in supervised learning. We show
that the mean squared error (MSE) of GLM (Hazan et al.,
2015)) is in the non-convex function class Z in Figure [2]
and it satisfies the case (2) in Theorem |l| with £ = 1/2.
As a result, both GD and GNGD achieve global linear con-
vergence rates O(e~?), significantly improving the best
existing results of O(l/\/f) (Hazan et al., 2015)). We also
provide new understandings of using normalization in GLM
based on our non-uniform analysis.

6.1. Basic Settings and Notations

Given a training data set D = {(x;, ¥;) };c|n]» Which con-

sists of NV data points, there is a feature map x; — ¢(z;) €

R? for each pair (x;,1;) € D. We denote ¢; := ¢(x;) for

conciseness. For each data point x;, we have y; € [0, 1] as

the ground truth likelihood. Following Hazan et al.|(2015)),

our model is parameterized by a weight vector § € R? as ,
1

- Ty =
m=0(0l0) = ooy (14)

where o : R — (0, 1) is the sigmoid activation. The prob-
lem is to minimize the mean squared error (MSE),

N
1

in £(f) = min — - i —vi)2. 15

min £(0) éléi{éN;(” Vi) (15)

We assume y; = 7} = o(¢; 0*), where §* € R9, and

[|6*||l, < oo, which means the target y; is realizable and non-
deterministic. According toHazan et al.|(2015)), the MSE in
Eq. (T3) is not quasi-convex (thus not convex). Fortunately,
Hazan et al.|(2015) manage to show that Eq. @ satisfies
a weaker Strictly-Locally-Quasi-Convex (SLQC) property,
based on which they prove the following result:

Theorem 4 (Hazan et al.|(2015)). With diminishing learn-
ing rate n; € ©(1/\/t), the normalized gradient descent

(NGD) update 0441 < 0y — 1 ag(e(jt)/ H%&f”

8(0:) = L(6:) — L(6%) € O(1/V1), (16)

where 0* = argmin, L£(0) is the global optimal solution.

satisfies,
2

6.2. Fast Convergence using Non-uniform Analysis

Based on the O(1/+/%) rate for NGD in Theorem El Hazan
et al.[(2015) propose to normalize gradient norm in MSE
minimization. However, there is no lower bound for other
methods including GD on GLM, and thus it is not clear if
there exists a faster rate for GLM optimization.

Surprisingly, we prove that both GD and GNGD actually
achieve much faster rates of O (e~ ¢*) using the non-uniform
analysis. Our first key finding is to show that the MSE in
GLM satisfies a new NLE inequality with £ = 1/2:
Lemma 9 (NL). Denote u(0) = min;cn) {m; - (1 — )},
and v := min;eny {7} - (1 — 7)) }. We have,
N 2
0L(0) 1 2
— 1 >C0,¢) | =" P — T , (17
1255 = ce.0 [N LT N

holds for all § € R?, where
C(0,¢) = 8- u(f) -min{u(®),0} -/ Ag,  (18)

and Ay is the smallest positive eigenvalue of% sz\; gzbigb;-r.

2

Remark 7. It is not clear if results similar to Lemma[9 hold
without assuming: (i) realizable optimal prediction y; =
7t = o(¢, 0%); (ii) non-deterministic optimal prediction
16|l < oo. We leave it as an open question to study
non-uniformity of GLM without the above assumptions.

In Lemma 9] ), is determined by the feature ¢, and u(6)
shows that the gradient is vanishing when 7; is near deter-
ministic, which is consistent with the fact that the sigmoid
saturates and provides uninformative gradient as the param-
eter magnitude becomes large.

We run GD on one example with N = 10 and d = 2. As
shown in Figure[5] the gradient norm ||V.L(6;)]|, is close to
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Figure 5. Experiments on GLM using GD.

zero at plateaus and near optimum. However, unlike the PG,
the spectral radius of the Hessian V2L (6;) is only close to
zero at plateaus, while it approaches positive constant near
optimum. This indicates a different NS condition other than
Lemmas [2] and [6]is needed, since only gradient norm — 0
cannot upper bound the spectral radius of Hessian — ¢ > 0.
With some calculations, we prove the following key results:

Lemma 10 (Smoothness and NS). £(0) satisfies 3 smooth-

ness with

3
B == max||¢i3, (19)

8 i€[N]
v (|75 e)

At the optimal solution 8%, the spectral radius of the Hessian
8;(50(*62) is strictly positive. Therefore, the MSE objective of
Eq. @ is in the non-convex function class Z in Figure 2]
and it satisfies the case (2) in Theorem |l| with £ = 1/2.
Combining Lemmas [9]and [T0]and applying Theorem [I] we

have the following global linear convergence result:
Theorem 5. With n = 1/8, GD update satisfies for all
t>1, L(8;) < L(61) - e~ =D Withy € ©(1), GNGD
update satisfies for all t > 1, L(6;) < L(61) - e~ ¢ (1),
where C € (0,1), i.e., GNGD is strictly faster than GD.

and 3(0) NS with

oL(0)

o0) = 1+ | %5

Theorem |3|significantly improves the O(1/+/%) rate in The-
orem 4] The key difference is that we discovered a new NE
inequality of Lemma[J]that is satisfied by GLMs. The linear
convergence rates are verified in Appendix [F}

In Theorem [5} we have C' = inf;>1 C(6;, ¢), which is very
close to zero if 7; is near deterministic, and GD suffers
sub-optimality plateaus as shown in Figure |[l} GNGD has
strictly (orders of magnitudes) better constant dependence
C > C?, and escapes plateaus significantly faster than GD.
Intuitively, for the GLM in Figure [T} C' in Theorem [I] is
lower bounded reasonably if 6, is initialized within some
finite distance of the central valley containing 6*.

Combining the NE and NS properties (Lemmas [9]and [10),
we provide new understandings of using normalization in
GLM: (i) First, using standard NGD (Hazan et al.||2015)) for

all £ > 11is not a good choice. By examining the asymptotic
behaviour as § — 6*, we have 5(0) — 8 > 0. However,

the normalization H H in standard NGD gives incre-

mental updates with adaptlve stepsize — oo. To guarantee
convergence, it is necessary to use 7; — 0, which coun-
teracts normalization and slows down the learning, since
it could be not easy to find a learning rate scheme. This
is consistent with the O(e~") result for GD with > 0
and without normalization in Theorem[3] (ii) Second, using
geometry-aware normalization 3(6;) is a better choice than
normalizing the gradient norm ||VL(6;)||,. We elaborate
this point by investigating both the asymptotic and the early-
stage behaviours using NS-NL. Since (6;) — 5 > 0
asymptotically, GNGD is approaching GD as 0; — 6%,
which makes GNGD enjoy the same O(e™ ) rate. On the
other hand, at early- stage optimization (e.g., close to ini-
tialization in Figure [I)), when 6, is far from 6*, we have
thus 8(0;) < H oL et ‘ . Then GNGD is close to NGD,
which guarantees strlctly better progresses than GD. This
is because of the progress of GNGD in each iteration at
this time is about ||V.£(6;)]|,, while the progress of GD is
IVL(6:) ||3, and the gradient norm is close to 0 on plateaus.

Using NE of Lemma [9] GNGD will have strictly better
constant dependence C' than C? in GD.

7. Conclusions and Future Work

The main contributions of this paper concern a general char-
acterization and analysis based on non-uniform properties,
which are not only sufficiently general to cover concrete
examples, but also significantly improve convergence rates
over previous work and even over classical lower bounds.
The most exciting part is the techniques apply to important
applications in machine learning that involve non-convex
optimization problems. One direction is to further push
the analysis to other domains with more complex func-
tion approximators, including neural networks (Allen-Zhu
et al.,|2019). Another valuable future work is to incorporate
stochastic gradient (Karimi et al.| 2016)) and other adaptive
gradient-based methods (Kingma & Bal 2014) in the analy-
sis. Finally, applying other cases of non-uniform properties
beyond those mentioned in this paper would be interesting.
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