Supplementary Material for
Learning in Nonzero-Sum Stochastic Games with Potentials

The Supplementary material is arranged as follows: first, in Sec. A we give a description of the experimental details and
report the hyperparameter values used in our experiments. In Sec. B, we give a detailed discussion of our ablation studies. In
Sec. C, we give results of our analysis on a static noncooperative game namely Cournot duopoly problem and in Sec. D we
perform an study of the problem and verify our solution analytically. In Sec. E, we give additional details on our supervised
learning method to compute the potential function. In Sec. F, we give additional details on our distributed learning method
using consensus optimisation required to compute the potential function distributively. In Sec. G, we outline some of the
additional notation and detail the technical assumptions used in the proofs of our results which are contained in Sec. H
which concludes the supplementary material.

A. Experiment Details & Hyperparameter Settings

The settings for all methods are the same, except for the stated cases that use a shared critic. The optimiser is set to Adam
for all methods reported. The learning rates for actors and critics are le-4 and le-3 respectively. Both actors and critics
consist of four fully connected layers with dimensions of [64,64,64,14:].

In the table below we report all hyperparameters used in our experiments. Hyperparameter values in square brackets indicate
range of values that were used for performance tuning.

Setting Value
Clip Gradient Norm 1
Discount factor vg 0.99
A 0.95
Learning rate 1x10~* for actor and 1x10~3 for critic
Batch size 256
Buffer size 4096
Policy architecture MLP
Number of parallel actors 1
Optimization algorithm Adam
Rollout length 1000*[10, 20]

B. Ablation Studies

Our method allows MARL agents to solve noncooperative SGs within the SPG subclass. In this section, we analyse the
behaviour of our method compared against existing MARL baselines in scenarios that range from team (cooperative) SG
settings to noncooperative games outside of SPGs. In doing so, we examine their performance when the SPG assumptions
are violated and show that SPot-AC is still able to perform well when the PG condition (Equation (1)) is mildly violated.
Additionally, in these settings we also compare the performance of SPot-AC in cooperative settings which are the degenerate
case of SPGs.

As in Section 6 (within the main body), we consider a stochastic network routing game which has both continuous action and
state spaces and is a nonzero sum game (neither team-based nor zero-sum) which represents a challenge for current MARL
methods. As in the Network routing games considered in Section 6, we restrict our attention to networks that have efficient
NE. In such network structures, playing an NE (best-response) strategy leads to a higher total return for the (self-interested)
agent. For these networks, the average return for an agent serves as a measure the performance of the different algorithms.



Learning in Nonzero-Sum Stochastic Games with Potentials

.0—  —@ ©
0\ @><@
DS

Figure 5. Selfish routing network with 200 nodes.
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B.1. Non-Cooperative, Stochastic Potential Game Ablation Study

Fig. 5 demonstrates the large network used in experiments. The class of potential games includes all team-games as a
subclass, i.e. every team game is a potential game, and some but not all non-cooperative games are potential. In this ablation
study, we examine the performance of SPot-AC against other baselines in stochastic potential but non-cooperative games.

To do this, using Lemma C, we know that, in any potential game, the reward function R; : § X (xd;cxy) — R for
any agent ¢ € N can be decomposed into two components: the team game component J : § x (xd;cx) — R (ie.
function that all agents seek to maximise) and a strategic (non-cooperative) component which is specific to each agent
L;:8§x (xsﬁie N /{i}) — R. We now study a set of games in which each agent’s reward function has the following form:

Ri(s, (ai,a—;)) = J(s,(ai,a—;)) +c Li(s, a1, ... ai—1,ai11,...,aN) 8)

Team game reward Non-cooperative part

The value of the constant ¢ € R determines the contribution of the non-cooperative, strategic component. For ¢ = 0, the
game is a team game and as ¢ — oo the non-cooperative component of the game dominates.

As can be seen in the plots, SPot-AC has better average return compared to the DDPG-based algorithms, whose performance
degrades most due to their team-game requirement. COMIX and COVDN achieve similar levels of performance.
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Figure 6. Results of the training curves for the non-cooperative, potential non-atomic routing game when the number of agents N = 4, 6,
withc=0,1,2,3,4,5.
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B.2. Non-cooperative, Non-Potential Stochastic Game Ablation Study

Extending the ablation studies of the previous section, we examine the performance of SPot-AC in games that are both
non-cooperative and not potential. We parameterise the agents’ reward function for the congestion game as follows:

Ri(s,(a'a ) = ri(s,(a'a™) + ¢ J(s,(al,a™)) , Vs €8V(a,a") e
—_— —
potential reward function non-potential contribution

The functions r; are those from the original (potential) congestion game (1). J is a generic non-potential reward function.
¢ = 0 corresponds to a potential game, and as ¢ — oo the non-potential component of the game dominates.

Fig. 7 shows the results of this ablation study in a network routing game with 4 agents. We see that SPot—ACis able to
handle small deviations (small ¢) from the potential requirements, but performance degrades for larger values. It again
outperforms the DDPG baselines, whose performance degrades rapidly with increasing values of the ablation parameter.
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Figure 7. Results of the training curves for non-cooperative, non-potenial, non-atomic routing game when number of agents N = 4,
coefficients ¢ = 0.0 — 0.5.



Learning in Nonzero-Sum Stochastic Games with Potentials

C. Cournot Duopoly Problem

Cournot Duopoly is a classic static game (Monderer & Shapley, 1996b) that models the imperfect competition in which
multiple firms compete in price and production to capture market share. Since the firms’ actions are continuous variables,
the game is a continuous action setting. It is a nonzero sum game (neither team-based nor zero-sum) which represents
a challenge for current MARL methods. Let a; € [—A;, A;] where A; € R which represent the set of actions for
Firmi € {1,2...,N} := WN. Let a, 8,7 € Rs( be given constants, each firm i’s reward (profit) is R;(a;,a—;) =
ai(— B e ai) —vai. Weset A; =1,Vic Nanda=vy=1,8=—1.

D. Analytic Example: Cournot Duopoly

Reward functions

Let a; € [—A1, A1) and ag € [—As, As] where A;, A € R which represent the actions for Firm 1 and Firm 2
respectively.

Also let a, B, € R+ be given constants.

Ri(a1,a2) = ai(a — Bar + az)) — va; )

Cournot Potential Function (N = 2 Agents)
dlay,az) = alar + az) — Blat + a3) — Bajas — y(ay +az) + k (10)

where k£ € R is an arbitrary constant.

D.1. Cournot Duopoly with N > 2 Agents
Reward functions
Let a; € [—A;, A;] where A; € R+ which represent the actions for Firm 4,7 € {1,2..., N}.

Also let a, B, € R+ be given constants.

Ri(ai,a_;) = ai(a— B a;) —ya; (11)

=
Cournot Potential Function (/N > 2 Agents)

¢(ai,a,i):a2ai—52a?—ﬁai Z aj—WZai—i—k (12)

icN icN jen/{i} icN
where k£ € R is an arbitrary constant.
Derivatives
OR;(a;,a_;
%m)—a—ﬂi;ai—ﬁai—v (13)
d¢(a;,a—;
%za—wai—ﬁ > aj—v (14)
i JeN/{i}

D.2. Analytic Verification of our Method

In this section, we validate that the optimisation in Sec. 5.1 yields the correct results. To do this, we derive analytic
expressions for ¢ and show that the solution of the optimisation in Sec. 5.1 coincides with this solution. Recall that our
proposition says that:

9 % i 9 i =1 9 i =1
E(ai’,a_i)N(‘ITi(n"’),TLi(U_i)) 87’(]7’11,1 [m(a |8;77 )] <8ai Ri(s,a ,a )— 6ai¢)(8,a ,a )>:| = 0, (15)
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We first want to check that any PF in (10) solves (15), indeed:

For — we find that

9 S
@Ri(',al7a_l) =a— f(ar +az) — Ba; — v
and
iqz’)( a',a”%) = a — 2Ba; — Ba; —
dai s Wy - Q 7 Y
=a—fB(ar +az) — Pa; —
and hence verify:
9 i —i 9 i —i
@d)('aa , @ )_ %Rl(va , @ ) =0
so that any ¢ in (10) is a candidate solution to (15). Indeed, we observe that
9 i —i 9 i —i
%d)('va , @ )_ %RZ(,G y a ) =0

o N ) o
E(,i - (i (n—1i —1 i ’ ; ¢ -1\ S5, Z, - = ) Zv o
— Bl et | o Wl ls)] (o o ca™) = oot a™) )|

and hence the forward implication is verified. <=

To check the reverse we perform the following optimisation:

minimise / (3?7i In [m;(a']-;n")] (aaiRi(.’ai’a—i) _ ;MPP("ai’a_i>>> :

Consider candidate functions of the following form
Pp(-a',a™") = po + Pay 101 + Pay 102 + Pay 207 + Pas 205 + paaraz + ¢

1/ab=m\2
TE )

and Gaussian policies: ;(a’|-; ') = Worrtk

Then

0 o
@Pp('a ala a 2) = Pa;1 T 2,0(1,;,2@1' + pal;j

o 1 i
minimise [ (@' < 1) (0 = Bas +a5) = B =7 = (pus + o201 + paay).

After matching like terms we find that:

Q=7 = Pa;,1
—20 = 2pa; 2
=B = pa

Hence, we find that

Py(-,a',a™") = —(y — a)a; — (7 — @)ag — Ba? — Ba3 — Bajas + ¢
= ala; +ag) — B(a? + a3) — Baraz — y(ay +az) = ¢ +c

which verifies the reverse.



Learning in Nonzero-Sum Stochastic Games with Potentials

E. Estimating the Potential Function: Algorithm 2

The following algorithm computes the potential function of the SPG using the supervised learning method described in Sec.
5.1. We illustrate the convergence of the method in Sec. E.1.

Estimating the Potential Function
f, n*.),s*) € E x S fork = 1,2, ... according to the probability density v.
s*), evaluate g°(s*,m"; p*) (or for stochastic policies approximate expectation

by MC sampling of actions).

1: Generate set of random points ((n

2: For each (nF,s*) = ((7]1, %),

Easaimmimo) [9(5F P’“)}
2(s*,m*; p%) = Siey [9'(s,m"; p*)]” using step 2.

4: Take a descent step at ((n¥,n*,), s%), compute p* = pF=1 — aV ,g2(s*, 0k, p)[P=F"""

5: Repeat until convergence criterion is satisfied.

3: Calculate the squared error g

E.1. Convergence of The Potential Function

Fig. 8 gives the learning curves for computing the potential function for the selfish routing games using Algorithm 2,
corresponding to the method in Section 5.1. The potential function defines the team game which agents jointly seek to
maximise. For the training of potential function ¢, we use a batch size of 2. The learning converges after around 200
iterations, and can easily handle settings with large numbers of agents.
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Figure 8. Results of the training curves for potential approximation. Non atomic routing when number of agents N = 4, 6, 8, number of
nodes K = 20,40. The y-axis is ||A¢ — AR;||*> (minimising this quantity gives a candidate function for the potential function c.f. Prop.
D).

F. Consensus Optimisation
In what follows, we denote by 6 the set of continuously differentiable functions and by % the set of measurable functions.

To perform the consensus optimisation step, we use the following update processes:

P = ali,j)p] — ok (16)
JEN

Kipr = alij) -5 +Vg'(s,piy1) — Vg'(s, pj) (17)
JEN

where o > 0 is the stepsize and C; = [¢;(%, )] v x v is the consensus matrix at iteration [ € {0,1,...}.

G. Assumptions

Given a pair of metric spaces (X1,d;) and (X1, dz), we say that a function f : X; — Xs is Lipschitz if the constant

defined by L; := sup % is finite. The constant Ly is called the Lipschitz constant. We denote by
z1€X1,22€X2 ’

Lioo := max{Lg,,...Lgr, } and similarly for the L-Lipschitz gradients LagJ = max {Laﬁ, ...Lory }
™ om

o
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Consensus update

Require: Parametric function class %, stepsize « > 0, initial consensus matrix Cy = [co(¢, )| N xn » initial parameter
py €T,k =Vyg'(s,pp) foralli € N.

1: forl € {0,...,L — 1} do

2 for agenti € N do 4

3: Pl :Zjej\f al(i, )] fa'“;

4 Kl = ZjGJV (i, j) - 5] +Vg'(s,pii1) — Vg'(s, pp)
5 end for

6: end for

7: Output: The vector of functions [P,,];cv for all agenti € .

i

Given a pair of metric spaces (X1,d;) and (X1, ds), we say that a function f : X; — Xj is Lipschitz if the constant

defined by L, := sup d2((@1).7(22)) j¢ finjte. The constant L ; is called the Lipschitz constant. We denote b
y s r1€X1,22€X d(1,2) ! Y
L1 1,22 2

LRreo := max{Lg,,...Lr,} and similarly for the L-Lipschitz gradients L or,, := max {Laﬂ, ...Lory }
o om om

The results of the paper are built under the following assumptions:

Assumption A.2. For any § € O, the functions (R; 9);cy are bounded, measurable functions in the action inputs.
Assumption A.3. The functions {R; };c are Lipschitz and have L-Lipschitz continuous gradients in § € © that is, for any
i € W, there exist constants Lr, > 0 and Ly, g, > 0s.th. forany s,s’ € S and Va € o, 6, 6;,0.,0, € © we have that:

HVgRiea(s'; 5,a) — VR, ('; s,a)H + HR% (s';5,a) - Ried(s/;S,a)H

< LVORi Hea - eb” + LRi 0. — 9d|| .

Assumption A.4. The functions { R; };cx is continuously differentiable in the state and action inputs.
Assumption A.5. The set of policies {7 };cy ncE is differentiable w.r.t. the policy parameter 7).

Assumption A.2. is rudimental and in general required in optimisation and stochastic approximation theory. Assumptions
A.3. and A 4. is typical in Q-learning proofs see pg 27 in (Szepesvari & Munos, 2005) (there in fact the transition function
is also assumed to be Lipschitz), assumption A7 in (Antos et al., 2008), in (Szepesvari & Munos, 2005) it is assumed that
the transition function and reward function are smooth (see pg 21). In this setting, the assumptions are required to construct
approximations of ¢ in terms of a differential equation. Assumption A.1. is fundamental to the structure of a state-based
PG. In particular, it extends the notion of potentiality to the state input. The assumption is used in the proof of Theorem 1.
Assumption A.5. is standard and required within the framework of policy gradient and actor-critic methods (Sutton et al.,
2000; Silver et al., 2014).

H. Proof of Theoretical Results

H.1. Auxiliary Results

Let us denote by (7, ||||) any normed vector space.
Lemma A. Forany f .V XV - R,g: YV XV — R, we have that:

sup f(a) —sup g(a)|| < sup || f(a)—g(a)l|. (18)
acV acV acV
Proof.
fla) < | f(a) —g(a)ll + g(a) (19)
= slelclgf(a) < :lelg{llf(a) —g(a)|l + g(a)}

IN

sup | f(a) — g(a)| + sup g(a). (20)
a€cV acV
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Deducting sup g(a) from both sides of (20) yields:
a€V

sup f(a) — supg(a) < sup || f(a) — g(a)]|- 2D
acV a€V acV

After reversing the roles of f and g and redoing steps (19) - (20), we deduce the desired result since the RHS of (21) is
unchanged. O

The proof of the Theorem 1 is established through the following results:

Lemma B. For any c-SPG, the state transitivity conditions holds whenever the reward functions takes the following form:
Ri(sa (aia a_i)) = g(s, (aia a_i)) + k(S)hi(aiv a_i)’

for any functions g, k, h for which k=1 exists.

Proof. To prove the result, we show that the class of games can be rescaled accordingly. Indeed, we first note that
E=1(s)Ri(s, (a',a™?) — k=Y Ri(s, (at,a™%)) = k=1 (s)g(s, (a’,a™%)) — k=1 (s")g(s’, (a*,a™")). Using the invertibil-
ity of k, we now consider a rescaled game

M(s) = ((Ai);ey > (Vi(s));en»N) where V; = k™'R;, then it is easy to see that for these games we have:
Vi(s, (a*,a™%) — Vi(s', (a,a™%)) = L(s, (a’,a™%)) — L(s', (a’,a~")) where L := k~'g and hence the state transitivity
assumption is satisfied. O

Lemma C. For any PG, there exists a function B : II x 8§ — R (B € %) such that the following holds for any
i€ N, V(ai,a;") € A,Ys €S Ri(s,al,a;") = ¢(s,al,a;") + Fi(s,a; ") where F; satisfies Fi(s,a;") = F;(s',a;").

The result generalises dummy-coordination separability known in PGs to a state-based setting (Slade, 1994; Ui, 2000).

Proof of Lemma C. To establish the forward implication, we make the following observation which is straightforward:
Ri(87 ai? a;l) - Ri(87 a?7 a;z)
= ¢(s,at,a; ") + Fi(s,a; ") — (¢(s,ap, a7 ") + Fi(s,a; "))
To prove the reverse assume that the game is a state-based potential game. Let us now define the function T;(s, at, ay z) =
R;(s, ay., a; ') — (b(s,ai_,a[f), then we observe that: Ri(s,_ai, a; ') — Ri(s,ay’, a[f) = ¢(s,ay,a;") - #(s,ai’,a; ") =
Ri(s,ay,a; ") — ¢(s,a;,a;, ") = Ri(s,ay’,a; ") — ¢(s, ai’,a; ") and hence Ti(s, ay, a; ') = T;(s, @', a, ') which implies
that T;(s, aj, a; *) = Ki(s,a, *). In a similar way, writing T(s, a;, a; ‘) := Ri(s,aj,a; ") — ¢(s,a;,a; *) and using the
state transitive property, we deduce that T;(s’, a¥, a; *) = T;(s, a}, a; *) which settles the proof. O
H.2. Proof of Main Results

Proof of Theorem 1

Proposition 4. There exists a function B : II x § — R (B € # ) and the following holds for any i € N
Eovp() {”zﬂ(s) - ”?l(s)} =Esp() {B”(S) - B"/(s)] ) (22)

Proof. We prove the proposition in two parts beginning with the finite case then extending to the infinite horizon case.

Hence, we first seek to show that for any joint strategy (m;, 7_;) € II, define by v; j, the value function for the finite horizon
game of length k£ € N (i.e.

v (s) = EgnPir {Zf:o YR (s, a4)|s = so} for any ¢ € N and k < oco). Then there exists a function By, :
IT x 8§ — R such that the following holds for any ¢ € N and Vrm;, 7} € II;,Vr_; € II_;:

Eoep() [v;jk(s) - v;j,;(s)] = E,op() [B;;(s) ~Br(s)]. (23)
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For the finite horizon case, the result is proven by induction on the number of time steps until the end of the game. Unlike
the infinite horizon case, for the finite horizon case the value function and policy have an explicit time dependence.

We consider the case of the proposition at time 7' — 1 that is we evaluate the value functions at the penultimate time
step. In the following, we employ the shorthands a;, = (ai,a; ") and by a’), = (a;j, a;.") for any k € N and similarly
() = [Ljen mjand 7' (1) = [1en sy mi () -mi(-). We will also use the shorthands F'™ = Fmim—i) and ™ = F(mim-1)
given some function F'.

In what follows and for the remainder of the script, we employ the following shorthands:

P&, =:P(s';a,s), PI, ::/datw(at|s)9“$,, RT(st) :=/datﬂ(at|5t)Ri(st,at)
o o

8™ (51) = /m darm(asls)d(sear),  FT(se) = /d daym(ans)Fi(sn.ar),  vTu(se) = /d daym(ad]s )Ty (50, ar)

In this case, we have that:

Eor_smp(l) |VFr—i(s7-1) = 07—y (57-1)]

By ery (AT r) 7 [dsn [ 95, o) = (AT r) 4y [T o7 (o) )]

=Es, ,~p()) [¢W(ST) _¢’T (sT) —|—7/d5T955T5T o7 (sT) /dsgbsTéT . f( )]

=Esp_,~P()) [¢”(ST—1) — @™ (s7-1) + 1Eqopmp() [v?(ST) - U?'(ST)H :

We now observe that for any 7; € II; and for any 7_; € TI_; we have that Vi € ¥, v " (s7) = Eqpnpp [RT (s7)],
moreover we have that for any 7;, 7, € II; and for any ¢ € W, we have

Esrnp()) [%?(ST) - Qifl(ST)]
/ dspPT . RF(st) — / dsp @I R (st)
= [[as29%., (87 6n)+ Futar)] = [ ds193, (67 o)+ sz(a;i)}
/dsTQ“‘STST L@ (s7) /dsTQZ‘STST " (ST)—&—/SCZSTQ";'TSP1 /dSTgbsTsT Fi(ar )

/dSTQSSTsT @7 (s7) —/dSTQSSWTsT @™ (sT)
= Esrnp()) {¢W(ST) - ¢ﬂ-/<5T)}

Since

/ dsy@T,  Fi(ag’) / dsr P Fi(az?)
S

:/ m(dai,sT_l)Fi(afi)/gﬂ W_i(dafi,sT_l)/dsTP(sT;sT_l,aT)

N

—1 i

—/ ﬂg(da'i7sT,1)Fi(a_i)/ W,i(da_i,sT,l)/dsTP(sT;sT,l,a'T)
s

—i i

_ / ri(da=t sp 1) Fy(a=) {/Sﬂ mi(dat, sp_1) — /94. w;(da’i,sTl)}

i i
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=0

Hence, we find that

Eor_smp(l) |0Fr—i(s7-1) = 077y (57-1)]

=Esr_,~P()) [¢”(8T—1) — @™ (s7—1 +7/d8T955TsT @7 (s7) /dSTgsTsT ®™ (s7)
= Eopimp() [$7(57-1) = 87 (57) + 1 Borap(ort |67 (s7-1) = 67 (s7)]|
=By ~p()) | Br-1(s7-1) — 3?11(5T—1)] :

using the iterated law of expectations in the last line and where

T
BT (s) = Es;npPmir_, [Z V' B(st, )]s = 30]1 : 24)

t=0

Hence, we have succeeded in proving that the expression (22) holds for ' — k when k = 1.
Our next goal is to prove that the expression holds forany 0 < k < T'.

Note that for any 7' > k > 0, we can write (24) as
BT (6) = B [olsva0) 47 [ a5 PS5, B Ly () e .
S

Now we consider the case when we evaluate the expression (22) for any 0 < £ < T. Our inductive hypothesis is the
expression holds for some 0 < k£ < T, thatis fora 0 < k < T we have that:

Eor_inp() [ K(s7-k) — k(ST—k)} = Eor_inpP() [BI’J(ST—k) —B;’J'(ST—k-)] ~ (25)
It is easy to see that given (25) and Lemma C, it must be the case that:
Eoppmr() [Tk(57-1)] = Bor o)) | BE (57-1) + G (s7-)] (26)

where G7'(s) == Epx_, {Zf:o YEF_ (s, at_i)} )

Moreover, we recall that F_; satisfies the condition F_;(s,a; ") = F_;(s’,a; "), hence G} ' (s) = G " (s') so from now
on we drop the dependence on s and write Gf;’

It remains to show that the expression holds for k + 1 time steps prior to the end of the horizon. The result can be obtained
using the dynamic programming principle and the base case (k = 1) result, indeed we have that

Bz esny~P() {U:kJrl(STf(kH)) - U?:kJrl(STf(kJrl))}

= ]EST—(ki»l)NP('D [%?(ST—(k+1)) +7/dsT kgST (k+1)ST—k Zk(sT*k)

7

=R (87— (k41)) — /dST KPT (b1 BTk O (57— k)]

=Bap_omr(h [R(5r 1) = R (7))

’

7T
B (1)~ P(: l)l/dSQST (k+1)ST—k lk(ST k) ST —(k+1)ST—k lk(ST k)‘|
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Studying the terms under the first expression, we observe that by construction, we have that:

’

]EST—(kJrl)NP('l) [%?(ST—(k+1)) - ‘ORZT (ST—(k-l-l))

’

=Eor_guny~p) |B" (ST—(hr1) — @7 (S7-(k)) |- (27)

We now study the terms within the second expectation.

Using (25) (i.e. the inductive hypothesis), we find that:
/SdST_kQS;TT—kST—k—lvgk’(ST_k) _/SdsT_kg):’-]:—kST—k—lvzl;(sT_k)
/SdsT $PT e | BE(sro0) + GI | - /dsT $PT er s |BE (s7-0) + GT |
/stT kP s 1BL'(ST_k)f/dsT kgng STk IBL' (sT—k)

T T ' T
+/SdST_k955T—kST—k—1Gi,k) _/cgdST_kQEST—kST—k—lG’L',k

‘We now observe that

- T—i
/dST k@ST ST —k— 1Gi,k _/dST kg)ST ST —k— 1Gi,k

for |
S da

“P(ST k3 57— (k1) aT—(k+1))7Li(da}i,(k+1), sT—(k+1)) G} 1
:/dST—k/ W—i(daj_ﬂi_(k_;,_l)ySTf(kJrl))
s d_

. (P(ST—k; ST—(k+1)> Tis aEi_(kH)) — P(sp_; ST—(k+1)77T§7a§i_(k+1))> G

Ti(da_ g1y ST (k1)) — Ti(dap_ (g y1)s 3T(k+1))]

=0

‘We now find that:

’

/dST kg‘ssT kST —k—1 ’Lk(sT k) /dST kg&ST kST —k—1 ’Lk‘(sT k')

S

— /dsT_kaTfksTikilB;;(sT_k)—/dsT_kaTliksTikilB;;’(sT_k) (28)
S S

Now combining (27) and (28) leads to the fact that:

Eor sy ~P()) {ng-i-l(STf(kJrl)) - U;k-i-l(STf(kJrl))}

:EST(k+1)NP(')[/dST kg:)ST kST —k— 1B7€r<ST*k)_/d8T k@ST kST —k— 1 7" ST k‘|

+ Bor_erny~PCD) [(ﬁ (57— (k41)) — & ( 8T—<k+1>>]
from which we immediately deduce that
EST—(kJrl)NP('D {vszﬁLl(ST*(kJrl)) - U:k+1(ST*(k+1))} = EST—(kJrl)NP('D [B?+1(ST7(16+1)) - BI?+1<ST7(1<+1))} )

where
B,:r(s) = Emﬂti |:¢(Sk, ak) + ’}//ds’P(s/; s, a;g)lejf (3/>:| 7
N

from which we deduce the result. O



Learning in Nonzero-Sum Stochastic Games with Potentials

Thus far we have established the relation (23) holds only for the finite horizon case. We now extend the coverage to the
infinite horizon case in which we can recover the use of stationary strategies. Before doing so, we require the following
results:

Lemma D. Foranyt' < oo, define by B : N x II; x II_; x 8§ — R the following function:

T
ZT(S) = ]EstNP,Tri,w_i Z’Ytgb(st’at)‘s = S0
t=0

then AB™ . II; x I1_; x 8§ —» R s.t. Vs € 8 and for any m; € Il;, w_; € I1_,,
lim BF (s) = B"(s)
where for any 7; € 11;, m_; € II_;, the function B™ is given by:
B7(s) 1= Eginpm,m_; [Doim0 V' 0(st, at)|s = s0]-
Proof. We prove the result by showing that the sequence B, BT, ... converges uniformly, that is the sequence is a
Cauchy sequence. In particular, we show that Ve > 0, 37" > 0 s.th. V¢', ¢ > T" and for any m; € II;, m_; € TI_;
1% — Bl <.

Firstly, we deduce that the function ¢ is bounded since each R; is bounded also (c.f. (43)). Now w.log., consider the case
when t' > t"/. We begin by observing the fact that

BF(s) - Bfi(s)

B + "
= Esth(‘;st,l,atfl),ﬂ'i,ﬂ',i Z'Yt‘bt(stv at) - 27t¢t(5t7 at)
t=0 t=0

o
t
= Esth(ﬁst,l,at,l)ﬂri,ﬂ',i Z Y ¢t(5t7 at)

t=t"

Hence, we find that

|BY (s) — B ()]

t/
t
= EstNP(ﬁst,l,at,l),'n’i,ﬂ',i Z Y (bt(sta at)

t=t""

4 f}/t” . +
< Z Y 8lloo < W|?
t=t"’ v

16]loo

’1 - P

sl

<Y

t//
< h/ ‘ H¢||OO _ et ln’y”(b”OO
1—7 1—7

_ eft”|ln'y| ||¢||00 < efT'\ln'y\ ||¢||OO ,
1—~v/) ™~ 11—y

using Cauchy-Schwarz and since t' > " > T and «y € [0, 1[. The inequality of the proposition is true whenever 7" is

chosen to satisfy
-1
in (9 () (1)

T >
> 1

)

hence the result is proven. O
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We are now in a position to extend the dynamic potential property (23) to the infinite horizon case:

Proof. The result is proven by contradiction.
To this end, let us firstly assume there exists a constant ¢ # 0 s.th.

’

Eop() {UZT(S) — vy (8)} Eop() [ T (s)— B (s )} =c

Let us now define the following quantities for any s € § and for each 7m; € I, and 7_; € II_; and V0 € O, Vi € WN:

t—1

vl ( Z/dSHW (s0)mi(a, so)m—i(ag®,s0) [ [ ¥/ Plsjsalsjr afa;)

j=1
mi(aj]s;)m—i(a;"[s;) Ri(s;, a5, a5 "),
and
BT(s)
T t—1
::Z/d5j+1u(so)7ri(a6,so)ﬂ_i(a6%750)H JP(37+1|s],a],a] )m(a;|sj)7r_i(aj—l|sj)
t=1"S j=1
¢(Sjva]7aj )7

so that the quantity v], (s) measures the expected cumulative return until the point 77 < oo.

Hence, we straightforwardly deduce that

vi' (8) = 0700 (5)

= o) 17 [ dsppantsom(abeso)n-i(ay HPsms], at, a7y (als;)
m_i(ag|s;)vf (s70).

Our first task is to establish that the quantity ‘tlim Esvp()) {Bft(s) — BT, (s)} ’ is in fact, well-defined for any s € § and
—00 ’ ’
Vie .

This is true since by (25) for any ¢ > 0 we have that

Eor( [BRus) = BE(5)]| = [Earcp [1705) =0 )] [ 29)

and hence we have that

‘]ESNP(-D [B'"(s) - B”I(s)} ’ < 00.

To see this, we firstly observe that by the boundedness of R;, 3¢ > 0 s.th. V¢ € N, Vi € W and for any w; € II;, 7_; € II_;

This is true since for any k < oo we have

k k
= ]EstNP,ﬂ'i,Tr,i [Z ’VtRz (St> at)‘| - Esth,ﬂ'g,ﬂ',i lz ’YtRz (8t7 at)‘|



Learning in Nonzero-Sum Stochastic Games with Potentials

sy~Pymg g [E ’7 St»at st~P7r T4 [E ’7 Staat‘H

<227||R oo = 22

<|E

IIR [loo-

Therefore, by the bounded convergence theorem we have that

lim
t—o0

Esop()) {vft(s) — UZ";(S)] ’ < oo. (30)

Now, using (29), we deduce that for any € > 0, the following statement holds:

‘ESNPH) [Bfft(s) - BZ,'t(S)” < |Es~p() [”th( ) —oF ( ” T6
which after taking the limit as ¢ — oo and using (30), Lemma D and the dominated convergence theorem, we find that

i [ (8100 0| <o

Next we observe that:

c=Esup() [(Uf - ”Zr,> (5)} —Esup() KB” - B”/) (5)}
=Esvpe) [(U:T’ - vz’fz'rf) (8)} —Eonp() [(B% - BEFI') (S)}

’

+7 EsT/~P(~)[/SdSHW(SO)Wz(%aSO)W— ag’ss HP sj+1]85, a5, a5 )mi(aglsi)m_i(a;’|s;)
(v7 (1) — B™(s77))
T/

+/d8j+1u(80)772(a6i>So)ﬂ—z‘(GJ, HPSHHSJ,%, a; )Wi(a}i|3j)7f—i(a;i|3j)
S
j=1

e——
Considering the last expectation and its coefficient and denoting it by x, we observe the following bound:
|6l < 29" (lvill + 11B])) -
Since we can choose T” freely and y €]0, 1], we can choose T” to be sufficiently large so that
T’ 1
7 (sl + 1Bl < Zlel.
This then implies that
™ Tl'l U Tr/ 1
’ESNP(D |:(U7;1T/ - vi,T/> (S) - (BT/ - BT’) (S):| ’ > §C,
which is a contradiction since we have proven that for any finite 7" it is the case that
Eopi) | (070 = o7 ) (5) = (BF = BE) (5)] =0,

and hence we deduce the thesis. O
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Proof of Lemma 1. The result is proven after a straightforward extension of the static case (Lemma 2.7. in (Monderer &
Shapley, 1996b)). O

Proposition 5. There exists a function B : § x II — R such that Vs € S we have that

T € argsup B"’(s) = we NE{€}.

eIl
Proof of Prop. 5. We do the proof by contradiction. Let w = (71, ...,7x) € argsup v (s). Let us now therefore assume
' eIl
that w ¢ NE{€}, hence there exists some other strategy profile 7/ = (1, ..., 7},...,mn) which contains at least one

profitable deviation by one of the agents so that 7} # m; fori € N i.e. vF "(s) > v] (s) (using the preservation of signs of
integration). Prop. 4 however implies that v]" ' (s) —vT(s) > 0 which is a contradiction since 7 is a maximum of B. [

Proof of Theorem 1. Combining Prop. 5 with Prop. 4 proves Theorem 1. O

Proof of Prop. 1. Since the functions (R,),e w are differentiable in the action inputs, we ﬁrst we note the following

Ri(saaﬁaii) - Ri(saa/iva’ii) = faz Mda and ¢(S a ) @ 2) - QS(S?a/i’aii) = fal %da We then

dRi(s,a,a”") _ 9¢(s,a,a”
da - da

deduce that 2 Considering actions sampled from stochastic policies, we find that

B (m)mitn_p) [Ri(s,0",07)] =B ) in ) [Rils, 0 a7™")]
=Erim)r ity (005,067 =Ermiynim_y) [#(s,0",a7")]

Now suppose a = h(s,n°) then

' 9p. —i n=h""") 9R.(s. h(s.n). a=") dh
/ aRl(S?Q/?a )da, — / aR’L(S7 (87?7 )’a )7d,’7 (31)
ai Oa =h—1(a?) da d’l’]
Similarly we find that for a® ~ 7; (-, |s,7) we have that
Erim)ms(m_) [Ri(s,ai,a_i)] - Em(ﬂ;),ﬂ—i(nq) [Ri(s,a/i,a_i)}
, m(a") 0 , OR; (s,me(-,|s,m),a™")
= _i(da™",m_, da’, s;m; e L, 32
/iw(a n»/al) Mm(asn) — " G2)
mi(a") OR;(s,a’,a™?)
= _ dat " Jdn.
| mitaain / L gt i) PR

—1i

o
OR;(s,a’,a™?)
/ () /7 - / 8 i(da’, s; m)Tdm (33)

By the same reasoning as above we find that

Erin)omin ) [6(s,a",a7 )] = Erinp)min_y) [$(5,0"a™")]

/"1(“ / ) 0 d¢p(s,at,a™"
(a?) oA; 87’]7

) dn
Putting (33) and (34) together, we deduce that

da’ ‘
7 (") ) ) . (e
[ / wida ) [, s PO gy
da

i 7

= e / 7_i(da”tm )/ iﬂ-(dai S'n)ﬂdn
’qq(az) » - ) —1 Sﬂl 8"" 7 b 3 aal K2

(da’, s;3m;) (34)
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Which implies that

o o A OR;(s,a’,a™")
—i(da™",m_;)7—mi(da", s;m;) ———F——
//w (da™ ) g i)

3

—q 6 3 a¢(57a’i7a’_i)
= m_i(da”",n_;) =—mi(da*, s;m;) —————
[ e o s S

K2

Moreover we also find that

OR;(s,a*,a™?)
[ [ ontt s P

4 9 1o iy ORi(s,a% a7
/ / (da”i|s;m z)m(dals;nZ)Wm[m(daqs;n’)l(W-)

0 OR;(s,a*,a™?
= Ex(n) {an’iln[m( Is;m )](aal)}

Hence, using the linearity of the expectation and the derivative we arrive at

9 T OR;(s,a*,a™%)  Oé(s,at,a™?) _
E(a“a*i)'\'(ﬂ'iﬂr*i) |:a,r,7, In [ﬂ-z(a’ ‘37,’7 )] ( 3ai - aai =0

(35)

In a similar way we observe that for any c-SPG in which the state transitive assumption holds, we have that R; (s',a, a‘_i) —
Ri(s,al,a=t) = [ 2Rils007D) goand ¢(s', al, o) — (', al, a=) = [5 2250970 g We then find that 2850070 —

) S
%. By identical reasoning as above we deduce that

0  au [ORi(s,at,at)  O¢(s,at,a™?)
o Vol In [m;(a*|s; 0’ — =0.
Etwacimiren- | o (o) (22 “ a6
Putting the two statements together leads to the expression:
9 i i i —i

Blasainmr o) | i 10 [7i(a’|s;n")] D[R;, ¢)(s,a’,a™")| =0 37)
which concludes the proof. O

Lemma E. For any c-SPG the following expression holds ¥(n',n~%) € E?* Vs € S8
Erimo)m_im_y) [Bil = Erymp)nsn_y) [Bi] = Briny)min_) [9) = Bty m_s(n_y) (6] - (38)

Proof of Lemma E. The forward implication is straightforward.

Indeed, assume that (1) holds, that is:
Ri(se, (ag,a; ")) = Ri(se, (a a; ")) = d(si, (ag, ;")) — d(se (ag',a; ) (39)

Define by AF[s;](ai, alt), a; ") := F(sq, (al,a; ")) —F (s, (af,a; ")) forany a}' € o, thenforany F : S x ol xsd_; — R
(F € #) we have that

/ / / ri(dad | Ymi(da' |- )7 (da~ | )AF[se)(al, alf), ap?)
a;€d; a’esﬁ _sEed_;

/ / (da | yr_i(da~| ) Faf, af), " / / ma(da*| Yo _i(da~| ) (st (af'a )
a;€d; Ja_;€d_; aled; Ja_;€d_;
= E(sz‘,ﬂ'—i) [F(St7 (atvat ))] _]E(w;ﬂr_i) [F(st7 (at e )
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This immediately suggests that we can get the result by multiplying (39) by
faiedi oty faﬂed . mi(dai|)mi(da'| )r_i(da~|").

For the reverse (in pure strategies) we first consider the case in which the pure strategy is a linear map from some
parameterisation. We now readily verify that the reverse holds indeed:

) [F(s:0",a7)] = Erm) ) [F(5,0,07)]
=[] mad s ) Fs ()
a’edt Ja’ed 1
-/ / i da 53 0) i (dasim_ ) Fi(s, (' a"))
a’edi Ja’ed—i

- / / da'da";(a’ — a (s;1:))8—i(a” — a~*(s;m_;)) Fi(s, (a' "))
a’'edt Jaled—1

m(m) m_i(n_;

[ s — s — s ) P (@)
a’edt neg—t

= AFi(s, (a'(s;m;), a7 (sim,)))

which proves the statement in the linear case.

For the general case, consider a strategy which is defined by amap h : § x E — s. We note that for any 5 € R/{0} and

xr € X C R we have that
/ 5(Bz) = / 5(Bx)dz (40)
R 18] Jr

This is true since for any 5 € R/{0} we can construct the delta function in the following way:

5 o~ (Ba/m)?
(IBJU) m— 00 ‘m‘
Now define n := mB~!, then
(Bw/m)2
e /7
_ —(x/n)?
= lim e
n—oo |ﬂn|
1 1 2 1
= — lim e~(@/m) 8(x)
B n00 [l /7 ~ 18

In the following, we use the coarea formula (for geometric measures) (Simon et al., 1983; Nicolaescu, 2011) which says
that for any open set X C R"™ and for any Lipschitz function f : X — R on X and for any L' function g the following

expression holds:
g(x)|Vf(x)|dx = z)dH,,_1(x) | ds
/ ( )‘ f( )\ /(/fl(s)g( ) ( >>

where H,,_1 is the (n — 1)—dimensional Hausdorff measure.
Let us now define k(s,n,a) :== h=1(s,n) — a.

Now

/aefg o(a:s,m)F. (sada—/ 5(k(s, a, h(n)))Fi(s, a)da

By Taylor’s theorem, expanding about the point y where y is defined by k(s,n,y) = 0 implies that

/ 5(k(s, a,m)) Fi(s, a)da ~ / 5 (K (s,y,m)(a — v)) Fi(s, a)da
acd

acd



Learning in Nonzero-Sum Stochastic Games with Potentials

Moreover

/ O (. m) e~ p)Fi(s,a)da

B /yek—l(o) </:j o (s y.mla=v) Fi(s’a)da) dol)

where o is a Minkowski content measure.

Define x := a — y so dx := da

/ 0 </ 5 (K (s, 3. 9(m)(a — v)) Fi(s, a)da) do(y)

€

( (s,y,mz )F(87x+y)d$) do(y)
yek 1(0)
( Sx+y)d>da(y)
yek 1(0) ay777)|
Fi(say)

= —————do(y

/yek1<o) .y W
- / Fi(s,9)do(y)

y€k—1(0)

= Fi(s,a)

where we have used (40) in the second step.

Hence we complete the proof by noting that

/ 7Te:0<(l55,"7,)Fi(57a)da_/ me=o(a; s,n") Fi(s, a)da
acd acd
= F;(s,a(n)) — Fi(s,a(n’))

as required. O

Proof of Lemma 2. Recall AF(sy, (al,a}’),a;")

AF(st7(7Th z) T )) = E(m T_3i) [F(Stv(a’hat ))
proving the following:

F(st, (af,a;") — F(sq, (af, a; ")) define also by
| =E(ern o) [Fse, (aff,a;"))]. We wish to bridge the two cases by

1,€

|AF( s, (ab,al),a;") — AF (s, (mie, 7l ), a ’)‘ < ca?. 41)

where 5. = max{o., 0.} and o, o/ are the variances of the policies 7. and 7/ respectively. Indeed,

|E [F(s, 7 e=0(s |s,m),a™") = F(s,m.(-,|s,m),a7")]|
SEHF(S77Ti,e:0('7|S7n)7a_i) _F(Saﬂ-ze ‘S 77 H

— E[ (L5, o Colsim),a=) = F (s, (ol sym),a=i) > + 1\F(S,m,ezo(_,W)’a_i)fF(w’e(H‘S’n)ya_i)‘9)
(F (.m0 5,m),07) = Fls,mic (- |s,m) a7)) |
Now since F' is bounded and continuous, we deduce that
E [(1) (51 o (o lsim)sa=1)— F(sms.c (o ]sima-5) >) (F (8, Tie=o( [8,m),a7") = F(s,mie (-, |5,m),a7"))]

SN oo [(L) (s 1 cmo(lsim).ai)— F(simi e (-l sim).a=5)] >)]
= ||‘F||OOI['D (|F(8; 771',6:0('7 ‘San)7a_z) - F(S77Ti,6('7 |S,7]), a—2)| > ’Y)
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using the properties of the indicator function. Now by the continuity and boundedness of F' we deduce that there exists
d > 0 such that a — b > § whenever F'(a) — F'(b) > -y applying this result we then find that

]E[ (L1F (e emoClsma )= Fls e lsmya= 153 + LB me ol lam),a=6)~ F(sme(-lsm).a—)<)

! (F(Sa ’/TLE:O(W ‘53 77)7 aii) - F(Sv Wi,e(', |57 n)a aii)) ]

< HF”OO]P (’F(Saﬂi,ezo('a |5777)7a7i) - F(S,’/Ti)g(', |Sa7])7a7i)| > 7) +
< HF||OOP(‘7T'L',E=O('7 ‘&77) - Wi,e('a |S7T))| > 5) +
<072 Floc0? 4+

where we have used Tschebeyshev’s inequality in the last line.

Now since +y is arbitrary we deduce that

UE [F(Svﬂi,ezo('a |57n)aa7i) - F(Saﬁi,é('v \5,77)7@71.)” < 672||FH000—2 (42)

€

Moreover

|AF (s, (a}, aff), a7 ") — AF (s, (mi, 7)), m—3))|

= |F(se. (af,ai")) = Fse, (af ai")) = (Birpn o) [F(se: (afsap )] = B n ) [Flses (af',ai"))])]
< |F (50 (afs a7 ") = Egmy ) [Flses (ag, a7 D]+ [Fse, (0 a7%)) = Ertmy [F (50, (af,a77))]|
< || Fllo?

We deduce the last statement by applying the result to the sequence of ¢/n and by the sandwich theorem. O
Lemma F. The function B is given by the following expression for s € §,Vm € I1:
B™(s) — B™ (s) = Eq,p izvt /1 ~/’(z)@(st,7(z))’8 =50,
t=0ien 70 om;

where v(2) is a continuous differentiable path in II connecting two strategy profiles w € II and 7’ € IL

Proof. We note that from (38), using the gradient theorem of vector calculus, it is straightforward to deduce that the potential
function ¢ can be computed from the reward functions (R;);c via the following expression (Monderer & Shapley, 1996b):

1
’ OR;
() =" 9+ 3 [ A @G ), @)
. 0 T

i€EN
where ~y(z) is a continuous differentiable path in II connecting two strategy profiles v € IT and w’ € II.

We then deduce the result (in the finite case) after inserting (43) into (24). O

Proof of Prop. 2. Recall the following definitions:

Fis.mp) = [ m(da,n,s) 5o s)VE (5.a) @)
o i
and
0 .
U<3>77»P) ::/Trﬁ(da’anas)%ﬁi,e(al7ni7S>VRi(S;a)7 (45)
d i

where we have used the shorthand: 7 (a,n, s) := m;(a, s,m;)7—;(a;, $,1—;)
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Since U and F; are locally Lipschitz continuous each can have at most polynomial growth. By the Ho6lder inequality we find
that:

| IR0 = s, i (s.)

1EN
0 i ) ; ’
- Z ﬂs(daﬁnwg)a 'Wi,e(a 77]i78)VFp(57a') - Tre(da'vn75)a _ﬂ-i,e(a 77’},’,5)VR1‘(8,CL) dy1(57n)
Qicy 1/ i s i
0 [ 0 i ?
Z Tre da y1, S ) Tﬂ-i,e(a anias)va(87a) - ?ﬂ.’i,e(a 7ni73)VRi(Saa) dy1(87n)
1€N i i
</ max iw- (a’,m:,5)VE,(s,a) ! + max/N iw- (a*,n:,5)VRi(s,a) ' (46)
=/, T e 8771‘ i€ y iy p\5) pph 8771’ i€ y Mis i\5
6 i a A ’
. Z / We(da'ana S) ) Aﬂ-i,s(a 7777175)VF[)(570’) - ‘Wi,e(a aniaS)VR’i(S7a') dV1(57n)
iex 1 i i

qi \T
< N/ ( 7r1 (@', mi,s) I;lg;q(ﬂVFp(S,a)lqi + VRi(S,a)|T)>
ieN
) } 2 ?
. <Z 8—”'771-76(&17171-,3) /&gﬂ'c(da,n,s) (VF,(s,a) — VR;(s,a)) ) dvi(s,m)
ieN v

qi T

gﬂ-i,e(ai» Mis S)

7

< ([(z

71 1/
max (|VEy(s, a)|" + IVRi(s,a)IT)> dvl(s,n)>

2\ T2 1/7ra
) dl/1(5777)>

2

gromiclals o) | [ m(da,n,s) (VE,(s.a) - VRi(s,)
i o

AT T1 1/r
<cN /Q (iEN 3 Zmye(a',m, ) ' %12§(|VF,,(5,¢1) — VR;(s,a)|" + |VR1'(5,a)|Mqi)> dm(s,n))
a ' 2 2\ "2 1/7'2
: (/Q (ieﬁ aimﬂ'i,e(alanias) /Qqﬂe(daanas) (VFP(Saa) - VRi(57a)) > dVl(S7n)>
qi AT 1 1/r1
<cN (/ ( —i.c(a’,ni, s) max (|V [F,(s,a) — Ri(s,a)]|" + |VRi(5,a)Mq")> dul(s,n)>
Q \jey 7' o
P . 9 2\ T2 1/r2
< /Q (;f el ) /ﬂ ro(da,n, s) (V [F,(s,a) — Ri(s,a)) ) dul(s,n)> @7)
Now for any [ € R we have that
IV [F,(s,a) — Ri(s,a)]|'
< |V[Fy(s,a) = 6(s,a) + 6(s, @) — Ri(s,a)]|'
<|V[F,(s.a) — ¢(s,a)]|' + |V [¢(s,a) — Ri(s,a)]|'
< |V[Ey(s,a) - é(s,a)] (48)

using the potentiality property.
Inserting (48) into (47) yields
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| IR a.p) —u(s.a) dn(s.n)

ieN

swv(/Q(Z

ieN

(L(z

< N2 qi R mAg; 2
< e (e + o o |2 )

qi AT 1/7‘1

max (\V [F,(s,a) — ¢(s,a)]|” + |VR;(s, a)r/\q'i)> dul(s,n)>

acd
9\ T2 1/r2
) dVl (Sa 77))
871—1-,5

where the last line follows from the boundedness of VR; < Rv and o and Lemma 6 in (Bertsekas & Tsitsiklis,
2000). O

gﬂ-i,e(a’ia Tis S)

K2

2

il | [ mo(da,n.s) (V1Fy(s.0)  os.a)

2

Proof of Prop. 3. We first show that the Bellman operator is a contraction. Indeed, for any bounded F, F’ € # we have
[Ty F] = [T F']|| < vd

where d := ||F' — F'|| using the fact that T} is monotonic.

We now observe that

|[T5F) = [TE FII| < 116 = bl |73 T P

m—1
<t YA N0 = belloe + 7" ||TETF - TEF
j=0 °°
k—1
<et Y V06— el 774
=0
1— k
<e (1 + -7 ) +Akd
-~
and hence klim H [Tq’gF} — [T;f bad } ‘ < ce for some ¢ > 0 from which we deduce the result. O
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