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Abstract
Single image pose estimation is a fundamental
problem in many vision and robotics tasks, and
existing deep learning approaches suffer by not
completely modeling and handling: i) uncertainty
about the predictions, and ii) symmetric objects
with multiple (sometimes infinite) correct poses.
To this end, we introduce a method to estimate
arbitrary, non-parametric distributions on SO(3).
Our key idea is to represent the distributions im-
plicitly, with a neural network that estimates the
probability given the input image and a candidate
pose. Grid sampling or gradient ascent can be
used to find the most likely pose, but it is also
possible to evaluate the probability at any pose,
enabling reasoning about symmetries and uncer-
tainty. This is the most general way of represent-
ing distributions on manifolds, and to showcase
the rich expressive power, we introduce a dataset
of challenging symmetric and nearly-symmetric
objects. We require no supervision on pose uncer-
tainty – the model trains only with a single pose
per example. Nonetheless, our implicit model is
highly expressive to handle complex distributions
over 3D poses, while still obtaining accurate pose
estimation on standard non-ambiguous environ-
ments, achieving state-of-the-art performance on
Pascal3D+ and ModelNet10-SO(3) benchmarks.
Code, data, and visualizations may be found at
implicit-pdf.github.io.

1. Introduction
There is a growing realization in deep learning that be-
stowing a network with the ability to express uncertainty
is universally beneficial and of crucial importance to sys-
tems where safety and interpretability are primary con-
cerns (Leibig et al., 2017; Han et al., 2007; Ching et al.,
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2018). A quintessential example is the task of 3D pose esti-
mation – pose estimation is both a vital ingredient in many
real-world robotics and computer vision applications where
propagating uncertainty can facilitate complex downstream
reasoning (McAllister et al., 2017), as well as an inherently
ambiguous problem due to the abundant approximate and
exact symmetries in our 3D world.

Many everyday objects possess symmetries such as the box
or vase depicted in Fig. 1 (a). It is tempting to formulate
a model of uncertainty that precisely mirrors the pose am-
biguities of such shapes; however it becomes immediately
evident that such an approach is not scalable, as it is un-
realistic to enumerate or characterize all sources of pose
uncertainty. Even in a simple scenario such as a coffee
mug with self-occlusion, the pose uncertainty manifests as
a complex distribution over 3D orientations, as in Fig. 1 (b).

This paper addresses two long-standing and open challenges
in pose estimation (a) what is the most general representa-
tion for expressing arbitrary pose distributions, including
the challenging ones arising from symmetrical and near-
symmetrical objects, in a neural network and (b) how do
we effectively train the model in typical scenarios where
the supervision is a single 3D pose per observation (as in
Pascal3D+ (Xiang et al., 2014), ObjectNet3D (Xiang et al.,
2016), ModelNet10-SO(3) (Liao et al., 2019)), i.e. without
supervision on the distribution, or priors on the symmetries.

To this end, we propose an implicit representation for non-
parametric probability distributions over the rotation man-
ifold SO(3) (we refer to our model as implicit-PDF, or
IPDF for short). Such an implicit representation can be pa-
rameterized with a neural network and successfully trained
with straightforward sampling strategies – uniform or even
random querying of the implicit function is sufficient to
reconstruct the unnormalized distribution and approximate
the normalizing term. For inference, in addition to recon-
structing the full probability distribution we can combine
the sampling strategy with gradient ascent to make pose
predictions at arbitrary (continuous) resolution. The use
of a non-parametric distribution, while being simple, of-
fers maximal expressivity for arbitrary densities and poses
arising from symmetrical and near symmetrical 3D objects.
The simplicity of our approach is in stark contrast to com-
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Figure 1. We introduce a method to predict arbitrary distributions over the rotation manifold. This is particularly useful for pose estimation
of symmetric and nearly symmetric objects, since output distributions can include both uncertainty on the estimation and the symmetries
of the object. a-top: The cube has 24 symmetries, which are represented by 24 points on SO(3), and all modes are correctly inferred by
our model. a-bottom: The cylinder has a continuous symmetry around one axis, which traces a cycle on SO(3). It also has a discrete
2-fold symmetry (a “flip”), so the distribution is represented as two cycles. The true pose distribution for the vase depicted on the left
would trace a single cycle on SO(3) since it does not have a flip symmetry. b: This cylinder has a mark that uniquely identifies its pose,
when visible (top). When the mark is not visible (bottom), our model correctly distributes the probability over poses where the mark is
invisible. This example is analogous to a coffee cup when the handle is not visible. The resulting intricate distribution cannot be easily
approximated with usual unimodal or mixture distributions on SO(3), but is easily handled by our IPDF model. Visualization: Points
with non-negligible probability are displayed as dots on the sphere according to their first canonical axis, colored according to the rotation
about that axis. The ground truth (used for evaluation only, not training) is shown as a solid outline. Refer to Section 3.5 for more details.

monly used parametric distributions on SO(3) that require
complicated approximations for computing the normalizing
term and further are not flexible enough to fit complex dis-
tributions accurately (Gilitschenski et al., 2019; Deng et al.,
2020; Mohlin et al., 2020). Our primary contributions are

• Implicit-PDF, a novel approach for modeling non-
parametric distributions on the rotation manifold. Our
implicit representation can be applied to realistic chal-
lenging pose estimation problems where uncertainty
can arise from approximate or exact symmetries, self-
occlusion, and noise. We propose different sampling
strategies which allow us to both efficiently reconstruct
full distributions on SO(3) as well as generate multiple
pose candidates with continuous precision.

• SYMSOL, a new dataset with inherent ambiguities
for analyzing pose estimation with uncertainty. The
dataset contains shapes with high order of symmetry, as
well as nearly-symmetric shapes, that challenge prob-
abilistic approaches to accurately learn complex pose
distributions. When possible, objects are paired with
their ground truth “symmetry maps”, which allows
quantitative evaluation of predicted distributions.

Our IPDF method is extensively evaluated on the new SYM-
SOL dataset as well as traditional pose estimation bench-
marks. To aid our analysis, we develop a novel visualization
method for distributions on SO(3) that provides an intuitive

way to qualitatively assess predicted distributions. Through
evaluation of predicted distributions and poses, we obtain
a broad assessment of our method: IPDF is the only tech-
nique that can consistently accurately recover the complex
pose uncertainty distributions arising from a high degree
of symmetry or self-occlusion, while being supervised by
only a single pose per example. Further, while IPDF has the
expressive power to model non-trivial distributions, it does
not sacrifice in ability to predict poses in non-ambiguous
situations and reaches state of the art performance with the
usual metrics on many categories of Pascal3D+ (Xiang et al.,
2014) and ModelNet10-SO(3) (Liao et al., 2019).

2. Related work
Symmetries are plentiful in our natural and human-made
worlds, and so it is not surprising there is a history in com-
puter vision of exploiting strong priors or assumptions on
shape or texture symmetry to recover 3D structure from a
single image (Poggio & Vetter, 1992; Hong et al., 2004;
Rothwell et al., 1993). However, among the more recent ma-
chine learning approaches for pose estimation, symmetries
are treated as nuisances and strategies have been developed
to utilize symmetry annotations at training. With known
symmetries at training, a canonical normalization of rota-
tion space unambiguously resolves each set of equivalent
rotations to a single one, allowing training to proceed as in
single-valued regression (Pitteri et al., 2019). In Corona et al.
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(2018), manually annotated symmetries on 3D shapes are
required to jointly learn image embedding and classification
of the object’s symmetry order. Learning representations
that cover a few specific symmetry classes is considered
in Saxena et al. (2009).

In contrast to these works, Sundermeyer et al. (2019) make
pose or symmetry supervision unnecessary by using a
denoising autoencoder to isolate pose information. Nei-
ther Sundermeyer et al. (2019) nor Corona et al. (2018)
directly predict pose, and thus require comparing against
many rendered images of the same exact object for pose in-
ference. In a similar vein, Okorn et al. (2020) use a learned
comparison against a dictionary of images to construct a
histogram over poses. Deng et al. (2019) propose a particle
filter framework for 6D object pose tracking, where each
particle represents a discrete distribution over SO(3) with
191K bins. Similar to the previously mentioned works, this
discrete rotation likelihood is estimated by codebook match-
ing and an autoencoder is trained to generate the codes.

As noted earlier, symmetries are not the only source of
pose uncertainty. Aiming to utilize more flexible representa-
tions, a recent direction of work has looked to directional
statistics (Mardia & Jupp, 2000) to consider parameteric
probability distributions. Regression to the parameters of a
von Mises distribution over (Euler) angles (Prokudin et al.,
2018), as well as regression to the Bingham (Peretroukhin
et al., 2020; Deng et al., 2020; Gilitschenski et al., 2019)
and Matrix Fisher distributions (Mohlin et al., 2020) over
SO(3) have been proposed. Since it is preferable to train
these probabilistic models with a likelihood loss, the dis-
tribution’s normalizing term must be computed, which is
itself a challenge (it is a hypergeometric function of a ma-
trix argument for Bingham and Matrix Fisher distributions).
Gilitschenski et al. (2019) and Deng et al. (2020) approxi-
mate this function and gradient via interpolation in a lookup
table, Mohlin et al. (2020) use a hand-crafted approxima-
tion scheme to compute the gradient, and Peretroukhin et al.
(2020) simply forgo the likelihood loss. In the simplest set-
ting these models are unimodal, and thus ill equipped to deal
with non-trivial distributions. To this end, Prokudin et al.
(2018), Gilitschenski et al. (2019), and Deng et al. (2020)
propose using multimodal mixture distributions. One chal-
lenge to training the mixtures is avoiding mode collapse, for
which a winner-take-all strategy can be used (Deng et al.,
2020). An alternative to the mixture models is to directly
predict multiple pose hypotheses (Manhardt et al., 2019),
but this does not share any of the benefits of a probabilistic
representation.

Bayesian deep learning provides a general framework to
reason about model uncertainty, and in Kendall & Cipolla
(2016) test time dropout (Gal & Ghahramani, 2016) was
used to approximate Bayesian inference for camera relo-

calization. Inference with random dropout applied to the
trained model is used to generate Monte Carlo pose samples,
and thus this approach does not offer a way to estimate the
density at arbitrary poses (sampling large numbers of poses
would also be impractical).

An alternative framework for representing arbitrary com-
plex distributions is Normalizing Flows (Rezende & Mo-
hamed, 2015). In principle, the reparameterization trick for
Lie groups introduced in Falorsi et al. (2019) allows for
constructing flows to the Lie algebra of SO(3). Rezende
et al. (2020) develop normalizing flows for compact and
connected differentiable manifolds, however it is still un-
clear how to effectively construct flows on non-Euclidean
manifolds, and so far there has been little evidence of a suc-
cessful application to realistic problems at the complexity
of learning arbitrary distributions on SO(3).

The technical design choices of our implicit pose model are
inspired by the very successful implicit shape (Mescheder
et al., 2019) and scene (Mildenhall et al., 2020) representa-
tions, which can represent detailed geometry with a multi-
layer perceptron that takes low-dimensional position and/or
directions as inputs.

We introduce the details of our approach next.

3. Methods
The method centers upon a multilayer perceptron (MLP)
which implicitly represents probability distributions over
SO(3). The input to the MLP is a pair comprising a rotation
and a visual representation of an image obtained using a stan-
dard feature extractor such as a residual network; the output
is an unnormalized log probability. Roughly speaking, we
construct the distribution for a given image by populating
the space of rotations with such queries, and then normaliz-
ing the probabilities. This procedure is highly parallelizable
and efficient (see Supp. for time ablations). In the following
we provide details for the key ingredients of our method.

3.1. Formalism

Our goal is, given an input x ∈ X (for example, an
image), to obtain a conditional probability distribution
p(·|x) : SO(3) 7→ R+, that represents the pose of x. We
achieve this by training a neural network to estimate the un-
normalized joint log probability function f : X ×SO(3) 7→
R. Let α be the normalization term such that p(x,R) =
α exp(f(x,R)), where p is the joint distribution. The com-
putation of α is infeasible, requiring integration over X .
From the product rule, p(R|x) = p(x,R)/p(x). We esti-
mate p(x) by marginalizing over SO(3), and since SO(3)
is low-dimensional, we approximate the integral with a dis-



Implicit-PDF: Non-Parametric Representation of Probability Distributions on the Rotation Manifold

crete sum as follows,

p(x) =

∫
R∈SO(3)

p(x,R) dR

= α

∫
R∈SO(3)

exp(f(x,R)) dR

≈ α
N∑
i

exp(f(x,Ri))V, (1)

where the {Ri} are centers of an equivolumetric partitioning
of SO(3) with N partitions of volume V = π2

/N. (see
Section 3.4 for details). Now α cancels out in the expression
for p(R|x), giving

p(R|x) ≈ 1

V

exp(f(x,R))∑N
i exp(f(x,Ri))

, (2)

where all the RHS terms are obtained from querying the
neural network.

During training, the model receives pairs of inputs x and cor-
responding ground truth R, and the objective is to maximize
p(R|x). See Section 3.3 for details.

Inference – single pose. To make a single pose prediction,
we solve

R∗x = argmax
R∈SO(3)

f(x,R), (3)

with gradient ascent, since f is differentiable. The initial
guess comes from evaluating a grid {Ri}. Since the domain
of this optimization problem is SO(3), we project the values
back into the manifold after each gradient ascent step.

Inference – full distribution. Alternatively, we may want
to predict a full probability distribution. In this case p(Ri|x)
is evaluated over the SO(3) equivolumetric partition {Ri}.
This representation allows us to reason about uncertainty
and observe complex patterns of symmetries and near-
symmetries.

Our method can estimate intricate distributions on the man-
ifold without direct supervision of such distributions. By
learning to maximize the likelihood of a single ground truth
pose per object over a dataset, with no prior knowledge of
each object’s symmetries, appropriate patterns expressing
symmetries and uncertainty naturally emerge in our model’s
outputs, as shown in Fig. 1.

3.2. Network

Inspired by recent breakthroughs in implicit shape and scene
representations (Mescheder et al., 2019; Park et al., 2019;
Sitzmann et al., 2019), we adopt a multilayer perceptron

(MLP) to implicitly represent the pose distribution. Differ-
ently from most implicit models, we train a single model
to represent the pose of any instance of multiple categories,
so an input descriptor (e.g. pre-trained CNN features for
image inputs) is also fed to the MLP, which we produce
with a pre-trained ResNet (He et al., 2015). Most implicit
representation methods for shapes and scenes take a posi-
tion in Euclidean space and/or a viewing direction as inputs.
In our case, we take an arbitrary 3D rotation, so we must
revisit the longstanding question of how to represent rota-
tions (Levinson et al., 2020). We found it best to use a 3× 3
rotation matrix to avoid discontinuities present in other rep-
resentations (Saxena et al., 2009). Following Mildenhall
et al. (2020), we found positionally encoding each element
of the input to be beneficial. See the supplement for ablative
studies on these design choices.

3.3. Loss

We train our model by minimizing the predicted negative
log-likelihood of the (single) ground truth pose. This re-
quires normalizing the output distribution, which we ap-
proximate by evaluating Eq. (2) using the method described
in Section 3.4 to obtain an equivolumetric grid over SO(3),
in which case the normalization is straightforward. During
training, we rotate the grid such that R0 coincides with the
ground truth. Then, we evaluate p(R0|x) as in Eq. (2), and
the loss is simply

L(x,R0) = − log(p(R0|x)) (4)

We noticed that the method is robust enough to be trained
without an equivolumetric grid; evaluating Eq. (2) for ran-
domly sampled Ri ∈ SO(3), provided that one of them
coincides with the ground truth, works similarly well. The
equivolumetric partition is still required during inference
for accurate representation of the probabilities.

3.4. Sampling the rotation manifold

Training and producing an estimate of the most likely pose
does not require precise normalization of the probabilities
predicted by the network. However, when the distribution
is the object of interest (e.g. an accurate distribution will
be used in a downstream task), we can normalize by evalu-
ating on a grid of points with equal volume in SO(3) and
approximating the distribution as a histogram.

We employ a method of generating equivolumetric grids de-
veloped by Yershova et al. (2010), which uses as its starting
point the HEALPix method of generating equal area grids
on the 2-sphere (Gorski et al., 2005). A useful property of
this sampling is that it is generated hierarchically, permitting
multi-resolution sampling if desired.

The Hopf fibration is leveraged to cover SO(3) by threading
a great circle through each point on the surface of a 2-sphere.
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Figure 2. Equivolumetric grid on SO(3). In order to normalize
the output distribution, we sample unnormalized densities on an
equivolumetric grid following Yershova et al. (2010). This iterative
method starts with HEALPix (Gorski et al., 2005) which generates
equal-area grids hierarchically on the sphere. Left: a grid with 576
samples, right: 4608 samples.

The grids are generated recursively from a starting seed
of 72 points, and grow by a factor of eight each iteration.
Figure 2 shows grids after one and two subdivisions. For
evaluation, we use the grid after 5 subdivisions, with a little
more than two million points.

3.5. Visualization

We introduce a novel method to display distributions over
SO(3). A common approach to visualizing such distribu-
tions is via multiple marginal distributions, e.g. over each
of the three canonical axes (Lee et al., 2008; Mohlin et al.,
2020). This is in general incomplete as it is not able to fully
specify the joint distribution.

In order to show the full joint distribution, we display the
entire space of rotations with the help of the Hopf fibration.
With this method, we project a great circle of points on
SO(3) to each point on the 2-sphere, and then use the color
wheel to indicate the location on the great circle. More
intuitively, we may view each point on the 2-sphere as the
direction of a canonical z-axis, and the color indicates the
tilt angle about that axis. To represent probability density,
we vary the size of the points on the plot. Finally, we display
the surface of the 2-sphere using the Mollweide projection.

As the method projects to a lower dimensional space, there
are limitations arising from occlusions, but also a freedom
in the projection axis which allows finding more or less
informative views. The visualization benefits from relatively
sparse distributions where much of the space has negligible
probability. We did not find this to be limiting in practice:
even the 60 modes of a distribution expressing icosahedral
symmetry are readily resolved (Fig. 3b).

3.6. Evaluation metrics

The appropriateness of different metrics depends on the
nature of predictions (a probability distribution or a set of
values) and on the state of knowledge of the ground truth.

Prediction as a distribution: Log likelihood In the most
general perspective, ground truth annotations accompany-
ing an image are observations from an unknown distri-

bution which incorporates symmetry, ambiguity, and hu-
man error involved in the process of annotation. The
task of evaluation is a comparison between two distri-
butions given samples from one, for which likelihood is
standard (Goodfellow et al., 2014; Clauset et al., 2009;
Okorn et al., 2020; Gilitschenski et al., 2019). We re-
port the log likelihood averaged over test set annotations,
Ex∼p(x),R∼pGT(R|x)[log p(R|x)]. Importantly, the average
log likelihood is invariant to whether one ground truth anno-
tation is available or a set of all equivalent annotations.

Prediction as a distribution: Spread When a complete
set of equivalent ground truth values is known (e.g. a
value for each equivalent rotation under symmetry), the
expected angular deviation to any of the ground truth val-
ues is ER∼p(R|x)[minR′∈{RGT} d(R,R

′)] and d : SO(3) ×
SO(3) 7→ R+ is the geodesic distance between rotations.
This measure has been referred to as the Mean Absolute An-
gular Deviation (MAAD) (Prokudin et al., 2018; Gilitschen-
ski et al., 2019), and encapsulates both the deviation from
the ground truths and the uncertainty around them.

Prediction as a finite set: precision The most common
evaluation scenario in pose estimation tasks is a one-to-one
comparison between a single-valued prediction and a ground
truth annotation. However, in general, both the prediction
and ground truth may be multi-valued, though often only
one of the ground truths is available for evaluation. To com-
pensate, sometimes symmetries are implicitly imposed on
the entire dataset by reporting flip-invariant metrics (Suwa-
janakorn et al., 2018; Esteves et al., 2019). These metrics
evaluate precision, where a prediction need only be close to
one of the ground truths to score well. Usually, the median
angular error and accuracy at some angular threshold θ are
reported in this setting.

Prediction as a finite set: recall We can also evaluate the
coverage of multiple ground truths given multiple predic-
tions, indicating recall. We employ a simple method of
clustering by connected components to extract multiple pre-
dictions from an output distribution, and rank by probability
mass, to return top-k recall metrics; median error and ac-
curacy at θ are evaluated in this setting. When k = 1 and
the ground truth is unique, these coincide with the precision
metrics. See the supplement for extended discussion.

4. Experiments
4.1. Datasets

To highlight the strengths of our method, we put it to the
test on a range of challenging pose estimation datasets.

First, we introduce a new dataset (SYMSOL I) of images
rendered around simple symmetric solids. It includes im-
ages of platonic solids (tetrahedron, cube, icosahedron) and
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Figure 3. IPDF predicted distributions for SYMSOL. (a) The cone has one great circle of equivalent orientations under symmetry. (b)
The 60 modes of icosahedral symmetry would be exceedingly difficult for a mixture density network based approach, but IPDF can get
quite close (we omit the ground truths from the left and middle visualizations for clarity). (c) The marked tetrahedron (“tetX”) has one red
face. When it is visible, the 12 equivalent rotations of a tetrahedron under symmetry reduces to only three. With less information about
the location of the red face, more orientations are possible: 6 when two white faces are visible (middle) and 9 when only one white face is
visible (right). (d) The orientation of the marked sphere (“sphereX”) is unambiguous when both markings are visible (left). When they
are not (middle), all orientations with the markings on the hidden side of the sphere are possible. When only a portion of the markings are
visible (right; inset is a magnification showing several pixels of the X are visible), the IPDF distribution captures the partial information.

surfaces of revolution (cone, cylinder), with 100,000 ren-
derings of each shape from poses sampled uniformly at
random from SO(3). Each image is paired with its ground
truth symmetries (the set of rotations of the source object
that would not change the image), which are easily derived
for these shapes. As would be the case in most practical
situations, where symmetries are not known and/or only ap-
proximate, we use such annotations only for evaluation and
not for training. Access to the full set of equivalent rotations
opens new avenues of evaluating model performance rarely
possible with pose estimation datasets.

While the textureless solids generate a challenging variety of
distributions, they can still be approximated with mixtures
of simple unimodal distributions such as the Bingham (Deng
et al., 2020; Gilitschenski et al., 2019). We go one step fur-
ther and break the symmetry of objects by texturing with
small markers (SYMSOL II). When the marker is visible,
the pose distribution is no longer ambiguous and collapses
given the extra information. When the marker is not vis-
ible, only a subspace of the symmetric rotations for the
textureless shape are possible.

For example, consider a textureless sphere. Its pose distribu-
tion is uniform – rotations will not change the input image.

Now suppose we mark this sphere with a small arrow. If
the arrow is visible, the pose distribution collapses to an
impulse. If the arrow is not visible, the distribution is no
longer uniform, since about half of the space of possible
rotations can now be eliminated. This distribution cannot
be easily approximated by mixtures of unimodals.

SYMSOL II objects include a sphere marked with a small
letter “X” capped with a dot to break flip symmetry when
visible (sphX), a tetrahedron with one red and three white
faces (tetX), and a cylinder marked with a small filled off-
centered circle (cylO). We render 100,000 images for each.

The two SYMSOL datasets test expressiveness, but the
solids are relatively simple and the dataset does not require
generalization to unseen objects. ModelNet10-SO(3) was
introduced by Liao et al. (2019) to study pose estimation
on rendered images of CAD models from ModelNet10 (Wu
et al., 2015). As in SYMSOL, the rotations of the objects
cover all of SO(3) and therefore present a difficulty for
methods that rely on particular rotation formats such as
Euler angles (Liao et al., 2019; Prokudin et al., 2018).

The Pascal3D+ dataset (Xiang et al., 2014) is a popular
benchmark for pose estimation on real images, consisting
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Table 1. Distribution estimation on SYMSOL I and II. We report the average log likelihood on both parts of the SYMSOL dataset, as
a measure for how well the multiple equivalent ground truth orientations are represented by the output distribution. For reference, a
minimally informative uniform distribution over SO(3) has an average log likelihood of -2.29. IPDF’s expressivity allows it to more
accurately represent the complicated pose distributions across all of the shapes. A separate model was trained for each shape for all
baselines and for all of SYMSOL II, but only a single IPDF model was trained on all five shapes of SYMSOL I.

SYMSOL I (log likelihood ↑) SYMSOL II (log likelihood ↑)

avg. cone cyl. tet. cube ico. avg. sphX cylO tetX

Deng et al. (2020) −1.48 0.16 −0.95 0.27 −4.44 −2.45 2.57 1.12 2.99 3.61

Gilitschenski et al. (2019) −0.43 3.84 0.88 −2.29 −2.29 −2.29 3.70 3.32 4.88 2.90

Prokudin et al. (2018) −1.87 −3.34 −1.28 −1.86 −0.50 −2.39 0.48 −4.19 4.16 1.48

IPDF (Ours) 4.10 4.45 4.26 5.70 4.81 1.28 7.57 7.30 6.91 8.49

of twelve categories of objects. Though some of the cate-
gories contain instances with symmetries (e.g. bottle and
table), the ground truth annotations have generally been
disambiguated and restricted to subsets of SO(3). This al-
lows methods which regress to a single pose to perform
competitively (Liao et al., 2019). Nevertheless, the dataset
is a challenging test on real images.

Finally, we evaluate on T-LESS (Hodaň et al., 2017), con-
sisting of texture-less industrial parts with various discrete
and continuous approximate symmetries. As in Gilitschen-
ski et al. (2019), we use the Kinect RGB single-object im-
ages, tight-cropped and color-normalized. Although the
objects are nearly symmetric, their symmetry-breaking fea-
tures are visible in most instances. Nonetheless, it serves
as a useful benchmark to compare distribution metrics with
Gilitschenski et al. (2019).

We find that IPDF proves competitive across the board.

4.2. Baselines

We compare to several recent works which parameterize
distributions on SO(3) for the purpose of pose estimation.
Gilitschenski et al. (2019) and Deng et al. (2020) output
the parameters for mixtures of Bingham distributions and
interpolate from a large lookup table to compute the normal-
ization constant. Mohlin et al. (2020) output the parameters
for a unimodal matrix Fisher distribution and similarly em-
ploy an approximation scheme to compute the normalization
constant. Prokudin et al. (2018) decompose SO(3) into the
product of three independent distributions over Euler angles,
with the capability for multimodality through an ‘infinite
mixture’ approach. Finally we compare to the spherical re-
gression work of Liao et al. (2019), which directly regresses
to Euler angles, to highlight the comparative advantages of
distribution-based methods. We quote reported values and
run publicly released code when values are unavailable. See
Supplemental Material for additional details.

Table 2. ModelNet10-SO(3) accuracy and median angle error. Met-
rics are averaged over categories. Our model can output pose
candidates, so we also evaluate top-k metrics, which are more
robust to the lack of symmetry annotations in this dataset. See
Supplementary Material for the complete table with per-category
metrics.

Acc@15°↑ Acc@30°↑ Med. (◦) ↓

Liao et al. (2019) 0.496 0.658 28.7
Deng et al. (2020) 0.562 0.694 32.6
Prokudin et al. (2018) 0.456 0.528 49.3
Mohlin et al. (2020) 0.693 0.757 17.1
IPDF (ours) 0.719 0.735 21.5

IPDF (ours), top-2 0.868 0.888 4.9
IPDF (ours), top-4 0.904 0.926 4.8

4.3. SYMSOL I: symmetric solids

We report the average log likelihood in Table 1, and the
gap between IPDF and the baselines is stark. The average
log likelihood indicates how successful the prediction is at
distributing probability mass around all of the ground truths.
The expressivity afforded by our method allows it to capture
both the continuous and discrete symmetries present in the
dataset. As the order of the symmetry increases from 12 for
the tetrahedron, to 24 for the cube, and finally 60 for the
icosahedron, the baselines struggle and tend to perform at
same level as a minimally informative (uniform) distribution
over SO(3). The difference between IPDF and the baselines
in Table 1 is further cemented by the fact that a single IPDF
model was trained on all five shapes while the baselines
were allowed a separate model per shape. Interestingly,
while the winner-take-all strategy of Deng et al. (2020) en-
abled training with more Bingham modes than Gilitschenski
et al. (2019), it seems to have hindered the ability to faith-
fully represent the continuous symmetries of the cone and
cylinder, as suggested by the relative performance of these
methods.
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Table 3. Results on a standard pose estimation benchmark, Pascal3D+. As is common, we show accuracy at 30◦ (top) and median error in
degrees (bottom), for each category and also averaged over categories. Our IPDF is at or near state-of-the-art on many categories. ‡ The
results for Liao et al. (2019) and Mohlin et al. (2020) differ from their published numbers. For Liao et al. (2019), published errors are
known to be incorrectly scaled by a

√
2 factor, and Mohlin et al. (2020) evaluates on a non-standard test set. See Supplemental for details.

avg. aero bike boat bottle bus car chair table mbike sofa train tv

Acc@30°↑

‡Liao et al. (2019) 0.819 0.82 0.77 0.55 0.93 0.95 0.94 0.85 0.61 0.80 0.95 0.83 0.82
‡Mohlin et al. (2020) 0.825 0.90 0.85 0.57 0.94 0.95 0.96 0.78 0.62 0.87 0.85 0.77 0.84
Prokudin et al. (2018) 0.838 0.89 0.83 0.46 0.96 0.93 0.90 0.80 0.76 0.90 0.90 0.82 0.91
Tulsiani & Malik (2015) 0.808 0.81 0.77 0.59 0.93 0.98 0.89 0.80 0.62 0.88 0.82 0.80 0.80
Mahendran et al. (2018) 0.859 0.87 0.81 0.64 0.96 0.97 0.95 0.92 0.67 0.85 0.97 0.82 0.88
IPDF (Ours) 0.837 0.81 0.85 0.56 0.93 0.95 0.94 0.87 0.78 0.85 0.88 0.78 0.86

Median
error (◦) ↓

‡Liao et al. (2019) 13.0 13.0 16.4 29.1 10.3 4.8 6.8 11.6 12.0 17.1 12.3 8.6 14.3
‡Mohlin et al. (2020) 11.5 10.1 15.6 24.3 7.8 3.3 5.3 13.5 12.5 12.9 13.8 7.4 11.7
Prokudin et al. (2018) 12.2 9.7 15.5 45.6 5.4 2.9 4.5 13.1 12.6 11.8 9.1 4.3 12.0
Tulsiani & Malik (2015) 13.6 13.8 17.7 21.3 12.9 5.8 9.1 14.8 15.2 14.7 13.7 8.7 15.4
Mahendran et al. (2018) 10.1 8.5 14.8 20.5 7.0 3.1 5.1 9.3 11.3 14.2 10.2 5.6 11.7
IPDF (Ours) 10.3 10.8 12.9 23.4 8.8 3.4 5.3 10.0 7.3 13.6 9.5 6.4 12.3

Figure 4. Bathtubs may have exact or approximate 2-fold symme-
tries around one or more axes. We show our predicted probabilities
as solid disks, the ground truth as circles, and the predictions of
Liao et al. (2019) as crosses. Our model assigns high probabilities
to all symmetries, while the regression method ends up far from
every symmetry mode (note the difference in position and color
between circles and crosses).

4.4. SYMSOL II: nearly-symmetric solids

When trained on the solids with distinguishing features
which are visible only from a subset of orientations, IPDF is
far ahead of the baselines (Table 1). The prediction serves
as a sort of ‘belief state’, with the flexibility of being uncon-
strained by a particular parameterization of the distribution.
The marked cylinder in the right half of Figure 1 displays
this nicely. When the red marking is visible, the pose is well
defined from the image and the network outputs a sharp peak
at the correct, unambiguous location. When the cylinder
marking is not visible, there is irreducible ambiguity con-
veyed in the output with half of the full cylindrical symmetry
shown in the left side of the figure.

The pose distribution of the marked tetrahedron in Figure 3c
takes a discrete form. Depending on which faces are visible,
a subset of the full 12 tetrahedral symmetries can be ruled

out. For example, with the one red face visible in the left
subplot of Figure 3c, there is nothing to distinguish the three
remaining faces, and the implicit distribution reflects this
state with three modes.

Figure 3d show the IPDF prediction for various views of
the marked sphere. When the marking is not visible at all
(middle subplot), the half of SO(3) where the marking faces
the camera can be ruled out; IPDF assigns zero probability
to half of the space. When only a portion of the marking is
visible (right subplot), IPDF yields a nontrivial distribution
with an intermediate level of ambiguity, capturing the partial
information contained in the image.

4.5. ModelNet10-SO(3)

Unimodal methods perform poorly on categories with ro-
tational symmetries such as bathtub, desk and table (see
the supplementary material for complete per-category re-
sults). When trained with a single ground truth pose se-
lected randomly from among multiple distinct rotations,
these methods tend to split the difference and predict a rota-
tion equidistant from all equivalent possibilities. The most
extreme example of this behavior is the bathtub category,
which contains instances with approximate or exact two-
fold symmetry around one or more axes (see Fig. 4). With
two modes of symmetry separated by 180◦, the outputs tend
to be 90◦ away from each mode. We observe this behavior
in Liao et al. (2019); Mohlin et al. (2020).

Since our model can easily represent any kind of symme-
try, it does not suffer from this problem, as illustrated in
Fig. 4. The predicted distribution captures the symmetry of
the object but returns only one of the possibilities during
inference. This is penalized by metrics that rely on a single
ground truth, since picking the mode that is not annotated
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Figure 5. IPDF predicted distributions on Pascal3D+. We dis-
play a sampling of IPDF pose predictions to highlight the rich-
ness of information contained in the full distribution output, as
compared to a single pose estimate. Uncertainty regions and
multi-modal predictions are freely expressed, owing to the non-
parametric nature of IPDF.

results in an 180◦ error, while picking the midpoint between
two modes (which is far from both) results in a 90◦ error.
Since some bathtub instances have two-fold symmetries
over more than one axis (like the top-right of Fig. 4), our
median error ends up closer to 180◦ when the symmetry an-
notation is incomplete, which in turn significantly increases
the average over all categories. We observe the same for
other multi-modal methods (Prokudin et al., 2018; Deng
et al., 2020).

Our performance increases dramatically in the top-k evalua-
tion even for k = 2 (see Table 2). The ability to output pose
candidates is an advantage of our model, and is not possible
for direct regression (Liao et al., 2019) or unimodal meth-
ods (Mohlin et al., 2020). While models based on mixtures
of unimodal distributions could, in theory, produce pose can-
didates, their current implementations (Gilitschenski et al.,
2019; Deng et al., 2020) suffer from mode collapse and are
constrained to a fixed number of modes.

4.6. Pascal3D+

In contrast to the full coverage of SO(3) and the pres-
ence of symmetries and ambiguities in the SYMSOL and
ModelNet10-SO(3) datasets, Pascal3D+ serves as a check
that pose estimation performance in the unambiguous case
is not sacrificed. In fact, as the results of Table 3 show,
IPDF performs as well as or better than the baselines which

constitute a variety of methods to tackle the pose estimation
problem. The feat is remarkable given that our method was
designed for maximal expressiveness and not for the single-
prediction, single-ground truth scenario. IPDF performance
in terms of median angular error, while good, overlooks the
wealth of information contained in the full predicted distri-
bution. Sample pose predictions are shown in Figure 5 and
in the Supplemental; the distributions express uncertainty
and category-level pose ambiguities.

Table 4. Pose estimation on T-LESS. LL is the log-likelihood,
spread is the mean angular error, and Med. is the median angular
error for single-valued predictions. Gilitschenski et al. (2019) un-
derestimate its evaluation of spread, disregarding the dispersion.

LL ↑ Spread (◦) ↓ Med. (◦) ↓

Deng et al. (2020) 5.3 23.1 3.1

Gilitschenski et al. (2019) 6.9 3.4 2.7

Prokudin et al. (2018) 8.8 34.3 1.2

Liao et al. (2019) - - 2.6

IPDF (Ours) 9.8 4.1 1.3

4.7. T-LESS

The results of Table 4, and specifically the success of the re-
gression method of Liao et al. (2019), show that approximate
or exact symmetries are not an issue in the particular split of
the T-LESS dataset used in Gilitschenski et al. (2019). All
methods are able to achieve median angular errors of less
than 4◦. Among the methods which predict a probability
distribution over pose, IPDF maximizes the average log like-
lihood and minimizes the spread, when correctly factoring
in the uncertainty into the metric evaluation.

5. Conclusion
In this work we have demonstrated the capacity of an
implicit function to represent highly expressive, non-
parametric distributions on the rotation manifold. It per-
forms as well as or better than state of the art parameterized
distribution methods, on standard pose estimation bench-
marks where the ground truth is a single pose. On the new
and difficult SYMSOL dataset, the implicit method is far
superior while being simple to implement as it does not re-
quire any onerous calculations of a normalization constant.
Particularly, we show in SYMSOL II that our method can
represent distributions that cannot be approximated well
by current mixture-based models. See the Supplementary
Material for additional visualizations, ablation studies and
timing evaluations, extended discussion about metrics, and
implementation details.



Implicit-PDF: Non-Parametric Representation of Probability Distributions on the Rotation Manifold

References
Ching, T., Himmelstein, D. S., Beaulieu-Jones, B. K.,

Kalinin, A. A., Do, B. T., Way, G. P., Ferrero, E., Agapow,
P.-M., Zietz, M., Hoffman, M. M., et al. Opportu-
nities and obstacles for deep learning in biology and
medicine. Journal of The Royal Society Interface, 15
(141):20170387, 2018.

Clauset, A., Shalizi, C. R., and Newman, M. E. Power-
law distributions in empirical data. SIAM review, 51(4):
661–703, 2009.

Corona, E., Kundu, K., and Fidler, S. Pose Estimation for
Objects with Rotational Symmetry. In 2018 IEEE/RSJ In-
ternational Conference on Intelligent Robots and Systems
(IROS), pp. 7215–7222. IEEE, 2018.

Deng, H., Bui, M., Navab, N., Guibas, L., Ilic, S., and
Birdal, T. Deep Bingham Networks: Dealing with Uncer-
tainty and Ambiguity in Pose Estimation. arXiv preprint
arXiv:2012.11002, 2020.

Deng, X., Mousavian, A., Xiang, Y., Xia, F., Bretl, T., and
Fox, D. PoseRBPF: A Rao-Blackwellized Particle Fil-
ter for 6D Object Pose Estimation. In Proceedings of
Robotics: Science and Systems, FreiburgimBreisgau, Ger-
many, June 2019. doi: 10.15607/RSS.2019.XV.049.

Esteves, C., Sud, A., Luo, Z., Daniilidis, K., and Makadia,
A. Cross-Domain 3D Equivariant Image Embeddings. In
International Conference on Machine Learning (ICML),
2019.

Falorsi, L., de Haan, P., Davidson, T. R., and Forré, P. Repa-
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