A Representation Learning Perspective on Train-Validation Splitting

A. Appendix Overview

The Appendix is structured as follows

* Section B proves the result for linear representation learning with the tr-tr objective, Theorem 5.1, that shows that “bad”
full rank solutions exist arbitrarily close to the optimal value of the tr-tr objective ‘/{'frrep. The proof works by arguing
that smaller values of \ are desirable for the tr-tr objective, and this can be simulated by effectively making the norm of
the representation layer very high. Furthermore a higher rank representation is preferable over lower rank ones to fit
the noise in the labels in the training data better.

 Section C proves the main result for linear representation learning with tr-val objective, Theorem 5.4, that proves that
the optimal solutions to the tr-val objective EK"‘;;‘IIJ(A; (n1,n2)) for most ny and o will be low-rank representations that
are also expressive enough. The result is also extended to solutions that are 7-optimal in the Lt/{'}g:) objective for a small
enough 7. The crux of the proof for this result is in Theorem C.1 that provides a closed form expression for the tr-val

objective that disentangles the expressivity and the low-rankness of the representation.

» Section D presents additional experimental details and results, including results for the MinilmageNet dataset.

B. More on Train-Train split
B.1. Proof of main result

Theorem 5.1. For every \,n > 0, for every 7 > 0, there exists a “bad” representation layer Ap.y € RY*? that satisfies
oot (Apaa;n) < LT (A;n) + 7, but has the following lower bound on meta-testing loss

\,rep Aé%gxd Arep
. Y _ . ’fll d0'2
inf £ (Apaa; ) > 02 +min 1 — ,
Inf L ep(Abati 1) 2 0 + d(1+ 02)’ (Ay + do?)

Proof. For most of the proof, we will leave out the n in the expression for L5, . i.e. we will denote the tr-tr loss as

X ep(A). We prove this result by using Lemma 5.2 first, and later prove this lemma.

Lemma 5.2. Forevery A > 0and A € R vith rank r,

o (A;n) > lim L5 (kA;n) > O’2M
KR— 00

A, rep A, rep n
: tr-tr . _ 2 (n — d)+
& Hli}rr;o Nrep(rdasn) = o -
This tells us that for any matrix A, L{, (A) > 02% > 02%. Also the lower bound of 02% can be

(A). Also since limy,_,o0 kI = 02 2=Dx —

n

achieved by kI in the limit of x — oo, thus o L)f'_trrep

inf gepaxa L35, (A), for a large enough r = r(7), LY, (k(7)14) can be made lesser than inf gcgaxa L5, (A) + 7.
Thus we pick Ap,g = k(7). With this choice, the new task is essentially linear regression in d-dimension with isotropic

Gaussians.

—d .
2% = IIlfAE]Rdxd L

To show that Ay,q is indeed bad, we will use the lower bound for ridge regression on isotropic Gaussian linear regression
from Theorem 4.2(a) in Saunshi et al. (2020). They show that the excess risk for I, (and thus k(7)I4), regardless of the
choice of regularizer A, for a new task p,, will be lower bounded by

dv|?o? o
Aallel o7 itny = d

inf E [|Aws(A4;S) —v|?] >

A>0 Smpgl H””202
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d [lv][+o?
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Their proof can be easily modified to replace ||v||? with E ||v||?. The lower bound can be simplified for the the 71; < d
vl

llv]l*

ny Ui~
case to & ol a2

Ay vl?0® | d—ny v]2 = ||v]|2 —

4 TollTor 5 Plugging in ||v|| = 1 completes the proof. O
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We now prove the lemma
Lemma 5.2. Forevery A > 0and A € RY% vith rank r,

() > lim L7, (rAin) > 02T

o (n—d)+

& lim LY (kIgn) =0
n

00 A, rep

Proof. We first prove that having A = 0 will lead to the smallest loss LT _(A) for every A. We then observe that A = 0 can

A,rep
be simulated by increasing the norm of A. These claims mathematically mean that, (a) L, (A) > L., (A) whenever
A > X)and (b) LY, (kA) = £‘i:)rep(A). This will give us that lim;—, o0 L5, (KA) = limy—0 LG, (KA) > LT, (A).

Intuitively, E‘i’_trrep is trying to learn a linear classifier on top of data that is linear transformed by A with the goal of fitting
the same data well.

Lemma B.1. For any representation layer A € R*% and \ > 0, we have the following

hm tr-tr (K,A) — }\li)r%) tr-tr (A) < tr-tr (A)

00 A, rep A, rep — ~X\,rep

Fitting the data is better when there is less restriction on the norm of the classifier, which in this case means when A is
smaller. Furthermore, increasing the norm of the representation layer A effectively reduces the impact the regularizer will
have. We first prove this lemma later, first we use it to prove Lemma 5.2 that shows that the loss for low rank matrices will
be high.

Lemma B.1 already shows that LT, (A;n) > limg oo L575,(KA;n).  Also using Lemma B.1, we can replace

A,re] = A,rep
limy o0 L"/{"fep(nA) with lim_,q D/{'fr'ep(A). Using Equation (9) and from central limit theorem, we have
-tr . Atr-tr 1
) = Jin 2= g | B LX) - (9

1
E {IE {HXAwA(A;S)—YQH (15)
v~ N (04,A*A*T) | S~pn [T

This is because Et/{‘r’ep is an average loss for T’ train tasks, and the limit when T — oo it converges to the expectation over
the task distribution . We first observe that S ~ p,, is equivalent to sampling X ~ N'(04, I;), n ~ N (0, 0%1,,) which
givesus Y = Xwv + n, where X € R"*4 5 € R" Y € R". Using the definition of wy(A; S) from Equation (8) the

standard KKT condition for linear regression, we can write a closed form solution for

1 ATXTXA L ATXT
wy(A; ) = argmin — || X Aw — Y ||> + \|w||* = (—i—)\Id) Y (16)
weRd n n
ATXTXA\ ATXT
lim wy(A4;S) = ( ) Y 17
A—0 n n

where the last step is folklore that the limit of ridge regression as regularization coefficient goes to 0 is the minimum ¢5-norm
linear regression solution. Plugging this into Equation (20) and taking the limit
21

TywT T AT T
(XA<AXXA)AX —I,,L>Y

1
n

: tr-tr _ 3 . _
;IL% /\,rep(A) =E [ XA (;\li%wk(Avs)> Y

v,S

2

1
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v,S | N

n n
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where for any matrix B € R"*¢, we denote Pg € R"*™ = BB to denote the projection matrix onto the span of columns
of B, and Pg = I,, — Pp is the projection matrix onto the orthogona subspace. Note that if rank(B) = n, then Pg = I,,
and Pz = 0. Thus the error incurred is the amount of the label Y that the representation X A cannot predict linearly. We
further decompose this

1 1
b €5n(4) = - B 17547 1] = 2 B I+ Panl]

== E [IPtaXolf] + 5 B [IP£an]] + 7 B [0 PxaXo as)
fitting signal fitting noise cross term
- % S oanoeaaT) [[1Paxo|] + E %tr (P;%A E[nn'] P§A>
_lg (|Pxax || +E © i (P a) (19)
n s s n
o(4) Y

We first note, due to independence of 17 and X that the cross term in Equation (18) is 0 in expectation. Using the distributions
for v ~ N(0g, A*A* ") and § ~ N(0,,,021,,), we get the final expressions Firstly, we note that a(A) > 0 for every A,
and a sufficient condition for al(A) = 0 is that A* lies in the span of A, i.e. P4 A* = 0. More importantly, it is clear that
a(I4) = 0. Next we look at the 3(A) term which is proportional to the trace of Py , which, for a projection matrix, is also
equal to the rank of the matrix. Note that since the rank of X A € R%*" is at most min{n, d}. Thus we get

B(A) = o2 rank(Px 4) _ 2 (n — rank(Psx 4)) > o2 (n —rank(A)),

n n n

where (z)4 = 1,;>0x. This along with a(A) > 0 proves the first part of the result. For the second part a(I;) = 0 along
with noticing that tr( Px; 1,) =n —rank(X) = n — min{n, d} since a Gaussian matrix is full rank with measure 1, thus

giving us 3(I;) = o2 % and completing the proof. O

Thus Lemma 5.2 shows that lim,;—,oc £ 1, (k14) = infa LY}, (A) and so picking a large enough #(7) can always give us

LY e (6(7)1a) < infa L5, (A)+ 7 which completes the proof of Theorem 5.1. The only thing left to prove is Lemma B.1

which we do below

Proof of Lemma B.1. Using Equation (16) we get the following expression for L5

Ir-tr 1
0(4) = E |1 1XAw(4:5) - Y|

2

1 ATXTXA TLATXT
=E |- (XA < +)\Id) ~I,|Y (20)
v,S | N n n
From this we get
2
QATXTXA T RATXT
Nrep(KA) = UIEES (HXA - )\Id> — - I,|Y
2
ATXTXA AL\ tATXT
- E (X Id) I, Y
v,S n
- cg;r,rep A)

Thus lim L‘)f rep(KA) = Jim. L‘;:)rep(A) = hm ,C&r tep(A). Note that we have used the fact that L', is continuous in

A for /\ > 0. To prove the remaining result, i.e. ;13}) L5 (A) < LT, (A), we just need to prove that L5, (A) is a
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increasing function of A. Suppose )f/é Ux SxVy is the singular value decomposition. For any ' < ), we can rewrite

LYY (A) from Equation (20) as follows

A,rep
2
ATXTXA TTATXT
(XA ( + )\Id> ~I,|Y
n n

1
tr-tr _
A,rep(A) - UI,ES E

=E |- H(VX;S'XUX (UXSXVXVXSXUX +)\Id) UXSXVX a )YH }

o [ (5 55ce200” x4 ]
/\+Sx 1>2V;Y[i]2H

[G==
=5 i_d ()\+SX )V;YWH
[G===

L =1
S ; ’ Vy Yi)?
T ws|n =1 N+ S X X
t)t_'t,rrep(‘4)
where the only inequality in the above sequence follows from the observation that +a is an increasing function for a, A > 0.
This completes the proof. O

C. More on Train-Validation split
C.1. Proof of main results

— —_ ) tr-val — ptest
We first prove the result that for ny = 2y and A = A, L ‘r’;‘p L ;’Srep

Proposition 5.3. LY ﬁg’[l,( (n1,n2)) and Et/\“jep( n1) are equivalent if 7y = ny and A = \

Proof. We again note using the central limit theorem and Equation (9) that

tr-val (A) _ hm l:tr val( ) = E

E |:1 HXvalAw)\(A;Slr) _ Yval|‘2:|]
(s, 5oy |2

A,rep A,rep il
:(a) E E l E HXvalA’w)\(A Str) YvalH2‘|‘|
Pu~ I S"szl Svale”2 n9
= E | E [ E (27 Awy(A4; str)_y)QH
poii | srmpit L@ )~po
= E [HAwA (4557 = o|'] | +0?
Pv~f S"

= ‘c[esrtep (Av nl)

where (a) follows by noticing that sample S ~ p? and splitting randomly into S" and S"¥ is equivalent to independently

sampling S™ ~ pt and S*¥ ~ p”2 and (b) follows from the definition of £ from Equation (11).
[

We now prove the main benefit of the tr-val split: learning of low rank linear representations. For that, we use this general

result that computes closed form expression for D/{Q)
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Theorem C.1. Let \ = 0. For afirst layer A € R4 withr = rank(A), let A = USV " be the SVD, where U,V € R*"
and S € R™™". Furthermore let Py = UU T denote the span of columns of U (and thus A) and let PU = 14— Py. Then
the tr-val objective has the following form

(1+ a(ny, 7)) |1Pg A*|? + a(ng, 7)o ifr <mnj—1
L5756 (A (n1,m2)) — 0% = (% + a(r,n)) [Py AT|* + =2 + B(S) + a(r,n)o® ifr>ni+1

00 otherwise

where 3(S) > 0 and B(S) = 0 when S = kI, for some £ > 0. Also « is defined as

b

a(a’b):7a—b—1

2

We prove this theorem in Section C.2 First we prove the main result by using this theorem. We note that similar results
can be shown for different regimes of &, d, n, and o. The result below is for one reasonable regime where n; = Q(k) and
o = O(1). Similar results can be obtained if we further assume that k£ < d with weaker conditions on o, we leave that
for future work. Furthermore, this result can be extended to 7-optimal solutions to the tr-val objective rather than just the
optimal solution.

Theorem 5.4. Let A\ = 0. Suppose ny > 2k + 2 and o* € (0, w) then any optimal solution Ap.s; €

3k
arg min £ :Z;( i (n1,no)) will satisfy

AcRdxd

k

rank(Apes)) =k, Pa,,A* = A%, L5 (Apeg; (n1,m2)) — 0 = 02m
-

A, rep

where Pa = A AT is the projection matrix onto the columnspace of A. For any matrix Agpq € R¥*4 that is T-optimal, i.e.

it satisfies LY KZ};( good; (11, M2)) < Aeinf Ly KZ‘,I,( i (n1,n2)) + 7 for € (0, mfi,i_l) then we have

rank(Agooa) =k, ||Pa A*||2 <rT

good

The meta-testing performance of Agooq 0N a new task with ny > 2k + 2 samples satisfies

2k
1nf£’fsiep( go0d; 1) — 0?2 <2r+0%22

A>0 ni
Proof. Suppose the optimal value of LY ﬁgll)( i (n1,mn9)) is L%, i.e
L= inf L53%(A;(n1,n2)) (22)

AcRdxd

Let Agood € RY*? be the “good” matrix that is 7-optimal, i.e. £ ‘r’e;( wood; (n1,m2)) — L* < 7. Note that the result for
Apes follows from the result for 7 = 0.

We use the expression for LZ‘AI :2%)( (n1,n2) from Theorem C.1 to find properties for Agood that can ensure that it is 7-

optimal. Consider a representation A € R%*? andlet A = USV T be its SVD with U,V € R?*" and § € R"*" where
r = rank(A). We consider 3 cases for r: r < k, k < r < nj and r > ny, and find properties that can result in A being
T-optimal in each of the 3 cases. For the ranges of nq, o, 7 in the theorem statement, it will turn out that when r» < k or

r > ny, A must satisfy £ ﬁg;( i (n1,n2) > L* 4 7, thus concluding that rank(Ag.eq) cannot be in these ranges.

To do so we analyze the optimal value of LY ‘r’gé( (n1,n2)) that can be achieved for all three cases. We first start analyzing
the most promising case of k < r < ny.
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Case 1: £ <r <n; For this case we can use the r < n; — 1 regime from Theorem C.1. Note that for r € {ny — 1,n1},

LY ¥211J( ; (n1,n2)) is unbounded. Thus we get

L35 (As (n1,n2)) — 0% = (L+ a(ny, r) | PFA*|* + alny, 7)o (23)

where «(n1,7) is defined in Equation (34). Note that || P A*|| > 0 and in fact equality can be achieved for every r in
this case since r = rank(U) > k = rank(A”*). Furthermore av(n1,7) = ;—— is an increasing function of r, and thus
a(ny,r) > a(ny, k), which can also be achieved by picking r = k. Thus for the range of k < r < nq, we get

* . v k
L —o? < kglsljl LS (As (n1,n0)) — 0 = oa(n, k) = U2m (24
TNy

with the minimum being achieved when rank(A) = k and || Pgz A*||, which is the same as Py A* = A*.

Suppose r'good = rank(Agood) lies in this range, i.e. k < 74504 < 1. Using the fact that Agyoq is 7-optimal, we can show an
upper bound the 74504 and || P4, ,A* — A*||. From the 7-optimality condition and Equation (24), we get

good

T > L5V (Agood; (n1,n2)) — L > L5738 (Agood; (n1,12)) — 02a(ny, k) (25)
>(a) (1+ a(ng, 7“))||P§A*||2 +o a(nl,rgood) —o?a(ny, k) (26)

= (1+a(ny,r)|Pa

good

A*|)? + % (a(ny, Tgood) — (11, k)) 27

. . r'(ng —1
—(®) ||ijA I? + 0%/ (n4, ") (rgo0d — k) = ||ijA I + 024(n1 (_1r7/ — i)Q (reood — k) (28)
(c * k(nl - 1) * k
) ”PAgoodA ||2 to (nl _ k _ 1)2 (Tgood ) > HPAgoodA ”2 + 02 (nl _ k _ 1) (rgood - k) (29)

where (a) follows from Equation (23) instantiated for Agyoq, (b) follows from the mean value theorem applied to the

continuous function c(n1, -) with 7’ € [k, ree0d], (¢) follows by k& > 7" and the monotonocity of o' (ny, -). Thus from the

inequality in Equation (29), we can get an upper bound on 7go.q as follows

9 k T(n1—k—1)
a2k

1) (Tgood - k) = Tgood <k+

1
v <(a) el
(= <\ E+ A (30)

= Tgood = K (€20

where (a) follows from the upper bound on 7 in the theorem statement. We can also get an upper bound on || Px  A*||
using Equation (29) as ||Pj{gmdA* |2 < 7. Thus any Agood With k < rye0q < 1 that is 7-optimal will satisty 7g00a = k and
A*|2 <.

| ‘ good

Additionally the minimum achievable value for this range of rank is o
other two cases, where we will show that no A can even be 7- optlmal

7 fromr Equation (24). We now analyze the

Case 2: r < k In this case, since k < nj, we are still in the r < n; regime. The key point here is that when r < k, it
is impossible for A to span all of A*. In fact for rank 7, it is clear that A can cover only at most r out of k directions
from A*. Thus the inexpressiveness term || Py A*||? will be at least £ || A*||? = £~ Using the r < ny expression from
Theorem C.1, we get

L35 (As (n1,m2)) — 0% = (1+ a(ny, 1) | Pg A*|* + alny, 7)o

k —
>(@) kr+02

ng—r—1

_k—r 9 T 9 k 9 k 9 k 9 k
Tk +Un1—7‘—1 Unl—r—1+a ng—r—1 Unl—k—l—HT n—k—1

k—r 9 k—1r 9 1 1 9 k
= —_ — k —_— —

k anl—r—l 7 (nl—k—l nl—r—1)+g n—k—1

k— k— k(k — k

_ 7”_02 r _ 2 ( r) 402

k ng—r—1 (ni—r—1)(m —k-1) ng—k—1
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k—r k—r (k—r) k
> () _ 52 _ 2 2
o S ooy s S S
E—r o 2(k—r) 9 k
- - 2
Ry T ey T (32)

where for (a) we use a(ny, ) > 0 and for (b), we use that k < ny —k—1 < ny —7— 1. Since we assume o2 < (m1—k—=1)/g,
the difference between the first 2 terms is at least 0. Thus the error when r < k is at least Eg‘\";g;(A; (n1,n2)) — o2 >
2

o) which is larger than the previous case. So the optimal solution cannot have r < k.

__k
ny—k—1°

We now check if such an A can be a 7-optimal solution instead. The answer is negative due to the following calculation

k

Ltr-val (A; (nl, ng)) _[F Z(a) ﬁt/{—val (A; (nl, TLQ)) g2
ny—k—1

A,rep ,rep
>(b) k_r—o'Q 2(/€_r)
- k n1 —k—-1
3ko? k- 2 2k —r)
nl—k—l k 7?,1—/45—1
ok —r) o?

= > >
nm—k—1"n —-k-1 T

2(0)

where (a) follows from Equation (24), (b) follows from Equation (32), (¢) follows from 1 > nf’ff_l from the condition on

o in the theorem statement and the last inequalities follow from < k condition and the range of 7 in the theorem statement
respectively. Thus we cannot even have a 7-optimal solution with < k. Next we show the same for the case of 7 > n;.

Case 3: > n; For this case we can use the r > n; + 1 regime from Theorem C.1. Note that for r € {ny + 1,11},
L5 (A; (n1,n2)) is unbounded. Thus we have L574 (A; (n1,12)) — 0 = (% + a(r,m))|| P A*[|” + == + B(S) +
o2a(r,n1). We again note that since 7 > n; > k, we can make || Piz A*||?> = 0 by simply picking an “expressive” rank-r
subspace U. Further more 8(S) = 0 is easy to achieve by making S = I,. which can be done independently of U. Thus we
can lower bound the error as follows

LE(A: (mym)) =0 > T 4 oalrm) = 1= o (33
where equality can be achieved by letting columns of A span the subspace A* and by picking S = I,.. We now lower bound
this value further to show that we cannot have a 7-optimal solution.

Firstly we note that if ¢ > 1, then Equation (33) gives us

3k
£lr-val A: _ 2>1_n1 L>1>(‘Z) 2 Tv
)\,rep( 7(”17”2)) o =z r +7“—TL1—]._ - g ng—k—1
2k 2k
>0) (px _ 52 2. 2 s(©) (pr 52 — k-1
> ( U)+Un1*k71_ ( o) +rim )nlfkfl

> (L — o)+

where (a) follows from the upper bound on o2 from the theorem statement, (b) follows from Equation (24) and (c) follows
from the upper bound on 7 from the theorem statement. Thus we cannot have a 7-optimal solution in this case.

If 0 < 1 on the other hand, we can lower bound the error as

. ni n ni ni
trval(A; (n1,n2)) —g?l=1-=4?— = >1- 4P
A,rep
’ r r—mn;—1 r r—ni
. n n
> min 1 — - +0271
>Ny T r—ny

Setting the derivate w.r.t. r to O for the above expression, we get that this is minimized at r = n1/(1—0). Plugging in this
value and simplifying, we get

L3 (As (n1,m9)) = 0% 21— (1= 0)? =20 = 0” 2 0
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_om=2%—1 kg 0
-7 TL1—I€—1+U nl—k—1> Tll—k—l

>O 74 (£ —6?)

+ (L7 = 0%

where (a) follows from the condition that n; > 2k + 2 and (b) follows again from Equation (24). Thus the r > n;
case can never give us a T-optimal solution, let alone the optimal solution and so Agoq cannot have rank reoeq > 11

either. Combining all 3 cases, we can conclude that any 7-optimal solution Aga.q Will satisfy rank(Ageq) = k and
[P AN = [[Pag A" — A*|]> < 7.

For the second part, we use Proposition 5.3 to first get that for A = A = 0, L‘f?;ep(Agood; ny) = E‘/{:ﬁgé(Agood; (n1,-)). Since
71 > 2k + 2 and rank(Ageed) = k < 721, we can use Theorem C.1 to get

LY ep(Agoodi 1) — 0% = L34, (Agood; (11, ) — 0% = (1 + (i, k))|| Py, A™||* + a(ny, k)o?

A,rep go0d

k k 2k
S(a) 2||Pj{ A*||2+U277 §(b) 2T+0’277_:2T+O—2T
go0d ny — kE—1 ny — n1/2 ny

where (a) follows by noting that «(721, k) < 1 and (b) follows from k + 1 < 711 /2. This completes the proof of result for

T-optimal solution A,aq. Setting 7 = 0 gives results for optimal solution Apeg of Et/{:ﬁl})(-, (n1,n2)). O

C.2. Proof of Theorem C.1

We now prove the crucial result that gives a closed form solution for the tr-val objective

Theorem C.1. Let A\ = 0. For a first layer A € R¥*? with r = rank(A), let A = USV'T be the SVD, where U,V € R4*"
and 8 € R™*". Furthermore let Py = UU " denote the span of columns of U (and thus A) and let Pﬁ =1y — Py. Then
the tr-val objective has the following form

(1+ oz(nl,r))HPéA*H2 + a(ny,r)o? ifr<mng—1
L0 (A; (n1,n9)) — 0% = ¢ ("2 + alr,n)) | PFA* |2 + =2 + B(S) + a(r,ny)o®  ifr >mny +1

00 otherwise

where 3(S) > 0 and B(S) = 0 when S = kI, for some £ > 0. Also « is defined as

b
o b 34
afa,b) = —— G
Proof. We will prove the result for the cases r < n; and r > n,. Firstly, using Proposition 5.3, we already get that
0 (As (o) = L84 (Aim) 0?4 E | B [l Aws(A: (X.¥)) ~ of?]
P~ | (XY )~pyt
=0+ E £ [l Awx(A: (X, Xv + 1)) — v|] (335)

v~ N (04,1a) | X~N(0g,10)"0,
n~N(04,021,,)

We will use this expression in the rest of the proof.

Case 1: » < n; In this case, the rank of the representations X A € R™ xd for training data is higher than the number of
samples. Thus the unique minimizer for the dataset (X,Y) is

iir%wA(A; (X,Y)) = argmin £) rp(w; A, (X,Y)) = (ATXTXA)T ATXTY
- weRd
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Plugging this into Equation (35), we get

LA ) -~ B o [T XA) AT (X ) of?]
) v~ N(04,14) | X~N(04,14)"1,
"INN(Odrazl"bl)

_() ]EX[||A(ATXTXA)TATXTXv—vH?}+ E 14 (AT xTx4)" ATX )]
v, ub

bias(A) variance(A)

where (a) follows from the independence of 1 and (X, v) and that E[n] = 0,,. We will analyze the bias and variance terms

separately below

Bias: Recall that A = USV ' is the singular value decomposition, with U,V € R¥" and § € R"*". We set
Xy = XU € R™*" The two key ideas that we will exploit are that X¢; ~ A (04, I.)™* and that X is independent of
X P since X is Gaussian-distributed.

bias(A) = E {HA(ATXTXA)TATXTXv7v||2}
v, X

= E [HUSVT (VSUTXTxUsVT)' VSUTX X v - vllz]

~0 g [jUS (S(X0)TXUS) " S(XU) X0~ o]

= E |IUS (SX5XuS) ™ 8X5Xv —ol| = E [|USS™(X5Xu) ™57 SXg X0 - o|f]

) [JUX3 X)X X0 - off) = & [[UXGX0) X5 XUU" + Pgje - OU" + Pg)e?]
=) & _[|UXX0) XGXUU v+ U(XgXy) ™ XE X Prv — UU v — Pjo|?]

e UI,EX IUU o —UU "o + U(X Xu) " X X Pgol® + | Pool”]

= vﬁx [tr (Pgv) " Pg X T Xu (X Xu) Xy X Py (Pgv)] + | Po A”|)*

+ Py A|?

L
T X

=& g ltr(XU(XEXU)2XEPE [XP&(P&U)(P&U)TP(#XTO
U

while (a) just uses the SVD of A, (b) uses the simple fact that VT (V BV )TV = BT for an orthogonal matrix V. (d)
follows from the fact that X LT, Xy € R™" is full rank with probability 1, and thus invertible. (f) simply decomposes
v =UU "v+ Pgv, while (g) follows from the orthogonality of Pgrv and any vector in the span of U. (h) uses the simple
facts that ||a||? = tr(aa ") and Pgr P+ = P and (i) uses the crucial observation that Xy is independent of X Pz, since
for Gaussian distribution, all subspaces are independent of its orthogonal subspace, and that tr is a linear operator.

We now look closer at the term M = [ [ X Pg (Pgv)(Pgv) " Pg X | which is a matrix in R™ %",

M;;= E [z](Pgv)(Pgv) z;]
Pix

0 ifi # j

36
|Pgol2 ifi= (0)

=tr ((PIJJ‘U)(PIJJ‘U)T E [a:]:vﬂ) = {

This gives us that M = || Pgv||? I,,,. We can now complete the computation for bias(A).

bias(4) = B [ir (Xu (X5 Xo) 2 Xg|Pgol)] + | Pg A
y AU

= E [r (Xu(XgXu) 7 Xg) | E[IIP5o)*] + | Po A"
U v
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= E [r(XgXo) )] IPG AT + || Pg A”[)*

We will deal with the E [tr (X, Xy)~")] term later and show that it is equal to c(nq, 7).
Xu

Variance: We will use many ideas that were used for the bias term. Again using the SVD, we get

variance(A) = EX {HA (ATXTXA)T ATXTTIHZ}
n,

—@ g [||USVT (VSX[—;XUSVT)TVSXL—EUHQ}

n,Xu

=0 B [JUSSTH(XyXu)T'STISXgm|*] =9 E [I(X5Xw) T Xgn’]

n,Xu mAXU
= E [tr (X5 Xo) ' Xgmm " Xu(X5 Xu) )]
XU
=90 B [ir((X{X0) ™ X4 Xu (X Xo) )]
U
=D B [0 (X5Xy) )]
Xu

Here (a) uses SVD, (b) uses the fact that as before X; Xy is full rank with probability 1, (d) follows from the norm and
trace relationship, (e) follows from the noise distribution 7 ~ N (0,,,,0%I,,,) and its independence from X.

Thus combining the bias and variance terms, we get

£59 (A; (n1, @) — 0 = bias(A) + variance(A) = (1 + )I(EU [tr ((XJXU)—l)}) IP&I2 + }I(EU [tr (X Xu)™)] o2

Thus the only thing remaining to show is that E [tr ((X;Xu)~")] = a(ny,r). To show this, we will use the fact that
Xu

(X{; X)L is from the inverse Wishart distribution, and that E (X, X¢)~! = rfiffl when r > n; 4+ 1 and unbounded
Xu
when r € {ny,n; + 1} (Mardia et al., 1979; Belkin et al., 2020). For » < n; — 1, this givesus E [tr ((XJXU)*)] =
Xu
tr ( E [(XJXU)_1]> =tr (Tfrj’lLl) = PZLP which completes the proof. We now prove the result for r > n;.
Xu

Case 2: r > n; In this case, the rank of the representations X A € R™? xd for training data is lower than the number of
samples. Thus we can use the dual formulation to get the minimum ¢» norm solution for dataset (X,Y")

lim wy(A; (X,Y)) = argmin ||w|, = ATXT (XAATXT)_1 Y
X

A—0 w=

Plugging this into Equation (35), we get

L5 (A (ng,ng)) — o2 = E E [ AATXT (XAATXT) ! (Xv+1n) —v 2]
A ) ot = BB [lAATXT ) (o) o
nNN(0d70'21n1)

—(@ E [HAATXT (XAATXT) " Xo —v||2] + E [HAATXT (XAATXT)_lnHﬂ
v, uB

bias(A) variance(A)

We again handle the bias and variance terms separately. Let X0 = X P(# and we will again use the fact that Xy =
XUUT and Xy, are independent
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Bias:

bias(A) = [||AATXT (XAATXT)_le—vHQ}
v,X

- E [||U5’2UTXT (XUSUTXT) " X(UUT + Py — (UUT + Pﬁ)vHQ]

- E lU(2X5 (XuS*X() ™ Xu — LU v+ US X[, (XuS2X5) ' X Py — Pyol?]

- K [||U(SQX,} (XuS?XY) ™ Xu — L)YU v+ US* X (XuS?XE) ™ Xy Péol* + ||P,§v\|2}
- E [|Bx,U v + Cx, Xy Pgo|?] + || Pg A*|?

where Bx,, = U(S2X, (XuS2X[) ™ Xy —I,) and Cx,, = US2X, (XuS?X) " only depends on the compo-
nents of X in the direction of U, i.e Xy. The main difference from the » < n, case is that here Bx,, € R"*" is not zero,
since the rank of Xy is min{ny,r} = n;. We can expand the bias term further

bias(A) = E [|Bx,U v|?+||Cxy, Xp: Pyol]® + 2t (v UBx, Cx, Xy Pgv)| + || Pg A*|?
v, X

= B [IBx,U™v|*] + E [ICx, XurPgv|?] +2 E ltr<vTUB§<UCXU E [XUL]P(JJ_'U> + [Py A*|?
v, Xu v, X v, Xy X1

=" E [|IBx,U™v|*] + E_[|ICx, Xy Piol*] + || Py A*|?
v,Xu v,X

= E [|IBx,U ||+ E [tr(v' PFX{.Cx,CxyXurPgv)] + ||PFA*|?
v,Xu v,X

:(d) E [HBXUUT’UHQ} + E tr (C;UCXU E [XUJ-P[JJ’U’UTP[J]‘XL—;L]> + HPIJJA*”Z
v, Xy v, Xy X1

= B [|IBx,U™|*] + E [ir(Cx,Cx,)] IPGA*|]” + | Pg A*||? (37)
'U,XU XU

where (a) uses the fact that X, . is independent of Xy and v, (b) uses the Gaussianity of X;. and that it has mean O, (c)
uses ||a||?> = tr(aa "), (d) uses the independence of X¢; and X ;. and (e) uses the calculation from Equation (36). We
first tackle the C'x,, term

E [r(Ck,Cxu)] = E v ((Xus*X) ™ XuSUTUS X[, (Xus*XF) )|

= B [v((Xu8*X]) ™ Xus' X[ (Xus*x]) )] (38)
Xu

We will encounter this function again in the variance term and we will tackle this later. At a high level, we will show that this
term is going to be at least as large as the term for S = I,., which reduces to E [tr ((X uX [T]) 71)} which has a closed
Xu

form expression, again using inverse Wishart distribution. For now we will first deal with the B x,, term.

-1
E [|Bx,U v|?] = E [IBxyull] = E [[US*X5 (XuS*X() ™ Xu - L)ul?|
v, Xu u~N(0,,UT A*A*TU), u, Xy
Xu
= E [I8°X5 (Xus?Xy) ' Xu - Lul?]
u,XU

We are now going to exploit the symmetry in Gaussian distribution once again. Recall that Xy ~ N (0, I,.). We notice
that Xy =p Xy PD, where P is a random permutation matrix and D is a diagonal matrix with random entries in
+1. Essentially this is saying that randomly shuffling the coordinates and multiplying each coordinate by a random
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sign results in the same isotropic Gaussian distribution. We observe that PDS?DP " for diagonal matrix S and that
PPT = PTP = D? = I, rewrite the above expectation.

[1Bx,UTol’] = E_[I(S°Xg (XuS*X5) " Xu —L)ul?]
u,Au

v, AU

= E_ _|I(s*DPT X}, (XyPDS*DP" X}}) ' XyPD - L.)u||2]
w,Xy.P,D L

= E__||($*DPTX} (XyS*X))” XuPD - DPTPD)UH
w,Xy.P,D L

- E |DP"(PDS’DP' X, (XUSQXJ)’1 Xy — IT)PDu||2]
w,Xy.P,D L

= E__[IDPT($2X] (XuS2X() T Xu - IT)PDuHQ}
w, Xy, P,D L

- B [Isrx) (xusixy) T xu - IT)PDu\ﬂ
w, Xy, P,D L

= E [tr ((SZX,} (XuS°X3) ™ Xu —1,) E [PDuu" DPT] (S°X(; (XuS*XY) ™ Xu — IT)TH
u, U k]

It is not hard to see that randomly multiplying coordinates of w by £1 and then shuffling the coordinates will lead to
2
E [PDuuDPT] =17

P,D
E [I1Bx, U o|?] = E ] & 152x3 (xo5°X5) ™ Xo - 117
v, Xu u~N (0., UT A*A*TU) r Xu
Prr A* 2 1
_ [Pv AT e " g 15°X] (XuS*X5) ™ XuPxy — Pxo — P, ||
U
[Py A*||? -1
= B |ISPX0 (XuSPXE) T Xu - Pxl + 1P, I
U
PrrA* 2
() + AT & frank(pg, )]
T Xu
= A1(S) I (39)

T

where B,(S) = LeAl® g {HSQXE (XUS2XE)_1 Xv — Px, ||2} is a function that satisfies 3;(S) > 0 and
Xu

p1(xI,) = 0 for any . Also we used that rank(Px ) = r — rank(Xy ) = r — ny with probability 1.

Plugging Equations (38) and (39) into Equation (37), we get the following final expression for the bias

bias(A) = (1+ E {tr((XUSQXJ)_lXUS‘lXJ (XUSQXE)_I)D |PEA*|2 + = 12+ B1(S)
<1+ XUS2XU) "Xy Sixy (XUSQXJ)l)D |PEAT|? + — D2 (- | PEAT|?) + Bu(S)
(1+ (Xus*X3) " XuS'X] (XusX) )| - = >IIPéA*||2 M4 5i(s)

= (;+)gu[ ((xvs?x))™ Xus'x] (XUSQX[T,)_l)D 1Pg A%|> + =2 4 3,(S) (40)

Variance: We now move to the variance term

variance(A) = E {HAATXT (XAATXT)_l 77||2}
n,X

=o’§, r (447X (XA4TXT) " X447 )]
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_ 2 gl% [tr (USQUTXT (XUSQUTXT)_2 XUSQUT)}
=0 £ v (82X (XuS*X) " Xus?)]
Xu

= E [tr((XUSQXzTJ)leUSZlXJ (XUSQXE)A)] “D

To further simply both, the bias and variance terms, we need the following result

Lemma C.2. For Xy ~ N (0., I.)™ and diagonal matrix S € R"™*"

a(r,ny) + B2(S) ifr>ng +1

2Ty~ 1 4~T 23T\ 1 —
E [tr((XUS Xu) XuS Xy (XUS XU) )} - {oo ifr € {ni,m + 1}

Xu
where a(r,n) is defined in Equation (34) and $2(S) > 0 and B2(k1I,.) = 0 for any x > 0.
Using Lemma C.2 and plugging it into Equations (40) and (41), we get
L573(As (n1,)) — 0 = bias(A) + variance(4) = (2 +a(r.m) ) [P A"|2 + = + oa(r,m) + B(S)
where 3(S) = 1(S) + B2(S) (| P A*||> + 02) is a non-negative function that is 0 at I, for all £ > 0.

We now complete the proof by proving Lemma C.2

Proof of Lemma C.2. Let the LHS. be 7(S) = E [ ((XuS*X) ™ XuS'X] (XuS?X)™")|. We first show

Xu

that equality holds for § = kI,. In this case, we have v(kI,) = E {tr ((XUX{;)_l Xu Xy, (XUX{;)_l)} =
Xu

E [tr ((X uvX J) _1)} . Using the closed-form expression for inverse Wishart distribution once again, we conclude
Xu

et = g [ ((xwxd) )] =u (£ [x0x3) ) = {;o<) T

Thus we get v(kI,) = a(r,n1) when r > ny + 1 and unbounded otherwise.
We will show for an arbitrary diagonal matrix S that the value is at least as large as I, ie. (S) > ~(xkI,),
which will complete the proof. We first observe that Xy S*X{, = XuyS2S% X[, = XuS?Px,S’X{, =
Xu S Xy, (XUXg)f1 Xy S?Xy{;. Using this, we get

18) = E [r((Xu8*X) " XuS'Xy (Xus*X]) )]

Xu

> B v ((XuS?X)) " XuS? XS (XuX$) ' XuS?X) (Xus?XE) )]

- g (o))

=)
O
O

D. Experiments

This section contains experimental details and also additional experiments on more datasets and settings. The code for all
experiments will be made public.
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Algorithm 1 RepLearn(6™P, T'ask Loader, variant)

Parameters: Regularization (), Outer steps (Toy), outer Ir (1o4), batch size (b), Inner steps (73y,), inner Ir (77;,)

Input: Representation model 6*P, T'ask Loader, variant {tr-tr or tr-val}
6"P(0) < RandInit

fort =0toT,, — 1do
TaskBatch < TaskLoader(batch_size = b)

fori =1tobdo
S < TaskBatch[i] {Dataset of size n}

if variant is ‘tr-val’ then
(St Sval —plic S {Split into tr-val sets of sizes n; + ng = n}
w “—stop gradient INnerLoop(6™P(t), S, ) {Ignore the dependence of W on 0P (t)}
Vi < Ve érep(W; arep’ Sval)

grep (£)

else if variant is ‘tr-tr’ then
W <—iop gradient InnerLoop(0™P(¢), S, \)

Vi + Ve Krep(ﬁv/; grer. S) 0 {Defined in Equation (42)}

end if
b
= %Zz Vil
9”"( 1) < Adam(6"P(t), V, 1)
end for
end for

return 0P (T,,)

Algorithm 2 InnerLoop(6™F, .5)

Parameters: Regularization (), Inner steps (7j,), inner Ir (7;,)
Input: Representation model 6*P, S
W(O) < 0d><k
fort =0to7;, — 1do
V o Vw {lp(W: 070, 9) + 3| W2 w0
W(t+ 1)+ SGD(W (t), V, nin, momentum = 0.9)
end for
return W (T;,)

D.1. RepLearn Algorithm and Datasets

RepLearn We describe the inner and outer loops for the RepLearn algorithm that we use for experiments in Algorithms 2

and 1 respectively. Recall the definitions for inner and outer losses.

liep(W;0™P, S) = ( ]E) S[E(WT for (), )]
x,y)~

A
ék,rep(W; Qrep, S) = ( I}% S[E(Wngrep(m)’ y)] + §||W||§
x,y)~
A rep (073 S) = arg min £y rop (W3 6™, S)
w

(42)

(43)

(44)

tr-tr Inner loop: For dataset S and current initialization 9?" , run T, of gradient descent (with momentum 0.9) with
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learning rate 7, on £ rep(W; 6"P, S) to get an approximation WMCP(GTEP; S) & A rep(0™P; S). Compute the gradient:
Vtr—val(erep) _ vg}\,rep(W)\Jep (9;6P7 5)7 . S) |‘9/,vep

Outer loop: Run Adam with learning rate 7o, (other parameters at default value) with batch size b for Ty, steps by using the
gradient

Meta-testing: Tune T}, and \ using validation tasks

Datasets We conduct experiments on the Omniglot (Lake et al., 2015) and MinilmageNet (Vinyals et al., 2016) datasets.
The Omniglot dataset consists of 1623 different handwritten characters from 50 different alphabets. Each character was
hand drawn by 20 different people. The original Omniglot dataset was split into a background set comprised of 30 alphabets
and an evaluation set of 20 alphabets. We use the split recommended by Vinyals et al. (2016), which contains of a training
split of 1028 characters, a validation split of 172 characters, and test split of 423 characters. Vinyals et al. (2016) construct
the MinilmageNet dataset by sampling 100 random classes from ImageNet. We use 64 classes for training, 16 for validation,
and 20 for testing. We use torchmeta (Deleu et al., 2019) to load datasets. All our evaluations in meta-test time are conducted
in the transductive setting.

D.2. Omniglot Experiments

Replearn on Omniglot We use a batch size b = 32. We use the standard 4-layer convolutional backbone with each
layer having 64 output filters followed by batch normalization and ReL.U activations. We resize the images to be 28x28
and apply 90, 180, and 270 degree rotations to augment the data, as in prior work, during training and evaluation. We
train for T, = 30000 meta-steps and use Tj, = 100 inner steps regardless of model, and use an inner learning rate n;, =
0.05, unless there is a failure of optimization, in which case we reduce the learning rate to 0.01. We use an outer learning
rate 1o, = 0.001. We evaluate on 600 tasks at meta-test time. At meta-test time, for each model, we pick the best A and
inner step size based on the validation set, where we explore \ € [0,.1,.3,1.0, 2.0, 3.0, 10.0, 100.0] and inner step size in
[50, 100, 200] and evaluate on the test set.

Increasing width of a FC network on Omniglot We examine the performance gap between tr-val versus tr-tr as we
increase the expressive power of the representation network. We use a baseline 4 hidden layer fully connected network
(FCN) inspired by Finn et al. (2017), but with 64¢ nodes at all 4 layers for different values of £ € {1,4, 8,16, 32}. We set
inner learning rates to be .05, except for ¢ € {16, 32} where we found a smaller inner learning rate of .01 was needed for
convergence.

iMAML We use the original author code'? as a starting point, which creates a convolutional neural network with four
convolutional layers, followed by Batch Normalization and ReL.U activations. We modify their code to add a tr-tr variant
by using the combined data for the inner loop and the outer loop updates. We apply 90, 180, and 270 degree rotations to
Omniglot data, resizing each image to 28x28 pixels. We use 5 conjugate gradient steps. For meta-testing we pick the best
A€ {0,.1,.3,1.0,2.0,3.0,10.0, 100.0} and n;, € .{8, 16,32, 64} that maximizes accuracy on the validation set. All other
hyper-parameters at meta-test time are equal to the values used during training. We use an outer learning rate of le-3. We
train for 30000 outer steps for all models tested, and set the number of inner steps n_steps = 16 for 5-way 1-shot and 25 for
20-way 1-shot. We investigate the performance of tr-val versus tr-tr by examining different settings of the regularization
parameter A. We report our results for tr-val versus tr-tr for Omniglot 5-way 1-shot and 20-way 1-shot in Table 6. We find
that tr-val significantly outperforms tr-tr in all settings, and the gap is much larger than for RepLearn.

iMAML representations and t-SNE We train a model on Omniglot 5-way 1-shot using iMAML with batch size 32, inner
learning rate .05, and meta steps 30000, again using the original author code convolutional neural network. We use A = 2.0
for tr-val and A = 1.0 for tr-tr. We use the tr-val and tr-tr CNN models to get image representations for input images, and
then perform t-SNE on 10 randomly selected classes. We report t-SNE and singular value decay results for iIMAML in
Figure 4. We also plot the t-SNE representations for varying values of the perplexity in Figure 2. As in the case of RepLearn,
the tr-val representations are much better clustered in the tr-tr representations. Furthermore the tr-val representations have a
sharper drop in singular values, suggesting that they have lower effective rank than tr-tr representations.

Ohttps://github.com/aravindr93/imaml_dev
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Table 6. meta-test accuracies in % for a CNN trained with iMAML for tr-val versus tr-tr on Omniglot 5-way 1-shot and Omniglot 20-way
1-shot. We find a huge gap in performance between tr-val and tr-tr, even larger than that for RepLearn.

5-way l-shot  20-way 1-shot
A=20tr-val 97.90 £ 0.58 91.0 £ 0.54

A=100tr-tr 4922+ 183 14.45=£0.61
A=20trtr 4371£192 16.18 £0.65
A=10tr-tr 47.18£1.90 16.96 + 0.66
A=03tr-tr 48.61£190 1650+ 0.64
A=01tr-tr 48.60+£193 17.70 + 0.69
A=00tr-tr 4921£192 18.30 =+ 0.67
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Figure 2. t-SNE plots for tr-val versus tr-tr for varying values of the perplexity for a CNN model trained with iMAML on Omniglot 5-way
1-shot. Plots shown for 10 randomly selected classes from the test split of Omniglot. Top row depicts tr-tr and bottom row depicts tr-val.
We find that the tr-val representations appear to be more clustered for all values of perplexity of t-SNE.

Rank and Expressivity For a fully connected model of width factor £ = 32 trained with RepLearn on Omniglot 5-way 1-
shot, we conduct linear regression twice. The first regression predicts the tr-tr representations given the tr-val representations,
and the second predicts the tr-val representations given the tr-tr representations. We find that the R? scores were 0.0973
and 0.0967, respectively. Thus the two sets of representations can express each other well enough, even though tr-val
representations have lower effective rank.

We conduct the same experiment for a CNN model trained with iMAML on Omniglot 5-way 1-shot, and find that the R?
scores were 0.0103 and 0.171, respectively, thus suggesting that tr-val representations are a bit more expressive than tr-tr
representations, in addition to having lower effective rank.

Adding explicit regularization to RepLearn For a CNN model trained with RepLearn on Omniglot 5-way 1-shot, we
add explicit regularization to tr-tr by adding the Frobenius norm of the representation to the loss. We report the accuracy in
percentage evaluated on 1200 tasks in Table 8 in the top row. We find that this significantly improves the performance of the
tr-tr method, compared to the tr-tr models without explicit regularization in Table 10, or the bottom row of Table 8. This
fits our intuition that the tr-tr method requires some form of regularization to learn low rank representations and to have
guaranteed good performance on new tasks.

D.3. MinilmageNet Experiments

RepLearn on MinilmageNet As standard (Rajeswaran et al., 2019), we resize the data to 84x84 pixel images and apply
90, 180, and 270 degree rotations and use a batch size of 16 during training. We use a convolutional neural network with
four convolutional layers, with output filter sizes of 32,, 64, 128, and 128 each followed by batch normalization and ReLU
activations. We investigate the performance of tr-val versus tr-tr for RepLearn on the MinilmageNet 5-way 1-shot and 5-way
5-shot setting and report our results in Table 7. The findings are very similar to those from the Omniglot dataset, suggesting
that our insights hold across multiple benchmark datasets.
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Table 7. Tr-val versus tr-tr meta-test accuracies in % for a CNN model trained with RepLearn on MinilmageNet 5-way 1-shot and 5-way
5-shot for varying values of the regularization parameter, A. The final value of the tr-tr objective is depicted in the last two columns for
MinilmageNet 5-way 1-shot and MinilmageNet 5-way 5-shot, respectively. The tr-tr models make the tr-tr loss very small, which is what
they were trained to minimize. Thus their failure on few-shot learning is not due to failure of optimization.

| 5-way 1-shot | 5-way 5-shot | tr-tr loss 5-way 1-shot | tr-tr loss 5-way 5-shot

A =00t-val | 46.16 £ 1.67 | 65.36 + 091 | 0.01 | 0.01

A=00ttr | 2553+ 143 | 33.49 £ 0.82 1.le-8 2.1e-6
A=0.trtr | 24.69+1.32 | 3491 +0.85 3.5¢-8 5.5¢-7
A=10ttr | 2588+ 145 | 40.19 £ 1.12 1.9¢-6 9.3e-5

Table 8. Meta-test accuracies in % for tr-tr RepLearn trained on Omniglot 5-way 1-shot with explicit Frobenius norm regularization added
to the representations.

| A=0.0(tr-tr) | A =0.1 (tr-tr) | A = 3.0(tr-tr)

9473 £0.55 | 95.05+0.55 | 94.74 £ 0.55
67.78 £1.60 | 67.53 £1.66 | 89.00 £ 1.08

with representation regularization
no representation regularization

Table 9. Accuracies in % of representations parameterized by CNN networks of varying number of filters on MinilmageNet. Repre-
sentations trained using tr-val objective consistently outperforms those learned using tr-tr objective, and the gap increases as width
increases.

capacity = MinilmageNet 5-way 1-shot Supervised 20-way
num_filters*f tr-val tr-tr ‘ tr-val tr-tr
{=0.5 46.66 £ 1.69 2625+ 1.45 1. 1.
(=1 4844 +£1.62 2681 +1.44 1. 1.
(=14 5222 +1.68. 24.66 +1.26 1. 1.
=38 5225+ 1.71 2528 +1.37 1. 1

Table 10. Tr-val versus tr-tr meta-test accuracies in % for a CNN model trained with RepLearn on Omniglot 5-way 1-shot for varying
values of the regularization parameter, \.

| 5-way 1-shot tr-val ~ 5-way l-shot tr-tr

A=00 97.25 £ 0.57 67.78 £+ 1.60
A=0.1 97.34 £ 0.59 67.53 + 1.64
A=03 97.59 £ 0.55 66.06 + 1.67
A=10 97.66 + 0.52 87.25+1.13
A=30 97.19 £ 0.59 89.00 £ 1.08
A =10.0 96.50 + 0.61 8541 +£1.22

Increasing capacity of a CNN model on MinilmageNet We start with a CNN model trained on MinilmageNet with four
convolutional layers with 32, 64, 128, and 128 filters, respectively. Each convolution is followed by batch normalization
and ReLU activations. We train with RepLearn. We increase the capacity by increasing the number of filters by a capacity
factor, /, so that the convolutional layers contain 32¢, 64¢, 128/, and 128/ output filters, respectively. We depict our results
in Table 9. We find that increasing the network capacity improves the performance of tr-val representations, but slightly
hurts tr-tr performance, just like the findings for Omniglot dataset with fully-connected networks. Thus the tr-val method is
more robust to architecture choice/capacity and datasets.

t-SNE on MinilmageNet We take the baseline convolutional neural network with capacity factor £ = 1 from the previous
section, and conduction t-SNE on the representations produced by the tr-val versus the tr-tr model. We report our results in
Figure 3.
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Table 11. Tr-val versus tr-tr meta-test accuracies in % for a CNN model trained with RepLearn on Omniglot 20-way 1-shot for varying
values of the regularization parameter, \.

| 20-way 1-shot trval

20-way 1-shot tr-tr

A=0.0
A=0.1
A=03
A=10
A=3.0
A =100
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92.26 + 0.45
92.38 + 0.44
92.21 £ 0.47
92.44 + 0.47
92.70 + 0.48
91.50 £+ 0.48

(b)

49.00 £ 0.88
50.84 + 0.85
55.38 +£0.92
84.14 £ 0.63
88.20 £ 0.55
85.85+£0.58

(©

Figure 3. Plot of singular values and t-SNE plots for MinilmageNet tr-val versus tr-tr. (a): Singular values for representations produced by
tr-val versus tr-tr of a CNN model trained with RepLearn on Minilmagement. (b): t-SNE plot of representations produced by tr-val CNN
model trained with RepLearn on MinilmageNet for 10 randomly selected classes of test split. (¢): t-SNE plot of representations produced
by tr-tr CNN model trained with RepLearn on MinilmageNet for the same 10 randomly selected classes of test split. We find that the
tr-val representations appear to be more clustered than the tr-tr representations.
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Figure 4. Plot of singular values and t-SNE plots for iIMAML tr-val versus tr-tr. (a): Singular values for representations produced by tr-val
versus tr-tr of a CNN model trained with iMAML on Omniglot 5-way 1-shot. (b): t-SNE plot of representations produced by tr-val CNN
model trained with iMAML on Omniglot 5-way 1-shot for 10 randomly selected classes of test split. (c): t-SNE plot of representations
produced by tr-tr CNN trained with iMAML model on Omniglot 5-way 1-shot for the same 10 randomly selected classes of test split. We
find that the tr-val representations appear to be more clustered than the tr-tr representations. (d): Tr-tr loss values for tr-tr versus tr-val

models.



