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Abstract

Several recent applications of optimal transport
(OT) theory to machine learning have relied on
regularization, notably entropy and the Sinkhorn
algorithm. Because matrix-vector products are
pervasive in the Sinkhorn algorithm, several
works have proposed to approximate kernel ma-
trices appearing in its iterations using low-rank
factors. Another route lies instead in imposing
low-nonnegative rank constraints on the feasi-
ble set of couplings considered in OT problems,
with no approximations on cost nor kernel ma-
trices. This route was first explored by Forrow
et al. (2018), who proposed an algorithm tailored
for the squared Euclidean ground cost, using a
proxy objective that can be solved through the
machinery of regularized 2-Wasserstein barycen-
ters. Building on this, we introduce in this work a
generic approach that aims at solving, in full gen-
erality, the OT problem under low-nonnegative
rank constraints with arbitrary costs. Our algo-
rithm relies on an explicit factorization of low-
rank couplings as a product of sub-coupling fac-
tors linked by a common marginal; similar to an
NMF approach, we alternatively updates these
factors. We prove the non-asymptotic stationary
convergence of this algorithm and illustrate its
efficiency on benchmark experiments.

1. Introduction

By providing a simple and comprehensive framework to
compare probability distributions, optimal transport (OT)
theory has inspired many developments in machine learn-
ing (Peyré & Cuturi, 2019). A flurry of works have recently
connected it to other trending topics, such as normalizing
flows or convex neural networks (Makkuva et al., 2020; Ko-

'CREST, ENSAE *Google Brain *Ecole Normale Supérieure,
PSL University “CNRS. Correspondence to: Meyer Scetbon
<meyer.scetbon @ensae.fr>, Marco Cuturi <cuturi @google.com>,
Gabriel Peyré <gabriel.peyre @ens.fr>.

Proceedings of the 38" International Conference on Machine
Learning, PMLR 139, 2021. Copyright 2021 by the author(s).

rotin et al., 2021; Tong et al., 2020), while the scope of its
applications has now reached several fields of science such
as single-cell biology (Schiebinger et al., 2019; Yang et al.,
2020), imaging (Schmitz et al., 2018; Heitz et al., 2020) or
neuroscience (Janati et al., 2020; Koundal et al., 2020).

Challenges when computing OT. Solving optimal trans-
port problems at scale poses, however, formidable chal-
lenges. The most obvious among them is computational:
Instantiating the Kantorovich (1942) problem on discrete
measures of size n can be solved with a linear program (LP)
of complexity O(n?logn). A second and equally important
challenge lies in the statistical performance of using that
LP to estimate OT between densities: the LP solution be-
tween i.i.d samples converges very slowly to that between
densities (Fournier & Guillin, 2015). It is now increasingly
clear that regularizing OT in some way or another is the
only way to mitigate these two issues (Genevay et al., 2018;
Chizat et al., 2020; Clason et al., 2021). A popular approach
consists in penalizing the OT problem with a strongly con-
vex function of the coupling (Cuturi, 2013; Dessein et al.,
2018). We explore in this work an alternative, and more
direct approach to add regularity: we restrict, instead, the
set of feasible couplings to have a small nonnegative rank.

Low-Rank Kernel Factorization. Low-rank factorizations
are not new to regularized OT. They have been used to
speed-up the resolution of entropy regularized OT with the
Sinkhorn algorithm, pending some approximations: Given
a data-dependent n x m cost matrix C, the Sinkhorn it-
erations consist in matrix-vector products of the form Kv
or KTu where K = exp(—C/¢) and u, v are n, m- vec-
tors. Altschuler et al. (2018) and Altschuler & Boix-Adsera
(2020) have proposed to approximate the kernel K with
a product of thin rank r matrices, K = ABT.~ Naturally,
the ability to approximate K with a low-rank K degrades
as ¢ decreases, making this approach valid only for suffi-
ciently large . Thanks to this approximation, however, each
Sinkhorn iteration is linear in n or m, and the coupling out-
putted by the Sinkorn algorithm is of the form P = C D"
where C' = diag(u)A, D = diag(v)B. This approximation
results therefore in a low-rank solution that is not, however,
rigorously optimal for the original problem as defined by K
but rather that defined by K. However the solution obtained
with K can be arbitrary close to the true solution by increas-
ing the rank considered. Similarly, Scetbon & Cuturi (2020)
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Figure 1. Two Gaussian mixture densities evaluated on n = 200 and m = 220 sized grids in 1D, displayed as blue/red curves. Between
them, n X m optimal coupling matrices obtained by our proposed low-rank OT method for varying rank constraint values r (in increasing
order, top row) and the Sinkhorn algorithm, for various ¢ (in decreasing order, bottom row). The ground cost is the 1.5-norm.

consider instead nonnegative low-rank approximations for
K of the form K = QR” where Q, R > 0.

Low-Nonnegative Rank Couplings. To our knowledge,
only Forrow et al. (2018) have used low rank consider-
ations for couplings, rather than costs or kernels. Their
work studies the case where the ground cost is the squared
Euclidean distance. They obtain for that cost a proxy for
rank-constrained OT problems using 2-Wasserstein barycen-
ters (Agueh & Carlier, 2011). Their algorithm blends those
in (Cuturi & Doucet, 2014; Benamou et al., 2015) and re-
sults in an intuitive mass transfer plan that goes through a
small number of r points, where r is the coupling’s nonneg-
ative rank.

Our Contributions. In this work, we tackle directly the
low-rank problem formulated by (Forrow et al., 2018) but
make no assumption on the cost matrix; we address in-
stead the low-rank OT problem in its full generality. We
consider couplings P = Q diag(1/g)R” decomposed as
the product of two sub-couplings ), R, with common right
marginal g, and left-marginal given by those of P on each
side. Each of these sub-couplings minimizes a transport cost
that involves the original cost matrix C' and the other sub-
coupling. We handle this problem by optimizing jointly on
@, R and g using a mirror-descent approach. We prove the
non-asymptotic stationary convergence of this approach. In
addition, we show that the time complexity of our algorithm
can become linear when exploiting low rank assumptions
on the cost (not the kernel) involved in the OT problem.

Differences with previous work. Our approach borrows
ideas from (Forrow et al., 2018) but is generic as it applies to
all ground costs. Our approach constrains the non-negative
rank of the coupling solution P by construction, rather
than relying on a low rank approximation K for kernel
K = e~C/¢. This is a crucial point, because the ability to
approximate K with a low rank K significantly degrades as
€ decreases. By contrast, our approach applies to all ranks,

small and large. Interestingly, we also show that a low-rank
assumption on the cost matrix (not on the kernel) can also
be leveraged, providing therefore a “best of both worlds”
scenario in which both the coupling’s and the cost’s (not the
kernel) low rank properties can be enforced and exploited.
Finally, a useful parallel can be drawn between our approach
and that of the vanilla Sinkhorn algorithm, in the sense that
they propose different regularization schemes. Indeed, the
(discrete) path of solutions obtained by our algorithm when
varying r between 1 and min(n,m) can be seen as an al-
ternative to the entropic regularization path. Both paths
contain at their extremes the original OT solution (maximal
rank and minimal entropy) and the product of marginals
(minimal rank and maximal entropy), as illustrated in Fig. 1.

2. Discrete Optimal Transport

OT as a linear program. Let a and b be two histograms in
A, A,,, the probability simplices of respective size n, m.
Assuming ¢ > Oandb > 0,set X £ (z1,...,2,)and Y £
(Y1, - - -, Ym) two families of points taken each within arbi-
trary sets, and define discrete distributions ;1 £ Z?:l @0,
and v £ Z;ﬂ:l b;0,,. The set of couplings with marginals
a,bis:

I,, £ {P R st. P1,, =a,P"1, =b}.

Given a cost function c defined on pairs of points in X, Y
and writing C' £ [c(x;,;)]i,; its associated matrix, the
optimal transport (OT) problem can be written as follows:

A .

OT(u,v) = Prenl_lﬁb<0, P). (1

Entropic regularization. Several works have shown re-
cently (Genevay et al., 2018; Chizat et al., 2020) that when
X and Y are sampled from a continuous space, it is prefer-
able to regularize (1) using, for instance, an entropic regu-
larizer (Cuturi, 2013) to achieve both better computational
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and statistical efficiency,

A .

OT:(p,v) = Pglﬁ?,,hw’ P) —eH(P). 2)
where ¢ > 0 and H is the Shannon entropy defined as
H(P) & — > Pij(log P;j — 1). 1f € goes to 0, one re-
covers the classical OT problem and for any € > 0, Eq. (2)
becomes e-strongly convex on II, ; and admits a unique
solution P., of the form

Ju. € RY v, € R s.t. P. = diag(u.)Kdiag(ve) (3)

where K 2 exp(—C/¢). Cuturi (2013) shows that the scal-
ing vectors u. and v, can be obtained efficiently thanks
to the Sinkhorn algorithm (see Alg. 1, where ® and / de-
note entry-wise operation). Each iteration can be performed
in O(nm) algebraic operations as it involves only matrix-
vector products. The number of Sinkhorn iterations needed
to converge to a precision J (monitored by the difference
between the column-sum of diag(u)Kdiag(v) and b) is con-
trolled by the scale of elements in C relative to & (Franklin &
Lorenz, 1989). That convergence deteriorates with smaller
e, as studied in more detail by (Altschuler et al., 2017;
Dvurechensky et al., 2018).

Algorithm 1 Sinkhorn(K, a, b, §)
Inputs: K,a,b,6,u
repeat
| v+ b/KTu, u<+ a/Kv
until |u ® Kv —alj; + ||[v© KTu —b|j; < d;
Result: u, v

Mirror descent and ¢ schedule. A possible interpretation
of the entropic regularization in the OT problem is that it
can be seen as the k.-th update of a Mirror Descent (MD)
algorithm applied to the objective (1) where k. > 1 depends
on ¢ and the gradient steps used in the MD. Several works
have proposed such links between a gradual decrease in €
to obtain a better approximation of the unregularized OT
problem (Schmitzer, 2019; Lin et al., 2019; Xie et al., 2020).
More precisely, the MD algorithm associated to the Kull-
back-Leibler divergence (KL) applied to the objective (1)
makes for all £ > 0 the following update:

QF ! £ argmin(C, Q) + iKL(Q’ Qk) 4)
Q€l, Vi

where (v;)k>0 i8S a sequence of positive real numbers,
Qo € Il is an initial point and KL is the Kullback—Leibler
divergence defined asw. If Qy = ab”, then one obtains that
for all £ > 0, updating the coupling according to Eq. (4) is
the same as solving

QL & argmin(C, Q) — e, H(Q)

QEI,

where ¢, = (Zfzo 7v;)~*. Therefore the MD algorithm
applied to (1) produces the sequence (P, )i>o of optimal
couplings according to the objective (2). We show next
that this viewpoint can be applied when one adds also some
structures to the couplings considered in the OT problem (1),
leading to a new regularized approach.

3. Nonnegative Factorization of the Optimal
Coupling

Here we aim at regularizing the OT problem by decompos-

ing the couplings involved into a product of two low-rank

couplings. We introduce the associated non-convex problem

and develop a mirror-descent algorithm which operates by
solving a succession of convex programs.

3.1. Low-Rank and Factored Couplings
We introduce low rank couplings and explain how they can
be parameterized as factored couplings.

Definition 1. Given M € R™*™, the nonnegative rank of
M is the smallest number of nonnegative rank-one matrices
into which the matrix can be decomposed additively:

q
=1

Let r > 1, and let us denote
o (r) £ {P €Ty, tky (P) <7}

From Definition 1, one has

r
Ha,b(r) = {Zgi(hrf st.Vi q; € Anv T € Ama
=1

g€ A, i:gi%’ = a and igﬂ“i :b}

i=1 i=1
from which we deduce directly that II, ,(r) is compact.

A

Moreover for g € AX = {h € A, s.t. Vi h; > 0}, we write
Mogs 2 {P € R, P = Qdiag(1/9)R”
QeTl,,, andR € Hb,g}.

Note that I, 4 ; is compact and a subset of II,, ;(r) since for
allP €I, 44, P € 11, ; and one has rk(P) < rky (P) <r.
Moreover, for any P € II, ; such that rk (P) < r, there
exists g € Ay, Q € Il 4 and R € I, 4 such that P =
Q diag(1/g)RT (Cohen & Rothblum, 1993). Therefore

U Mags = Mas(r). )

gEAT

We exploit next this identity to build an efficient algorithm
in order to solve the optimal transport problem under low
nonnegative rank constraints.
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3.2. The Low-rank OT Problem (LOT)

The problem of interest in this work is:

min
Pell, »(r)

LOT, (u,v) £ (C,P). (6)

Here the minimum is always attained as II,, ;(r) is compact
and the objective is continuous. Thanks to (5), problem (6)
is equivalent to

min C,Q diag(1/¢)RT
(Q,R,g)ec(a7b,r)< Qdiag(1/9)F)

)

where C(a,b,7) = Cyi(a,b,r) N Ca(r), with
Ci(a,b,7) 2 {(Q Rog) € RY X R x (RY)"
st. Q1. =a,R1, = b}
Ca(r) £ {(Q,R, g) € R x RT*" x R
st. QT1, = RT1,, = g}.

In the following, we also consider regularized version of
the problem (7) by adding an entropic term to the objective
which leads for all € > 0 to the following problem

LOT, .« (u, v) 2 (C,Qdiag(1/g)R")

_EH((Q7 Ra g))

Here the entropy of (@, R, g) is to be understood as that
of the values of the three respective entropies evaluated for
each term. We will see that adding an entropic term to the
objective allows to stabilize the MD scheme employed to
solve (6). For all € > 0, the objective function defined
in (8) is lower semi-continuous, and admits therefore a
minimum in C; (a, b, ) N C2(r) where C1 (a, b, ) is the clo-
sure of Cy (a, b, 7). However, the existence of a solution for
problem (8) requires more care, as shown in the following
proposition.

inf
(Q,R,9)€C(a,b,r)

(®)

Proposition 1. If ¢ = 0 then the infimum of (8) is always
attained. If € > 0, then if r = 1, the infimum of (8) is
attained and for v > 2, problem (8) admits a minimum if
LOT, ¢ (p,v) < LOT,_1 ¢(p, V).

Stabilized Formulation using Lower Bounds In order
to ensure stability of the mirror descent method, and enable
its theoretical analysis, we introduce a lower bound o on
the weight vector g.

Let us assume in the following that we consider (r, ) sat-
isfying the conditions of Proposition 1. In particular if
€ = 0, r can be arbitrarily chosen and we recover the
problem defined in (6). Under this assumption, there ex-
ists (QX, R%,g%) € Ci(a,b,r) N Ca(r) solution of Eq. (8)

from which follows the existence of % > a® > 0, such
that g¥ > o™ coordinate-wise. Let us now define for any
1> a >0, the following set

Ci(a,b,r,q) 2 {(Q,R, g) € RV x R™™ x R,
st. Ql, =a,R1,. =0, g > a}.

Then if « is sufficiently small (i.e. a < «*) we have that
the problem (8) is equivalent to

min C,Qdiag(1/¢)RT
(Q’R,g)ec(a’bm; Qdiag(1/g)R")

—€H((Q,R,g)), (9)
where C(a,b,7,a) = Cy(a,b,r,a) N Ca(r). Note that for

any % > « > 0, the set of constraints is not empty, compact
and the minimum always exists.

LOTr,e,a (Uv V) =

3.3. Mirror Descent Optimization Scheme

b

a —

=2 -
et
Rl[_]

Figure 2. Comparison of the Sinkhorn algorithm with our proposed
procedure.

Mirror descent outer loop. We propose to use a Mirror
Descent scheme with a KL divergence to solve Eq. (9).
It leads, for all & > 0, to the following updates which
necessitate the solution of a convex problem at each step

(Qr+1, Rit1, grp1) = argmin KL(E, &)
¢eC(a,b,r,a)

(10)

where (Qo, Ro, g0) € C(a,b,r,«) is an initial point such
that Qo > 0 and Ry > 0, & 2 (6, ¢2,¢9),
i) £ exp(—yC Ry diag(1/g) — (vee — 1) log(Qu)).
2 2 exp(—uCTQy diag(1/gi) — (e — 1) og(Ry),
&) 2 explyewn/gf — (e — 1) log(gn)) with [wy]; 2
[QFCRy)i; forall i € {1,...,r} and (7 )k>0 is a se-
quence of positive step sizes. Note that for all £ > 0,
(@, Ry, gi) live in (R%)™*" x (RE)™*" x (R%)", and
therefore &, is well defined and lives also in (R* )"*" x
(Ri)'mxr X (Ri)T
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Dykstra’s inner loop. In order to solve Eq. (10), we use
the Dykstra’s Algorithm (Dykstra, 1983). Given a closed
convex set C C RY™" x RT" x RY, we denote for all
€ € (RL)™" x (R3)™*" x (R%)" the projection according
to the Kullback-Leibler divergence as

P}?L(g) £ argmin KL((, §).
¢cec

Starting from ¢y = € and qp = g_1 = (1,1,1) € R7*" x
RI"™" x R’ , the Dykstra’s Algorithm consists in computing
forall 7 > 0,

G241 = Péy(a,bira) (G2 © G2-1)
C2)
Q2j+1 = q25—1 ©
CQJ-‘rl
_ pKL
Cajtz = Py (C2j+1 © @25)
Goje3 = G2; O C2j+1'
C2j42

As Ci(a,b,r, ) and Cy(r) are closed convex subspaces
and £ € (R )™ x (R%)™*" x (R%)", one can show
that (¢j)j>0 converges towards the unique solution of
Eq. (10), (Bauschke & Lewis, 2000). The following proposi-
tions detail how to compute the relevant projections involved
in the Dykstra’s Algorithm.

(@ R,9) € (R})™" x
, one has, denoting § = max(g, o)

a ~ . b -
er) @, diog (er) R’g) '

Let us now show the solution of the projection on Ca(r).
Proposition 3. For € £ (Q,R,§) € (R})™" x
(RL)™*" x (R%)", the projection (Q,R,g) = g;(r)(é)
satisfies
Q= Qdiag(g/Q"1,), R = Rdiag(g/R" 1)
g=(GoQ"1, © R"1,,)"/3.

Proposition 2. For € 2
(Ri)nxr X (Ri)r

P 1(abro¢)(é) = (dlag (

Efficient computation of the updates. The projection
obtained in Proposition 2, 3 lead to simple updates of the
couplings. Indeed, starting with ¢y £ & = (¢, £(2) ¢(3))
the Dysktra’s Algorithm applied to our problem (10) needs
only to compute scaling vectors as presented in Alg. 2.
More precisely, the Dykstra’s Algorithm produces the it-
erates (¢;);>o which satisfy forall j > 0¢{; = (Qj, Rj,9;)
where

Q; = diag(u})¢V) diag(v))
R; = diag(u )5(2) dlag(v )

for the sequences (uf, v});>¢ initialized as, uj £ 1,,, v =
1, foralli € {1,2}, ¢} = ¢ = ¢} = ¢} = 1, and

computed with the iterations

ki _ Di
Upt1 = 7, ki
LUn

()) (3

3 ~
1 = max(@, gn ©4)), 45011 = (90 ©6)) /Gt

Int+1 = (Gn1© qg)z)l/?) H(Uff © g © (&) upH?
i=1
- In+1
Unt+1 = i k,i
(Ek)T n

qfﬁrl vk @ ¢) /Un+1’ qn+1 9 = (Gn+1 © qn 2)/9n+1

We have denoted p; £ a and py; £ b to simplify the nota-
tions.

Algorithm 2 LR-Dykstra((f(i))1<i<3, plaPZa a,0)

Inputs: (1,62 g 2 ¢®) p) py a6,qf

1,,Vi € {1,2}, 3 =1, ¢ =1,

repeat

u®  p; €050 vi € {1,2),

g + max(a,§© qf)) o’ —@od™)/g, g9,

9.6 (300 T, (09 0 09 0 (€0 Tu®)2,
v = g/ (€D)Tul) Vie {12},

q<i> “ @D 0 gD vie (1,2}, ¢ « GO

a")/g,

90 ol )Vie{l 2}, g4 g

untllz 1 lu® © D@ — pi|l; < 6;

Q « diag(uM)¢eM diag(v™)

R « diag(u®)¢® diag(v?)

Result: Q, R, g

Let us now introduce the proposed MD algorithm applied
to (9). By denoting D(-) the operator extracting the diagonal
of a square matrix we obtain Alg. 3. See also Figure 2 for
an illustration of the proposed algorithm.

Algorithm 3 LOT(C, a, b, 7, o, 0)
Inputs: C,a,b, (7k)k>0,Q, R, g, 2,6
fork=1,... do
€W« exp(—yCR diag(1/g) — (ke — 1) 1log(Q)),
£®) + exp(—CTQdiag(1/g) — (vre —1) log(R)),
w D(QTCR)a
€B)  exp(yrw/g? — (yee — 1) log(g)),
Q, R, g + LR-Dykstra((¢™)1<i<3, a,b, a, §) (Alg. 2)
end
Result: (C, Q diag(1/g)RT)
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Computational Cost. Note that (£(V);<;<3 considered
in Alg. 3 live in R}*" x R?*" x R’ and therefore given
those matrices, each iteration of Alg. 2 requires O((n+m)r)
algebraic operations, since it involves only matrix/vector
multiplications of the form £ Dv; and (¢%))7u;. However
without any assumption on the cost matrix C, computing
(@) 1<i<3 requires O(nmr) algebraic operations since
CR and CT'Q must be evaluated. We show in §3.5 how
to reduce the quadratic cost of computing (£ (i))1Si§3 to
a linear cost with respect to the number of samples if one
assumes that the considered cost matrix can be factored,
either exactly (ensured with a squared Euclidean distance
cost) or approximately if that cost is a distance. Writing
N the number of iterations of the MD scheme and T the
number of iterations considered in Algorithm 2 at each step
of the MD, we end up with a total computational cost of
O(NT(n+ m)r + Nnmr).

Remark 1. Note that our algorithm can be applied in the
specific case where ¢ = 0 in order to solve Eq. (6). More-
over, our algorithm can be applied for an arbitrary choice
of the cost function. For example in Figure 5, we run our
algorithm on graphs where the distance considered in the
shortest-path distance.

3.4. Convergence of the Mirror Descent

Even if the objective (9) is not convex in (Q, R, g), we ob-
tain the non-asymptotic stationary convergence of the MD
algorithm in this setting. For that purpose we introduce
a stronger convergence criterion than the one presented
in (Ghadimi et al., 2013) to obtain non-asymptotic station-
ary convergence of the MD scheme. Indeed let F. be the
objective function of the problem (9) defined on C(a, b, r, @)
and let us denotes for any v > 0 and € € C(a, b, r, )

Gen(€7) 2 argmin {(VE.(€),¢) + ~KL(C.£)}.
¢eC(a,b,r,a) v

Then the criteron used in (Ghadimi et al., 2013) to show the
stationary convergence of the MD scheme is defined as the
square norm of the following vector:

PC((L,b,r,(x) (67 7) £ %(6 - gE,Oé(gv 7))

This vector can be seen as a generalized projected gra-
dient of F. at £&. Indeed if X = R? and by replacing
the prox-function KL(u, z) by | lu — z||3, we would have
Px (z,7v) = VF.(x). Here we consider instead the follow-
ing criterion to establish convergence:

a1

Aca(€7) 72(KL("’;“,Qa,a(&’v))JrKL(QE,OZ(&’V%r&“))~

Such criterion is in fact stronger than the one used
in (Ghadimi et al., 2013) as we have

1
Acal§,7) = ?(Wh(gm(&v)) = VI(§),Ge.a(€:7) =€)

1
> Wugg,a@m — &3

1
= 5 HPC(a,b,r,oz) (év ’7)”%

where h denotes the minus entropy function and the
last inequality comes from the strong convexity of i on
Cla,b,r, ).

For any % > a > 0, we show in the following proposi-
tion the non-asymptotic stationary convergence of the MD
scheme applied to the problem (9). To prove this result, we
show that for any € > 0, the objective is smooth relatively
to the negative entropy function (Bauschke et al., 2017) and
we extend the proof of (Ghadimi et al., 2013) to this case.

Proposition 4. Let ¢ > 0, % >a>0and N > 1. By
denoting

Cl? 2/|C|2\ 2
Leo 2|3 <2” Jl‘z + <a+ 21 3”2> )
Q [0

and by considering a constant stepsize in the MD
scheme (10) such that forall k = 1,... N v, =
we obtain that

_1
2Lc o

4L. D
. A < LO
1?]11%11\7 57a((QkaRkvgk)77k) = N

where Doy = F-(Qo, Ro, go) — LOT,..  is the distance of
the initial value to the optimal one.

Thanks to Proposition 4, for « sufficiently small (i.e. o <
o), we have LOT, . , = LOT, . and therefore we obtain a
stationary point of (8). In particular, if € = 0, the proposed
algorithm converges towards a stationary point of (6).

Remark 2. We also propose an algorithm to directly
solve (8). The main difference is that the updates of the
MD can be solved using the Iterative Bregman Projections
(IBP) Algorithm. See Appendix F for more details.

Remark 3. For all ¢ > 0, the MD scheme implies
that each iteration k of our proposed algorithm outputs
(Qk, Rk, g) € Ci(a,b,r,a) N Ca(r), and therefore the ma-
trix obtained a each iteration PFOT = Q) diag(1/gy) R} is
a coupling which sastifies the marginal constraints while in
the Sinkhorn algorithm, the matrix defined at each iteration
by P3i" = diag(uy) K diag(vy,) becomes a coupling which
satisfies the marginal constraints only at convergence.

In the following section, we aim at accelerating our method
in order to obtain a linear time algorithm to solve (8).
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Figure 3. In this experiment, we consider two Gaussian distributions evaluated on n = m = 5000 in 2D. The first one has a mean of
(1,1)7 and identity covariance matrix I while the other has 0 mean and covariance 0.1 x I>. The ground cost is the squared Euclidean
distance. Note that for this cost, an exact low-rank factorization of the cost is available, and therefore all low-rank methods, including
ours, have a linear time complexity. Left: we show that when € = 0 our method is able to quickly obtain the exact OT by forcing the
nonnegative rank of the coupling to be relatively small compared to the number of samples. Note that in this setting, all the other methods
cannot be applied. Middle left, middle right: In these plots, we show that our method can obtain high accuracy for either estimate the true
OT or its regularized version with order of magnitude faster than the other low-rank methods for any rank . Moreover, our methods
outperforms Sin in these regimes of small regularizations. Note that Sin does not converge for € = 0.001 as we do not consider its
stabilized version using log-sum-exp function but rather its classical version which is less costly to compute. Right: Here we change
the scale of the y-axis of the plot. We see that the regime of the entropic regularizations for the Sinkhorn algorithm and our method
differs. Indeed, the Sinkhorn algorithm has a larger range of ¢ such that it provides an efficient approximation of the OT, whereas LOT is
regularizing twice, namely with respect to both rank and entropy.

3.5. Linear time approximation of the Low-Rank following:

Optimal Transport D =p17 +1,¢" —2XxTY.

Here we aim at obtaining the optimal solution of Eq. (8) in
linear time with respect to the number of samples. For that
purpose let us introduce our main assumption on the cost
matrix C.

Therefore by denoting A = [p,1,,, —2X7T] € R"*(@+2)
and B = [1,,,4, Y] € R"*(4+2) we obtain that

D= AB".
Assumption 1. Assume that C admits a low-rank factor-

ization, that is there exists A € R™*® and B € R™*% sych
that C = ABT.

General Case: Distance Matrix. In the following we
denote a distance matrix D € R™ ™, any matrix such
that there exists a metric space (X, d), {z;}!", € X™ and

From the Assumption 1 one can in fact accelerate the compu-  {y;}"2, € A™ which satisfy for all 4, j, D; j; = d(z:,y;).

tation in the iterations of the proposed Alg. (3) and obtain a
linear time algorithm with respect to the number of samples.
Indeed recall that given & = (£ (i))lgig 3, each iteration of
the Dykstra’s Alg. (2) can be performed in linear time. More-
over, thanks to Assumption 1, the computation of &, which
requires to compute both CR and C7 ) can be performed
in O((n + m)dr) algebraic operations and thus Alg. (3)
requires only a linear number of algebraic operations with
respect to the number of samples at each iteration.

Let us now justify why the Assumption 1 of a low-rank
factorization for the cost matrix is well suited in the problem
of computing the Optimal Transport.

Squared Euclidean Metric. In the specific case where C'
is a Square Euclidean distance matrix, it admits a low-rank
decomposition. Indeed let X = [z1,...,x,] € R¥", let

Y £ [y1,. . ym] € R andlet D £ (|lz; — y;13)i;.
Then by denoting p = [||z1]3,. .., ||z.3]T € R" and
q=lnl3 -, llyml3]¥ € R™ we can rewrite D as the

In fact it is always possible to obtain a low-rank approxi-
mation of a distance matrix in linear time. In (Bakshi &
Woodruff, 2018; Indyk et al., 2019), the authors proposed
an algorithm such that for any distance matrix D € R™*™
and v > 0 it outputs matrices M € R"*4, N ¢ Rm™*4
in O((m + n)poly(%)) algebraic operations such that with
probability at least 0.99 we have

1D — MN"|[% < [|D = Dal[7 + [ DIl

where D, denotes the best rank-d approximation to D.
Therefore one can always obtain a low-rank factorization of
a distance matrix in linear time with respect to the number
of samples. See Appendix D for more details.

4. Numerical Results

4.1. Comparison with other regularization schemes

We consider three synthetic problems in which we study the
time-accuracy trade-off as well as the couplings obtained,
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by comparing our method with other low-rank methods,
as well as Sinkhorn’s algorithm. More precisely, we com-
pare our proposed method, LOT, with the factored Optimal
Transport (Forrow et al., 2018), FactoredOT, the Nystrom-
based method (Altschuler et al., 2018), Nys, the random
features-based method (Scetbon & Cuturi, 2020), RF and
the Sinkhorn algorithm (Cuturi, 2013), Sin. For LOT, we
set the lower bound on g to oo = 10~°.

Time-accuracy Tradeoff We consider two problems
where the ground cost involved in the OT problem is either
the squared Euclidean distance or the Euclidean distance. In
the first one, we consider measures supported on n = 5000
points in R2, while the second we consider n = 10000
samples in R2. The method proposed by (Forrow et al.,
2018) can only be used with the squared Euclidean distance
(2-Wasserstein) while ours works for any cost. For all the
low-ranks methods, we vary the ranks between 10 and 500.
For all the randomized methods, we consider the mean over
10 runs to estimate the OT.

In Fig. 3, 4 we plot the ratio w.r.t. the (non-regularized) op-
timal transport cost defined as R := (C, P) /(C, P*) where
P is the coupling obtained by the method considered and
P* is the ground truth (we ensure this optimal cost is large
enough to avoid spurious divisions by 0). We present the
time-accuracy tradeoffs of the methods for different regular-
izations ¢ and ranks r. We show that our method provides
consistently a better approximation of the OT while being
much faster than the other low-rank methods for various
targeted rank values r. We also show that our method is able
to approximate arbitrarily well the OT and so faster than the
Sinkhorn algorithm thanks to the low-rank constraints. We
compare the methods in the same setting but we increase the
dimensionality of the problems considered and we observe
similar results. See Appendix G for more details.

Remark 4. Adding an entropic regularization in our ob-
Jjective allows to stabilize the MD scheme and therefore
obtain faster convergence. Indeed if € > 0, then the num-
ber of iterations required to solve each iteration of the MD
scheme (10) by Algorithm (2) is monitored by € given a cer-
tain precision § while in the case where € = 0, the number
of iterations required for Algorithm 2 to reach the precision
0 increases as the number of iterations in the MD scheme
increases.

Comparison of the Couplings Seeking to take a deeper
look at the phenomenon highlighted in Fig. 1, we study
differences in the regularization paths of LOT and Sin. We
consider distributions supported on graphs of n = 1000
nodes, endowed with the shortest path distance (Bondy et al.,
1976). We consider LOT with no entropic regularization
(i.e. ¢ = 0in Eq. (9)) against Sin for various pairs of regu-
larizers. Results are displayed in Fig. 5, where the discrete

path of regularizations parameterized by the rank  of LOT
is compared with that obtained by Sin when varying €. The
gaps in couplings (in ¢1) between the two methods are dis-
played. Both methods are able to approximate arbitrarily
well the OT but offer two different paths to interpolate from
the independent coupling ab” of rank 1 to the optimal one.
More precisely, we see that the range of ¢ for which the
entropic OT provides an efficient approximation of the true
coupling is very localized, while the rank r needed for LOT
to obtain such approximation is wider. Moreover, we see
that the decay of the ratio of LOT with respect to r is faster
than the decay of Sin w.r.t. €.

Remark 5. A comparative advantage of using the low-rank
parameterization of OT over the Sinkhorn approach lies
in the simple bounds that r admits, between 1 and n, and
the fact that r encodes directly, through an integer, a direct
property of the resulting coupling. In that sense, the same
value r can be used across experiments that compare mea-
sures of various sizes and supports. By contrast, selecting a
suitable regularization strength ¢ in the Sinkhorn algorithm
is usually challenging, as the parameter is continuous and
its magnitude depends directly on the cost matrix values,
making a common choice across experiments difficult.

Real World Application In Figure 6 we consider the
single-cell trajectory inference problem (Schiebinger et al.,
2019) where the goal is to infer the ancestors of some spe-
cific cells (iPSCs) from temporal snapshots sampled several
times a day for a period of 18 days. We apply the exact
same pre-processing suggested by (Schiebinger et al., 2019),
and we obtain that our proposed method is able to recover a
similar path as the one obtained by the Sinkhorn algorithm.

4.2. On the non-convexity of LOT

As our problem (6) is non-convex, we investigate the effect
of the initialization as well as the choice of the gradient step
« in the proposed MD scheme. In addition, we consider a
specific situation where the optimal coupling solution of (1)
admits a nonnegative low-rank to see if our method is able
to recover the global minimum in such situation. In the
following experiments we set ¢ = 0 and the lower bound on
gtoa=1072,

15 — r=50,y=1
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— sty -1 tio on the same experi-
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Figure 4. Here we consider two Gaussian mixture densities sampled with n = m = 10000 points in 2D (See Appendix G for more
details). The ground cost is the Euclidean distance. As this cost is a distance, we can apply our linear version of the algorithm and we
denote LOT Quad to refer to its quadratic counterpart. We see that LOT and LOT Quad provide similar results while LOT is faster. All
kernel-based methods (Nys, RF) fail to converge in this setting. As in Fig. 3, we see that our method is able to approximate faster than

Sin the true OT thanks to the low-rank constraint.
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Sinkhorn: &
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Figure 5. We illustrate in this plot the gaps between the couplings
reached by Sin and LOT for varying regularization strengths. Mea-
sures were sampled on a complete graph obtained by sampling
2n = 2000 points from a 2-D standard normal distribution, the
edge weights set to their squared Euclidean distances. The supports
are obtained by randomly splitting the nodes of the graphs into two
subsets of same size. We vary the entropic regularization € and
the nonnegative rank . We consider ¢ in log-scale ranging from
0.001 to 1 and r ranging from 1 to 1000, represented as a fraction
of n. The blue (resp. red) curve stands for Sin (resp. LOT). We
plot the ¢; distance between their respective couplings.

Sinkhorn, e=5

A I

LOT, y=0.2

FLE2
FLE2

'FLEL”

Figure 6. Here we compare the paths recovered by both the
Sinkhorn algorithm with & = 5, and our method with v = 1/ and
r500. Each sub-optimal transport problem between two temporal
snapchots contains n ~ 5000 cells.

enough, our method is able to find the optimal solution of
the true OT problem (1).

Effect of the Initialization In
Figure 8 we plot the ratios to LP
solution of LOT costs, with 50 ran-
dom initializations (Gaussian en-
tries for @, R, rescaled to have
left/right marginals a and b). We
show that our method is robust to
the choice of the initialization. We
also design an OT problem where
the ground truth OT solution of Eq. (1) has low nonnegative
rank. Indeed, by fixing 21,...,2. € R anchors and by
defining the cost ¢(x, y) = minger, ., ||z — 2zx|| + |26 — vl
we show that the true optimal coupling has a low nonnega-
tive rank 7. Our algorithm recovers consistently the OT cou-
pling for multiple random initializations. See Appendix H
for more details.

1.00 1.08 116
Ratio

Figure 8. Same
setting as in Figure 7.

Conclusion We proposed a new approach to regularize
the OT problem by restricting solutions to have a small
non-negative rank. Our algorithm leverages both low-rank
constraints and entropic smoothing. Our method can lever-
age the factorization of the ground cost (and not that of the
kernel usually associated to Sinkhorn) to propose a linear
time complexity alternative to solve OT problems.
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