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1. Proof of NP-Hardness of the offline problem

Here we adopt the similar idea in (Cella & Cesa-Bianchi, 2020) to give a proof of NP-Hardness of the offline problem, even
if we confine ourselves to find a long-run optimal policy within the class of purely periodic policies.

Proof.

Our proof relies on a reduction from the Periodic Maintenance Scheduling Problem (PMSP) to our problem. In PMSP, we
are given n machines for service, and n positive integers ¢1, - - - , £, such that -7 | 1/¢; < 1. We call {¢;};[n is feasible,
if there exists a schedule such that the consecutive service times of each machine ¢ are exactly ¢; times apart, and meanwhile
in each time period at most 1 machine is in service. The question is to examine whether {/; };c[n7 is feasible. Bar-Noy et al.
(2002) showed that PMSP is NP-complete.

Given an instance of PMSP with /1, - - - , £,,, we prove that {/; };cn is feasible if and only if there exists a 1-PPP such that
its long-run average reward is Ziem 1/¢;. Welet N =n, K =1, and

0, ifd <{;,

Ri(d) = {1, ifd>¢;.

On one hand, if this instance of PMSP is feasible, then we can directly apply the corresponding schedule to pull arms,
yielding a long-run average reward

SR /ti= Y 1/t

i€[N] i€[N]

Moreover, this schedule is purely periodic.
On the other hand, suppose we can find a purely periodic schedule of arms pulling such that the long-run average reward is
no less than ) _, €[] 1/¢;. Note that the long-run average reward of pulling an arm 4 is upper bounded by

Ri(d)/d < 1/; (Vd > 1),

and the equality holds iff d = ¢;. Therefore, we must pull arm ¢ every ¢; times eventually, or the average reward within one
period is strictly less than 1/¢;. This means that the instance is feasible.

2. Proofs of Lemmas and Theorems

Proof of Lemma 1.
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Let F%(x) be the value of the following problem.

J
1 CC
max T ; R (s; —sj—1) (1)

st. J<ax-T,
O=s50<s1 < - <s;<T.
Intuitively, F;%(z) is the optimal average reward of 7 under { {°(d)}, given that we pull arm 7 no more than z - 7' times.
Then we can see that F{%.(z) > F; r(z) (Vi € [N],T > 1,2 € [0,1]).

Claim 1. Fix i € [N], T > 1 and z € [0, 1], then there exists an optimal solution to (1) such that s; = T and {s; — s;_1}
can take at most two different values.

Apparently, under Assumption 1, the objective value will never decrease if we let s; = T'. Thus, we can always assume
sy =T For simplicity, we write ds; £ sj — s;—1. For any feasible solution {s;} and J of (1), we define

dist({s;}7_) = > l|ds; —ds;| - 1{|ds; — ds;| > 1}.

1<i,j<J

Let {s;‘ 3]:1 be an optimal solution such that dist ({s;‘ 3]:1) attains the minimum among all optimal solutions. This is
attainable since the number of feasible solutions to (1) is finite, and as a result, there always exists an optimal solution
and the number of optimal solutions is finite. Suppose dist ({s}}7_,) > 0, then we choose j; = argmin; {ds}} and

j=1
J2 = argmax; {ds;“} Without loss of generality, we assume j; < jo. Then ds}, — ds}, > 2. We define a new set {s} as
follows.

S/- _ 5;+1a lfjl §j<j2a
J ST, else.
Note that s'; = s% = T Then
ds}, =ds; +1<dsj, —1=ds),
dsy = ds3, Vi # jr.Ja.
By our choice of j; and j; ,we have
|ds;-k - ds;-‘ 1 {|als;A - ds}‘ >1} < |ds;fk - dsﬂ 1 {’ds;‘k - dsﬂ >1}, Vke{1,2},
|d892 - dS;d’ 1 {’d‘g;‘z B dS;l‘ > 1} < |d8;2 - d8;1 = ’ds;ké - dsjl} 1 {|d8;2 - ds;l > 1}'

Thus dist ({s; 3-’:1) < dist ({s;k 3—’:1). However, since { R°(d)} is concave, we have
Ri*(ds}) + R{°(ds},) — Ri*(ds},) — Ri*(dsj,)
= (R{(ds),) — R{*(ds), — 1)) — (R{*(ds},) — R{(dsj, — 1)) > 0.

This means either {5;F }3—’;1 is not optimal, or it does not have the minimum dist value. A contradiction. Therefore,
. J* _ . . . .
dist ({s;‘ j:l) = 0, indicating {ds} } must take at most two different values.

Cli(lir)n 2. Letz = aﬁ—i—(l—a)é,whered €Z4,d> dgl), and a € (0, 1]. Then F{%(x) < a%—i—(l—a)@ =
Fi xZ).

From Claim 1, 3d’ € Z, an optimal scheduling of (1) satisfies s; — s;_1 € {d’,d’ + 1}. Then we have
T<(d+1)J<(d+1)2T < (d+1)T/d,
which indicates d’ > d. Suppose in the optimal scheduling,

a=#{jeJ]:s;—sj1=d},
b:#{jG[J]ZSj—ijlzd/—‘rl}.
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Then
a+b<z-T, ad +bd +1)=T.
Since { R$°(d) }a>0 is concave, we have R°(d)/d is non-increasing. If d’ > d + 1, then we have

a b ad Re(d)  b(d + 1) RE(d +1)
F‘ — _ ¢ ! _ pcc ! 1 _ = 7 7
_REd4D) | REd+)

R(d)
=T d+1 S Y At d

+(1-a)
If d’ = d, then

T=ad+bld+1)<(d+1)zT — a,
which means % <1 — o. We thus have

b . d R (d b(d+1)R¢(d+1
Firla) = SRE(@) + LR +1) = 900D | WAL T )

T d T d+1
ad R$°(d) ad\ R*(d+1) R(d+1) R¢°(d)
_ 22t \Y 1— = ) < ) 1— )
T d +( T) it1 =% ayr TU-aTg
since Ri;(d) > R:;(_‘ﬁl)
We are left to show that QR:;(_‘ZTI) +(1-a) R:;(d) = F;(z), which means osz;_ﬁrl) +(1- oz)w can be achieved in

an asymptotic sense. Let k£ > 1 such that dgk) <d<d+1< d§k+1). Then

Rif(d+1) R (d)
o e
E)y dFTD Z(da1 k4+1)y (d+1)—d® k) d*TY_g k1 d—d®
Ree(d ))7;@“)—((1%)) + Re(d ))7;Ek+l)>_df(_k> ) Ree(d! >)7d(kl+1)_d<k) + Ree(alct >)7dgk+1>id<k>
=« ) +(1-a) 7
(k+1) (k)
yooxd®HD ki1), 1—xd
= RE(d) - + R s
d§k+l) _ dgk) d£k+1) _dgk)
a1 k. 1—azd®
) T L ey Ll
d§k+l) _dl(k) d§k+1) _dl(k)
We solve

a+b=xz-T, ad® +bd*™ =T

dF Ve T—d® 2T
and get a = W and b = W Then

o)+ [b) <2 T, [a)d® + [bJd") <.
‘We have

la)Ri(d") | [b]Ri(d{")

. . 5 > . 1
lim H%f F,r(x) > hjrp T + T
(k+1) (k)
I O el SN (SN ek
= Ri(d; )dng) — + Ri(d; )d§k+1) o
_ RE(d+1) R (d)
o=y -
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1)
Claim 3. Let 7 > . Then F, r(x) < ™ (ﬁ) ) = Fy().

We can see from the definition of dl(-l) that
Fir(z) <

On the other hand, if we let s; = j - dl(-l), then

|7/d" |
7 R

liminf F; p(x) > lim
T T

Proof of Lemma 2.

We first prove the claim that (2) is an upper bound on the original problem. For any schedule within a finite time horizon 7T,
let

= #{t € [T] : i is pulled at time period ¢t} /T € [0, 1].

Then }_, ¢y i < K always hold. Further, the reward collected from arm i is no less than F; r(z;) < F;(x;), by our
definition of F; r(xz;) and Lemma 1. Thus, the total reward collected is no less than

> Fi(wi).

1€E[N]

Now we prove the remaining part. Suppose {x}} is a feasible solution of (2). Then making z} < min {z},1/d; 1} does
not decrease the objective value. If more than one components are not of the form {1/ dl(-k)} U {0}, then we can assume
xj € (1/(diy ji+1),1/ds, 5, ) and 2}, € (1/(diy jy41),1/ds, j,), Where iy # ip. From Lemma 1, F;, (k € {1,2}) is linear
on [1/(di, ju+1),1/ds, j,.], so we can move x;, larger (smaller) and x;, smaller (larger) by the same distance until one of
them reach an endpoint. The objective value will not decrease for at least one direction, and meanwhile this will not violate
the hard constraint, but strictly decrease the number of i € [N] that z} ¢ {1/ dl(-k)} U {0} in the feasible solution. We can
thus repeat the procedure above until the solutions is transformed into the property stated in Lemma 2. In fact, the procedure
takes at most O(N) time to transform any feasible solution into the form we want.

O
Proof of Lemma 3.

When 1/z} € {dl(-k)}kzl, we have
Ri(d;)/d;  Ri(d;)/d; Ri(d;)/d; St

Fy(z;) — RE(Vap)ap  Ri(l/af)a; — dia}’

? ?

where the first equality holds from Lemma 1, and the inequality holds from Assumption 1. We notice that

{1, a-1}{J{ax2 (a+1)x2 -+ (2a—1) x 2° C Dld]

}Z>O

because any positive integer number no less than 2a can be written as a positive odd number (less than 2a) times a power of
2.Nowif1/z} <2a—1,thend = 1/z}. If 1/x} > 2a, then

b+1 1
d; < sup + c1/xf < a—i—* )
a<b<2a b axl-

Thus, dl% Z GLH.
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Proof of Lemma 4.

Part 1. Without loss of generality, we assume that the sum of frequencies is strictly larger than 1 (otherwise we simply
choose Z;, = Z;). For each 1 < k < |Z;, we write d;, = (2j — 1) x 2%x. Since the sum of frequencies is no less than 1,
there exists some 1 < m < |Z;| such that

m m—+1

S o1/di, <1< 1/d;,.
k=1

k=1

We will prove in the following that

i 1/d;, = 1.

k=1

In fact, we have
di, =1 <di, —di, [di, ., <Y di, [dip =) 2~ € 7y,
k=1 k=1

which indicates that

m
L <D di, /diy.
k=1

d;

™

This is what we desire. Apparently, we can find m by adding d;, one by one and compare each sum with 1. Moreover, once
the sum reaches 1 (our proof above guarantees this), we can make the former m products into a group, and restart from
product %,,,11. The total time complexity is O(|Z;]).

Part 2. We begin with j = 1. We write d;, = 2%, and let £ = max;ez, {;. We use induction method to prove that after
sorting, we can specify a 1-PPP in O(|Z|logd; , |) time. When £ = 0, there is only one product in Z; with frequency 1.
Let ¢;, = 0. The result is correct.

Suppose for ¢ the result is correct. Now consider the case for £ + 1. Then ¢;;, > 1 and

> 1/(dif2) < 2.

€1y

If > ez, 1/(di/2) < 1, then by induction, we can specify a 1-PPP in O <|Il| log (dim\ / 2)) time. We project the offering
time by ¢ — 2t¢. The total time complexity is

O (|Il|log (dmm)) LOo(T) =0 (\Iﬂlogdi‘zl‘) .

If >z, 1/(di/2) > 1, then applying the proof of Part 1, we can split Z; into two parts Z1 and Zy2 in O(|Z;|) time such
that

> 1/(di/2) <1, Vke{1,2}.

1€
By induction, we can specify a feasible 1-PPP for Z;; and Z;5. The time complexity for this procedure is
O ([Zusllog (dis, /2) ) + O (1Tuallog (diyr, /2) ) = © (ITil 0g (dir, /2) ) -

Now we project the offering time by ¢ — 2¢ — 1 for products in Z1; and ¢ — 2t for products in Z;15. This fulfills our
requirement. The total time complexity is

o <|I1|10g (di‘zll/Q)) LO(L) =0 (\zl|1ogdm) .



Dynamic Planning and Learning under Recovering Rewards — Supplementary Material

We continue on general cases. When j > 1, we notice that

Y o1(di/(2j - 1) <25 - 1.

i€

By Part 1, we can split Z; into at most 2j — 1 disjoint sets such that Z; = | J, Z;, such that

> 1/(di/(2j-1)) <1, Vs

1€,

By our proof for j = 1 above, we can specify a feasible 1-PPP for Z; (Vs). We project the offering time by ¢t —
(2§ — 1)(t — 1) + s for products in Z;_. This completes the construction. The total time complexity is

(1)) + > 0 (1. 1og (diz, /25 = 1)) ) = 0 (1T 10g ) -

Proof of Theorem 1.

For each selected product i € [N], it is offered at time ¢; + kd; (k > 1) until . Thus, the number of time it is offered is
lower bounded by

The total reward of ¢ throughout the whole time horizon is lower bounded by
(T/d; —2) - R(d;) = Ri(d;)/d; - T —2- R(d;).

Therefore, the total reward obtained is lower bounded by

> F(1/d)-T-2 Y R(d)

% is selected % is selected

— Ziisseecte Fﬁ(l/dl)
B IR

> i - UB[N, K]-T — O(N).

Proof of Lemma 5.

Let {}} be an optimal solution of (2). From Lemma 2, we can assume that at most 1 of its non-zero components x;
is not in {1/d§k)}k21. We round z} to 7; = min {y >xp 1y e {d,gk)}kzl}. We apply Step 1 in Section 3.2 to
{x} }izi, U {7, } and obtain {1/d;} such that d; € D|a]. Define {x; j 4} as follows,

Tij,d = 1 {d = dz} .

Then {z; ; q} satisfies the constraints of (4), which means it is a feasible solution. Thus, the optimal objective value of (4) is
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lower bounded by

Z Z Ri’j(d)xi,j,d/d

1€[N] deDy|a]

> > Ri(dy)/d;
i€[N],di€Dyla]
> Bld)/di— Y Ri(d)/d
i€[N] i€[N],d;¢Dy|a]
a a Ry,
> F * e o) e N max
= Z 1 1(%‘1)4— a+1 1(1‘“)) ¢/2

1€[N],i#i0 a+t

2N Rinax
>y a Fi(gﬁ)_ﬁ

ie[N]a+1 d)
a 2N Rax
= UB|N,K| — ——
a+1 [N, K] o

where the third inequality follows from Lemma 3.

Proof of Lemma 6. Consider the following more general problem.

Hl;lX Z Z’I’LSI’LS (2)

1€[N] s€S

S.t. Z Zwi,sxi,s < K/,
i€[N] s€S
> wi. <1, Vie[N],
seS

x5 € {0,1}, Vie[N],VseS.

We first assume that r; € Z4 U {0}, then we let v(n, r) be the value of following problem.

mzll'l § § Wi, sTi,s

i€[n] s€ES

s.t. Z Zri,sxi,s =,
i€[n] s€S
me <1, Vie]ln],
seS

z;s € {0,1}, Vie[n],VseS.
If the problem is infeasible, we let v(n, ) = 400, then we have the following recurrence formula:

v(nr) = min {v(n—1,1),wns +0(n =1 —ras)}.

‘We also have the initial conditions:

_ wl,sa lf’r - 7"173, J—
v(l,r) = {Jroo, else, v(n,0) =0, Vne|[N].

Let mmax = max; s T s, then the largest possible r is N7pax. Thus, v(n, ) can be computed within O (N 2rmax|S |) time.
The maximal reward for (2) is then computed by iterating through {v(n, ) }.e[N],r< Nrp.. SUch that v(n,r) < K’ while r
is maximized. Finding the optimal solution requires tracing back v(n, r) to the initial conditions, which consumes O(N|S])
time. Thus, the total time complexity is O (N?7ryax|S]).
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Nri’SJ

For the general case, we define 7; , = LET
max

. We compute (2) with {r; ;} replaced by {; ;}. Then since

N ~
—Ti,s —Tis 1

O < €Tmax
— N

< €
—_ . — )
Tis Nri s

€Tmax 7’ €ETmax

Vi€ [N],s €S,

The solution we compute is a (1 — €)-optimal solution of (2). As a final step, we substitute S with Dy [a], and the computation

time is
N i.s N3 1 10}
@ (AQmax{ i J |Z:¢[a]|) =0 (a 082 > .

.8 €Tmax €

Proof of Theorem 2.

For completeness, we restate some definitions. Let n; ;(d) be the number of samples we have collected for R;(d) from
the beginning of the whole time horizon to the end of phase j. Here we let n; o(d) = 0 forall i € [N] and d € Z. At the
beginning, we have a natural upper bound R;(d) < Rpax. Let

nij—1(d) He
. 2 Ri(d)
Rij-1(d) = 46;11, )
]

be the empirical mean of R;(d) calculated by the samples collected prior to phase j. Here, Rf(d) is the /th sampled reward
we collected when we offer product 4 d time periods after we offered it last time. The upper bound R; ;(d) is then computed
by

. ) 2log(KT)
iio1(d max N
mm{R,] 1(d) + R \/max{m,j—l(d)vl} . }

Let G be the “good event” that Vi € [N], all phases j and all d € Dy|a, the following holds:

‘ = 21og(KT)
|R2(d) - Rz,Jfl(d)’ < Rmax\/nlgLX {ni,j—l(d)7 1} . (3)

Since Vi € [N], after each phase, we update the estimation of at most one element in { R;(d) } 4ep, [a)> and so by Hoeffding’s
inequality,

P(G°) <N - ’VZ;-‘ -2exp (=2 - 2log(KT))

2T 4N

<N- e -2exp (—4log(KT)) < GKT?

Thus, the total loss incurred when G€ occurs is bounded by
4N NRmax

) maxKT = .

RT3 © ( 17 >
Next, we consider the situation when G holds. Then we have

- 210og(KT)

R; ;(d) > Ri(d) > R; j(d) — 2Rmax\/max {nij-1(d), 1}
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because of (3) and R;(d) < Rmax. For brevity, we write yx . = i (1 — €). The reward obtained at a given phase j is
¢ Ri(di;)/dij — O(N Ruax)
N
= ¢7K,6UB[N7 K] - (b <,YK,€UB[N7 K] - Z Rz(dz,j)/dz,]> - O(NRmaX)
i=1

> ¢y LUB[N, K| — ¢Z (Rij(dig) /iy = Rildi3)/di5) = 2N Rinae — O(N Rina)

> ¢k UB[N, K] — ¢’Z@ Rinax/10g(KT)
Z]\/max{nl] 1(

where the first inequality is from (5). Summing over all phases, we can derive that the reward obtained under G is lower
bounded by

— O(N Runax),
" 1}) ( )

N
Ty UBIN, K] — ZZO< ¢ Runax /108(KT) >_O(NRmaxT>

dij/max {n;;j1(di;), 1} ¢

N
— T’}/K’EUB[N, K] — Z Z O ( ¢Rmaxm ) _o (W)

T aepita) jdirea \dijv/max{ni;1(di;), 1} ¢

=1 3

Note that for all j such that d; ; = d, we can list in the increasing order {jo, j1,j2,- - - } (jo = 0), and we have

i j—1(d) = ni g, (d) = n4 5, ,—1(d) + ﬁﬂ —1>n;j, ,-1(d) + 3% > ?%, Ve > 2.
Thus, we have
d\/max{niz = d\/m(i . <34/ j,—1(d),
and
¢ < gMige=1(d) — Mije1-1(d) < 6 TMde 1(d) — ni g, -1(d)
dy/max{n; j,_1(d), 1} ~ ni j,—1(d) \/nm[ 1(d) + /16, —1(d)

Then we have

¢
@)
jw%':— (Zj\/max{n” 1(di ;) 1}>
= O
Z (d\/max{nlﬂ 1( 71})
¢ ¢
Z d\/max{mgﬁ 1( 1}) + <d\/max{ni,jg1(d) >+ez>; (d\/maX{ni’jzl(d%l})

(=1 (
Jro (i) - o (Feiasetta)
)

>3
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where n;(d) is the number of samples we collected for R;(d) throughout the whole time horizon. Combined with the loss
incurred under G¢, the overall reward can be further bounded by

T VBV K] -3 3 ZO< @R /1og(KT) >_@<NRmaxT)

=1 deD(b o drged \i vmax {n; j_1(d;;), 1} ¢

> Tk .UBIN, K] — mxz 3 0<¢VlogKT + 1ogKT> (W>

i=1 deDyla"] ¢

> Tk ,UB[N, K] — RpaxO (d)Nlog(K +1)y/1og(KT) + \/NTK log ¢ log(KT) + ]\;T) ,

where in the last inequality we use

1 1 2
- < - <> —=0(log(K +1)),
d d a
d€Dy[a*] a=1deD, a=1
and
N N N
Yoo Vm@< D> Y mld) > >
i=1 deDy[a*] i=1 dE€Dy[a*] i=1 dE€Dy[a*]
< /KT - N |Dg[a*]| = O (\/NTK%’ 1og¢) :
With ¢ = © ( m) and e = © (T_%), the total reward is lower bounded by
Ty UB[N, K] — O (max{N, N#K ) Rpax/Tlog(K + 1) longog(KT)> ,
since
TeUBIN, K] = O (€T - K Ryax) = O <KRmax\/T) -0 (max{N, N%K%}Rmaxﬁ) .
O
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