Appendix
Sequential Domain Adaptation
by Synthesizing Distributionally Robust Experts

A. Appendix
A.1. Proofs of Section 4

Proof of Proposition 4.1. Note that optimization problem (3) constitutes an unbounded convex optimization problem when
1) is the Kullback-Leibler-type divergence of Definition 3.1. Let (1, X) = AD((11, %) || (fis, Xs)) + (1 = A)D((1, 2) ||
(fiT, X)), then, the first order optimality condition reads

V,9(1 %) = 2355 (1 — fis) + 2(1 = NE7" (1 — fir) = 0,
Veg(i,B) = A55 = AS ™ 4 (1 - NS — (1 - A%~ =0.

One can then show (i, 5 ) provided in statement of Proposition 4.1 solves the system of equalities above. O

Below we prove Proposition 4.2. In the proof of Proposition 4.2 and its auxiliary lemmas, Lemma A.1 and Lemma A.2, we
omit the subscripts A and p to avoid clutter.

-~

Lemma A.1 (Dual problem). Fix (1i,%) € R x St and p > 0. For any symmetric matrix H € SP, the optimization
problem
sup Tr [H(Z + pp')]
7>
s.t. Tr[SX71] —logdet(SE ) —p+ (p—0) 'S Hpu—1) <p (A.la)
=0

admits the dual formulation

SIS

/%) (A.1b)

inf k(p— ﬂTi_lﬁ) + RZﬂTi_l[/@i_l — H]_li_lﬂ — rklogdet(I — S:HS
s.t. k>0, kX1~ H.

Proof of Lemma A.1. For any p € RP? such that (u — ﬁ)TEA]_l(u — [i) < p, denote the set S, as
S, 2 {2 €S, i Tr [E571] —logdet ™ < pu},

where p,, € R is defined as p, = p+p—logdet . (1w — ﬁ)Ti_l (1 — 2). Using these auxiliary notations, problem (A.1a)
can be re-expressed as a nested program of the form

sup p' Hp+ sup Tr [HZ]
p TEeS,

st (p—n)"E"(u—p) <p,

where we emphasize that the constraint on 4 is redundant, but it is added to ensure the feasibility of the inner supremum over
> for every feasible value of i of the outer problem. We novxi proceed to reformulate the supremum subproblem over .



Assume momentarily that H # 0 and that y satisfies (p — ﬁ)Tifl(u — i) < p. In this case, one can verify that Sisa
Slater point of the convex set S,,. Using a duality argument, we find

sup Tr [HZ} = sup 1nf Tr [HZ] + (b(pu Tr [i—lz] + log det E)
YeS, $-0¢

:di)gfo {Cbpu + gli]% {Tr [(H — (;SEA]_l)E] + ¢log det E}} ,

where the last equality follows from strong duality (Bertsekas, 2009, Proposition 5.3.1). If H — ¢§ A0, then the inner
supremum problem becomes unbounded. To see this, let 0 € R, be the maximum eigenvalue of H — ¢Z with the
corresponding eigenvector v, then the sequence (X, )ren With 35, = I + kvv " attains the asymptotic maximum objective
value of 4-oc0. If H — (bi_l =< 0 then the inner supremum problem admits the unique optimal solution

S () = (¢St — H) 7Y, (A2)

which is obtained by solving the first-order optimality condition. By placing this optimal solution into the objective function
and arranging terms, we have

swp Tr[HS] = inf  ¢(p— (0= 1) S (10— 7)) - dlogdet(I - STHE/9). (A3)
2es, o>

© ¢S H

We now argue that the above equality also holds when p is chosen such that (u — ﬁ)Ti’l (1 — @) = p. In this case, S,

collapses into a singleton {i}, and the left-hand side supremum problem attains the value Tr [H i] . The right-hand side
infimum problem becomes

inf  — ¢logdet(I - STHS?/¢).
oS 1w H
One can show using the I’Hopital rule that

Jim  — ¢log det( - STHSE/¢) = Tr [HY)],

which implies that the equality holds. Furthermore, when H = 0, the left-hand side of (A.3) evaluates to 0, while the
infimum problem on the right-hand side of (A.3) also attains the optimal value of 0 asymptotically as ¢ decreases to 0. This
implies that (A.3) holds for all H € S? and for any p satisfying (4 — p)TE Y —n) <p.

The above line of argument shows that problem (A.1a) can now be expressed as the following maximin problem

. ~ S— ~ Sl Sl
sup inf " Hpt+o(p— (n—p)" 27 (u— 7)) — plogdet(l — £ HX2 /¢).
p(p—) TS (u-)<p ¢§“1—1>H

For any ¢ > 0 such that gbf]*l > H, the objective function is concave in . For any p, the objective function is convex in ¢.
Furthermore, the feasible set of u is convex and compact, and the feasible set of ¢ is convex. As a consequence, we can
apply Sion’s minimax theorem (Sion, 1958) to interchange the supremum and the infimum operators, and problem (A.1a) is
equivalent to

¢p — ¢logdet(I — iéHié/qb)
inf + sup plHp —¢(p—m) TS (- 7i)
oS- H p(p—p)TE"(u—p)<p
For any ¢ which is feasible for the outer problem, the inner supremum problem is a convex quadratic optimization problem
because (;SE L'~ H. Using a strong duality argument, the value of the inner supremum equals to the value of

iuf {up Wt QRTE i sup 1T (H — (64 )E Y+ 20 + ¢><i—1mm}

v>0 m

=inf vp— (v + QA ST I+ (v + )’ (S (6 + 1S - HTHETR),



where the equality follows from the fact that the unique optimal solution in the variable p is given by

~

(6 +)[(p+1)E ' — H'S 3. (A4)

By combining two layers of infimum problem and using a change of variables x < ¢ + v, problem (A.la) can now be
written as

{ inf w(p— TS0+ R2ETE RS — H]T'S 10— ¢logdet(] — SEHSE /o) As)

s.t. ¢>0, ¢St H, k—¢ > 0.

We now proceed to eliminate the multiplier ¢ from the above problem. To this end, rewrite the above optimization problem

as
inf  k(p—0'S70) 4+ R2ATETHRET — HTIS T4 g(k)
s.t. k>0, kX !> H,

where g(k) is defined for every feasible value of « as

inf —¢logdet(I — S2HS?
g9(k) = dlog A(,l /9) (A.6)
s.t. >0, ¢X7 = H, ¢ < k.
Let go(¢) denote the objective function of the above optimization, which is independent of k. Let o1, ..., 0, be the

eigenvalues of $2 H52, we can write the function g directly using the eigenvalues o1, ..., 0, as

go(¢) = —¢Zlog(1 — 0/ 9).

It is easy to verify by basic algebra manipulation that the gradient of gg satisfies

p
IOESS [log ((bi) - qf(r] ip<o,

i=1

which implies that the value of ¢ that solves (A.6) is x, and thus g(rk) = —x logdet(I — SEHS: / k). Substituting ¢ by K
in problem (A.5) leads to the desired claim. O

~

Lemma A.2 (Optimal solution attaining f(3)). Forany (ii,X) € R? x S |, p € Ry, and w € RP, f(B) equals to the
optimal value of the optimization problem

sup  w' (4 pp"w
w270 N N R (A.7a)
s.t. Tr [SX7'] —logdet(SX7) —p+ (u—71) 'S (p—1) < p,
which admits the unique optimal solution

=k (ST —ww )T = (A.7b)

with k* > w " Yw being the unique solution of the nonlinear equation

T2 TS S S
po W)W Tw  wiRe (1— o w). (A7¢)
(k—wTlw)? k—w'lw

Moreover, we have k* < wTiw(l +2p+ /1 +4p(wT1)?)/(2p).
Proof of Lemma A.2. First, note that

J(8) = supBq (87X ~¥)?] = sup Bo [w™e€Tw] = sup wT (84T w,
QeB QeB (1,2)€eu



which, by the definition of U and definition (3.2), equals to the optimal value of problem (A.7a).

From the duality result in Lemma A.1, problem (A.7a) is equivalent to

inf  k(p—1ATS0) + (kE10) T[S — ww T HkE1) — klogdet(] — Szww TS /k)
s.t. k>0, kX7 > ww'.

Applying Bernstein (2009, Fact 2.16.3), we have the equalities
det(I — iéww—ri%/m) =1-—w Sw/k
S —ww ) =51 4 k2 (1- wTiw/ﬁ)fliwai,
and thus by some algebraic manipulations we can rewrite
~ mw @ S
£(8) = inf  kp+ = klog (1 —w'Sw/k) (A8)
st k>w! Sw.
Let fo be the objective function of the above optimization problem. The gradient of f satisfies

(wTﬁ)sziw w' Sw

(k—wTSw)? k—wlSw

wTiw)

Violk)=p— ~log (1~

K

By the above expression of V f(k) and the strict convexity of fy(x), the value x* that solves (A.7c¢) is also the unique
minimizer of (A.8). In other words, fo(k) = f(3).

We now proceed to show that (u*, ©*) defined as in (A.7b) is feasible and optimal. First, we prove feasibility of (u*, ¥*).
By direct computation,

N . . N AT N2 Ti

G — ) TS — ) = TSIy - DS (Sl -y = W) Sw (A.92)
(k* —wTXw)?
Moreover, because *S 1 = T + (k* — w! Sw) " 'Sww?, we have

e

N N N . 5
Tr [2*E71] —logdet(Z*S ™) —p = (k% —w ' Sw) 'w ' Sw +log (1 — d . w> (A.9b)

K

Combining (A.9a) and (A.9b), we have

Tr [Z*i_l] — log det(Z*i_l) —p+ (p = ﬁ)Ti_l(,u* —n) =p,
where the first equality follows from the definition of D, and the second equality follows from the fact that x* solves (A.7c¢).
This shows the feasibility of (u*, 3X*).

Next, we prove the optimality of (p*, 3*). Through a tedious computation, one can show that

w (S + (@) () Dw = w" (5 + ST AET SIS w

S AL L T T Lo B U DT
k* —wT Yw K —wT Yw (k* — wTXw)?
B AT Sw (/@*)Q(fﬁw)z
ke —wTSw (8 —wT Sw)?
B *wT Sw ATw)2w Sw (AT w)?
B —wTSw  (k*—wTSw)?  k*—w Sw
wT Sw K*(0 T w)?

=" p — wlog (1= ) 4 S () = £(8),



where the antepenultimate equality follows from the fact that x* solves (A.7c), and the last equality holds because x* is the
minimizer of (A.8). Therefore, (u*, >*) is optimal to problem (A.7a). The uniqueness of (u*, ¥*) now follows from the
unique solution of 3 and p with respect to the dual variables from (A.2) and (A.4), respectively.

It now remains to show the upper bound on x*. Towards that end, we note that for any x > wTiw,

(k* —wTSw)?  k*—wl Sw

0=p— = — — —log (1 —
g (k* —wT2w)?  k*—w Sw

(wTﬁ)2waDw wTSw ( waJw) N (wTﬁ)sziw wTSw
p—
Solving the above quadratic inequality in the variable x* — wT Sw yields the desired bound. This completes the proof. [

We are now ready to prove Proposition 4.2.

Proof of Proposition 4.2. The convexity of f follows immediately by noting that it is the pointwise supremum of the family
of convex functions Eg[(8T X — Y)?] parametrized by Q.

To prove the continuously differentiability and the formula for the gradient, recall the expression (A.8) for the function f(3):

H’LUTA2 ~
£(8) = inf /@erﬁfnlog(lfwTEw/n) (A.10)
st Kk>w! Sw.

Problem (A.10) has only one constraint. Therefore, LICQ (hence MFCQ) always holds, which implies that the Lagrange
multiplier (g of problem (A.10) is unique for any 3. Also, it is easy to see that the constraint of problem (A.10) is never
binding. So, (g = 0 for any 5. The Lagrangian function Lg : R x R — R is given by

LB(va) = p"i—i_ w2l - HlOg (]— - ﬂ) + C(wl - 5)7
— W1

K K

where w; = w' Sw and wy = (w 7i)2. The first derivative with respect to & is

(wl%,log(lfﬂ), w1 —C.
K—wi) K K —w

dLg
dk

(’@C):p*

The second derivative with respect to « is

d2Lg
dr?

w1 ( w1 )
= —F72 —(k — .
(5, ¢) (r =) wa + - (K —w1)
From the proof of Lemma A.2, we have that the minimizer g of problem (A.10) is precisely the x* defined by equa-
tion (A.7c) (below we write g instead of x* to emphasize and keep track of the dependence on 3). Therefore, for any /3,
the minimizer x4 exists and is unique. So, there exists some constant 1g > 0 such that

d3L
Wf(f%%) =1 > 0.

Therefore, for any (3, the strong second order condition at k3 holds (see Still (2018, Definition 6.2)). By Still (2018, Theorem
6.7),

Vf(ﬁ) = VBLB(KB, CB) = V,@LB(KLB, 0) VB e R (A.11)
Then we compute

-~

T2 TZ R
M — klog (1 v - w) —|—C(wTZw—/€)]

vaﬁ(Ka C) = vw

K—w' Yw
2 = 2 R 2 ~ ~
= ! S 2w+ n uuTw—i—iﬁZw—i—%Ew.
(k —w1) (k —w1) (k —w1)



Hence,

T

d
VsLs(k,¢) = % VLK, C) = [I2 04 Vo L (k. C),

which, when combined with (A.11), yields the desired gradient formula

2K (wgiw—k (kg —wl)(i—kﬁﬁT)w)
ViB) =

1:d

(kg —w1)?

By Still (2018, Theorem 6.5), the function 3 +— kg is locally Lipschitz continuous, i.e., for any 8 € R4, there exists
cs, € > 0such that if |3’ — S|, < eg, then

kg — kgl < cgllB = Blly -

Note that w; and ws are both locally Lipschitz continuous in 3. Also, it is easy to see that kg > wy for any 3. Thus, V f (8)
is locally Lipschitz continuous in 3. O

Proof of 4.3. Noting that problem (3) is the barycenter problem between two Gaussian distributions with respect to the
Wasserstein distance, the proof then directly follows from Agueh & Carlier (2011, §6.2) and McCann (1997, Example 1.7).

O
Proof of Proposition 4.4. Again we omit the subscripts A and p. Reminding that £ = (X,Y"), we find
sup Eg[(87 X — Y)?] = sup Eg[(w'¢)?]
QeB QeB
inf  k(p— ||ﬁH§—Tr[§]) + 2+ Tr[Z]
s.t. keRy, zeRy, ZeSh
B Kl —ww’ k53 (A.12)

_ T n
=0, |:I<LI ,\qﬁw /@',u] =0
KL z

K33 VA

_ ) inf k(p—|lAl3 — Tr [i}) +r20 (kI —ww )7t + k2 Tr [E(HI —ww')™
s.t. K> |lw|3,

where the second equality follows from Kuhn et al. (2019, Lemma 2). By applying Bernstein (2009, Fact 2.16.3), we find
(kI —ww') P =k T+ r72(1— Hw||§//£)_1wa. (A.13)

Combining (A.12) and (A.13), we get

sup Eg[(8' X —Y)?] =

{ inf  kp+rw (S+ A w/(k — [lw]|3)
QeB

st k> w3

One can verify through the first-order optimality condition that the optimal solution £* is

wT (S + i w
R =l | llolls + | =—=—=—=

and by replacing this value «* into the objective function, we find

EE%E@WX V) = (VT (£ +aaT)w + pllwll2)?,

which then completes the proof. O



A.2. Proofs of Section 5
Lemma A.3 (Compactness). For k € {S, T}, the set

Vi ={(1, M) € R x ST, : M — pup” € S8, D((, M — ") || (B, ) < i}
is convex and compact. Furthermore, the set
V£ {(u, M) € R x SE Lt (M — pu') € Ups.pr

is also convex and compact.

Proof of Lemma A.3. For any (j, M) € R? x St | such that M — puu™ € St we find

D (s M = ") || (i )
=(p— i) "S5 (= i) + T (M — pu")E] = logdet(M — pp" ) —p
=i S ik — 20 St T [ME] — log det (M) — log(1 — " M~ p) — p, (A.14)
where in the last expression, we have used the determinant formula (Bernstein, 2009, Fact 2.16.3) to rewrite

det(M — pp") = (1 — " M~ ) det M.

Because M — pu' € S ,, one can show that 1 — w" M~y > 0 by invoking the Schur complement, and as such, the
logarithm term in the last expression is well-defined. Moreover, we can write

(, M) eRP x SE ., M —pup" €Sh, teRy

~

A S e — 200 S e+ T [ME; Y] — log det(ME; 1) —log(1 — 1) —p < p

Vi = (, M) : ”’Ew’“:k b . (AL9)
[NT t} =0

which is a convex set. Notice that by Schur complement, the semidefinite constraint is equivalent to ¢ > ' M~ p.

Next, we show that V}, is compact. Denote by Uy, = {(u, X) € RP x S% : D((p, 2) || (fi, $1)) < pr}. Then, it is easy to
see that V, is the image of Uy, under the continuous mapping (i, ©) + (1, ¥ + pu " ). Therefore, it suffices to prove the
compactness of Uy. Towards that end, we note that

D (1, 2) || (fik k) = (i — 1) S5 (ke — ) + Tr [E5,1] — logdet(S5, 1) — p

is a continuous and coercive function in (p1, ). Thus, as a level set of D((, X) || (Fik, ik)), Uy, is closed and bounded,
and hence compact.

To prove the last claim, by the definitions of V and U, . we write

V={(u, M) €RP x ST : (u, M — pp") € Upg pp}
={(n, M) € R? x Sh + (p, M) € Vs} 0 {(1e, M) € RP x S+ (n, M) € Vo } N {(p, M) € RP x ST, : M = el}.
(A.16)

The convexity of {(u, M) € R? x SE_ ¢ (u, M — pp") € U, ,..} then follows from the convexity of the three sets
in (A.16). Furthermore, from the first part of the proof, we know that both {(p, M) € R? x St : (u, M) € Vg} and
{(p, M) e RP x S¥ | : (u, M) € Vr} are compact sets, so is their intersection. Also, the last set {(y, M) € RP x St :
M = eI} in (A.16) is closed. Since any closed subset of a compact set is again compact, we conclude that V is compact.
This completes the proof.

O



Proof of Theorem 5.2. As £ = (X,Y’), we can rewrite

min  sup Eg[(3T X —Y)?

d
BER? QeB g, pp

i s | _BJTJE@[&W H

d
BER Q€Byg . op

S

d
PER (M)MfﬂuT)GUPsypT

e )

Ber (uanyev [ 1 -1
-
= sup min B M B (A.17a)
(u,M)€eV BER? -1 -1
:( SAI/}I)Z) ) Myy — My My % Mxy, (A.17b)
w,M)e

where (A.17a) follows from the Sion’s minimax theorem, which holds because the objective function is convex in /3, concave
in M, and Lemma A.3. Equation (A.17b) exploits the unique optimal solution in S as g* = M )}ﬁ( Mxy , in which the
matrix inverse is well defined because M > 0 for any feasible M.

Finally, after an application of the Schur complement reformulation to (A.17b), the nonlinear semidefinite program in the
theorem statement follows from representations (A.15) and (A.16). This completes the proof. ]

Proof of Proposition 5.3. It is well-known that the space of probability measures equipped with the type-2 Wasserstein
distance W5 is a geodesic metric space (see Villani (2008, Section 7) for example), meaning that for any two probability
distributions Ny and N7, there exists a constant-speed geodesic curve [0, 1] 3 a — N, satisfying

Wg(Na,Na/) = ‘CL - a'|W2(J\/o,N1) Va,a' S [O, 1].

The claim follows trivially if W (Ns, N1) < \/ps. Therefore, we assume Wa(Ns, N1) > /ps.

Consider the the geodesic NV; from Ny = Ns to N7 = Np. Also, denote by Uy = {(1,X) € R? x SE : D((1, %) ||
(7ik, 3x)) < pi} for k € {S, T}. Then, Us and U has empty intersection if and only if

Wo(Na, Ns) < v/ps = Wa (N, Nt) > /pT Va €0,1],
which is in turn equivalent to

aWa(N1,Ns) < /ps = (1 —a)Wo (N1, Ng) < /pr Va € [0,1].

Picking a = % € (0, 1), then we have

N
(1 - W(NN)) WalNe. As) < Vpr-

The above inequality can be rewritten as

WQ(NTaNS) S \/pis'i_ \/E7

which contradicts with our supposition

pr > (VW((As. B9 1 (. Br) - \/Fs>

Thus, Ug and Ut have a non-empty intersection. O



Proof of Theorem 5.4. As £ = (X,Y’), we can rewrite

min  sup E@[(ﬁTX -Y)?] (A.18a)
PER QeB g oy (P)
PSPT

a3 [

BERT (4, M —pupT)EUpg pry -1 -1
-
= sup min [ﬁl} M [ 61} (A.18b)
(1, M—ppT )€U, pp PERT | B
= sup Myy — Mgy Mxx Mxy, (A.18¢)

(1, M—ppT)EUpg, e

where (A.18b) follows from the Sion’s minimax theorem, which holds because the objective function is convex in /3, concave
in M, and the set U, . is compact (Shafieezadeh-Abadeh et al., 2018, Lemma A.6). Equation (A.18c) exploits the unique
optimal solution in 3 as * = M )?%(M XY, in which the matrix inverse is well-defined because M — puu' > eI for any
feasible M. L]

B. Additional Numerical Results

In the following the details of the datasets used in Section 6 are presented.

Uber&Lyft' has Ng = 5000 instances in the source domain and 5000 available samples in the target domain.

US Births (2018)? has Ng = 5172 samples in the source domain and 4828 available samples in the target domain.
» Life Expectancy’ has Ns = 1407 instances in the source domain and 242 available samples in the target domain.

* House Prices in King County* has N5 = 543 instances in the source domain and 334 available samples in the target
domain.

 California Housing Prices® has Ng = 9034 instances in the source domain, and 6496 available instances in the target
domain.

Figure A.1 demonstrates how the average cumulative loss in (1) grows over time for the US Births (2018), Life Expectancy,
House Prices in KC and California Housing datasets. The results suggest that the IR-WASS and SI-WASS experts perform
favorably over the competitors in that their cumulative loss at each time step is lower than that of most other competitors.

! Available publicly at ht tps: //www.kaggle.com/brllrb/uber-and-lyft-dataset-boston-ma

2 Available publicly at https://www.kaggle.com/desl37/us-births-2018

3 Available publicly at https://www.kaggle.com/kumarajarshi/life-expectancy-who

4 Available publicly at https://www.kaggle.com/c/house-prices—advanced-regression-techniques/data

SThe modified version that we use is available publicly at https://www.kaggle.com/camnugent/
california-housing-prices and the original dataset is available publicly at https://www.dcc.fc.up.pt/~1ltorgo/
Regression/cal_housing.html


https://www.kaggle.com/brllrb/uber-and-lyft-dataset-boston-ma
https://www.kaggle.com/des137/us-births-2018
https://www.kaggle.com/kumarajarshi/life-expectancy-who
https://www.kaggle.com/c/house-prices-advanced-regression-techniques/data
https://www.kaggle.com/camnugent/california-housing-prices
https://www.kaggle.com/camnugent/california-housing-prices
https://www.dcc.fc.up.pt/~ltorgo/Regression/cal_housing.html
https://www.dcc.fc.up.pt/~ltorgo/Regression/cal_housing.html
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Figure A.1. Cumulative loss averaged over 100 runs on logarithmic scale
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