A New Formalism, Method and Open Issues for Zero-Shot Coordination

Appendix

In Appendix A, we briefly compare our approach to Harsanyi & Selten (1988). In Appendix B, we provide
additional details about our implemented algorithms, cross-play evaluation, and further results. Everything
afterwards, starting with Appendix C, is a self-contained rigorous treatment of the results that were informally
stated in the paper. The two main theorems are subject of Appendices E and F. In the following, we give a
brief outline of Appendices C—F.

In Appendix C, we make rigorous the definition of an LFC game and LFC problem from Section 4.2, and we
provide auxiliary results required to prove our main theorems. Among those, we show in Section C.7 that
any optimal symmetric profile of learning algorithms in an LFC game is a Nash equilibrium. In addition, in
Appendix C.8, we briefly discuss a condition under which the objective in the LFC problem is equivalent to
the formulation used in our experiments as outlined in Section 6.

In Appendix D, we provide characterizations of both the OP objective and the payoff in an LFC game,
in terms of equivalence classes of policies under random permutations by automorphisms. This notion of
equivalence makes it possible to analyze the OP-optimal policies in terms of representatives of equivalence
classes that are invariant to automorphisms. We will use our results from this section for the proofs about the
LFC problem, and for a proof about the existence of random tie-breaking functions.

In Appendix E, we then turn to stating and proving a rigorous version of Theorem 7. To that end, we show
that there are two distinct OP-optimal equivalence classes in the two-stage lever game (Appendix E.1), and
then prove that any algorithm that learns both of these is an OP learning algorithm, but not optimal in the
LFC problem of that game (Appendix E.2).

Lastly, in Appendix F, we provide theoretical results about OP with tie-breaking and state and prove a rigorous
version of Theorem 8. First, we define OP with tie-breaking and discuss to what degree the formal definition
is satisfied by our method (Appendix F.1). Second, we show that OP with tie-breaking is optimal in the LFC
problem and that all principals using OP with tie-breaking is an optimal symmetric Nash equilibrium of any
LFC game (Appendix F.2). Third, we prove that a modification of the tie-breaking function introduced in
Section 5 satisfies our formal requirements (Appendix F.3).
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A. Comparison to the solution by Harsanyi & Selten

Here, we compare the solution to the equilibrium selection problem provided by Harsanyi & Selten (1988)
to our approach. It is unclear how to apply Harsanyi & Selten (1988)’s solution to Dec-POMDPs, and this
would be an interesting area for future work. However, we can translate Dec-POMDPs into Harsanyi & Selten
(1988)’s formalism of standard-form games, using similar constructions as the ones for normal-form games
and extensive-form games by Oliehoek et al. (2006), and apply Harsanyi & Selten (1988)’s solution to such a
problem. We can then compare it to OP with tie-breaking as an optimal solution to the LFC problem.

Below, we give an example in which OP with tie-breaking is equivalent to any OP algorithm in theory, as
there is only one OP-optimal policy (ignoring differences between policies that do not matter under OP; see
Appendix D). We also consider that policy as good solution to ZSC in spirit. However, applying Harsanyi &
Selten (1988)’s procedure to a corresponding standard-form game leads to a policy in which agents cannot
coordinate and which thus leads to a lower payoff. We restrict ourselves to an informal exposition and leave a
more rigorous analysis to future work.

Consider a version of the two-stage lever game with 10 instead of 2 levers. As in the two-stage lever game,
pulling the same lever gives a reward of 1, non-coordination gives a reward of —1, and the game is fully
observable. Note that, like in the game with two levers, an OP-optimal policy uniformly randomizes between
all levers in the first round. If no coordination was achieved in the first round, then in the second round, an
optimal policy randomizes between the two levers that have been played in the first round by both players,
similarly to the two-lever variant. There is a difference, however, if players coordinated on one lever in the
first round. Clearly, in one optimal policy, players repeat their action from the first round, as was the case in
the two-stage lever game. However, unlike in the two-lever case, here, there is no second optimal policy. It is
not possible for the players to consistently switch to a different lever, as there are now not one but 9 other
levers to choose from. Hence, the only optimal policy is one that chooses the unique lever that was chosen in
the first round. This appears to us as a good solution to ZSC in this case.

Now consider a corresponding standard-form game (Harsanyi & Selten, 1988, ch. 2). It is sufficient for us
here to note that in this game, each player i = 1, 2 is split into agents j, , with distinct sets of actions A, ,
(corresponding to the 10 levers) for each possible action-observation history 7; ; € @M in the corresponding
Dec-POMDP. The payoff for a strategy for all agents of all players is then the expected return that the
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corresponding policy would receive. Importantly, symmetries as introduced by Harsanyi & Selten (1988,
ch. 3.4) can permute each of the individual action sets A, , separately, as long as this does not change
the payoffs (there are more rules for how symmetries can permute actions, players, and agents, but these
do not matter for us here). For instance, one symmetry may leave the actions of both players ¢ = 1,2 in
the first round unchanged, while it may apply one permutation to the action sets A, , corresponding to
action-observation histories 7; 1 € @1,1 of all agents of both players in the second round. Since rewards in
the second round do not depend on actions in the first round, and permuting all actions of all second-round
agents in the same way does not change the rewards for actions, such a permutation is a symmetry of the
game.

As a result, in the first and the second round, all individual actions are symmetric, and, unlike in the
corresponding Dec-POMDP, the symmetries for both rounds can be applied independently of each other.
Hence, a symmetry-invariant strategy needs to play all actions with equal probability in both rounds. Since
Harsanyi & Selten (1988)’s solution always chooses a strategy that is invariant to symmetries (Harsanyi &
Selten, 1988, ch. 3.4), it follows that the strategy chosen by their procedure is a uniform distribution. Clearly,
this strategy yields a lower return than the OP-optimal policy described above. In particular, since this applies
independently of labelings, it follows from Theorem 8§ that the solution must be suboptimal in the associated
LFC problem.

A similar argument could be made about cheap-talk: in a standard-form game, players using a symmetry-
invariant policy would never be able to use cheap-talk, as they could not learn the meanings of each others’
messages over time. Transforming a Dec-POMDP into a standard-form game thus yields too many symmetries,
precluding players from coordinating based on the structure of the Dec-POMDP, even if it was possible to
uniquely do so. In contrast, OP exhibits in a sense the opposite failure mode in the two-stage lever game,
allowing players to coordinate arbitrarily due to too few symmetries between policies.

B. Further experimental details

Here, we provide additional details about the experiments outlined in Section 6. We describe our implementa-
tion of OP (Appendix B.1), our implementation other OP with tie-breaking (Appendix B.2), and discuss our
cross-play evaluation procedure as well as some further results (Appendix B.3).

B.1. Other-play implementation

Our implementation of the OP learning algorithm is based on the PYMARL framework (Samvelyan et al.,
2019). We use recurrent neural networks to parameterize the policies of agents and a policy gradient algorithm
to train agents’ policies. Given that our toy problems are very small, they could also be solved by simple
tabular methods. Nevertheless, we choose to employ this framework to demonstrate that our results transfer
to state-of-the-art methods, even if the problems do not require them.

PyMARL is based on the PyTorch deep learning framework (Paszke et al., 2019). Neural network layers
are implemented using the PyTorch module nn.Linear and the recurrent neural network uses a single
nn.GRUCell, with the input encoding being one layer with ReL.U activation functions. Hidden states are
transformed into probabilities by a single nn . Linear layer followed by a softmax. The dimension of the
hidden state is 64. Agent parameters are optimized using the RMSProp module, with a learning rate of
0.0005, an alpha of 0.99 and epsilon of 0.00001. These hyperparameters were all adopted as default values
from the PyYMARL framework.
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Algorithm 1 Other-play learning algorithm based on vanilla policy gradient
Input: Dec-POMDP D
Number of training steps L
Episode batch-size K
Gradient-based optimizer
Output: Joint policy = € 117
Initialize 6
for!=1to L do
for k =1to K do
Sample profile of automorphisms g(*) ~ U/ (Aut(D)N)
Sample history 7() ~ PgD(k)*m using joint policy g(®) "y
fort =1toT do
G = i)
end for
end for

Compute loss £(0) + — 7 Zszl Zle ng) Zf\il log ﬁe,g(’“>’1i(g§k) 1‘%(‘,]? | gl(k) 17-2,(7/;))
Update 6 using Vo £L(6) to minimize £ 1

end for

Return 7y

Since our generalization of the OP objective requires policies that can randomize, and since it cannot be
implemented as the SP objective in a modified Dec-POMDP (see Appendix D.5), it is not clear how to use
multi-agent methods based on value functions (e.g. Sunehag et al., 2018; Foerster et al., 2018). For this reason,
we use a vanilla multi-agent policy gradient algorithm without baseline (Nguyen et al., 2017; Williams, 1992;
Sutton & Barto, 2018, ch. 13.1), which can easily be applied to our generalization of the OP objective (see
Algorithm 1).

We use weight sharing, that is, all agents use the same neural network and receive an additional observation
specifying their agent-ID. In the two-stage lever game, where agents are symmetric, we omit this agent-ID
and thus force the resulting joint policy to be symmetric, 71 = 2. We can do this as a symmetric policy is
optimal under OP in this case (see Theorem 70). As a benefit, we do not have to implement permutations
of agents for OP. In the asymmetric lever game, since agents are not symmetric, agent-IDs are added to
observations as one-hot vectors.

Lastly, we add a penalty for the negative entropy of a policy to the loss-function (Mnih et al., 2016; Schulman
et al., 2017). The entropy of the probability distribution 7y ; (- | 7;.¢) is defined as

H(mgi(- | 7it)) == — Z mg.i(ai | 7it)logme i(ai | i)
ai€A;
The loss-function is then
£(6) =~ i i (G“f) ilogﬂe (af) | i) + @y H(moul- | T“)») (15)
KTN k=1 t=0 ' i=1 I ieN ' o ,

where « is a hyperparameter.
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We choose v = 0.5, as the highest « at which we still got fast convergence to an approximately optimal policy,
after testing o = 1,0.5,0.1, and 0.05. First, this encourages exploration and avoids a policy prematurely
converging to a local minimum. Without this term, a small percentage of the learned policies in the asymmetric
lever game converged to suboptimal equilibria. Second, we did this to make sure that agents learn to play
a unique uniform distribution where actions do not matter for the OP value of a policy. Since it can be the
case that actions do not matter but each choice of distribution still creates a different policy, this helps reduce
the number of different policies that are learned, and thus facilitates tie-breaking between the remaining
policies. Additionally, in the lever game with asymmetric players, it ensures that one can always infer from a
distribution over histories the Dec-POMDP that these histories belong to. It hence suffices to let our hash
function depend only on histories (see Appendix F.3).

Finally, we briefly outline how sampling from a policy f* is implemented, in the two-stage lever game where
agents are symmetric and use the same policy network. Actions and observations are encoded as one-hot
vectors, i.e., as elements of the canonical basis {eq, ..., ey}, where k is the cardinality of the respective set.
For a given episode, one profile of automorphisms g1, gs ~ U(Aut(D)) is sampled. At time step ¢, the
observation input of the agent ¢ is g; ! (Oit, Ait—1). Then an action /L-yt is sampled from the agent policy,
and that action is permuted by applying g;, i.e., 4;; 1= giﬁi7t. Otherwise, the Dec-POMDP model proceeds
as normal. One can easily see that this results in a history H ~ Pgx.

B.2. Deep tie-breaking

We implement OP with tie-breaking as described in Section 5 (see Algorithm 2).

Algorithm 2 OP with tie-breaking
Input: Dec-POMDP E
OP learning algorithm o©
Tie-breaking-function y
Number of seeds K
Output: Joint policy 7* € II¥
for k = 1to K do
Train policy 7¥) ~ 0P (E)
Calculate tie-breaking value z(¥) « x(E, 7(®)
end for
Kmax < arg makaK=1 z®)
7% ¢ qr(Fmax
Return 7*

P

Turning to the tie-breaking function, the function is only applied to actions of both agents and to rewards, but
not to observations or states. This is because in our problems, states are always the same, and observations are
completely determined by actions. The hash network has four hidden layers with ReLu activation functions,
a hidden dimension of 32, and weights and biases are initialized uniformly in [—1,1]. We chose these
hyperparameters mostly based on prior considerations, but we did compare neural network depths 2 to 5
and hidden-layer dimensions 8, 16, 32 and 64 to determine hyperparameters for which OP with tie-breaking
performed well. To calculate the tie-breaking function, we use 2048 episode samples. See Algorithm 3 for
pseudo code.
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Algorithm 3 Tie-breaking function
Input: Dec-POMDP E
Policy 7 € IT¥
Neural network architecture &4
Random seed n
Number of episode samples K
Tie-breaking value x (F, )
Initialize 4 using random seed n
for k =1to K do
Sample profile of automorphisms g*) ~ U/(Aut(E)")
Sample history 7(*) ~ Pl
end for
X(E.7)  xig Yy 2 f EBii(A) Ex(fn(u(r™))
Return x (D, )

0.5 2.0
c 0.4 c 157
5 5
@' 0.3 1 *@' 1.0 4
(9] [
E’ 0.2 A g 0.5 -
[ (9
; 0.1 ; 0.0 4
0.0 05
011, . . . -104, . .
0 1 2 3 0 2 4
Environment steps  1e6 Environment steps  1e6
(a) Two-stage lever game (b) Asymmetric lever game

Figure 7. Learning curves for 320 independent training runs of the OP algorithm, with shaded standard deviation.

B.3. Cross-play evaluation

Recall that, to evaluate algorithms in the LFC problems for our environments, we simplify the objective to

UP(0) = Ertro(p), i=1.2 | Egimti(aue(p), im12 |72 (@17 )1, (g57)a) | (16)

We discuss this simplification further in Appendix C.8.

For each game, we train 320 joint policies in total, using OP with different seeds for network initialization and
environmental randomness. In the two-stage lever game, we train each policy for three million environment
steps, and in the variant with asymmetric players for five million steps (see Figure 7 for learning curves). The
training for both environments took around three days on a MacBook Pro laptop from 2017. We split the 320
policies into 10 sets of 32 policies each. The policies in each set are used for application of the tie-breaking
method, while the 10 different sets represent independent runs which can be used to calculate cross-play
values.

Given a list of 10 policies 7(1), ... 7(19) produced by independent runs of an algorithm, we estimate
the cross-play value G; & Eg, 1/(aut(D)), i=1,2 [/ ((857*))1, (g57")2)] for any two indices of policies
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Table 2. Average oft-diagonal cross-play value and standard deviation for OP with tie-breaking with K = 1, 2, 4, 8, 16,
and 32, in the two-stage lever game (TSLG) and asymmetric lever game (ALG).

Problem | 1 2 4 8 16 32
TSLG -0.03 (£0.00) 0.14 (£0.13) 0.48 (£0.06) 0.50 (£0.00)  0.50 (£0.00)  0.50 (£0.00)
ALG 0.90 (£0.00) 1.23 (x0.08) 1.75(x0.22) 1.90 (£0.16) 1.96 (+0.11) 1.97 (x0.10)

Table 3. Percentage of policies learned corresponding to different classes of mutually compatible policies, for two-stage
lever game (TSLG) and asymmetric lever game (ALG), each time out of 320 seeds for training.

Problem ‘ Class1 Class2 Class3 Class 4
TSLG 50.94%  49.06% / /
ALG 4375% 20.94% 19.38% 15.94%

k,l € {1,...,10}. These values are used to print cross-play matrices (Figure 4) The average off-diagonal
cross-play value is calculated as G := m >k 21 G,;, where we leave out values on the diagonal
because these do not represent cross-play between independent runs. Note that in the two-stage lever
game, off-diagonal values can be higher than the optimal OP value. This is because in cross-play, agents
can use different joint policies that accidentally work better in cross-play than a symmetric policy. It is
counterbalanced in expectation by other entries of the matrix, in which unsuitable agents are matched. We

provide in Table 2 the average off-diagonal cross-play values used to create the graph in Figure 5.

Lastly, we categorize policies into classes of mutually compatible policies. To do so, we calculate a cross-play
value for each combination of two out of the 320 trained joint policies, using 256 episodes each. We then
dynamically build classes of policies by comparing a policy’s expected return to the cross-play value with a
policy from a given class, and assigning the policy to that class if the difference between the values is below a
threshold of 0.6. If no class is compatible with a policy, the method creates a new class containing that policy.
In that way, all 320 policies are assigned to a class. In Table 3 we list the relative sizes of the different classes.

While in the two-stage lever game, both classes are represented approximately equally, a clear majority of
policies belongs to one class in the asymmetric lever game. This class corresponds to the strategy in which
player 2 switches to a different action upon non-coordination in the first round, and in which both players
repeat their action given successful coordination in the first round. The least frequent class was the one in
which player 2 switches to a different action upon non-coordination, but where both players switch to a
different action if they were successful in the first round. The imbalance of classes in this case could be used
to implement a tie-breaking rule that chooses the policy that is learned more often.

We think that a reasonable policy in the two-stage lever game is one in which a player repeats their action
upon coordination. Hence, a tie-breaking function that chooses the “repeat”-policy is preferable. Interestingly,
out of 20 seeds for the hash function, only 4 of the resulting tie-breaking functions gave higher values to that
policy.

We used new random seeds for the final experiments that have not been used to improve the method.
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C. Formalization of a label-free coordination game and problem

In this section, we formalize label-free coordination (LFC) games and the LFC problem, and we provide
auxiliary results required to prove our main theorems.

In Appendix C.1, we recall the definition of Dec-POMDPs and introduce some additional notation. In
Appendix C.2, we recall the definition of isomorphisms and automorphisms, provide more comprehensive
examples, and prove first lemmas about these concepts. Afterwards, in Appendix C.3, we discuss the
pushforward and prove, among other things, that a pushforward policy has the same expected return as
the original policy. In Appendix C.4, we show that automorphisms define group actions on joint actions,
policies, etc. and introduce the concept of an orbit. In Appendix C.5, we then introduce Dec-POMDP labels
to construct the set of relabeled Dec-POMDPs used to define an LFC game. In Appendix C.6, we recall the
definition of LFC games and of the LFC problem, and we provide different expressions for the payoff in LFC
games. We also prove that LFC games for isomorphic Dec-POMDPs are equivalent, up to a permutation of
the principals in the game. In Appendix C.7, we prove that any strategy profile that is optimal among those
that respects symmetries between principals is a Nash equilibrium in the game, making use of group actions
and orbits. This theorem is needed later to prove that all principals using OP with tie-breaking is a Nash
equilibrium. Lastly, in Appendix C.8, we briefly discuss a condition under which the objective in the LFC
problem is equivalent to the formulation without relabeled Dec-POMDPs used in our experiments as outlined
in Section 6.

C.1. Recapitulation of Dec-POMDPs

Before we turn to isomorphisms and automorphisms, we briefly recapitulate Dec-POMDPs and introduce
some additional notation that we will use throughout the following. That is, we also introduce a history
of length ¢, 7, € H,, the set of deterministic policies I1° and we define the measure space (2, P(Q2), ;)
corresponding to a Dec-POMDP in which agents follow the joint policy m. We also define the notation
x_; = (1,...,%i—1,%i4+1,-..xzn) and the projection operator proj,(x) = x;. Apart from this, the
definitions in this section are a more elaborate version of those in Section 3 of the main text.

To begin, recall the definition of a Dec-POMDP.
Definition 9. A (finite-horizon) Dec-POMDP is a tuple

D=(N8A=T] A4, PRO=T] 0:0,b0,T)
ieN ieN

where
e N={1,...,N}, N € Nis a finite set of agents.
* S is a finite set of states.

« A, is a finite set of actions for player ¢ € N.

e P: S x A— A(S) is the transition probability kernel (where A(S) denotes the set of probability mass
functions over S).

* R: S x A — Ris the joint reward function.

(O, is a finite set of observations for player i € \.
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* O: S x A— A(O) is the observation probability kernel.
* by € A(S) is a distribution over the initial state.

* T € Ny is the horizon of the problem.

When considering different Dec-POMDPs D, E at the same time, we write AP AF etc., to indicate to which
Dec-POMDP the set belongs. Similarly, we do this for transition, observation, and reward functions. We omit
the index D if it is clear which Dec-POMDP is meant.

Given a Dec-POMDP D, define the set of local action-observation histories of length t € {0, ..., T} for

player i € N as o
A0y = (Ai x 0)"

(where (A x (9)0 := {0}) and the set of local action-observation histories for player ¢ as

;= ] (A4ix0:).

0<t<T
Moreover, we define the set of histories of length ¢ as
Hi =S X AXR(S X A) x (S§xOx AxR(S x A).

and ‘H := Hr as the set of histories. Histories 7 € H are also called episodes, when one is talking about
a particular sample of the stochastic process induced by agents following a policy in the Dec-POMDP, as
defined below.

Atstep 0 <t < T, agent i € N chooses a distribution over actions, conditional on a past action-observation
history 7, ; € AO; ;. This choice is described by a local (stochastic) policy for player i, which is a mapping
7o AO; — A(A;). Since actions can be chosen stochastically, a policy and past observations do not imply
which past actions have been taken, so policies are also able to condition on past actions (i.e., agents remember
their past actions). We write m;(a; | 7;,) for the probability of action a; € A; given the action-observation
history 7, ; € AD; ;. A (joint stochastic) policy is a tuple m = (my, ..., mx) with a local policy for each
player. We denote I17 as the set of joint stochastic policies for a Dec-POMDP D, and TI” as the set of
local policies for player i. A local deterministic policy for player i € A is defined as a policy 7; such that
mi(+ | 7,¢) is concentrated on exactly one action (i.e., there exists a; € A; such that m;(a; | 7;,,) = 1) for
each7;; € @i,t. A joint deterministic policy is defined analogously to joint stochastic policies, and (I1°)”
is the set of joint deterministic policies for D.*

A Dec-POMDP D together with a joint policy 7 € II? specify the stochastic process according to which
an episode evolves, yielding a distribution over histories. Formally, we define a discrete probability space
(Q,P(Q2),P,) with random variables for states, actions, observations, and rewards at all time steps.

The distributions of these random variables are defined inductively in the following way. First, Sy ~ by, that
is, the first state is an independent random variable with values in S and image distribution by. Similarly, the

“Normally, a deterministic policy is defined as having values in .4;, but we can identify each element a; € A; with a
probability mass function in A(A;) with support {a;}, so these definitions are interchangeable. Since a deterministic
policy outputs only one action for each action-observation history, it there is only one possible action for each observation
history (04,1, .. ., 0:,¢), and we could hence write a deterministic policy as a map from observation histories to actions.
‘We omit this here for simplicity.
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first action of agent 4 is distributed according to A; o ~ m;(- | @) (note that ) € AD; by definition), and the
first reward is Ry := R(So, Ao), where we define Ag := (A 0)ien-

Now assume there are random variables for all states, actions, and observations until step 0 < ¢ < T (in the
case t = 0, there are no observations defined yet). We can summarize them into a random variable for the
history of length ¢ as

H; == (S0, Ao, (Sy, (Oiprs Ai i )iens Rt’)lgt’gt)

(and we let H := Hrp). Atstep t + 1, a new state S;11 ~ P(- | S, A¢) and a new joint observation
Oty1 ~ O(- | St41, At) are sampled. Note that, in a slight abuse of notation, we use O for both observation
probabilities and observation random variable. We can define a random variable for the action-observation
history of agent i at time ¢ + 1 as A0, ;11 = (Ai0,0i1,Ai1,...,Ait,0;441). Conditioning on this
action-observation history, agent ¢ samples an action A; ;41 ~ m;(- | AO; 141). This yields a new joint action
Aty1. Finally, the new reward is R;41 := R(St+1, At41), which concludes the definition.

We will sometimes make use of a simplified notation for a tuple excluding a particular player. Let (x;);en
be a vector indexed by agents, with elements x; € X; where X;,i € N are some sets. Then we define
z_j = (z1,...,2j-1,%j41,...,2n) for j € N. Moreover, for any z; € X;, we then write (2}, z_;) :=
(1, ...y Ti—1, X}, Tig1, .., N ). We will also sometimes use the projection operator proj;(z) := z; to
clearly refer to a particular element of x when x is a more complicated expression.

Now, given a problem D and a joint policy 7 € IT”, the measure P, defined above specifies a distribution
over rewards Ry, ..., Rp. We can use this fact to define the expected return of the policy. To that end, let
E, := Ep_ denote the expectation with respect to IP..

Definition 10 (Self-play objective). Let D be a Dec-POMDP. Define the self-play (SP) objective J¥ : TIP —

R for D via
T

for m € IIP. Here, J () is called the expected return of a joint policy 7.

C.2. Dec-POMDP isomorphisms and automorphisms

Here, we recall the definitions of isomorphisms and automorphisms from Sections 4.1 and 4.3 and give more
comprehensive examples than in the main text. Then we prove some elementary results.

Let D, E be two Dec-POMDPs. Consider a tuple of bijective maps

f = (fN7fS7(fAi)iENv(fOi)iEN)a

where
N: NP 5 NVE 17)
fg: SP - SF (18)
VieN:  fa: AP = AF (19)

VieN: fo,: OF = OF - (20)
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Given a joint action a € AP and such tuple f, we define

E
f ( ) (fAf;,l() le(i))iENE GA ) (21)

and analogously for o € O
. E
fo(O) = (fof§1<i)ole(i)>ieNE c O~ 22)

That is, in the joint action fa(a) € AP, the agent j = fy (i) € NF (where i € N'P) plays the action
fa,(a;) € AP Note that it is really f4(a) € AP, as forany a € AP and j := f5' (i) € N, by definition
it is

fay(a5) € AR () = AL o1y = AT

The analogous holds for observations.
Definition 11 (Dec-POMDP isomorphism). Let D, E be Dec-POMDPs such that both have the same horizon
TP = TE andlet

f = (fN, fSa (fAi)iGNa (fO’L)leN)

be a tuple of bijective maps as defined in equations (17)—(20). Then f is an isomorphism from D to E if for
anya € AP, s,5' € SP ando € OP, itis

PP(s" | s,a) =P"(fs(s') | fs(s), fa(a)) (23)
OD(OI s,a) =07 (fo(0) | fs(s), fa(a)) (24)
( ,a) =RP(fs(s), fa(a)) (25)

by () =bf (fs(s))- (26)

If such an isomorphism exists, D and E are called isomorphic. We denote Iso(D, E) for the set of isomor-
phisms from D to E.

Remark 12. In a Dec-POMDP, distributions over histories and policies can be ranked by their associated
expected return. If a reward function is multiplied with a positive constant o € R~ o and shifted by a constant
B € R, then the new reward function R’ := oR + £ still induces the same ranking. For this reason, one
could consider such transformations as part of an isomorphism between two problems. For instance, Harsanyi
& Selten (1988, p. 72) make it part of their definition of an isomorphism in the framework of standard-form
games. For simplicity, we ignore this complication here and consider only isomorphic problems with reward
functions that have the same range.

As in the main text, we write fa instead of f4(a) and fa; instead of f4,a;, and we do the same for
observations, states, etc. We also write f; ; for actions of isomorphisms on action-observation histories,
which is defined as the element-wise application of f, and letting fr := r for rewards, we define f7 for entire
histories 7 € H.

Now we prove a first basic result about actions of isomorphisms. Note that an isomorphism f € Iso(D, F) is
a bijective map

FiNPx8Px I AP x [ 0P = NP x 8P x [ Af x [ oF @27
iEND iEND 1ENE iENE
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which can be inverted and composed with other maps. The following result shows that actions of isomorphisms
on joint actions and joint observations are compatible with function composition and with taking inverses of
functions. It follows that also the element-wise application to histories and action-observation histories is
compatible in this way. In particular, this justifies omitting brackets when applying isomorphisms. We will
use this lemma liberally in the following.

Lemma 13. Let D, E, F be Dec-POMDPs, a AP 0 € OP, let e € Iso(D, D) be the identity, and let
f€Iso(D,E), f €Iso(E,F). Then it is

(i) ea = a and eo = o.

(ii) f(fa) = (fo flaand f(fo) = (f o f)o.
In particular, actions of isomorphisms f on joint actions and joint observations can be inverted using f~".

Proof. First, itis ea = (ea.-1;)ienr = €, and analogously for o. Second,

f(fa) = f(fag-ri)ien = (F(fapj1))ien = (Ffaggp1.)ien = (fo fla

as function composition is associative and the inverse of f o fis f 1o f~1.

Next, it follows from the previous that f~1(fa) = (f~! o f)a = ea = a. The analogous holds for o, which
concludes the proof. O

The following corollary states that the action of f on histories 7z € H; is bijective. An analogous corollary
also hold for action-observation histories.

Corollary 14. Ler D, E be isomorphic Dec-POMDPs with isomorphism f € Iso(D,E) and let t €
{0,...,TY. Then frr: HP — HE 7+ fry is a bijective map.

_ D -1, -1
Proof. Let 1y = (s¢, a0, $1,01,Q1,T1,- .., St,0¢, Gg,7¢) € H;’. Define fy as above and f5 : 7 — f~I7.
Then

f_l(f(Tt)) = f_l((f807fa0>f817f017fa17fr1u"'7f8t7f0t7fat7frt))
= (filfSOafilfaOafilfslvfilfolafilfalafilfrla .. '7f71frt))

Lemma 13
= " (50,a0,51,01,01,71,...,5¢,0¢,a,7¢) =Ty (28)

O

Recall the definition of an automorphism, which can be thought of as describing a symmetry of the Dec-
POMDP.

Definition 15 (Dec-POMDP automorphism). An isomorphism f € Iso(D, D) from D to itself is called an
automorphism. We define Aut(D) := Iso(D, D) as the set of all automorphisms of D.

Now we give an example of an isomorphism and automorphism, using the lever coordination game.
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Example 16 (Lever coordination game). Consider the lever coordination game introduced in Section 1. This
can be formalized as a Dec-POMDP D with only one state, one observation for each agent, and in which
T = 0. The agents are A" = {1, 2} and actions are A; = Ay = {1,...,10}. One possible reward function is

R(a1,a2,8) = 6ay,a, (1.0 Lg1,oy(ar) + 0.9 Li0y(ar)),

s L 1 if ayp = ag
ez 0 otherwise

where

is the Kronecker delta.

As an isomorphic problem F, consider a problem with the same sets of actions for both players, but where
the reward function is defined as

RE(a1,a2,8) = 0ay,a, (1.0 Ly 103(a1) +0.9- 15y (ar))

for a; € A, as € A and the trivial state s. Note that this is formally a different Dec-POMDP. Nevertheless,
we can define an isomorphism f € Iso(D, FE) in the following way. For i = 1, 2, define f4,: A; — A; such
that f4,(10) = 1 and f4,(1) = 10, and let f4, = fa, be arbitrary otherwise. Let the remaining components
of f be the identity map. Then for any joint action a and the trivial state s, it is

RE(fs, fa) = 6fay far (L0 Ly 103(fa1) +0.9- 1y (far))
= 6(11,112 (10 . ]l{l’m_’g}(al) + 0.9- ]1{1()}(67/1)) = RD<S7G) (29)

and hence D and E are isomorphic (as observation and transition probabilities as well as the initial state
distribution are trivial here).

Note that we could have used any two (potentially different) permutations fl, fg of the two sets Aj, Ao
and defined a new reward function R/ (s, a) := RP (s, fi tay, f; 'az). This reward function would then
define a new Dec-POMDP D', and the isomorphism from D to D’ would be exactly f defined by fa, =
fi, fa, = fo and the identity in the other components, as R’(fs, fa) = RP (s, fa, f{ a1, fa, f5 tas) =
RP (s, fifitay, fofy tas) = RP(s,a). We will use this idea in Section C.5 to define relabeled Dec-
POMDPs.

Next, consider the automorphisms of the lever coordination game. Note that the agents in this game are
symmetric. For instance, we can define g via gy (1) = 2 and gy (2) = 1, and such that g4, = ga, = g, where
§ is any permutation of {1,...,10} such that §(10) = 10. Then one can easily check that R” (gs, ga) =
RP(s,a) for any joint action @ and the state s.

Next, we introduce the automorphisms of the two-stage lever game (Example 3), which we will need later to
prove that OP is suboptimal in the corresponding LFC problem.

Example 17. Recall that in the two-stage lever game, there are two agents, A" = {1, 2}, and the problem
has two rounds, so 7' = 1. Each round, each agent has to pull one of two levers, 4; = Ay = {1, 2}. If both
agents choose the same lever, they get a reward of 1. Otherwise, the reward is —1. There is again only one
state, but there are two observations, O; = Oy = {1, 2}. In the second stage (t = 1), each player observes
the previous action of the other player, so O; 1 = A_; ¢ for ¢ = 1,2. The reward and observation probabilities
are given in Table 4.
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Table 4. Reward function and observation probabilities in the two-stage lever game (Example 3).

(b) Observation probabilities O(o | s, a) for joint ob-
servations o and joint actions a.

a\o | (L) (1,2) 21D 22

(a) Reward function R (s, a) for each joint action a

@D | 1 0 0 0
(12| o 0 1 0
en| o 1 0 0
22| 0 0 0 1

Table 5. Visualization of precomposition of both reward function and observation probability kernel with g~*, by applying
g to the index column and header row of the tables from Table 4. Note that apart from a permutation of rows and columns,
the tables are identical to the ones in Table 4, showing that g is an automorphism.

(a) Reward function R(g™*s, g~ 'a) (b) Observation probabilities O(g to | g™ 's, g a)

a\o | 22 (1) @1 (D
22 | 1 0 0 0
(12) | 0 0 1 0
en| o 1 0 0
(L | o 0 0 1

Using the table for reward function and observation probabilities, we can easily visualize isomorphisms and
automorphisms. Consider any isomorphism f € Iso(D, E') where E is some other Dec-POMDP. Considering,
for instance, the reward function, we know that RP (s, a) = RE(fs, fa). This means that if we want to
check the value of the reward function of F when agents choose action fa, we can look it up in the table
corresponding to R in the row for a. So we can visualize an isomorphism by applying f4 to the index (i.e.,
first) column of this table, but leaving the other cells unchanged. This creates a new table with the reward
function for F, or, equivalently, this new table corresponds to the reward function R” precomposed with f~1,
ie., RP( fs o f;1~) = R¥. Analogously, we can apply fo to the header row and f4 to the index column of
the table with observation probabilities, yielding OP (f5' | fs'-, f1'+) = OF. An automorphism is then
simply an isomorphism such that applying it to index column and header of the tables does not change the
table, other than permuting rows and columns.

Now let g be an automorphism. gx can either be the identity or it can switch both agents. In either case, it
mustbe g4, = ga,, which can also either be the identity or the map that switches the actions. The observation
permutation then has to be equal to that of the actions, go, = go, = ga,. There is trivially only one option
for the state permutation.

We visualize the application of the automorphism that switches agents as well as actions and thus also
observations in Table 5. For instance, using the definition of actions of automorphisms on joint actions in
Equations (21) and (22), we have fa(1,1) = (fa;,1, fa,»1) = (fa,1, fa,1) = (2,2), and fa(1,2) =
(fa:2, fa,1) = (1,2).

Before we turn to applying isomorphisms and automorphisms to policies, we briefly provide two basic results
about isomorphisms and the relationship between isomorphisms and automorphisms.

First, we prove that function composition and inversion preserve isomorphisms.
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Lemma 18. Let D, E, F' be Dec-POMDPs and let f € Iso(D, E) and f € Iso(E,F). Then f~' €
Iso(E,D) and f o f € Iso(D, F).

Proof. Lets,s’ € SP, a € AP. First, using the definition of an isomorphism and associativity of function
composition, it is

PP(s' | s,a) = PE(fs'| fs,fa) = PE(ffs'| ffs.ffa) =P ((fof)s'|(fof)s (fofa).

An analogous calculation applies to observation probabilities, reward functions and initial state distribution.
This shows that f o f € Iso(D, F).

Next, let s’, s € S, Using Lemma 13 and the definition of an isomorphism, it is
PE(s'| s,a) = PE(ff | [ 7 s [ a) = PP(FYST | f70s, £ ).

Again, an analogous calculation applies to observation probabilities and the other relevant functions. This
shows that f~! € Iso(E, D). O

The next lemma shows that one can decompose isomorphisms into any isomorphism composed with an
automorphism. Essentially, an isomorphism is a map from one Dec-POMDP to another, composed with a
symmetry of that Dec-POMDP. This will be important later when we apply these concepts to define the LFC
problem and show how OP relates to it.

Lemma 19. Let D, E be Dec-POMDPs and f, f € Iso(D, E). Then there exists exactly one g € Aut(FE)
such that go f = f. Analogously, there exists exactly one g € Aut(D) suchthat f o g = f. In particular, it is

Iso(D, E) = f o Aut(E) = Aut(D) o f,

where f o Aut(E) :={fog|g € Aut(E)} and Aut(D) o f is defined analogously.

Proof. Existence: By Lemma 18, g := f o f~
gof=(fof Hof=1/
Uniqueness: Assume go f =go f = f for automorphisms ¢, g € Aut(E). Then it follows that

g=go(fof)=(gof)oft=(Goflof =4

Lis an isomorphism in Iso(E, E) = Aut(FE), and it is

The proof for the second part of the lemma is exactly analogous, but using g := f~! f.
Turning to the “in particular” statement, the above shows that

Iso(D, F) C f o Aut(FE)

and
Iso(D, E) C Aut(D) o f.

The two inclusions in the other direction follow directly from Lemma 18. O
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C.3. Pushforward policies

Recall the definition of pushforward policies.

Definition 20 (Pushforward policy). Let D, E be isomorphic Dec-POMDPs, let f € Iso(D, E), and let
7 € IIP. Then we define the pushforward f*m € I1¥ of 7 by f via

(f*m)ila; | Tie) == w1 (fai | £ 7ie)

foralli € N¥ a; € AP te{0,..., T}, and 7,4 € @ft That is, in the joint policy f*, agent j € N'F
gets assigned the local policy 7; of agent i := f~'j € N'P, precomposed with f~!.

One can easily see that f* is a policy for the Dec-POMDP E. Hence, when f is an automorphism, f*r is a
policy for the same Dec-POMDP as .

Like actions of isomorphisms on joint actions and observations, the pushforward is compatible with function
composition, and it can be inverted using the inverse map f~!.

Lemma 21. Let D, E and F be Dec-POMDPs. Let m € 1P, e € Aut(D, D) be the identity and f €
Iso(D, E), f € Iso(E, F). Then it is

(i) e*m = .
(ii) f*(f*m) = (fo f)rm
In particular, the pushforward can be inverted using the inverse map 1.
Proof. First, leti € NP a; € APt €{0,...,T},and 7, ; € @ft. Then
(e*m)i(a; | Ti,t) = Tei(ea; | eTi,t) = mi(a; | Ti,t)7

which shows that e*7 = 7.

Second, leti € N a; € A and 7;, € @i Using Lemma 13, it is
(F (e m)ila | 7ie) = (F) oy (Frai | fh7i) = Wf—l(f—li)(ffl(fllai) N )
L 13 5 _ 5 _ ; x

TR o i(Fo f) i [ (Fo £) " mia) = (Fo f) m)ilai | mi), (30)
which proves that f*(f*r) = (f o f)*m.
Regarding the invertibility of the pushforward, note that by (ii), it is

U R e )=

This concludes the proof. O

One may wonder how pushforward policies and isomorphisms are related. In particular, how is the distribution
over histories induced by a pushforward policy related to the distribution induced by the original policy?
This question is answered by the following theorem, which we will use throughout this paper. The theorem
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demonstrates how the isomorphism from D to E preserves the structure of the problem. It is similar to Kang
& Kim (2012)’s Theorem 3, which applies to automorphisms in POSGs and makes a statement about the
expected returns of all agents under the pushforward policy. We will provide a result about expected returns
as a corollary.

Theorem 22. Let D, E be isomorphic Dec-POMDPs, let f € Iso(D, E), and let 7 € IIP. Then for any
TeHP, itis
P.(H? =7) =P (H" = f7).
In particular, for any i € N',t € {0,...,T} and 7, € AD,, it is
Pr(ADis = Tit) = Pper(ADfit = fTiy).

Proof. Proof by induction over t € {0,...,T}.

To start the induction, let s € SP,a € A,7 € Rand 79 := (s,a,7) € HY. Then itis

Pr(HY =70) = b3 (s) [ miai | 0)6R0(s.a)r 31)
1eEND
= by (fs) H Ty 4i(f 7 fai | 0)ORE (fs fa)r (32)
iEND
=b5(fs) T (Fm)pilfai | 0)0re (s o) (33)
1END
=bg (fs) H (f*m)i(fag-1i | D)0 (fs,fa),r (34)
1ENFE
— Byn(HE = f7). (39)

Here, in (32), we use the definition of an isomorphism, in (33) we use the definition of the pushforward policy,
and in (35) we use the definition of fa from Equation (21).

Next, let ¢ > 0 and assume that it is P (72, = 74_1) = Py« (7% = fry_1) forany 7,1 € H;—1. Let
D
Tt = ( ey St—1,0t—-1,0¢—-1,Tt—1, St70t7at7’r1‘,) S Ht

arbitrary, define a;; for ¢ € N such that (@i)ienp = ay, and define 7;; as the action-observation history
for player i € N'P corresponding to 7.

If P (HZ, = 74—1) = 0, then also Py (HEZ | = fr;_1) = 0, and thus also

PW(HtD:Tt)ZOZPf*Tr(Hf:th)-
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Thus, assume now that P, (H”, = 7;_1) > 0. Then it is

P.(SP =5;,0P =0y, AP =ar,RP =r, | HP | = 7,_1) (36)
= PD(St | St_l,at_l)OD(Ot ‘ st,at_l) H 7ri(ai7t | Tt)(SRD(st,at),r (37)
iEND
= PE(fs | fsio1, fai—1)OF (for | fse, far—1) (38)

I mppi(f  faue | £ Fr)0RE (pay far) (39)
iEND
:PE(fSt \ fstflvfatfl)OE(fOt \ f3t7fat71) (40)
11 (Fm)ri(faie | £1)0R2(rs, ra)r (41)
ieND
:PE(fSt \ fst—lyfat—l)OE(fOt \ fStafat—l) (42)
H (frm)i(fag—riz | fTr-154)0RE (fs,, far)r (43)
iENE
= ]P)f*ﬂ—(StE = fSt,OtE = fOt,AtE = fat,Rf = T¢ ‘ HtE_l = th—l)- (44)

Again, we have used the definitions of isomorphism, pushforward policy, and Equations (21) and (22) in lines
(38), (40), and (44), respectively. Using the inductive hypothesis, it follows that

Pr(H =) (45)
= ]P’W(StD = st,Of) = ot,A,P = aT,Rf) =7y | H£1 = Tt_l)]P’w(Htlzl =T1) (46)
= Pf*w(StE = fstvO{ﬁ = fOthftE = fataRtE =7 | HtE—l = thfl)IP)Tr(HtD—l =Ti-1) (47
e (SF = fs,,0F = for, AP = fay, RE = vy | HE | = fro 1 )Pper(HE | = freq)  (48)
=P (HF = fr1). (49)

This concludes the induction and thus proves that P,(H” = 7) = Py (H® = fr) for any history
=717 € HE.

Turning to the “in particular” part of the proposition, let i € N,t € {0,...,T}, and 7, € AO; ;. Let
7 € HP such that P (HP = 7;) > 0 and thus also Py (HF = fr;) > 0.

First, assume that actions and observations of agent 7 in this history equal those in 7; ;. Then itis {H} =
Tt} C {@Z = 7,+} and hence Pﬂ(mm =7 | H = 1) = 1. Moreover, by Equations (21) and
(22), it follows for any ¢ < t,ay € AP and oy € OP that projfi(fat/) = fa;w and analogously
projs;(for) = foi . Hence, it follows that actions of observations of agent fi in f7; are equal to those in
f7i0 and thus itis {HE = fr;} € {ADy,, = fr;4}, which implies Pf. (A0}, , = fr;; | Hy = fri) = 1.

If, on the other hand, a history 7; disagrees with 7; ; in any way, then trivially P (40, ; = 7+ | H, =7) =0
and thus by same argument as before also Py« (AOy; y = fr;, | H = fr) = 0.

It follows that for any 7 € HP such that P, (HP = 1) > 0, itis

_ —_E
Pr(ADis = Tiy | He = 7t) = Ppen(AOy; y = fTi | He = 1), (50)
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and hence
Pﬂ"(@i,t = Ti,t) = Z Pﬂ(@@t = Tit | H, = Tt)PW(HtD = Tt) (&2))
T EHP
45 —
(:) Z IF’W(AOM =Tt | H = Tt)Pf*W(HtD = fr) (52)
TeEHP
50 __
(:) Z Pf*w(AOfi,t = fTi,t | H, = th)Pf*W(HtD = th) (53)
T EHP
= Z Prn(AO iy = friy | Hy = 7)Ppen(HP = 14) (54)
Ttef_l(HtD)
=Pper(ADfis = fTi)- (55)
In line (55), we have used that, by Corollary 14, f is a bijective map when applied to histories, and thus
71 (HP) = HE. This concludes the proof. O

It is an immediate corollary that the expected return of a policy is not changed by the pushforward.
Corollary 23. Let D, E be Dec-POMDPs, let f € Iso(D, E), and let m € 1IP. Then

JP () = JE(f*m).
Proof. By Corollary 14 and Theorem 22, it is
TE) CoroH:aIy 14

Po(HP = f'77)

Theorem 22

=N Pra(HY = f(fT1) =P (HP =177)  (56)

P.(f (HP) =

for any history 7 € H. This shows that the random variable f (H b ) has the same image distribution
under P, as the variable HZ under P =7 In particular, this means that for any ¢ = 0, ..., T, the variables
f(RP) = RP and RF have the same distribution in the respective probability spaces (*). Using the definition
of the expected return, it follows that

JP(n) = E, OF;., = JE(f*7). (57)

T
D RY
t=0

T
D _RE
t=0

O

C.4. Relation to group theory

The study of symmetries is a focus of group theory, and the concepts introduced above hence correspond
to group-theoretic notions. For instance, as we show below, Aut(D) is a group, and its elements do act on
the elements of a Dec-POMDP in the sense of group actions. We discuss this here as we will need these
results later, in the discussion of symmetric profiles of learning algorithms in Appendix C.7, as well as in the
discussion of random tie-breaking functions in Appendix F.3. For a reference on the group-theoretic concepts
discussed here, see Rotman (2012, ch. 3).

We begin by showing that Aut(D) is a group.



A New Formalism, Method and Open Issues for Zero-Shot Coordination

Proposition 24. Ler D be a Dec-POMDP. Then (Aut(D), o) is a group, where o is the function composition.

Proof. First, we show that the binary operation
o: Aut(D) x Aut(D) — Aut(D),(g,9) — gog

is well-defined. By Equation 27, an automorphism g € Aut(D) is a bijective self-map, so we can compose
any two automorphisms ¢, g € Aut(D). Moreover, by Lemma 18, for any g € Aut(D), g € Aut(D), we
also have g o g € Iso(D, D) = Aut(D). This shows that Aut(D) is closed under function composition.

Second, note that o is an associative operation as function composition is associative. Moreover, for the
identity map e, itis e o ¢ = g for any g € Aut(D), so Aut(D) has a neutral element. Lastly, by Lemma 18,
itis also g=! € Aut(D), and since g~ o g = e, this implies that g has an inverse in Aut(D). This concludes
the proof. O

Next, we turn to group actions, which formalize the idea that elements of groups can be applied to sets. In the
case of symmetry groups, this connects the abstract group elements with their role as transformation of an
underlying set. For instance, consider the set X of the vertices of an equilateral triangle in R? and the cyclic
group Z/gz. Each element of Z/3Z can be regarded as a rotation of the vertices of the triangle, mapping one
vertex to another.

Definition 25 (Group action). Let (G, -) be a group with identity e and let X be any set. A group action is
defined as amap a: G x X — X such that

(i) Identity: a(e,z) = x forany x € X
(ii) Compatibility: a(f, a(g,z)) = a(f - g,z) forany f,g € G,z € X.

It is common to write gz := «a(g, ) for g € G, x € X, if it is clear which group action is referred to.

We have already proven these two properties for isomorphisms and both their actions on joint actions and
observations, as well as the pushforward of policies, in Lemma 13 and Lemma 21, respectively. Hence, it
follows that also Aut(D) acts on these sets in the sense of group actions.

Corollary 26. Let D be a Dec-POMDP. The actions of Aut(D) on A and O, defined as cca: (g,a) — ga(a)
respectively ao: (g,0) — go(0) as in Equations 21 and 22 are group actions. Similarly, the pushforward of
policies by automorphisms (g, T) — g*7 as defined in Definition 20 is an action of Aut(D) on I1P.

Proof. This follows directly from Lemma 13 and Lemma 21. O

Of course, automorphisms also act on states and agents, and one can also easily see that they act on histories
and action-observation histories.

Some further results immediately follow from this, such as the fact that N decomposes into equivalence
classes of orbits under Aut(D). The orbit of agent 7 is defined as the set of all agents j that can be obtained
from ¢ by applying automorphisms.
Definition 27 (Orbit). Let D be a Dec-POMDP and assume that Aut(D) acts on the set X. Then for z € X,
the set

Aut(D)x :={gz | g € Aut(D)}

is called the orbit of x under Aut(D).
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For instance, for i € N, the set Aut(D)i := {gi | g € Aut(D)} is the orbit of agent ¢ under Aut(D). Itis a
standard result from group theory that orbits form a partition {Aut(D)i | i € N'} C P(N) of the set. This
follows from the fact that since group actions have an identity and are invertible, belonging to the same orbit
is an equivalence relation. For example, in the case of the triangle in R?, all the vertices in V can be reached
from any other vertex by rotations, so they all belong to the same orbit. In general, though, the orbits may
form any other partition of the set.

C.5. Dec-POMDP labelings and relabeled Dec-POMDPs

In the following, assume that a Dec-POMDP D is given. Here, we want to define a set of isomorphic
Dec-POMDPs D as described in Section 4.2, in which the sets of states, actions, etc. are of the form
{1,2,...,k —1,k} C N,k € N. This set can then be used to define the LFC game for D in a way that does
not depend on labels.

We begin by defining a labeling of D. A labeling f is a special Dec-POMDP isomorphism from D to another,
relabeled Dec-POMDP, that can be constructed using f.

Definition 28 (Dec-POMDP labeling). A Dec-POMDP labeling is a tuple of bijective maps

f = (vafSa(fAi)iGN,(fOi)iGN)v

where
Py N {1 VD (58)
fo: S—={1,...,IS]} (59)
Vie N: quAlﬁ{l,,lAA} (60)
Vie Nt fo,: O;—{1,...,|0:}. (61)

We denote Sym (D) for the set of labelings of D.

Note that if X is some set, then Sym(X) usually denotes the symmetric group of X. The symmetric group is
the set of permutations of X, together with the operation of function composition. We use the same notation,
as Sym(D) can be understood of as containing all the permutations of the different sets that D consists
of, with the caveat that we first map those sets to subsets of the first £ natural numbers. This is done for
simplification, especially regarding the treatment of the individual action and observation sets of different
agents.

Next, we introduce the pushforward Dec-POMDP f*D for a labeling f € Sym(D). This is a Dec-POMDP
that is isomorphic to D, with isomorphism f. In the following, we let f € Sym(D) act on joint actions,
observations, etc., in the same way as before for isomorphisms. For instance, for a € A, it is fa :=
(f A1 (a £l ))ieq1,.....n[}- The compatibility of these actions with function composition and function

inversion trivially still hold.

Definition 29 (Relabeled Dec-POMDP). Let f € Sym(D). Let N € N such that {1,..., N} = A. The
pushforward of D by f, called a relabeled Dec-POMDP, is the Dec-POMDP

f*D=N,8,4,P,R,0,0,b,T),

where
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e N:={1,...,.N} =N.
¢ S:={1,...,|S]}.
i = {1,...,|.Af—1i‘}f0r’é.€./\7.

L>

« P(s' | s,a):=P(f's | f~'s,fla)fors',s € S,a € A.
(s,a) :=R(f s, f~la) fors € S,a € A.
c 0;={1,...,|0p-1,|} fori € N.

2

« O(o|s,a):=0(fo| fs, fta)foroe O,s € S,a € A.
o bo(s) :=bo(f's) fors € S.
« T :=T.
First, we have to check that this is well-defined, e.g., that f —Lla € Afor any a € A. For states, it is clear from

the definition of Sym(D) that f~1(S) = f~1({1,...,|S|}) = S. Moreover, the same applies to agents, i.e.,
f~lie Nforanyi € {1,...,|N|}. This leaves joint actions and observations.

Proposition 30. For A, O as defined above, it is f~*(A) = Aand f~(0) = O.

Proof. Leta € A. Then for any i € N, we can define j € N and a; € A; such that fj =i and fa; = a;.
Then

fra=(fag))jen = (f7 fa))jen = (aj)jen = a € A.
The same argument works for 0 € O. O
Importantly, it can be f*D # D for a labeling f € Sym(D). Nevertheless, it is easy to see from the

definitions that f* D is actually isomorphic to D, with isomorphism f. This also implies that itis f*D = D
if and only if f is an automorphism.

Lemma 31. Forany f € Sym(D), itis f € Iso(D, f*D).

Proof. This follows directly from the definition of an isomorphism, together with Lemma 13. For instance,
considering transition probabilities, it is

P(s' | s,a) = P(f7'fs' | [ fs, /" fa) = P(fs' | fs | fa)
forany s’,s € S,a € A. Similar calculations apply to all the other relevant functions. U

It follows as a corollary that f*7 is a policy for the Dec-POMDP f* D, where € II”, f € Sym(D). Note
also that the results in Lemma 21 still apply to the pushforward by labelings.

Corollary 32. Let f € Sym(D) and 7 € IIP. Then f*m € 11/ P,

Proof. Follows from the definition of f*7 and Lemma 31. 0
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Lastly, we provide some further useful results about labelings. First, the set Sym(D) already contains all
the isomorphisms in Iso(D, f* D). We will need this result later to relate results about isomorphisms and
automorphisms to the relabeled Dec-POMDPs used in an LFC game.

Lemma 33. Let f € Sym(D). Then

Iso(D, f*D) = {f € Sym(D) | f*D = f*D}
Proof. “2”: forany f € Sym(D) such thath*D = f*D, itis also Iso(D, f*D) = Iso(D, f*D), and thus
it follows from Lemma 31 that f € Iso(D, f*D) = Iso(D, f*D).

“C”: Let f € Iso(D, f*D). Note that the set of agents, states, and the individual action and observation sets

in f*D are all of the form {1, ..., k} where k € N depends on the respective set. Now consider, for instance,
the map f4, for i € N. Then by the definition of an isomorphism, f4, is a bijective map, and its domain
and codomain are A; and {1, ..., k} for some k € N. Moreover, since f4, is bijective, it must be k = |.4;].

Mutatis mutandis, the same applies to all of the other maps that are part of the tuple f. Hence, f satisfies the
definition of a Dec-POMDP labeling, so f € Sym(D).

Next, it follows that f € Iso(D,f*D) by Lemma 31, and thus e = fofle Iso(f*D,f*D) by the
assumption and Lemma 18. Hence, using the definition of an isomorphism, it follows that also f*D = f*D.
This shows that

fe{fesSym(D)| f*D = fD},

which concludes the proof. O

Second, we show that labelings and pushforward are compatible with composition with isomorphisms.
Lemma 34. Let D, E be isomorphic Dec-POMDPs with f € Iso(D, E). Then

Sym(D) = Sym(E) o f.
Moreover; it is f*E = (fo £)*D for any fe Sym(E).

Proof. First, let f € Sym(D) and define f = f o f~1. Note that f has as components bijective maps
vgith a domain and codomain tllat satisfies the definition of a labeling of E. Hence, f € Sym(FE). Next, let
f € Sym(E). Then similarly, f o f fulfills the requirements for a labeling in Sym(D).

To prove the second statement, let again f € Sym(F). Note that since D and F are isomorphic, they must
have the same set of players and sets of states with the same cardinalities. Now let i € A/, Using the
definition of an isomorphism and of a labeling, it is then
e _ E _ D _ D _ g(fo)'D
Ai _{1”|A *1i‘}_{1""’|Af*1(f*1i)|}_{1""’|A(fof)*1i|}_Ai .
A similar argument applies to the sets O; for i € N. Finally, let s,s' € S fB ,a € AFE, Using again the
definition of an isomorphism and a labeling, it follows that

PIE(S | 5,0) = PE(FY | [ 708 [ )
= PP 7 s T T ) = PO | 5,a). (62)

Again, an analogous argument applies to the observation probability kernel and reward function, as well as
the initial state distribution. This concludes the proof. O
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C.6. The label-free coordination game and problem

Here, we recall the definitions of an LFC game and of the LFC problem. To begin, we define a measure
space of policies and recall the definition of a learning algorithm. For any Dec-POMDP D, let A(I1”) be the
set of measures on the space (II°, FP) where 7P := ®;e FP is a product o-Algebra and FP C P(I1P)
are o-Algebras that make the random variables and sets discussed in this paper measurable. For instance,
for i € \V, this could be the Borel o-Algebra with respect to the standard topology on IIP that comes from
regarding ITP as a subset of [0, 1}A? xA07 Although we do not investigate this here, all the relevant functions
and sets should be measurable in that sense.

Definition 35 (Learning algorithm). Let D be a finite set of Dec-POMDPs. A learning algorithm for D is a
map

o:D— | A@P)
DED

such that o(D) € A(IIP) for all D € D. We write ©7 for the set of learning algorithms for D.

Note that this definition is general enough so as to include planning algorithms that construct a policy directly
from the environment dynamics, instead of incrementally updating a policy from experience. Nevertheless,
here, we imagine that o (D) is a policy that was trained by an RL algorithm, using a simulator of D. Note

also that a learning algorithm can learn different joint policies in different training runs, which we formalize
as outputting a measure over joint policies.

Similarly to the case of policies, for a distribution v € A(IT”) and an isomorphism f € Iso(D, F), we can
define a pushforward distribution f*v := v o (f*)~! € A~(HE ), which is the image measure of v under f*.
It is apparent that for two isomorphisms f € Iso(D, E), f € Iso(E, F), itis f*(f*v) = (f o f)*v.

In the following, for some distributions v € A(IIP) for i € N and bounded measurable function
n: P x .- - x TP — R, we will use the notational shorthands

]Eﬂ(i)NV(i)7ieN |:’r](71'(1), e ,W(N)):| = Eﬂ.(l),\,y(m |: .. |:E7T(N)NV(N) {7](77(1), ey W(N))}:| .. :|

and
E ) [T](ﬂ'(l), .. ,W(N)):| = / 77(71-(1)7 o ,W(N))dl/(i)(ﬂ'(i)),
b

Note that by Fubini’s theorem (see Williams, 1991, ch. 8), it is

Er) ot ien [77(71'(1)7 .. ,ﬂ'(N))] = / 77(71'(1), .. ,71'(N))d Qien VY.
P x...xI1P

Now we define the LFC game for a Dec-POMDP.
Definition 36 (Label-free coordination game). Let D be a Dec-POMDP and define D := {f*D |
f € Sym(D)}. The label-free coordination (LFC) game for D is defined as a tuple I'"’ :=
(ND, (ED)1€N7 (UD)ZGN) Where

» NP is the set of players, called principals.

» ¥ P is the set of strategies for all principals i € N'P.
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+ the common payoff for the strategy profile o1, ...,ox € X7 is

!
UP(o) := Ep,~u(D), ieN [Efj ~U(Is0(D;,D)), jEN |:E7r(k)~f;a-k(Dk), keN JD((WZ( ))leJ\/)} H , (63)
where ¢/ (D) is a uniform distribution over D and U (Iso(D;, D)) a uniform distribution over Iso(D;, D).

Remark 37. Note that set of strategies X is continuous. The game I'” could hence be considered a
continuous game, which is a generalization of the concept of a normal-form game to continuous strategy
spaces (see Glicksberg, 1952). In continuous games, it is usually assumed that the set of strategies is compact
and that the payoffs are continuous functions, which we believe does apply in our case.

Moreover, we believe that there is some other normal-form game with finite strategy space such that the
mixed strategies in that game correspond to the set of strategies X7 in I'” (for a reference on these concepts
from game theory, see Osborne & Rubinstein, 1994; Gibbons, 1992). In particular, one can see that the set of
strategies X7 is already convex.

We do not need any further characterization of an LFC game in the following, so we do not investigate issues
such as compactness or convexity of the set of strategies. The formalism at hand was chosen primarily to
work well with an intuitive formulation of the LFC problem and to suit our discussion of the OP algorithm.

Next, to recall the definition of the LFC problem, let any set C of Dec-POMDPs be given, and denote
C :=Upec PP where DP := {f*D | f € Sym(D)} is the set of all relabeled problems of D. The LFC

problem for C is then defined as the problem of finding one learning algorithm o € ¥C to be used by principals
in a randomly drawn game I'” for D ~ U(C).

Definition 38 (Label-free coordination problem). Let C be any set of Dec-POMDPs. Define the objective
UC: ¥¢ — Rvia

UC (U) = E’ENI/{(C) [UE(O-7 AR 70)] (64’)
for o € ¥C. Then we define the Label-free coordination (LFC) problem for C as the optimization problem
max UC (o) (65)
oex’

and we call U€ (o) the value of o in the LFC problem for C. If C = { D}, we write U” := U{P} in a slight
abuse of notation and refer to this as the LFC problem for E.

Remark 39. The aim of the LFC problem is to find a general learning algorithm to recommended to principals
in any LFC game. For this reason, we defined the problem here for a distribution over LFC games. However,
a learning algorithm is optimal in the problem for a set of Dec-POMDPs if and only if it is optimal in the
problem for each Dec-POMDP in that set. That is because, as one can easily see, the sets pP ,DF do never
overlap for two non-isomorphic Dec-POMDPs D, E, and we will show in Corollary 43 that the LFC problems
for two isomorphic Dec-POMDPs are identical. So to evaluate a learning algorithm in the LFC problem for a
set of Dec-POMDPs, we can decompose the set into equivalence classes of isomorphic Dec-POMDPs and
evaluate the learning algorithm separately for each of these classes. In the following, we will thus simplify our
analysis and restrict ourselves entirely to problems defined for single Dec-POMDPs. Note that the objective
in the LFC problem is then simply

UP(0) = U{D}(a) = Egu(py) [UE(U,...,U)} =UP(o,...,0). (66)

If we then prove, e.g., that a learning algorithm is optimal in any such problem, it follows that it is also
optimal for the problem defined for any set of Dec-POMDPs.
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Now we will provide two different expressions of the payoff in an LFC game. To that end, let D be a
Dec-POMDP and define D := {f*D | f € Sym(D)}. First, we provide an expression in terms of labelings.

Lemma 40. Letoy,...,0n € XP. Then
UP(o1,...,0n) = Benrt(sym(D)) | B (671 ) 0482 D), ieN [JD((”§J))J'€N)H (67)

Proof. Tt follows from Lemma 33 that it is Sym(D) = Jgcp Iso(D, E), where one can easily see that
the union is disjoint (i). Moreover, it follows from Lemma 19 that [Iso(D, E)| = |Iso(D, F))| for any
Dec-POMDPs E, F € D, so there exists M € N such that M = |Iso(D, E)| for any E € D, and from (i) it
follows that |Sym(E)| = |D||M] (ii).

Next, by Lemma 18, for any f € Iso(D, D;), itis f~! € Iso(D;, D) for any f € Iso(Dj, D). In
addition, by the same Lemma, for f € Iso(D;, D), itis f = (f~')"! and f=! € Iso(D, D;) and thus
fe{f'|felso(D,D,)}. Hence, it is

{f| feTso(D;, D)} = {f~*| f € Iso(D, D;)}. (68)

Using the above, it follows that

UP(oy,...,0n) (69)
= Ep,~u(D), ien {Efj~lso(Dj,D),j€N [Ew(k)wf]:o-k(Dk),keN [JD((F;Z))leN)H} (70)
(6:8) EDwu(D),ieN [Efjelso(D,Dj),jeN [Eﬂw)N(f];l)*ak(Dk),keN [JD((WJ(Z))ZGN)”] (71
LY E, ~1(sym(E)), ieN [EwmN(fJfl)*aj(f;D),jeN [JD((W;(ck))keN)H (72)
= E¢uu(sym(p)™) [Eﬂ(i)w(fi_l)*o-i(f;‘D),ie/\/' {JD((W](‘j))jeN)” : (73)
This concludes the proof. O

Second, we can prove a useful decomposition of the payoff in an LFC game into isomorphisms and auto-
morphisms. We can already see here the connection to the OP objective (we will recall the OP objective in
Appendix D.1). Recall the projection operator, proj,;(z) := x; for x = (x;)ienr-

Lemmad4l. Leto,...,oy € XP. Forany E,F € D, choose fg r € Iso(E, F) arbitrarily. Then
UP(o1,...,0N) (74)

=Epinu),ien \Bxtingy poi(D;), jeN l:EgeAut(D)N [JD ((pfojk(gzﬁﬂ(k)))kej\/)”} . (75)

Proof. Leti € N,D; € D. We know from Lemma 19 that for any f € Iso(D;, D) there is a unique
g € Aut(D) such that f = g o fp, p. Also, for the pushforward measure, it is (g o fp, p)*oi(D;) =
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g*fp, poi(D;) forany g € Aut(D). Using this, it follows that

Ep,~u(D),ien [EijM(Iso(Dj,D)),jEN [Ew(k)Nf;ak(Dk),kGN {JD((Wz(l)ﬁeN)H} (76)

= Ep,cu(),ien []Eg~u<Aut<D>N> [Ewwmg;fgkpak(m), keEN {J D((Wﬁj))je/v)} H 7

=Ep,~u(D),ieN l:E‘n-(k)Nka,Dak(Dk), keN |:Eg~M(Aut(D)N) [JD <<projj(gj7r(j)))jeN)] ” , (78)
where we have used a change of variables for pushforward measures in the last line. O

Finally, we can show that the payoff in an LFC game is equal for isomorphic Dec-POMDPs, up to a possible
permutation of principals. Intuitively, this means that the game does not depend on labels for the problem.

Theorem 42. Let D, E be isomorphic and | € Iso(D, E) arbitrary. Define D := {f*D | f € Sym(D)
and C = {f*E | f € Sym(E)}. Then D = C, and for any profile of algorithms o = (o1, ...,0y) € XP,
itis

UD(O'l,...,O'N) = UE(a'fql,...,a'fle).

Proof. First, note that by Lemma 34, it is

C={fE|fesymE)} """ ((fof)*D| f € Sym(E)}
= {/*D| f e Sym(E)o f} “™* ({*D| f € Sym(D)} =D. (79)

Now let o1, ...,0 5 € X7 arbitrary. Then, using the expression of U? from Lemma 40, it is
UP(oy,...,0N) (80)
= Eenu(sym(py) [Eﬂm (£ V) o4 (£ D), iEN [JD( )jen H @31
= Erntt(sym®N) [Baormie e py,ien |72 @) jen)] | (82)
= Etu/(sym(D)V) :Eﬂuw(f Ve, (£2 D), ieN [JE( v J) (FH1r ))jex\/)H (83)
= E¢~z/(sym(D)™) :Eﬂ(%)m(fi_l)*g-i(fi*D),ie,/\/ [JE((PI"OJ (fr =t ))jeN)” (84)
= E¢uu(sym(D)™) :EﬂmNf*(fgl)*ai(f;D),ieN [JE((PI“OJ'j(W(f_lj)))jejv)}] (85)
= E¢~t(sym(D)V) :EwmN((fioffl)fl)*ai(f;D),ie/\/ [JE((PYOJ'j(W(filj)))je\/)}} (86)
= Et v (sym(D)V) :Eﬂ(i)N((fioffl)fl)wi((fioffl)*E),ieN [JE((pfojj(W(filj)))jej\/)}} (87)
= Etri(sym(m)™) :Ew)N(f;l)*ai(f;E),ie/\/ {JE((PYOJ'J'(W(f_lj)))jej\/)}} (88)
= Eeui(sym(E)Y) ]EﬂmN(ff—_lli)*af,li(f;_liE),ieN [JE((pl"Ojj(W(j)))jeN)H (89)

= Etnuu(sym(m)v) [Ewm~(f;1>*af_1,.(f;E),ieN [J E((proji(ﬂ‘“))iemﬂ (90)
:UE(a'f,ll’,,,7o'f,1N), (91)
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Here, in (82), we use Theorem 22; in (83) and (84), we use the definition of the pushforward policy; in (85),
we apply a change of variables for pushforward measures, applied to each of the measures (f;)*o; (£} D)
separately; in (86), we use the associativity of the pushforward measure as well as the fact that (f;o f~1)~! =
fo fi_l; in (87) and in (88), we use the second respectively first part of Lemma 34; in (89), we again use a
change of variables for pushforward measures, this time applied to the joint measure ®;c (£, )* o (£ D);
and in (90) we use the symmetry of the set Sym(E)N with respect to player permutations, concluding the
proof. O

First, this result implies that the LFC problems for two isomorphic problems are identical.

Corollary 43. Let D, E be two isomorphic Dec-POMDPs and let D := {f*D | f € Sym(D)} and
C:={f*E|fe€Sym(E)}. ThenD = C and UP (o) = UF (o) for any 0 € £P = ¥C.

Proof. By Theorem 42, we have D = C. Now let ¢ € X2 = Y. Then again by Theorem 42, it is

Theorem 42

UP(0)=UP(o,...,0) Uf(o,...,0) =U¥(0).

O

Second, the theorem shows that symmetries between the agents in a Dec-POMDP are also symmetries
between principals in T'?.

Corollary 44. Let D be a Dec-POMDP. Then it is
UD(O'l, ces 7O'N) = UD(O'g—117 cee ,O‘gle).

forany g € Aut(D).
Proof. This follows from Theorem 42, using that Aut(D) = Iso(D, D). O

C.7. Optimal symmetric strategy profiles

Above, we have shown that the payoff in an LFC game is invariant with respect to symmetries of the agents in
D. Similarly to the case of Dec-POMDPs and their symmetries, we can also apply the concept of symmetry
to profiles of learning algorithms. We can then ask whether a profile of learning algorithms is invariant
to symmetries of the principals, in which case we say that the profile is symmetric. In the following, we
will show that optimal profiles among the ones that are symmetric are Nash equilibria of an LFC game.
Since we will show in Appendix F that a profile in which all principals choose OP with tie-breaking is an
optimal symmetric profile, it will result as a corollary that all principals using OP with tie-breaking is a Nash
equilibrium of the game.

To begin, we define symmetric principals and profiles of learning algorithms. In the following, let again D be
aDec-POMDP and D := {f*D | f € Sym(D)}.

Definition 45 (Symmetric principals and strategy profiles). We say that two principals ¢, j € A/ are symmetric
if there exists an automorphism g € Aut(D) such that i = gj. A profile of learning algorithms o1, ...,0 N €
P is called symmetric if it is 0; = 04-1; for any automorphism g € Aut(D) and principal i € N.

An optimal symmetric profile is then defined as a symmetric profile o such that for all other symmetric
profiles &, itis U” (o) > UP(&). Note that if there are non-symmetric principals in \, then for a single



A New Formalism, Method and Open Issues for Zero-Shot Coordination

learning algorithm o € X7, the property that o, .. ., o is an optimal symmetric profile in the LFC game for
D is stronger than the property that the algorithm ¢ is optimal in the LFC problem for D. The latter only
requires that UP (o,...,0) > UP(o’,...,0') forall o’ € X7, while o, ..., o being an optimal symmetric
profile means that U” (0, ...,0) > UP(o4,..., o) for all symmetric profiles o1, ...,0n € X7, where a
profile could potentially include different learning algorithms for non-symmetric principals.

For a simple characterization of symmetric profiles, consider the orbit Aut(D): of a principal i € N, as
defined in Appendix C.4. Clearly, saying that a profile is symmetric can equivalently be expressed as saying
that all principals from the same orbit are assigned the same learning algorithm.

Lemma 46. A profile o1,...,0n € X is symmetric if and only if it is o; = o for any two symmetric
principals i,7 € N.

Proof. This can be easily seen from the definition of the orbit and the properties of actions of automorphisms
on agents and principals. O

Lastly, we define a Nash equilibrium of an LFC game.

Definition 47 (Nash equilibrium of an LFC game). A profile of learning algorithms o1, ...,0n € P isa
Nash equilibrium of the LFC game for D if, for any principal i € A and learning algorithm o, € ¥?, it is

UP(o) >UP(0;,0_,).

Now we show that any optimal symmetric profile is a Nash equilibrium. An analogous result for normal-form
games was proven in Emmons et al. (2021). Our proof closely follows that proof, adapted to our setting.

Theorem 48. Any optimal symmetric strategy profile in an LFC game is a Nash equilibrium.

Proof. In the following, fix a Dec-POMDP D and let D := {f*D | f € Sym(D)}. Let U := UP. Let
o1,...,0 N be an optimal symmetric strategy profile. Towards a contradiction, assume that o is not a Nash
equilibrium, i.e., that there is i € A and &; € X such that U (6,0 _;) > U(a). We show that then there is
another symmetric strategy profile & that achieves a higher payoff than o, U(6) > U (o), contradicting the
assumption that o was optimal among the symmetric profiles.

To that end, for arbitrary p € (0,1] define the profile 6; := pé&; + (1 — p)o; for any j € Aut(D)i
and 6; := o for j € N'\ Aut(D)i. Note that, since we jointly change all learning algorithms in one
orbit Aut(D)i, the remaining profile & is symmetric by Lemma 46. Next, let K := |Aut(D)i|, choose
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Dec-POMDPs Dy, ..., Dy € D, and measurable sets Z1, ..., Zy C II”. Then itis

(@jena(D))(]] 20 (92)
leN
= JI e0z) [I ws:i(D)(2)+1-pei(D)(Z)) 93)
FJEN\Aut(D)i leAut(D)i
= (1=p)* [[os(0(E)
JEN
+ Y p1=p)reD)(E) ] euD)(2)
JjEAut(D)i leN\{j}
+ P =p) P T 2 94)
k=2,....K JEN

= (1-p)* @jeno;(D) | ] 2
JeEN

+ Y p =) (64(D) @ieany (D) | T] 2

jEAut(D)i JEN
+ > pra-pf Rl ] 2 (95)
k=2,...,K JEN
where pF-P1- PN is some measure (not necessarily a probability measure) on the space IT” x -- - x IIP

that depends on k and Dy, ..., Dy, but not on p. This tells us that we can also decompose the integral with
respect to the measure ® ;e 6 (D) as in (95). It follows that

U(6i,...,6N) (96)

=E E, - TP ((xVien) 97)
EnU(Sym(D)N) | Er) (£, )6, (£ D), jEN T )leN

= IE:fNZ/f(Sym(D)N) [Ew<1>~&j(f;D),jeN {JD <(pr0jl((fz1)*7T(l))>l€N>H (98)

(95) . —1\x
= Eecvi(sym(p)V) [(1 ~ D) Erti) o, (£ D). jeN {JD <(Pr0Jz((fz Y W(l)))leNﬂ

+ Y p(1 =) Brtmrno, (52 D), meA [Ew(mai(f;D) [‘]D ((projl((fl_l)*ﬂ(l)))zeN)]]

jeAut(D)i
ki1 \K—k D =1k (1) kfrD,. £5D ( (1) (N)
+ Z p*(1—p) /J ((prOJl((fl Vi ))ZEN) dptf N (ﬂ' R )} (99)
k=2,...,.K
:(17p)KU(O')+ Z p(l7p)K71U(0'1,...,O‘j_l,&i,d'j+1,...,UN)
jeAut(D)i
+ > pra-pfrG (100)
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=B(m =0,p)U(c) + B(m=1,p)U(Gi,0_))+ »_  p"1-p~FrC, (101)
k=2,...,.K

for some constants Cy, € R for k = 2,..., K, and where we write B(k = 0, p) to denote the probability
that a binomial distribution with K trials and success chance p has 0 successful trials (and B(k = 1,p)
analogously). Here, in (98), we use a change of variables for pushforward measures, separately for each
measure 0 ; (ffD); in (100), we use the linearity of the expectation; and in (101) we use that U and o are
both invariant to symmetries between principals, and thus for g € Aut(D) with g71j = 4, it is

U(O‘i,O',i) = U(o-g—ll,...,a-g—l(jil),o-i,o-g—l(j+1)7...,o-g—lN)

:U(O’l,...,O'j_l,&i,O'j{_l,...,O'N). (102)

Now note that if we can show that

(1—B(m=0,p)U(c) < B(m=1,p)U(6;,0_;) + Z P = p) Ky,
2

then it would also follow that

U(e) = Bm = 0,p)U(0) + B(m=1,p)U(Gs,0-)+ Y. p*(1-p"*C,
k=2,....K

> B(m=0,p)U(e)+ (1—B(m=0,p)U(e) =U(c). (103)
Thus, this would show that & is a symmetric profile with higher payoff than o, proving the required
contradiction.
In the following, we show the equivalent condition

B(l,p) Zkzgw,}[{pk(l _p)K_ka

V@) < Gimz ol @ o-)+ == i

where B(m > 0,p) = Zszl B(m = k,p) =1— B(m = 0,p). To that end, note that since U(o) <
U(&;,0_;) by assumption, we can choose some small € > 0 such that still

Uo) < U(64,0_;) — €.

Moreover, note that B(m > 0, p) is a polynomial in p, and the degree of its nonzero term with lowest degree
is 1. Similarly, for >, _,  ; p7%(1 — p)2Cy, that lowest degree is 2. Hence, it is

Zk:2,..4,ka(1 — )Ry B Zk:2,..A,K PP —p)KRC,
B(m > 0,p) C+Q(p)

for some constant C' # 0 and polynomial () in p, and it follows that
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With the same argument, it is also lim,_, M 0 and thus

(m>0,p) =
fy Bm=1p) _ | B(m>1p) _
p—0 B(m > 0,p) p—0 B(m > 0,p)

Hence, we can find some p > 0 that is small enough such that both

Yhma. kPP = D) TECy
B(m > 0,p)

<

N

and
€ B(m =1,p) €

1 > >1— —.
U GEno )~ Bm>0,p) 20 (60,0l

It follows that

- € . €
U(O’) < U(Ui70—i) — €= (1 — 2U(0~'Z70'Z)) U(O’i,O'_i) — 5
Blm =1 B k(1 _ )K=k
Bm =10y, o)+ DR R Gt DA ST
B(m > 0,p) B(m > 0,p)
which is what we wanted to show. This concludes the proof. O

C.8. Evaluating equivariant learning algorithms

In the following, let D be a Dec-POMDP and define D := {f*D | f € Sym(D)}. In the special case in
which a learning algorithm is in a sense independent from the used labels, we can find a simpler form of
the algorithm’s value in the LFC problem for D. To do so, we define the notion of an equivariant learning
algorithm.

Definition 49 (Equivariant learning algorithms). Let ¢ € ¥P. Then o is called equivariant if for any two
labelings f, f € Sym(D), it is i i
(f)o(f D)= (f")a(f D).

Remark 50. We believe that a learning algorithm implemented via neural networks and one-hot encodings, as
used in our experiments, should be equivariant. To see this, note that by a symmetry argument, the distribution
over functions corresponding to a randomly initialized neural network is invariant with respect to coordinate
permutations. Assume that actions, observations, and agents of a given problem are implemented as one-hot
vectors, i.e., elements of a canonical basis {e1, ..., e;} € R* where k € N is the cardinality of the respective
set. Then the distribution over randomly initialized neural network policies will also not depend on particular
assignments of actions, etc., to one-hot vectors. We conjecture that, if the used optimizer is equivariant with
respect to coordinate permutations (i.e., if the parameter dimensions are permuted, then the prescribed updates
to the parameters are equally permuted), then the resulting learning algorithm is equivariant. We leave a
rigorous exploration of this issue to future work.

An equivariant algorithm can be evaluated in the LFC problem for D by evaluating its cross-play value in
any Dec-POMDP E € D. The resulting policies can be permuted by random automorphisms or they can be
evaluated as they are.
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Proposition 51. Let 0 € ©.P be equivariant. Then for any f € Sym(D) and E = f*D € D, it is
UP(0) = Ertomo(B), ich |:Eg€Z/{(Aut(E)N) {JE ((projj(g}*ﬂ(j)))j@\[)” (105)

=E ) no(E), ien {JE <(W§j)>j6/\/>:| . (106)

Proof. First, let f € Sym(D) and E := f*D. Using the expression of the payoff in the LFC game for D
from Lemma 40, it is

UP(0) =UP(0,...,0) = Ery(sym(p)™) :Ew)N(f;l)*g(f;D),Z-GN {JD((W§j))jeN)}] (107)
= Ertrn(-1y-o(m),ien [T7(7)sen)] (108)
= Eronom,ien |12 (s (109)
= Errma(ey,ien [T (T )jen)] (110)

where we use equivariance in (108), a change of variables for pushforward measures in (109), and Theorem 22
in (110).

Second, by Lemma 33, it is Iso(D, E) C Sym(D). Thus, using Lemma 19, itis Aut(E) o f = Iso(D, E) C
Sym(D). Hence, it follows that

UP(0) =UP(0,..,0) = Bato(g-1y-aen.ien |/2((r)jen)] (a1

= Egruauump {Eﬂ(i)w(f’logi)*a(E),ieN {JD((WJ(-j))jeN)H (112)

= Eg u(aut(B)N {Eﬂumg;a(E),ieN [ (J) H (113)

= Eg ti(Aut(E)Y |:E7r('i)~0'(E), N [J ((proj; (g;mU )))je/\/)H , (114

where we again use equivariance in (112), a change of variables and Theorem 22 in (113), and another change
of variables in (114). This concludes the proof. O

If a learning algorithm is equivariant, we can use either of the expressions above to evaluate it in the LFC
problem. One may choose the first expression, i.e., apply random automorphisms to policies, since this
transformation maps different policies that are equivalent under OP to a unique automorphism-invariant
policy and thus reduces the variance of the cross-play values across different samples © ~ o (D). We will
introduce these notions of equivalence and automorphism-invariant policies in Appendix D.

Note that an equivariant learning algorithm is not necessarily one that performs well in the LFC problem.
For instance, a SP algorithm may be equivariant. However, if an algorithm is equivariant and it does well in
cross-play, then the preceding shows that it will also do well in the LFC problem.

D. Characterization of other-play and of label-free coordination games

In this section, we define for a given policy 7 a policy ¥ () that corresponds to agents choosing local policies
that are randomly permuted by automorphisms, and that is itself invariant to pushforward by automorphisms.
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We then use this self-map on policies W, called the symmetrizer, to characterize both the OP objective and the
payoff in an LFC game. This characterization helps us to analyze the OP-optimal policies in the two-stage
lever game in Appendix E, and it allows us to prove a stronger result, showing that any OP algorithm that is
not concentrated on only one equivalence class in the two-stage lever game is suboptimal in the corresponding
LFC problem. We also use this notion of equivalence classes of policies to define OP with tie-breaking in
Appendix F, which allows us to then show that random tie-breaking functions exist.

In the following, in Appendix D.1, we recall the definition of our generalization of OP, and we define policies
that are invariant to automorphism. Afterwards, in Appendix D.2, we introduce the concept of a policy
corresponding to a distribution over policies. In Appendix D.3, we introduce the other-play distribution, in
which each agent’s local policy is chosen as pushforward by a random automorphism, and we define the
symmetrizer. Using these concepts, in Appendix D.4, we give a new expression for both the OP objective and
the payoff in an LFC game. The OP objective can be understood of as transforming a policy into one that
is invariant to automorphisms, and evaluating that policy in SP. Finally, in Appendix D.5, we show that our
generalized OP objective can in general not be understood of as the SP objective in a modified Dec-POMDP.

D.1. Generalization of other-play

In the following, fix a Dec-POMDP D. Recall that for a profile of automorphisms g € Aut(D)" and a joint
policy 7 € IIP, we define the joint policy g*7 := 7, where the local policy #; of agent i € N is given by the
local policy of agent ¢ in the pushforward policy g . That is, for ¢ € A/, we define

ty 1= proj;(g;m) = my—1;(g; '+ | &7 )

Using this, we define the OP objective as the expected return of a policy that is randomly permuted by such
profiles of automorphisms.

Definition 52 (Other-play objective). Define J5p: 1P — R via
J&p () = Egraa(aus(pyy [J7 (87)] (115)

for 7 € TP, where U (Aut(D)") is a uniform distribution over Aut(D)". We say that J&; is the other-play
(OP) objective of D, and J5p () is the OP value of € TI7.

Remark 53. It is clear that this objective always admits a maximum. For instance, we can consider IT” as a
subset of [ [, [0, 1]“41 *A0: with its standard topology. As II” is a Cartesian product of simplices, it is a
compact subset of this space. Moreover, one can check that the objective .J” () is continuous in the policy 7,
and that for g € Aut(D)", the map 7 + g* is continuous as well. Thus, also J5 () is continuous in ,
as it is a finite linear combination of continuous functions. By the extreme value theorem, it follows that the
function always attains a maximum.

Next, recall our formal definition of an OP learning algorithm as any algorithm that achieves an optimal OP
value in expectation.

Definition 54 (Other-play learning algorithm). Let D be a finite set of Dec-POMDPs. A learning algorithm
o € X7 is called an OP learning algorithm if for any D € D, it is

Eﬂ"NO'OP(D) [JC[))P (ﬂ—)} = 7{2%}]% JODP (,/T)

Now fix again a Dec-POMDP D and consider the notion of invariance to automorphism.
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Definition 55 (Invariance to automorphism). A policy 7 € Il is called invariant to automorphism if f*m =«
for any f € Aut(D).

Clearly, if a policy is invariant to automorphism, then it has the same OP value and expected return.

Proposition 56. Let m € II be invariant to automorphism. Then
JOP(TI') = J(Tr).
Proof. Ttis

Jop(m) = Egyy(aut(pyV) [/ (8" )] = Egrts(aut(pyv) [ ((Proj; (&7 7)) ien)]
Q Egu(aut(pyVy [J((proj;(7))ien)] = J(7), (116)

where we have used invariance to automorphism in (¥). ]

In the following, we will show that if a policy 7 is not already invariant to automorphism, then one can under-
stand the OP objective as first transforming the policy into a policy ¥ () that is invariant to automorphism
by applying the symmetrizer ¥, and then evaluating the expected return of that policy. In that way, the OP
objective ensures that policies cannot make use of arbitrary symmetry-breaking.

D.2. Policies corresponding to distributions over policies

In this section, let some Dec-POMDP D be fixed. As a first step towards defining the symmetrizer ¥, we will
define policies corresponding to distributions over policies for general distributions. Afterwards, we will turn
to the particular policy ¥ (7) that corresponds to the OP distribution of .

Recall that we introduced the set of distributions over policies as A(II), the set of measures on the space
(IL, ). Let v € A(II). For a given distribution » € A(II) and agent i € N, the marginal distribution v; is
defined as v;(Z;) = V(proj;I(Zi)) for any measurable set of local policies Z; C II;. We say that v has
independent local policies, if v = ®;v;, i.e., v decomposes into independent marginal distributions over local
policies for each agent. We denote such distributions by .

Now let 11 € A(II) be a distribution with independent local policies. We want to construct a policy 7# that
represents each agent sampling a local policy m; ~ p; in the beginning of an episode, and then choosing
actions according to that policy until the end of the episode. This policy should be equivalent to 1 in the sense
that it should yield the same expected return as i, where we define the expected return of y as

J(1) 1= By [J(M)] = By ien [J ()] - (117)

The statement that such a policy exists is analogous and more general than a result by Kuhn (1953), which
says that in an extensive-form game, given some conditions on the game, for every mixed strategy there is an
equivalent behavior strategy. Kuhn’s theorem is relevant to Dec-POMDPs since there is a correspondence
between Dec-POMDPs and extensive-form games (Olichoek et al., 2006). For Dec-POMDPs, the analogous
result states that for every distribution over deterministic policies, there is an equivalent stochastic policy.

We cannot directly apply Kuhn’s theorem here, as we require a result for distributions over stochastic policies
instead of deterministic policies. This is because such a result fits better with our remaining setup—for
instance, the domain of the OP objective is the set of stochastic policies, and learning algorithms are defined
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as distributions over stochastic policies. Nevertheless, our proof is based on similar ideas as, for instance, the
proof of Kuhn’s theorem in Maschler et al. (2013), after translating between the different formal frameworks
of extensive-form games and Dec-POMDPs.

To define a policy 7* that is equivalent to u, we begin by defining a new measure space (II x Q, F @ P(Q)),
which is the product space of the space of policies (II, F) with the Dec-POMDP environment (2, P(€2)).
On this space, for a given distribution 1, we define a probability measure [P, which represents the procedure
outlined above, i.e., in which a policy 7 is chosen according to p, and then samples in (2 are distributed
according to ;. Formally, we define IP,, as the unique measure such that

Pu(Z x Q) :=Ern, [12P-(Q)]° (118)

for any measurable sets Z C IT and Q C 2. Note that the product sets Z x Q for measurable Z C II and
Q C Q are a w-system and generate the product o-Algebra F ® P(£2). Hence, by Carathéodory’s extension
theorem, there is a unique measure satisfying this definition (see Williams, 1991, ch. 1).

On this new product space II x (2, define the random variable Z as the projection onto II. We can define
histories H and all other random variables defined on the space (€2, P(£2)) by composing them with the
projection onto € (for notational convenience, we denote these random variables using the same symbols in
both spaces).

Remark 57. Note that the conditional probability of a particular trajectory T given the policy Z is just the
probability of that history under P, that is,

P.(H=71|2)=Pz(H=1) (119)
for any 7 € H. Here, the conditional probability is a random variable, defined via the conditional expectation
P(H=1|2):=E,[1y=| Z].

Intuitively, for a given sample (7, w), the value of that random variable is the best estimate of the probability
of {H = 7} given Z = 7, ignoring w. As, in general, {Z = 7} may have zero probability, it is impossible
to define the conditional probability P(H = 7 | Z =) viaP(H =7 | Z = Z) := % It is still
possible to define the conditional expectation E,, [1—, | Z], though.

Here, we briefly give the definition of the conditional expectation and show that (119) is correct. For a
reference on conditional expectations, refer to (Williams, 1991, ch. 9). Applied to our setup, the conditional
expectation of 1z _, given Z is any random variable (which can be shown to be almost surely unique),
denoted by E,, [1 z—- | Z], that is measurable with respect to

0(Z2)={Z"H2) |2 F}={2xQ|ZcF}

such that
E,1xE, 1= | Z]] =E, L1xlp=-]. (120)

for all X € o(Z). The fact that the random variable is measurable with respect to o(Z) can be equivalently
expressed as saying that it can be written as a function of Z. Moreover, Equation 120 says that the conditional
expectation should represent correct averages of the random variable 1 —, over the level-sets in o (7).

P, is the semidirect product of z with the Markov kernel k(- | 7) := P (-).
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To show that (119) is correct, let X € o(Z) arbitrary. Since X is of the form Z x Q,and {H =7} =1 x Q
for some Q C Q,itis (2 x Q)N {H = 7} = Z x Q. Using Equation 118, it follows that

E# []l)(]Pz(H = 7')] = Eﬂ []lZXQ]PZ(Q)] = Eﬂ'N,u []lZ(W)Pﬂ(Q)]
118
p (2% Q) =E, [Inxalzxo] = E, [lxlg_,]. (121)
Hence, letting E,, 15—, | Z] := Pz (H = 7) satisfies condition (120). Pz (H = 7) is also o (Z)-measurable,
since it is just a function of Z.

We will repeatedly make use of (119) in the following, together with the tower property, which, applied to our
case, says that
(119)
P.(H=71)=E,[P,(H=7|2)] = E,[Pz(H=r1)] (122)
for any history 7 € H (see Williams, 1991, ch. 9.7).

Using the measure space defined above, we now define a local policy £ for an agent ¢ € AV, corresponding
to a distribution y; € A(II;). For an action a; € .A; and an action-observation history 7; ; € AO; ;, we define
7" (a; | 7;,¢) as the probability that agent ¢, who follows a policy that is sampled from y;, plays action a;,
conditional on {40; ; = 7; +}.

Definition 58. Let i € N and let u; € A(IL;) be a distribution over local policies of agent 7. We define the
local policy 74" corresponding to f; in the following way. For a; € A;,t € {0,..., T} and 7, € AO; 4, let

i (ai | Tig) = Puigu, (Air = ai | A0 = 7i1), (123)

?

where p_; is any distribution over II_; with independent local policies such that

PMi@M—i(‘@i,t = Ti,t) > 0.

1
[Ail

If no such distribution exists, we let ' (a; | 7;¢) 1=
Note that if P, g, _, (A0, + = 7i,+) = 0 for all the distributions p1—; € A(II_;) over opponent policies, then
agent 4’s action-observation history 7; ; is almost never reached, independent of the other agents’ policies.
In that case, we can define the policy arbitrarily and this will never matter for the distribution over histories
under IP,,,»,,_,, and as we will see, neither for the distribution under ]P’Trgi for arbitrary 7_;.

ST
First, we need to make sure that 7r§” is well-defined, i.e., it does not depend on the chosen distribution ;.

Unfortunately, the proof for the following Lemma is somewhat technical.

Lemma 59. Leti € N, u; € A(IL), t € {0,...,T}, 1iy € AD;, and a; € A;. Let p_j,u'; €
A(I1_;) be any two distributions with independent local policies such that Py, e, ,(AD; = ;1) > 0 and
Pu,eu  (AOis = 7i4) > 0. Then it is

Puiou_i(Aie = ai | A = Tit) = Puguw (Air = ai | A0 = Tiy).

Proof. In the following, let i € Nt € {0,...,T} be fixed. Our goal is to find an expression for the
distribution of Z; given AO; . that only depends on ;. If we can do that, we can also show that the probability
of a particular action chosen by an agent is independent of the distributions over other agents’ policies.
To begin, we analyze the joint distribution of Z; and Ei,t for an arbitrary distribution 1 € A(II) with
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@@ @)

Figure 8. Part of a Bayesian graph of the random variables on the space II x (2. Here, the gray-marked nodes are part of
the action-observation history A0 2. Conditional on AO; 2, there is an unblocked path, marked in teal, from Z; to A; 2
and to nodes below A; 2 not displayed here, making them d-connected and thus dependent. The path marked in a lighter
magenta, on the other hand, is blocked, illustrating that the part of the graph below O; > may be independent of Z;.

independent local policies. Note that by assumption, the Z; are independent for j € N under p. We now
show that conditioning on AO; ; still leaves Z; independent from Z_;.

To see this, one can consider a Bayesian graph of the random variables on the space II x €. For a reference
on Bayesian graphs and the concepts discussed below, refer to Pearl (2009, ch. 1.2). In Figure 8, we have
displayed a part of this Bayesian graph with nodes for the agent ¢, indicating left-out parts of the graph with
dots. The arrows in the graph illustrate the dependence relationships between the different variables: if there
is an arrow from one node to another, this means that the other node depends on that node. Nodes belonging
to the action-observation history ELQ of agent ¢ are marked in gray.

Given such a Bayesian graph, the d-separation criterion tells us which variables are dependent after condition-
ing on a set ) of variables. The criterion specifies valid, “unblocked” paths in the graph, depending on the
graph structure and the nodes that are being conditioned on. The d-separation criterion says that two variables
are dependent conditional on the variables in V if and only if there is an unblocked path in the graph between
them; the variables are then said to be d-connected. If there is no path, then the variables are d-separated.

An unblocked path can contain a chain X — W — Y orafork X <+~ W — Y if W is not being conditioned
on. If it contains a collider X — W <« Y, on the other hand, i.e., the two incident edges to IV in the path are
both directed towards the node, then the path is blocked, unless W or a descendant of W in the graph is in V.
For instance, the path that is marked in a lighter magenta in Figure 8 is blocked—the path cannot go from Z;
over A; 1 to O; 2. An unblocked path is marked in teal.

Using the d-separation criterion, one can tell that Z; may be d-separated from left-out parts of the graph in
Figure 8 indicated by the dots below A, o, for instance, but that it is d-connected to some variables in the
part below A; ». We do not work this out here completely, but once considering the entire graph, one can see
that there is no unblocked path from Z; to the Z_;, because such a path would inevitably have to traverse
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a collider that is not being conditioned on and that has no descendants that are being conditioned on (for
instance, the observations of all other agents are colliders that connect the Z_; with Z;). Generalizing from
the example of 7; o, we can conclude that Z; and Z_; are independent given 4O, ;.

Now let Z; C II; be measurable sets for j € N, and let Tit € Ei,t arbitrary. Then, using the above, it
follows that

Er o illnsez ;EBzimp L, e2,Pr(A0; 4 = 7i40)]] (124)
=P,(Z; € 2,40, =Ti1,Z_; € Z_;) (125)
=Pu(Zi€ 2| A0y =74,Z_i € C_))Pu(ADi s+ = T4, Z_i € Z_;) (126)
=P (Z; €2, | AD;y = i 4)Pu(A0it = Ti4, Z—i € 2_;) (127)
=Er ,opi[ln ez ,Pu(Zi € Zi| 4014 = Ti 1) Eryrops [P (A0 = 7i0)]], (128)

where we use the argument about conditional independence in (127) and the definition of P, from Equa-
tion 118 in (125) and (128).

Since the sets Z; for j € N\ {i} were arbitrary, it follows that j_;-almost surely, it is

Eﬂwm []lﬂ'iEZiPﬂ'i,Zﬂ' (@i»t = Ti,t)]
=Pu(Zi € Zi | A0it = 7i,t) B [Py 2, (A0i 0 = 7ip)]. (129)

Moreover, since p was arbitrary, Equation 129 holds for any distribution with independent local policies. If
we divide by the term B, ,, [Pr, z_,(40; + = 7;+)], this becomes

EWzNHi [1ﬂiezipﬂiaz—i(@i7t = Ti,t)]
]E‘ﬂ'iNHz‘ [Pﬂhz—i (Aoi,t = Ti’t)]

P.(Z; € Z; | ADiy = 7i4) = , (130)

which gives us a formula for the distribution of Z; given AO; ; under the measure PP, that is independent of the

distributions ;. But to be able to do so, we have to find a value for Z_; such that Er, ., [Pr, z_,(A0;; =
7;,¢)] is nonzero under .

Now let p1; € A(II;) and let p—;, i/, € A(II_;) be any two distributions with independent local policies

such that Py, 0, (A0 = 7iye) > 0and P, o, (AOi = 7i4) > 0. Define pig := pu;, p:= p; @ p—;, and
W' = p; @ p’_;. Our goal is to show that

Pu(Ais=a;| A0y =71iy) =Pu(Aip = a; | ADiy = Ti).

To that end, we define a third distribution /i := ®;enr(54; + 3/45). Apparently, it is then p; = fi; =
and also /i has independent local policies. We now prove separately for . and 1 that the distribution of Z;
given {A0; ; = 7;;} under  respectively 1 is equal to the one under /i. To do so, we use that y and p/ are
absolutely continuous with respect to /i to find desired values for Z_; such that we can apply Equation 130.

First, let Z; € II; be an arbitrary measurable set. Using Equation 129, we can find measurable sets

Z_,Z_; CI_;suchthat p_;(Z_;) = 1= ji_;(£_;), and such that

Eﬂ'q‘,’\‘#i []lﬂiEZiIPﬂi-,ﬂ—q‘, (@i,t = Tii)}
=P (Zi € Z; | ADi 4 = 75 1) Erimopis [Py m_, (ADi s = 7i0)]. (131)
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forany 7_; € Z_; and

E‘ﬂ'i’Vﬂi [ﬂﬂiezipﬂ'i;ﬁ'—i (@i,t = Tiﬂf)]
= Pﬂ(ZrL S Zz | @i,t = Ti’t)Eﬂ—iNM [Pﬂi’ﬁ—ii (@i,t = Ti,t)]' (132)

forany 7_; € ZA,Z».
Next, it follows that P, ({Z_; € Z_;} N {40, + = 7;+}) > 0, which by definition of j implies P, ({Z_; €
Z_}n{40;+ = 7;+}) > 0 and thus by definition of Z_; also P ({Z_; € Z_;NZ_;}N{AD; = 7;+}) > 0.
Since

Pﬂ({Z_Z‘ S Z_i N é_L} N {Ei,t = Ti,t})

= Eﬂ'—i"‘/ﬂ—i [1Z,iﬂZ,i(ﬂ*i)Eﬂi~ﬂi [Pﬂixﬂ—i(@i7t = Ti7t)] , (133)

there must be 7_; € proj_,({Z_; € Z_; N Z_ YN {A0;; = 7}) such that

]Eﬂ'i"/ﬂi []P)ﬂ'i’ﬂ'fi(/pi’t = Ti,t)] > 0.

Lastly, using that ji; = p;, it follows that

ETU,NM [Pﬂiﬂfi(AOi,t = Ti,t)] = ]Eﬂ'q:’\‘ﬂi []Pm,‘fti(/pii = Tiﬂf)] > 0. (134)

Hence, we can use Equations 131 and 132 to conclude that

ey Erimop Uniez, Pryr_, Ez =T
P (Zi€ Zi | ADiy = Tit) (2 2 pillmezPr, 7( = Tit)] (135)
Eﬂ'z‘“‘#i []P)'ﬂ'i’ﬂ'—i(mi,t = Tiyt)]
Miiﬂi ETQ;N[L,‘, [ﬂniezipmm_i(@i’t = T’i,t)]
Eﬂ'iNﬂi []PJﬂ'i,ﬂ'—i(‘AOiyt = Tii)]
(132)

= Pﬂ(Zl € Z; | @i,t = Ti,t)~ (137)

(136)

Now note that one can make an exactly analogous argument for x’ and /i, potentially using a different _;.
Hence, it follows that

]P)#(Zl S 21 | E@t = Ti,t) = Pﬂ(Zl S Zz ‘ @i,t = Ti,t) = ]P)#/(Zi S Zz | Ei,t = Ti,t)' (138)

Since Z; € 1I; was arbitrary, it follows that the distribution of Z; given {@i,t = 7;+} is equal under P, and
P,

To conclude the proof, we can use this to show that also the distribution of actions under IP,, and P, are equal,
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conditional on {40; ; = 7;,}. For a; € A;, itis

P,u(Ai,t:ai |@’Lt th []P;L zt—az |Z140'Lt) |140’Lt_7—2t} (139)
[IP’ it = Qg | AOi,t) | AOi,t = Ti,t} (140)
=E, [Zi(ai | Tix) | AOsp = 73] (141)
138 —
(: ) E, [Zi(ai | Ti,t) | AO; s = Ti,t} (142)
= E#/ [PZ(Ai,t = a; ‘ @i,t) ‘ @i,t = Ti,t] (143)
= Ell/ [Pu/(Ai,t = a; | Z,Eiﬁt) |E¢7t = Ti,t] (144)
=P, (Air=a; | AD;+ = Tit), (145)
where we have used the tower property in (139) and (145), and Equation 119 in (140) and (144). This is what
we wanted to show. O
In the following, we write 7 := (w!'");cnr for the joint policy corresponding to a distribution p with

independent local policies. Our next goal is to prove that the distribution over histories is the same under P
as under IP,,.

Proposition 60. Consider any distribution i € A(I1) with independent local policies. Let " be the joint
policy corresponding to i, as defined above. Then the history H has the same distribution under P, as under
Pou. In particular; it is JP (n) = JP (7#).

Proof. Fix a distribution p € A(II) with independent local policies. We show by induction that for all
te{0,...,T},itisP,(H, =7) = Pru(H, = 1) for any 7, € H,;.

First, note that by Definition 58, for any i € N,a; € Aj,t € {0,...,h}, and 7y € AD, such that
P.(AD;+ = 1i4) > 0,1itis

]P7r (Az t = Q; ‘ 1407, bt =T t) = 77— (az | mz =T t) P,u(Ai,t = ay | mi,t = Ti,t)~ (146)
In particular, this holds for ¢ = 0, in which case it is @i,o = ( fori € N. Hence, fora € A,s € S, itis

(122)

]P)H(So = S,Ao = CL) = EM[]P) (So =S, Ao = a)] = [Pz<50 = S)Pz(AO = a)]
8 by(s)EuP2 (Ao = a)] = bo(s)Eu[ ] Zi(As0 1 0)] 2 bo(s) [] EulZi(as | 0)
iEN ieEN
(122) (146)
_bO )HIP/,L ZO_al —bO H]P) Z():a’L = HIP)ﬂ'“ ’LO_a/Z)
ieN ieN ieN

= bo(S)]P)ﬂ—u (AO = (1) = ]P)ﬂ—u (SO =S, AO = a). (147)

Here, we also use (i) the fact that that the initial state distribution does not depend on the policy, and (ii) the
fact that u has independent local policies and thus also the Z; are independent in the probability space P,,.

Next, assume that 0 < ¢t — 1 < T'and P, (H;—1 = 7y—1) = Pru(H;—1 = 7¢—1) forany 7,y € H;—1. Let
Ti—1 = (S0,G0,T0, S1,...,Tt—1) € Hy—_1 arbitrary such that P, (H; 1 = 74_1) = Pru(Hy—1 = 74—1) > 0.
As in the proof of Lemma 59, it follows from considering the d-separation criterion on a Bayesian graph of
the random variables defined on I x €2 that conditioning on H;_1 does not make the Z; dependent (see Pearl,



A New Formalism, Method and Open Issues for Zero-Shot Coordination

2009, ch. 1.2). The same criterion also says that, after conditioning on A; ;; and @i,tq, one cannot gain
additional information about Z; from the other components of H;_; or from O; ; (thatis, 4; ;1 and A0, ;1
d-separate Z; from the rest of the history). Using this in (151), it follows for arbitrary s, 0;, as, r; that

PH(St =54,0; = OtaAt =ay, Ry =1y | Hi = Tt—l) (148)
= EM[PM(St =54,0y =05, Ay = ay, Ry = 14 | Ht—laz) | Hi 1= Tt—ﬂ (149)
=E,[P(st | st—1,a:-1)O0(0¢ | S¢,a¢-1) H Zi(ai | Ti,0) AR (s,0)=r | Hi—1 = Tt—1] (150)

1EN

= P(St | 5t—1aat—1)0(0t | S,at—l)

H EulZi(ais | 7ig) | Aigm1 = ai—1,A0i -1 = Tit—1]LR(s,.00)=r, (151)
1EN
= P(s¢ | s¢—1,a4-1)O0(0¢ | 5,a4-1) H Pu(Aie = aiz | ADie = Tit) AR (s, a0)=re (152)
iEN
= P(s¢ | 5t-1,a:-1)0(0¢ | 5,a:-1) H Pru(Aiy = aiz | AD;t = 75 1) AR (s, 00)=r (153)
ieEN
= Pﬂ“(St =54,0; = Ot;At =ay, Ry =1y | H,_ = Tt71)~ (154)

In (153), we again use Equation 146, which is possible since P,(H;—1 = 7;—1) > 0 implies that also
Pu(AO; +—1 = T;s—1) > 0, where 7; ;1 is defined as the projection of 7y, onto AD; ;1.

To conclude the inductive step, let 7. € H; and choose 7;_; as the projection of 7; onto H;_1. If
Pu(Hi—1 =7—1) =Pru(Hi—y =7—1) =0,

necessarily also P,,(H; = 7¢) = Pru (Hy = 7) = 0 and there is nothing more to show. Assume now that this
is not the case. Using the inductive hypothesis and Equations (148)—(154) in (¥), it then follows that

Pu(Ht = Tt) = PM(Ht =Tt | Hi_ 1= Tt—l)Pu(Ht—l = Tt—1)
= PM(St =540 =01, Ay = ay, Ry = 1y | Hi_ = thl)Pu(Htfl = thl)
o Pru(St = 5¢,0e =04, Ay = ap, Ry =1y | Hi1 = 74— 1)Prn (Hy—y = 74—1)
= Pﬂ—u (Ht = Tt)- (155)

This concludes the induction. In particular, it follows that
P/L(HT = TT) = ]P)Tr# (HT = TT).
Hence, H = Hy has the same distribution under both PP,, and P«

Turning to the “in particular” statement, we can use the tower property (i) and Equation 119 (ii) to follow that

h h
J() = Enu[Y R =Eu[Y_ R
t=1 t=1
OE, [E. Y R |Z|| 2E, lEZ SR,
t=1 t=1

— By [J(m)] = J(). (156)
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O

Before we turn to the OP distribution, we prove another useful Lemma, stating that the mapping from
distributions to corresponding joint policies and the pushforward by isomorphisms commute. That is, the
policy corresponding to the pushforward of a distribution and the pushforward of the policy corresponding to
that distribution are the same.

Lemma 61. Let D, E be isomorphic Dec-POMDPs with isomorphism f € Iso(D, E). Let 7 € TI” and let
w € A(ITP) be any distribution with independent local policies. Then

.
frat =gt

Proof. First, we have to find an expression for the marginal distributions (f*u); and prove that f*u is a
distribution with independent local policies. To that end, consider measurable sets Z; C IT¥ for i € N'¥ and
define Z := [],. -5 Z;. In the following, we adopt the notation 7; o f := m;(f- | f-) and Z;0 f := {m;o f |
m; € Z;}. Note that

()R ={r|frreZy={r|VieNF:m0fteZ)}

={r|VjeNP:meZyoft=[] Zriof (157
JEND

Hence, using in (i) that i has independent local policies, it follows that

FmE) =w()7@) L ] 2r50H L T w(Erof) = [ nrulZiof). (58)

jGND jeEND iENE
Now let i € NP arbitrary. With the choice of Z; := Z; and Zj, := IT¥ for all k € N7\ {i}, itis

(f*m)a(Z:) = frulproj; H(2:) = f*u(Z1 x - x Zn))
DT wrkErof) = npilZio f), (159)

keNE
as lLLf—lk(ZAk of)=pp1x(go f) = ps-1j(Hp-15) = 1 forany k € N5\ {i}.

Since i was arbitrary, this shows that f*/i(Z) = [[;care (f*1)i(Z;). Since the sets Z; were arbitrary and the
Cartesian products of these sets are a m-system and generate the product o-Algebra F, this shows that f*u
has independent local policies.

Next, leti € NP, t € {0,....T} and i, € ADy;. Note that proj,(fm*) = w7} o f~!

1q
f*H) = W,Ef*'u)’

proj, (- Hence, it remains to prove that 7, Bl Jofl= 7r§f i

To that end, let j € NP such that fj = i. By Theorem 22, it is

Pr(A0; 1 = [~'7is) = Pren(ADis = 7i) (160)
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forany 7 € IT”. Letting, u_; € A(IIY ;) with independent local policies arbitrary and defining p := p; @1,
this means that also

N _ (i) N _ R
Pu(AD 1 = f'7i4) = By [Pz(A0j0 = f 7 7i0)] = By [Py 2(ADie = 7i)]

=By [P£(A0s; = 7)) © Py (A0iy = 7i4),  (161)

where we use Equation 122 in (ii). Since f* is a bijection on the space of policies, it is
{1y @ py) | ng € AWE)} = {(f*1)i @ fii | fims € A(TIE,)}.

Hence, (161) implies that there is some p_; € A(ng) with independent local policies such that
Pu,ou_,(ADjs = f~'74) > 0if and only if there is i_; € A(II¥,) with independent local policies
such that IF’(f*#)i@ﬂ_i(@i’t = Ti}t) > 0.
Using this fact, it suffices to distinguish the two cases where such a distribution does exist and where it does
not exist. First, assume that it does not exist. Then by Definition 58, both 77? I(- | f~ ) and 7T£f wi (-] 7ie)
are uniform distributions. Since £~ is a bijection on Af, also 77 (f~1- | f~'7; ) is a uniform distribution,

and hence )
W?J(f_l' | [ ) = Wz(f M)l(' | 7ie).

Second, consider the case in which a distribution p—; € A(TIP? j) with independent local policies exists such
that o
Puou_; (AOj,t = f_lTi,t) >0,

and define y1 := p1; ® p—;. Then for a; € AF,itis

w0 (f e | f ) = Pu(Aye = flai | A0 = fmy) (162)
= E/L[]P),U.(Aj,t = f71a¢ | Ej,m Z) \ Ej,t = fﬁlTi,t] (163)
=BulZ;(f " ai | [ i) | A0 = [ 7] (164)

B Jup Jo(F*Z)i(as | Ti,t)]lﬁj’t:f—lﬂythZdﬂf

Jur Jo a6, = p-1r,  APzdR (16)
_ Jup (f*Z)i(as | E)PZ(Ej,t = f7lr)dp 166)
Jup Pz(A0; = f~17)dp
_ Jun(f*2)ilai | Ti,t)i”f*z(@i,t =T7i¢)dp a6n
Jup Ppez(A0i ¢ = 7i¢)dp
_ Jie Zi(ai | Ti,wﬁ)jz(@i,t =7i)dpo (f*)71 (168)
Jre P2z(A0;: = 7i)dpo (f) =1
=EpulZi(ai | 7i4) | AOip = 7i4] (169)
=Ppp(Aiy = ai | ADiy = 7iy) (170)
=7 @ | Ti), (171)

where we have used Definition 58 in (162) and (171), and Theorem 22 in (167). This concludes the second
case and thus the proof.

O
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D.3. The other-play distribution and the symmetrizer

Using the idea of a policy corresponding to a distributions over policies introduced above, we can now define
a policy corresponding to the distribution over policies used in the OP objective. In the following, fix again a
Dec-POMDP D.

Definition 62 (Other-play distribution). Let 7w € II. We define the OP distribution of 7 as the distribution

pi=Awt(D)N D" Ggen, (172)

gEAut(D)N
where § is the Dirac measure, i.e., for any measurable set Z C 11, it is

1 ifg'neZz
(2)= .
0 otherwise.

Intuitively, agent ¢ chooses one of the automorphisms g; € Aut(D) uniformly at random in the beginning
of an episode and then follows the local policy proj,; (g7 ). It can easily be shown that this distribution has
independent local policies.

Lemma 63. Let w € 11 and let yu be the OP distribution of m. Then p has independent local policies.

Proof. Let Z; C II; measurable for i € A and let Z := Hie A Zi- Note that for any ¢ € N and
g € Aut(D)V, itis

5g*ﬂ(proj;1(Zi)) = H 5projj(gj-7r) (Hj)éproji(g;‘ﬂ(zi) = 5proji(gfﬂ)(zi)‘ (173)
JEN\{i}

Hence, it follows that

wZ) = |AUt(D>‘_N Z 5g*7r(Z) = H Z |AUt(D)|_15pr0ji(gf‘rr)(zi))

g CAut(D)N ieN g;€Aut(D)
:H Z |Aut(D)|~ NP Aut(D)]| " Sprog, (g2 ) (Z:))
i€EN geAut(D)N
(173) - .
=" [T 1@ > bgenlproi; (2:) = [[ m(20). (174
iEN gcAut(D)N 1EN
This shows that pt = ®;c ;- O

Using the OP distribution of a policy, we can define the symmetrizer ¥ for D, which maps a policy 7 to a
policy WP () that corresponds to the OP distribution of =. If it is clear which Dec-POMDP is considered,
we also write W (7).

Definition 64 (Symmetrizer). We define the symmetrizer for the Dec-POMDP D as the map U” : I1° — 117
such that for any policy 7 € II and OP distribution p of m, it is

Ul (1) := 7t
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It is clear that if a policy is already invariant to automorphism, then m; = ¥,;(7) for i € N, excluding
action-observation histories that can never be reached under ;. We formulate a slightly weaker proposition
below, which is easier to prove.

Proposition 65. Ler m € 11 be invariant to automorphism, and assume that, for all t € {0,...,T} and
Tit € AD, 4, itisPr(AD; 4 = 1) > 0. Then it is ¥(mw) = .

Proof. Let i be the OP distribution of 7. Since 7 is invariant to automorphism, it is

p=Awt(D) N D" ger =0

gEAut(D)N

Now leti € N, t € {0,...,T}, a; € A; and 75, € AD, ; arbitrary. Using Equation 122, it follows that

—— 122 __ _
Ps, (A0, s = 75 4) 12 Es.. [PZ(AOi,t = Ti,t)} =P (A0 =Tit) >0

and

—_ 122 I __
]P’éﬂ (Ai,t = G \ AOi,t = Ti,t) (: ) E&, [PZ(Ai,t = a4 | AOH) | AOz‘,t = Ti,t]
= ]P).,T(Aiﬂg = a; | Eiﬂg = Ti,t)- (175)

Hence, we can apply Definition 58 and conclude that

‘ Definition 58 —_—
U;(m)(a; | Ti,t) = (a; | Tz‘,t) e Ps, (Az‘,t = a; | AOi,t = Ti,t)

175 —
(1) Pr(Aip =a; | AO; s =7 ¢) = mi(a; | 7). (176)

O

It will be helpful to refer to policies as equivalent if they have the same image under V.

Definition 66. Let , 7' € I1”. We say that 7 and 7’ are equivalent, denoted as 7 =p 7, if U2 (7r) = WP (7).
Moreover, we write [7] := {7’ | #/ =p =} for the equivalence class of .

It is clear that =p is an equivalence relation, since it is induced by the function TP 1t follows that under

D
=p, II” decomposes into a partition of equivalence classes, denoted by 11 /=p-

Applying Lemma 61 to the symmetrizer in particular, we can show that it commutes with isomorphisms, and
that the policy ¥ () is invariant to automorphism.

Corollary 67. Let f € Iso(D, E) and = € IP. Then it is
P () = WE(f*m).

If E = D, then
PP () = 9P (),

i.e., WP (1) is invariant to automorphism.
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Proof. Let p be the other-play distribution of 7 and /i the other-play distribution corresponding to f*. Then,
using the associativity of function composition and pushforward proven in Lemma 21, and using the “in
particular” part of Lemma 19, it follows that

p=AwE) N YT g = AWE) TN DT Bipros, e fom)ien

gCAut(E)N gcAut(E)N
Lemma 19 _ _
2 A Y o (rrgrmnen = AUD)TY Y bpgem
gCAut(D)N gCAut(D)N
= |Aut(D)\_N Z 6g*ﬂ'o(f*)_1 :Mo(f*)_l' (]77)
gEAut(D)N

Thus, using Lemma 61, it is
f*\I’D(’]T) — ook Lemma 61 o ’/TMo(f*)_l (1;7) o — \I/E(f*’ﬂ') (178)

Finally, assume £ = D. Then f is an automorphism and Aut(E) = Aut(D) = Aut(D) o f by Lemma 19.
Hence,

po ()t =Awt(D)™N > Ggero ()7

gEAut(D)N
-N
= |Aut(D)] D Oprois(rErmen
gEAut(D)N
P Aw(D) TN Y Gper =g (179)
geAut(D)NV

By (178), it follows that

FuP () (2 o)™ W) e gD ()
which concludes the proof. O

A direct corollary is that we can define the pushforward purely in terms of equivalence classes of policies.
This will also be useful later.

D
Definition 68. Let D, E be isomorphic Dec-POMDPs with f € Iso(D, E). Let [r] € II /=p- We define
the pushforward equivalence class f*[r] € HE/E 5 via

[l = 1wl

The following corollary show that this is well-defined, that the pushforward of an equivalence class does not
depend on the particular chosen isomorphism, and that it is compatible with function composition.

Corollary 69. (i) The pushforward of an equivalence class is well-defined, i.e., for any w, 7' € 1IP such
that m =p 7', itis [f*7] = [f*7'].

(ii) Any two isomorphisms f, f' € Iso(D, E) induce the same pushforward.
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(iii) Analogous results to those in Lemma 21 apply to the pushforward of equivalence classes.

Proof. First, let m =p 7/ € TIP and f € Iso(D, E) arbitrary. Then, using Corollary 67 and the definition of
=p, it is

VE(frm) = [FOP(n) = [P (') = OF(f*a').
Thus, [f*n] = [f*n'], which proves the first part.

Second, let f, f €Iso(D, E) and 7 € II” arbitrary. By Lemma 19, there then exists g € Aut(E) such that
f = g o f. Hence, using the second and first part of Corollary 67 and Lemma 21, it is

Corollary 67 Corollary 67

UE(f*m) g eE(f*m)

Finally, it follows that

UE (g () " W (g o f)*m) = WE(frr).  (180)

which concludes the second part.

The third part follows directly from Lemma 21 by using the definition of the pushforward of equivalence
classes. U

In the following, we say that two equivalence classes [r], [7'] for 7 € TP, 7/ € II¥ correspond to each other
if there exists an isomorphism f € Iso(D, E) such that f*[x] = [#’]. In that case, in a slight abuse of the
terms, we also say that 7w and 7’ are equivalent, extending the equivalence between policies defined above
to policies for different Dec-POMDPs. Using Corollary 69, one can see that two policies 7, 7/ € II” are
equivalent in the sense that [r] = [n’] if and only if there exists an isomorphism f € Iso(D, D) such that
f*[x] = ['], so this extended notion is equivalent to the old one for two policies 7, 7’ € IT”. We continue to
reserve the notation [7] and = for policies from the same Dec-POMDP.

D.4. Main characterizations

Having defined the symmetrizer ¥, we can now characterize the OP objective as transforming a policy 7 into
an invariant policy ¥(7) and evaluating the expected return of that policy. This means that we can “pass to
the quotient” and consider the OP objective as a map Jop of equivalence classes, Jop ([7]) := Jop (7) for
[7] € H/E, using the equivalence relation on policies introduced above. The result is essentially a rigorous
version of Hu et al. (2020)’s Proposition 1 in our setup. It will help us later to analyze the OP-optimal
policies in a given example, as it implies that we can restrict ourselves to considering representatives W () of
equivalence classes.

Theorem 70. Let D be a Dec-POMDP, let 7 € 117, and let V be the symmetrizer for D. Then ¥ (7) is
invariant to automorphism, and it is
JEe(m) = TP (U(n)). (181)

D
In particular, we can consider the OP objective as a function of equivalence classes [1] € II /=p and if
there exists an optimal policy for the OP objective, then there also exists an optimal policy that is invariant to
automorphism.

Proof. In the following, fix a Dec-POMDP D. Let m € II and let i be the OP distribution of 7, such that
U(m) = . Then by the second part of Corollary 67, ¥ () is invariant to automorphism. Moreover, using
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Proposition 60, it is

Jop(m) = Bgpaupyy (&™) = > [Aut(D)|"VJ(g*m)
geAut(D)N
= Y a0 [ I
gEAut(D)N mell

z//enJ(w’)d > JAut(D)[Nogen

gEAut(D)N
i g T (), 5
/eIl

which proves Equation 181.

Turning to the “in particular” statement, let 7/ = 7 for a second policy 7’ € II. By Definition 66, this means
that U(7’) = ¥(x). Hence, by Equation 182, it follows that Jop(7w) = Jop(7’), which shows that the

function Jop : H/E — R, [7] = Jop(7) is well-defined.

Lastly, assume that there is 7 € arg max,,; Jop (') (see Remark 53 regarding the existence of such a
policy). Then by Equation 182, it is also ¥(7) € arg max,., ¢ Jop(7'), so ¥(m) is an OP-optimal policy
that is invariant to automorphism. O

As a corollary, we can show that isomorphisms do not affect the OP value of a policy (we already know this
about SP from Corollary 23). In the following, we define I15p := arg max, ;o J&p () for a Dec-POMDP
D.

Corollary 71. Let D, E be isomorphic Dec-POMDPs with f € Iso(D, F), and let 7 € IP. Then it is

Jgp(ﬁ) = Jgp(f*ﬂ)-

In particular, if m € 18y, then also f*m € 115 L.
Proof. Using Theorem 70, Corollary 67, and Corollary 23, it is

TEp(fm) ENT TR W (o)) SR TP (P ()

Coroll:ary23 JD(\I/D(TF)) Theorem 70 Jgp(ﬂ'). (183)

Turning to the “in particular” statement, assume that 7= € 1I5,. By Lemma 18, itis f~! € Iso(E, D). Hence,
for any 7 € II7, it follows from the preceding that

JEp () = JEp(f71)7) < J5p(m) = JEp(f*7). (184)
This shows that f*m € TI5}. O

Finally, we turn to the connection between OP and the payoff in an LFC game. The following result will
be helpful in both showing the inadequacy of OP and in proving that OP with tie-breaking is optimal. It
shows that equivalent policies in [7] € H/; are all compatible when played against each other by different
principals in the LFC game. The proof is based on Lemma 41 and Proposition 60.
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Theorem 72. Let D be a Dec-POMDP, let U be the symmetrizer for D, and define D := {f*D | [ €
Sym(D)}. Let o1, ...,0n5 € XP. Forany E € D, choose fp g € Iso(D, E) arbitrarily. Then it is

UD(O') = EDiNU('D),iEN ]EW(j)NfBj‘DU'j(D]’),jGN |:JD ((\I/k.(ﬂ'(k)))ke./\/)]} . (185)

Proof. First, consider arbitrary joint policies (1), ..., () € IT” and let 1.(*) be the OP distribution of 7(*),
so that 7" = (7)) for i € N. Define the distribution

aE®, L r ) = [Aw(D) TN Y ®ien o, (grn) (186)
gEAut(D)N
as a function of 7(V), ... 7). Tt can easily be seen that g, ..., 7(™) € A(II”) and that it has
independent local policies. Moreover, (7", ..., 7(N)); = ugi), i.e., the marginal distribution for agent
i € Nisequalin (7™, ..., 7(M)) and x(¥). Hence, also the corresponding local policies are identical, that
is,
A (i) .
AR 7)) (187)
fori e V.

It follows that
UP(oy,...,0N) (188)

=Ep,~u(D),ien []Eﬂj)Nf;,j)Daj(Dj),jeN {EgEAut(D)N [JD((pTOjk(gi*cW(k)»keN)}H (189)

=Ep,~u(D),ieN Eﬂumjcgjpgj(pj)’je/\/l (190)
|Aut(D)| / ®k€N6pr0Jk (gf ﬂ(k))) ‘|‘| (191)
geAut( D)N melP
=Ep,~U(D),ieN Eﬂ(j)NfBijg-j(Dj)7jeN|\ (192)
/ JD(ﬂ')d |Aut(D)|—N Z ®k€/\/6projk(g,’;ﬂ'(k)) ‘|‘| (193)
mElP geAut(D)N
(156) I [ D (1) (N)
ED ~U(D),ieN EW(j)NfBj.DO'j(Dj)JGN . J (ﬂ')d/J,(TF geeey T ) (194)
L ' L/ e
(1) [ [ D0 (1) (N)
Ep,~vu(p),ien E'fr(f)wff_)jYDcrj(Dj),jeN Kl (A, m ))H (195)
L w(l),...,ﬂ(N)
=Ep,~u(p),ien []Eﬂ(f)wf]"_i)j’Da'j(Dj),jEN [JD((Wﬁ( )k)kej\/’)” (196)
(187) . FE ()
Ep,~v(D),ien _Eﬂwmfgjpaj(pj),jej\f _J ((‘I’k(7T ))ke/\/>” ; (197)

where we have used Lemma 41 in (189) and Proposition 60 in (196). This concludes the proof. O
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Table 6. Rewards for each joint action in Example 73.

az,1 a2
T

a1 —3 1

ai,2 1 —1

Based on this result, the LFC game for D can be understood in the following way. Principal i € A/ observes
a randomly relabeled problem D; € D and trains a joint policy 7(*) ~ &;(D;) on this problem. The resulting
policy (") is then translated back into a policy f}, ,,m(%) for the original problem, using any isomorphism
fp; . p € Iso(D;, D). Finally, this joint policy is made invariant to automorphism by applying the symmetrizer,
and agent 7 in the original problem D is assigned the local policy ¥, ( 1D, DTl'(i)).

D.5. Other-play is not self-play in a different Dec-POMDP

Hu et al. (2020) show that the OP objective jgp introduced by them can be understood of as the SP objective
in a special Dec-POMDP. That is, for every Dec-POMDP D, there is a second Dec-POMDP E with I1¥ = T17
such that for any 7 € TP, it is J5p (1) = max, o JOp (') if and only if JZ (1) = max . cys JZ (7).
Interestingly, when including player permutations, this is not the case anymore. We will prove this here, using
the characterization of OP from the last section.

Intuitively, if agents are symmetric, then under OP, they will always act according to the same local policy
in the environment. In some Dec-POMDPs, this means that it is optimal for the agents to randomize their
actions, to end up with different actions some of the time. For instance, consider the following game:

Example 73. There are two players with two actions A; := {a; 1,a;2} for i = 1,2 each, and an episode
lasts only one step, making this a simple normal-form game. Rewards for each joint action are displayed in
Table 6.

This example demonstrates that sometimes there does not exist a deterministic policy that is optimal under
the OP objective.

Lemma 74. In Example 73, for any deterministic policy =, it is Jop (7) < max,/cp Jop (7).

Proof. Let R € R%?2 denote a matrix containing rewards as in Table 6.

First, note that in this game, players are symmetric, but actions are not. Moreover, there are no observations
and only one state. Hence, Aut(D) = {g, e} where gy1 = 2,gn2 = 1 and e is the identity.

Now consider any deterministic policy m = (71, m2), corresponding to two vectors of action-probabilities

wve o] [}

for the two players. Due to the symmetry of both players, the OP distribution  of 7 assigns each policy
w1, o to either player with probability %, so in ¥(7) = 7#, both players play the distribution z := %x + %y
and receive a reward of

JOP () M= J((x)) = 2T R

It follows by the definition of x, y that
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Clearly, then z " Rz is maximized at z = [3, 3], yielding a reward of

1
JOP(m)=2"Rz = 3 (198)

Next, define x = [%, %]T and let 7* be a policy such that 77 = 75 and the two action-probabilities of both
local policies are given by the vector z. Note that since g*7* = (’/T;i)i:LQ = 7", it follows from the above

that 7* is invariant to automorphism.

It follows by Proposition 56 that we can evaluate the OP value of 7* by evaluating its expected return. That is,

roposition 1/4 2 43 3 2 1
JOP () IOPRON0 oy — pTRr = —— (2) 4222 -1(2) =_. 199
(%) (M) =2 Re=—o(=) +2- - - (199)
It follows that 11
Jop(r) 'L g <7=7@") < max Jop(r). (200)
which concludes the proof. O

The fact that there is no deterministic optimal policy in Example 73 is in conflict with a canonical result about
Dec-POMDPs.

Theorem 75 (Olichoek et al., 2008, sec. 2.4.4). In every Dec-POMDP D, there is a deterministic policy
7 € (I1°)P such that JP (1) = maxcpo JP (7).

As a result, we can prove the following.

Proposition 76. There exists a Dec-POMDP D such that for any other Dec-POMDP E with TI¥ = TIP,
there exists a policy m € 11 that is optimal for the SP objective of E, but not optimal for the OP objective of
D.

Proof. Let D be the Dec-POMDP as described in Example 73. Assume, towards a contradiction, that there
exists a Dec-POMDP E with TI¥ = TI” such that any optimal policy in that Dec-POMDP is optimal under
the OP objective of D. Then by Theorem 75, there exists a deterministic policy 7 € (II°)¥ such that
JE(r) is maximal. Hence, by the assumption, also J5p () is maximized. But by Lemma 74, it must be
maxzero J&p(7) > JEp (). This is a contradiction, which means that D is an example of a Dec-POMDP
that has the desired properties. O

This shows that to optimize the OP objective, we have to directly consider that objective and we cannot simply
apply an RL algorithm to a different Dec-POMDP. Also, the fact that we need stochastic policies means that
it is not immediately clear how to apply a Bellman equation to the objective.

E. Other-play is not optimal in the label-free coordination problem

In this section, our goal is to prove a rigorous version of Theorem 7 from the main text.

Recall that in Appendix D, we introduced the symmetrizer ¥ : IT — II, which maps a joint policy 7 to the
policy corresponding to agents following randomly permuted local policies (g7 ); where g; ~ U(Aut(D)).
This represents the random permutations employed in the OP objective, and hence by Theorem 70, it is
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Jop(mw) = J(¥(m)), i.e., the OP value of 7 is equal to the SP value of ¥ (7). Moreover, we defined the
equivalence classes [1] = W~1({¥(m)}) of policies that get mapped to the same policy under .

As defined in Appendix D.1, an OP learning algorithm is any learning algorithm such that the policies that
it learns achieve optimal OP value in expectation. In particular, it can be a learning algorithm that learns
different policies in different training runs, as long as it chooses OP-optimal policies with probability 1. As
we have seen in Theorem 72, in an LFC game, it does not matter which policy from an equivalence class [r]
is chosen. Unfortunately, though, there can also be different OP-optimal policies that are not equivalent. In
this case, if an OP learning algorithm is not concentrated on only compatible policies, it is not optimal in the
corresponding LFC problem.

In the remainder of this section, we will prove this statement. Concretely, in Appendix E.1, we will recall the
two policies 7%, 7% in the two-stage lever game that we introduced in Section 4.4. We will show that both
are optimal under OP, but that their cross-play value is inferior to the optimal OP value. In Appendix E.2, we
will then formally state and prove the result that, if an OP algorithm is not concentrated on only one of the
two incompatible equivalence classes of policies [77], [7°] in the two-stage lever game, then the algorithm is

suboptimal in the LFC problem for that game.

E.1. Two incompatible optimal policies in the two-stage lever game

We begin by mapping out the space of OP-optimal policies in the two-stage lever game. Recall that this
was a game with two agents, which proceeds in two rounds. Both agents have two actions, and their goal
in both rounds is to choose the same action, for a reward of 1. Failure of coordination leads to a reward of
—1. Moreover, in the second round, agents observe the actions of the other agent from the first round. In the
following, let D stand for the Dec-POMDP associated to this game as described in Example 3.

Recall the two policies 7% and 7 introduced in Section 4.4. In both policies, agents randomize uniformly
between both levers in the first round. They also both randomize in the second round if coordination was
unsuccessful in the first one. If coordination in the first round was successful, there are two different strategies:
in 7%, both agents repeat their respective actions from round one. In 7°, both agents switch to the action they
did not play in round one.

The following lemma shows that both policies are optimal under OP.

Lemma 77. Both % and ©° as described above are invariant to automorphism, and they maximize the OP
objective, where

1
JOP(WR) = Jop(ﬂ's) = max JOP('/T) = —.
mellP 2

Proof. Let 7 € TIP arbitrary and define 7 := ¥(7). By Theorem 70,  must be invariant to automorphism,
and it must be

Jop (%) = J(7).

Moreover, if we show that 7/* and 7 are invariant to automorphism, then by Proposition 56, their OP value
equals their expected return. Hence, to show that 7 and 7 are optimal, it suffices to show that they are
invariant to automorphism, and then compare their expected returns to the expected return of 7.

To begin, consider the set of automorphisms in the game, as described in Example 17. Let g € Aut(D). Recall
that the state permutation is the trivial identity map, and the permutations for actions and observations of both
players have to be equal, g4, = g4, = go, = go,. Hence, we can represent g as a tuple (g, g4). There are
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four possible combinations of choices for permutations g4, gn: {1,2} — {1,2}. Either permutation can

either be the identity map G ;) or the inversion 9 1

Now consider 7 and 7°. Note that both policies are symmetric in the agents, so 71 = 7 and 77 = 75
Invariance to automorphism is trivially fulfilled in the first stage, i.e., 7/*(a; | 0) = Wf,li(gglai | 0) and
N
7 (a; | 0) = wf_li(gzlai | 0) for any i € {1,2},a; € {1,2}, since both agents randomize uniformly
N

between actions. Now consider the second stage. Note that since automorphisms for the actions and
observations of both players have to be identical, an automorphism can never map an action-observation
history with O; 1 # A, o, i.e., such that one’s own action and the observed action from the other agent differ,
onto one in which they are the same, and vice versa. So we can consider the condition of invariance to
automorphism separately for the case in which players achieved coordination in the first stage and for the
case where they did not.

In the latter case, players randomize their actions uniformly, so in this case the policy is also trivially invariant.
Now consider the former case, i.e., for i = 1,2, it is either A0, ; = (1,1) or A0, 1 = (2, 2). If both players
repeat their action, then for i € {1,2}, a; = 0; € {1, 2}, and any automorphism g = (gn, ga), it is

i a; | a;,00) =1 =7 (g3 ai | 97 ai 95" 0:).

gn'i
In the case where they change their action, for a’; € {1,2} \ {a;},itis g a} # g ai, and thus

s

J(ai | a,00) =1=n,(g1"al | 95" ai, g4 0:).

-y
N ?
In conclusion, this shows that g*7° = 75 and g*7® = 7. Both 7° and 7 have an expected return of

1 1 1 1 1
Jr%) = Jxt) =ER 4+ Ro) = =(1+ 1)+ =(=1+=-14+=-(=1)) ==
2 2 2 2 2
i.e., in the first round, they coordinate in half of the cases, in which case they coordinate again, and if they do
not coordinate in the first round, they have an equal chance of achieving coordinating or not in the second
round.

Now consider 7. First, choosing g as the inversion and g4 as the identity, it follows that

) — —
T = ngjjll(gAl’ | gAl’) =ma(- | ) = 2,

where in (!) we use that 7 is invariant to automorphism. This shows that 7 must by symmetric in players, so
w1 = me. Moreover, choosing gx as the identity and g4 as the inversion, it is

(1] 0) 2 7my1i(93'1 [ 0) = mi(2 ] 0),

so under T, too, both agents must choose both actions with equal probability in the first stage.

Turning to the second stage, we assume that 7 receives a maximal reward of 1 in the second stage if both
agents coordinated in the first stage. Now consider the case in which coordination failed in the first step.
Note that since 7 is symmetric in the agents, it is not possible for agents to consistently choose to play
either the action of agent 1 or of agent 2 in the second round if those actions did not coincide in the first
round. Moreover, due to invariance to action and observation permutations, the probability p that an agent
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repeats their action from the first round must be the same, no matter whether that action was a 1 or 2, as for
a #a €{1,2},itmustbe m;(a | a,a’) = m;(a’ | &', a) for i = 1,2 due to invariance to automorphism. Due
to the symmetry of agents, that probability must also be the same for both agents. Hence, we can define

p=mi(a]a,a)=1-m(d|a,a)
fori =1,2and a # o’ € {1,2}. The return in the second stage in this case is then
E[Ry | A21 # A1 1]

=1 <7T1(CL1,1 | 01,17a2,1)7T2(611,1 | 02,1701,1) + 7T1(612,1 | a1,17a2,1)7T2(a2,1 | a2,1,a1,1))
-1 (Wl(al,l | a1,17a2,1)7T2(612,1 \ CL2,1,(11,1) +7Tl(<12,1 | 01,1702,1)7T2(01,1 | a2,1,¢11,1)>
=1 (p(l -p+Q —p)p> —1 (pp+ (1-p( —p)> =0, (201)
where a; 1 # ag,1 € {1,2} are arbitrary. This shows that also

J(m) < (1+1)+1(—1+0) = %

2

N | =

Thus, it follows that J(7) < 3 = J(x%) = J(7*), which shows that 7, 7% are both optimal and thus
concludes the proof. O

Now consider the case in which one agent chooses a local policy from 7% and another agent chooses a local
policy from 7. It is clear that this will yield a suboptimal expected return compared with 7% or 79, as
agents will always fail to coordinate in the second round, if they coordinated in the first round.

Lemma 78.

'](ﬂ-{zvﬂg) = ‘](Trlsaﬂ-g) =—5<

N —
N —

Proof. Both policies are equal in the first round, in which there is a 50% chance that agents coordinate. If
agents do not coordinate in the first round, then they both randomize uniformly in the second stage. If agents
do coordinate in the first round, then agent 1 using 71 repeats their action from the first round, while agent 2,
using 7r§ , will switch to a different action. In this case, the reward is thus always —1. As a result, it is

1 1 1 1 1 1
J Ray==(1-1D+=(-14+=-1+=-(-1)=—= < =.
we(rl, 7§) = 5= 1)+ 3 (-14 5 1+ 5 (-1) = =5 < 5
The same argument applies if agent 1 uses 77 and agent 2 uses 7. O

E.2. Proof that other-play is suboptimal

Using the two lemmas from the last section, we can now show that if an OP learning algorithm is not
concentrated on only one of [77] or [7%], it is not optimal in the LFC problem for D. Note that we could
just choose a particular learning algorithm, for instance, one that randomizes uniformly between 7% and 7%,
and show that that algorithm is suboptimal. This would then prove that a suboptimal OP learning algorithm
exists. However, we show a more general result. Specifically, take any learning algorithm that learns with
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positive probability a policy equivalent to 7% in one relabeling of D and, also with positive probability, a
policy equivalent to 77 in some potentially different relabeling. Then this learning algorithm is suboptimal in
the LFC problem for D.

In the following, let D := {f*D | f € Sym(D)} be the set of different relabeled Dec-POMDPs of the
two-stage lever game D. For any Dec-POMDP E € D, choose fp g € Iso(D, E) arbitrarily. Below, we
define the class of algorithms relevant to our theorem.

Definition 79. Let 0 € X? be a learning algorithm such that forany £ € D, E = f*D, itis

o(E) = aPuf + (1 - aP)u'",

where ap € [0,1] and pZ, /¥ € A(Ilg) are chosen such that

WE(fh plr™) = 1= W C(f5 plrS)).

That is, o(E) is a mixture of a distribution x¥ with weight only on the equivalence class of policies
corresponding to 7%, and a distribution ./ B that only puts weight on policies corresponding to . We say
that o learns both [7%] and [77] if there exist D, D’ € D such that ., > 0 and a5, < 1.

Note that Corollary 69 (ii) ensures that this definition does not depend on the chosen isomorphisms fp g.

The above condition is very weak: we only require there to be some relabeled Dec-POMDP on which the
learning algorithm chooses an equivalent policy of 7* some of the time, and some potentially different
relabeled Dec-POMDP where the algorithm chooses a policy equivalent to 7° some of the time. We now
show that a learning algorithm with this property is an OP learning algorithm per Definition 54, but that it is
not optimal in the LFC problem for D.

Theorem 80. In the two-stage lever game, there are two classes of OP-optimal policies, denoted by [1] and
[7%]. Any learning algorithm that learns both || and [7°] in the sense of Definition 79 is an OP learning
algorithm, but it is not optimal in the LFC problem for that game.

Proof. First, note that under 7%, 7%, all action-observation histories are reached with positive probability,

and by Lemma 77, they are both invariant to automorphism. Hence, by Proposition 65, it is ¥(7%) = 7% and
(%) = 7 (*). This also shows that [7%] and [7°] are distinct. Let ¢ be a learning algorithm as specified
in Definition 79, and define uE 1 E and oF for E € D as in that definition. Also, let D, D' € D such that
ap >0and ap, < 1.

We begin by showing that ¢ is an OP learning algorithm. For any F € D, itis
Erno(m)[J6p(M)] = BB r,p [JGp ()] + (1 = ap)Er e [J5p ()] (202)
= apBroyr[lyy | (ony JEp ()] + (1 — ap)E, =1 fBVE[,rs]Jgp(w)] (203)
=agE,,» []lf'Z,,E[ﬂR]JODP(fE,DW))}
+ (1= ap)Er el L rs1JEp (f5,p7)] (204)
D
EYD(fI*)YE[wR])JOP(ﬂ'))}
+ (= ap)Begy jwelly (g [WS])J(?P(W)] (205)

E,D\/D,E

= apBrvgy s [Lpn JEp (M) + (1= ap)Ernyy e [Lins)JEp(m)]  (206)

= O[EETFNfE,DHE []lf*
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= apJop(n") + (1 = ap)JGp(r”) (207)
= ap max JOe(m) + (1 — ag) max JEe (1) (208)
= JL 209

max Jop (), (209)

using Definition 79 in (202) and (203); Corollary 71 in (204); a change of variables for pushforward measures
in (205); Lemma 18 and parts (ii) and (iii) of Corollary 69 in (206); the “in particular” part of Theorem 70 in
(207); and Lemma 77 in (208). This shows that o is an OP learning algorithm.

Next, we turn to proving that o is suboptimal in the LFC problem. To that end, define the auxiliary function
X(Dl, Dg, 7'1'(1)7 71'(2)) = 5D1’D6D2’D/]1[77R] (71'(1))]1[7(5] (7‘('(2))

for any Dy, Dy € D and 7)), 7(2) e TTIP. This function is 1 whenever the first Dec-POMDP is p and the
policy 7(1) is such that its pushforward policy is in [7ft], and when the second Dec-POMDP is D’ and the
pushforward of 7(?) is in [r®]. Otherwise, it is 0.

Recall that by Lemma 18, it is (f7 p)~ ! €lso(D, E) for E € D, and by Corollary 69 (ii), the pushforward
of an equivalence class does not depend on the particular chosen isomorphism. Define

8= Epy, portt(0) Brony, ) oDy, i=1,2[X (D1, Dy, 7D, )]

and note that 5 < 1. This number is relevant to us as it is a lower bound on the probability that agents 1 and 2
will have incompatible joint policies in the objective of the LFC problem. By assumption about o, we know
that

(f}),DU(D))([WR]) = O'(D)((fg7D)_l[7rR]) =ap>0
and similarly ) ]
(F oD N(E]) = o (D)(Fh, p) 175D = 1—ap, >0,

and it is U(D)({D}) = U(D)({D’'}) = 4. Hence, it follows that 0 < 8 < 1 (**). That is, with nonzero
probability, using o leads to incompatible policies.

Our goal is now to prove that UP (o) < % To that end, we also have to show that the value in the cases where
X (D1, Dy, 7, 7(?)) = 0is bounded by 1. Note that for any E € D, it is

(.00 (E)([xF] U [7%]) = o (B)((££,0) " (7)) U (f5.0) "' [7°]) = 1,

and for 7, 7 € [78] U [r9], using the definition of equivalence, it is

TP (WD), W(r®),) = T2 (U(C)y, B(x )3) 2L TP (xC 7" Lo % (210)
if both policies are from the same class, i.e., C = C’ € {R, S}, and
TP, W ®)a) = I (W), W )) L TPl xg ) L @i
if they come from different classes, i.e., C # C’ € {R, S}. It follows that for any Dy, Dy € D, itis

JP (@ (r W), ¥(r?),) < (212)

N | =
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almost surely if 7 ~ f5 o (Dy) and 7@ ~ f7, 0(Dy).

Using this bound together with (**), it follows that

UP(o)=UP(o,...,0) (213)
= Ep, portt(0)[Exiragy (D), i1l TP (U1 (W), Ty ()] (214)
=Ep,,py~t1(D) [Eﬂmwf]giﬁa(mi), im1,2[TP (7)), Ua (7)) X (Dy, Dy, 7, 1)

+ JP (W (7)), o (1)) (1 — X (D1, Do, 71, 7@))]] (215)
1 1) @)
< Epy,pnru(m) | Bxongy, Lo(Di),i=1.2 —5)X (Dl,Dz,W \ )
1
L 1) @)
+2( X(Dl,Dg,w 7 ))H (216)
1 1
_(_1 1,_ 217
(-3)p+30-9 e
¢ 1
= 21
<3 C18)

where we use Theorem 72 in (214) and Equations 211 and 212 in (216).

To see that this is suboptimal in the LFC problem, consider o* defined via c*(E) := ¢ 3 onr forany E € D.
Since 7
fe.po(E) =0p: nro (fep) "= Ofp p(fp ) = Onn (219)

for any E' € D, it follows that

UP(c*)=UP(0"%,...,0%)

Theorem 72
= ED17D2NZ/{(D) [ETr(i)NfE)i’DJ*(D,y),i=1,2[JD(\Ijl(7r(l))7\:[12(7((2)))]]
219 210) 1 @14)-217)
P (0 (n ), wa(x ) B TS 0P (), 2200
which concludes the proof. O

F. Other-play with tie-breaking

In this section, we formally define OP with tie-breaking as introduced in Section 5, state and prove a rigorous
version of Theorem 8, and provide an additional result about random tie-breaking functions. In Appendix F.1,
we define OP with tie-breaking and discuss to what degree the formal definition is satisfied by our method.
In Appendix F.2, we show that OP with tie-breaking is optimal in the LFC problem and that all principals
using OP with tie-breaking is an optimal symmetric Nash equilibrium of any LFC game. In Appendix F.3
we prove that a modification of the tie-breaking function introduced in Section 5 satisfies our definition of a
tie-breaking function.
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F.1. Definition of other-play with tie-breaking

Recall that OP with tie-breaking was introduced as an extension of OP, to fix the failure of OP in the LFC
problem. A tie-breaking function ranks the different OP-optimal equivalence classes of policies in a given
problem. For instance, a tie-breaking function could compare the two incompatible policies in the two-stage
lever game, % and 7, and choose the policy under which actions are more highly correlated, which is 7.
Another tie-breaking function would be one that samples from an OP learning algorithm and ranks policies in
terms of their relative frequencies. If one policy is learned more often than another, that tie-breaking function
would be able to distinguish between them. OP with tie-breaking is defined as an algorithm that chooses an
OP-optimal policy that maximizes a tie-breaking function.

Note that an obvious alternative approach, making a learning algorithm deterministic by coordinating on a
random seed, would not work in the LFC problem. This is because the learned policies have to be compatible
even across different, relabeled Dec-POMDPs. A labeling modifies the representation of the data used to
train the algorithm, which likely leads to the same effect as a resampling of the random seed. Hence, fixing
a random seed fails to ensure that the chosen policies are compatible when principals do not coordinate on
labels for the problem. (Note that a learning algorithm that outputs consistent policies on a given problem,
but incompatible policies on different, relabeled problems is explicitly included as a non-optimal algorithm
in Theorem 80.) Additionally, this would be an unprincipled way to deal with the choice between different
maximizers of the OP objective, leaving no possibility, e.g., for an explicit bias towards some policies over
others.

Turning to the definitions, recall again from Appendix D that we say that for a Dec-POMDP D, 7, 7’ € II are
equivalent, 7 = 7/, if U(7) = ¥ ('), where W is the symmetrizer for D that maps a joint policy 7 to the joint
policy ¥ () corresponding to agents following randomly permuted local policies (g} ) for g; ~ U(Aut(D)).
Moreover, we defined [r] as the equivalence class of 7, and f*[n] := [f*n] for f € Iso(D, E).

In the following, define 11§, = argmax, .o J5p(7) as the set of OP-optimal policies for any Dec-
POMDP D. Let D be any set of Dec-POMDPs. A tie-breaking function takes in Dec-POMDPs D € D and
policies 7 € TI” and outputs values in [0, 1] that can be used to consistently break ties between policies,
across different isomorphic Dec-POMDPs.

Definition 81 (Tie-breaking function). Let x: {(D,7) | D € D, 7 € 1P} — [0, 1]. Then

(a) x is called a tie-breaking function for D if
(i) forany D € D, x attains a maximum on the set
{(D,7) | = € UGp}-
(ii) forany D € D and 7,7’ € IIP, it s
x(D,7) =x(D,7") =7 =p .
(b) x is called invariant to isomorphism if for any D, E € D, f € Iso(D, E), and 7 € IIP =’ € T1¥, it is
flr] =[] = x(D,7) = x(E,«").

x being a tie-breaking function ensures that there is always a unique equivalence class of policies that
maximizes the function for a given Dec-POMDP. It being invariant to isomorphism ensures that x chooses
corresponding equivalence classes of policies on different, isomorphic Dec-POMDPs in D.

Using a tie-breaking function that is invariant to isomorphism, we can define OP with tie-breaking.
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Definition 82 (Other-play with tie-breaking). Let x be a tie-breaking function for D that is invariant to
isomorphism. Let oX € X be a learning algorithm such that for any D € D, there exists a measurable set
Z CTIEL such that 0X(D)(Z) = 1 and Z C arg max,crp, X(D, 7). Then we say that o* is an OP with
tie-breaking learning algorithm for D.

This definition implies that no matter the problem D € D, the algorithm always learns the OP-optimal policy
that achieves the highest tie-breaking value. Since the tie-breaking function is invariant to isomorphism, this
means that policies learned in different training runs and when trained on relabeled Dec-POMDPs are always
compatible.

Finally, recall that the practical method introduced in Section 5 consists of sampling K &€ N policies using an
OP learning algorithm, applying a tie-breaking function to each policy, and then choosing the one with the
highest value. Clearly, if all the OP-optimal equivalence classes of policies in any of the Dec-POMDPs in D
are among the first K learned policies, then this algorithm will satisfy our definition. This appears to be the
case for the OP algorithm and toy examples used in our experiments, at least for large enough K, and when
we ignore differences between policies that matter little for the agents’ expected returns. Moreover, it is easy
to see that the algorithm will still always pick equivalent policies if for any two isomorphic Dec-POMDPs
D, E € D, if ¢°F learns a policy 7 with positive probability in D, it also learns an equivalent policy 7’ in E
with positive probability, in the sense that f*[r] = [«'] for f € Iso(D, E). That is, it does not matter if some
policies are never learned, if this happens consistently across isomorphic problems. One way for an algorithm
oOF to have this property is by being equivariant (see Appendix C.8).

F.2. Other-play with tie-breaking is an optimal symmetric profile

In the following, fix a Dec-POMDP D and the set of relabeled Dec-POMDPs D := {f*D | f € Sym(D},
and let y be a tie-breaking function for D that is invariant to isomorphism. Let U (o) := UP (o) stand for
the payoff in the LFC game for D given the profile of learning algorithms oy, ..., x € Y. Recall that the
learning algorithm o € X7 is optimal in the LFC problem for D if U(c) > U(c”) for all o’ € X7, where
U(o) :=U(o,...,0).

Recall from Appendix C.7 that we call a profile of learning algorithms &1, ...,oy € XP symmetric if
0 = 041, for any principal i € N and g € Aut(D). o is defined as an optimal symmetric profile if it is
symmetric and for any other symmetric profile o), ..., o\ € XP,itis U(a) > U(o’).

Turning to our main theorem, we show that a profile ¢X, ..., oX in which all principals choose OP with
tie-breaking is an optimal symmetric profile in the LFC game for D. That is, as long as symmetric principals
choose the same learning algorithm, they cannot do better than all choosing OP with tie-breaking. In particular,
this implies that ¢X is optimal in the LFC problem. Note, though, that we prove a stronger statement, as
optimality for the LFC problem only requires that U (0X, ..., oX) > U(o’,...,0’) forall o' € P, while we
show that U (cX, ... ,0%) > UP (a4, ...,ox) for all symmetric profiles o1, . ..,ox € XP. Afterwards, we
will apply Theorem 48 to conclude that all principals using OP with tie-breaking is also a Nash equilibrium,
i.e., given that all principals use OP with tie-breaking, no individual principal can do better by switching to a
different algorithm.

Theorem 83. Let X be an OP with tie-breaking learning algorithm for D, as defined in Definition 82. Then
all principals using oX is an optimal symmetric strategy profile in the LFC game for D. In particular, oX is
optimal in the LFC problem for D, and it is U(cX) = max,cxp U(0) = max,crp JEp ().

Proof. We begin by showing that U(cX,...,0X) = max,cpp JEp(m). Afterwards, we show that one
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cannot get a better payoff in the LFC game than that using a symmetric profile of learning algorithms, i.e., that
oX,...,oX is an optimal symmetric profile. It then follows immediately that also U (cX) = U(oX,...,0%) >
U(o,...,0) = U(o) forany o € ©P, i.e., that oX is optimal in the LFC problem for D.

Recall the definition 115, := argmax,, .z J5p(7') for E € D. Let E,F € D arbitrary and f.fe
Sym(D) such that E = f*D and F' = f*D. We want to show that oX learns compatible OP-optimal policies
in both Dec-POMDPs. To that end, let Z C I15, measurable such that Z C argmax, .= X(E, 7) and
such that o(E)(Z) = 1. Then since ¥ is a tie-breaking function, there must exist a policy 7’ € II5 such
that 7’ € Z C [r'] and thus o(E)([x']) = 1 and 7" € argmax .z x(E,7) (i). Letting 7 := (f~H=r',it
follows from Corollary 71 that m € ng (ii).

Now we want to show that oX learns policies in [f*7] in F. Let 7 := (f o f~1)*x’ and note that f o f~! €
Iso(E, F), so 7 € I1¥. Since  is invariant to isomorphism, it is

X(F.i) = (B, (f o FY)3) S (B, ),

for any 7 € 117, Here, equality holds for 7 := T, asitis

(fof ™y a=(fof ) (fof)yn =n
by Lemma 21. Moreover, due to Corollary 71 it is again # € IIE,. This shows that # €
argmax; iz X(F, %), and since X is a tie-breaking function, it is arg max; ¢z x(F, %) C [7]. Hence, by
the definition of o, it follows that oX(F)([7]) = 1 (iii).
Now choose any arbitrary isomorphism fr,p € Iso(F, D). By Lemma 21, itis (ff )" = (f;lD)* Hence,

by the second part of Lemma 69, it is (f7 )~ '[7] = f*[x] (iv). Moreover, using again Lemma 21, it is
(Fofya=(fof ) (foft)yn =n" (221)
It follows that
3 (221) 7«

(F50) (D) & Folrl = P a1 2 P (o f7)7]
Deﬁngon 68 f.*<f_1)*(f o f_l)*[ﬁ] Corollagw (iii) [ﬁ'] (222)
and thus -
Tr.p X (F)([]) = X (F)(f,p) (7)) 2 ¥ (P)(17]) 2 1. (223)
Since F' was arbitrary, we can conclude that the above equation holds for any F' € D and isomorphism
fF,D S ISO(F,D).

Using this fact together with the definition of equivalence of policies in Definition 66, as well as the expression
for the payoff in the LFC game from Theorem 72, it follows that

Theorem 72
U(O’X, . O’X) corer EDiNU(D),iEN |:E7T(j)NfBijo'j(Dj)7jeN |:JD ((\Ilk(ﬂ(k)))ke’v)]}zzél-)

(223)
=" Ep,~um)ien []Ewtfmfg].paj(Dn,jeN [JP ((‘I’k(ﬂ))ke/\f)ﬂ (225)
= JP (W () (226)
Theogm 70 Jgp (71') (227)
@ max JOP (), (228)

aellP
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Next, we show that we cannot do better than that with a symmetry-invariant profile of learning algorithms.
To thatend, let oy, ..., 0N € YT arbitrary such that 0; = o ,-1; forany g € Aut(D), i € N. Fori € N,

define the distribution _
v = 1sym(D)|"t Y (F ) eu(f D)

feSym(D)
and let p := ®Z-€Nui(i). Then it is
U(0) = Etnsssym(0)) Ertonie o, a7 0, ien T (1 i) (229)
= > sl TP ex ) @ie (7' (ED) 230
feSym(D)N (7)) iene(IIP)N
= Z |sym(D)|—N/ JP(7)d @ien (£71)*ai(£7 D) o proj; ! (231)
fESym(D)N mellP
= / TP (m)d @ien | [Sym(D)|™H > (£ ) eu(E7 D) o proj; ! (232)
mellP f;eSym(D)
= / JP(m)dp (233)
rellP
117
O TP (). (234)

Now we want to show that itis J? (1) < max,cp JP (1), by proving that y and thus also the corresponding
policy 7# is invariant to pushforward by automorphism. Let g € Aut(D) and let Z; C IT1” measurable for
i € N. Recall that by Lemmas 13 and 21, g is a bijective self-map on action-observation histories and g*
a bijective self-map on II”, and that isomorphisms can be inverted and composed by Lemma 18. In the
following, we use the notations 7; o g := m;(g- | g-) and Z; 0 g := {m;(g9- | g-) | m; € Z;} fori € N.

By definition, i has independent local policies. Hence, we can apply Equation 158 from the proof of
Lemma 61, which says that

(g'm)(2) = [] m-i(Ziog). (235)
ieEND

Moreover, it is (g*)~*(II”) = II” and by definition, (¢*7); = m,-1; 0 g~ *, which implies that

proj;,lli(Zi og)={r|melP 1,1; € Z;0g} (236)
={r|7e(g) ' (P),mg1,097" € Zi} (237)
={r|g'n P (¢°7); € Z;} (238)
={(g")'r |mell”,m € 2} (239)

= (g") " (proj; (2:)). (240)
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Hence, it follows for i € A that

v (proj t,(Zi 0 g)) = v ((g") "  (proj; 1 (23))) (241)

|Sym(D>|1 > (Y e D)((g7) (proj; H(24))) (242)
f€Sym(D)

= [Sym(D)|" > g*(f 1) eu(f* D) (proj; H(2)) (243)
fe€Sym(D)

= SymD)[71 Y (fog )N ou(f*D)(proj; (2:)) (244)
fESym(D)

= [Sym(D)[" Y (Fog ") Nei((fog ") D)(proj; (2:) (245)
feSym(D)

= Sym(D)|"1 Y (N e D)(proj; (2:)) (246)
feSym(D)

= v (proj; 1(2:)). (247)

Here, we use in (245) and (246) that g—* € Iso(D, D) and thus by Lemma 34, itis (f o g~)*D = f*D and
Sym(D) = Sym(D) o g~ !, respectively.

Next, note that by assumption, it is v = (9" for i € A/ (v). It follows that

N (235) )
(g"m)(2) [T #eriZiog) = T v (proj; 4, (Zi0g)
iENFE ieNP
) i . (241)-(247) i .
= 11 »"“oroj, i (Zieg) =" [ v (proj; " (21)
iEND ieND
= I m(@)=wz2). @43
ieEND
Since the sets [ [;c - Zi» Zi € F; are a m-system and generate F, this shows that ;1 = g* . By Lemma 61, it

is thus
gint =g =gt (249)

for any g € Aut(D), where 7+ is the policy corresponding to y as defined in Section D.2.

Using Proposition 60, it follows that

) (229)-(234) 7

Proposition 60
Plp) =

Ulei,...,oNn J(mt) = ]EgNZ/I(Aut(D)N)[JD(ﬂ'M)]

(249) . *
=" Egri(aut(p)v) [J7 ((proj; (g7 7))ien)]

(m) P g(ox L o%). (250)

= Ingl/{(Aut(D)N‘) [JD ((pI‘Oji(T{"u))iE/\/)]

m
= Jgp(n*) < max JEp(m

This concludes the proof. O

Finally, it follows as a corollary of Theorem 48 that the profile oX, ..., oX is a Nash equilibrium of the LFC
game.
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Corollary 84. All principals using OP with tie-breaking is a Nash equilibrium of the LFC game for D.

Proof. By Theorem 83, a profile in which all principals use OP with tie-breaking is an optimal symmetric
strategy profile in the LFC game for D. Hence, by Theorem 48, it is a Nash equilibrium of the game. O

F.3. Random tie-breaking functions

In this last section, we show that a certain tie-breaking function, based on random hashes of normal forms
of histories, is a tie-breaking function that is invariant to isomorphisms, in the sense of Definition 81 above.
As we prove that a certain random function is a tie-breaking function with probability 1, one may call this
approach a “probabilistic method” (cf. Alon & Spencer, 2016).

In the following, let D be any set of Dec-POMDPs and D € D. Recall that in Section 5, we de-
fined a function ¢ that maps histories to normal forms, where the normal form is a history in which
the first occurrence of each state, action, or observation is set to a 0, the second occurrence is set to
a 1, and so on, and where, if an element in 7 € HP repeats itself, the number is repeated. For

(1) := (50, (@3,0)ien’sT0s - - - s ST, (05,7)ien's (@i 7)ien, TT), we then define
fN(L(7'>) = (507 (aflgli,o)v:e/\fyro, <oy ST (ij;li,T)iENv (aflgli,T)ieNJT)-

for a permutation fy € Bij(N) of V. The tie-breaking function in Section 5 was defined as

(D, 7)== N Z Egti(aut(pyV) [Eger [#(fn (c(H)))]] 5 (251)
" fNEBIj(WV)

for some neural random neural network #.

To be able to prove a theoretical result, we have to modify this tie-breaking function to make it dependent on
the Dec-POMDP that belongs to a normal form ¢(7). The above function is simpler to implement, as we do
not have to implement a representation of a Dec-POMDP, and it was sufficient for our experimental results.
We leave it to future work to determine to what degree the above version works in general.

In order to define the modified function formally, let (4, £,P4) be some probability space, such that for
any D € D, f € Sym(D) and 7 € H/ "D there is an independent, identically distributed real-valued random
variable #(f* D, 7) on this space. Assume that

Py(#(f*D,7)=A) =0 VYAeR,DeD,fecSymD),7eH P (252)

For instance, this would be satisfied by uniformly distributed hash values #(f*D, 1) ~ U([0, 1]).

Now for a given Dec-POMDP D and history 7 € H”, denote K(7) C Sym(D) for the set of labelings
f € Sym(D) such that f7 = (7). It is easy to see that for any history 7 € H, there must exist some
labelings f € Sym(D) such that f7 = ¢(7), so (7) is non-empty. Then our tie-breaking function here is
defined as

X* (D7) = Eyo(ny [Epauiieryy [#(FD, FHP)]] (253)

for D € D, € I1¥. We have to sample from the symmetrized policy ¥(7) instead of just 7, since we need
a distribution over histories under which equivalent histories have equal probabilities, and the tie-breaking
function needs to be equal for equivalent policies in order to always have a maximizer. The expectation over
labelings in /C(7) makes the function invariant to isomorphisms. We need to make the hash function depend
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on the Dec-POMDP, since otherwise, we are unable to prove that it can distinguish all histories that it needs
to be able to distinguish.

Remark 85. By Proposition 60, the distribution over histories under Py () is the same as the one under P,
where 4 is the OP distribution of 7 € II”. Hence, using the definition of P, from Equation 118 and the
definition of the OP distribution from Equation 172, it follows that

X*(D.m) = Eyogm [Epeupcny [#(D, FHP)]] (>4
Propoion 60 Ey. [Efmuuey) [#(fD, fHP)]] (255)

(118) Ernu [Ex [Efoucmpyy [#(FD, fHD)H] (256)

T Egauanior) [Ber [Epaueinmy [#UD,FHP))]] @5T)

forany D € D, € IIP. Given a realization of the hash function #, one can hence compute an estimate of
X7 (D, ) by sampling a Monte Carlo estimate of the expectation in (257). One can easily see that without
the dependence on Dec-POMDPs, this formulation is equal to the one in Equation 251.

Now we show that x is invariant to isomorphism. Note that this statement holds for any sample w € Qyu
and thus for any sample x7 (-)(w) of the tie-breaking function. Afterwards, we will show that x* is almost
surely a tie-breaking function. We first need a small lemma.

Lemma 86. Let D, E isomorphic Dec-POMDPs with f € Iso(D, E) and let 1 € HP. Then it is
{(J*E, f(fr) | F e K(fr)} ={(f*D, fr) | f € K(m)}.

Proof. Note that for any labeling f € K(fT), ffr= (fo f)7 is in a normal form, and fofe Sym(D)
by Lemma 34. Hence, also fofe K (7). An analogous argument from considering f~! shows that for
any f € K(7),itis (f o f~1)(fr) = fr in a normal form an thus f o f~* € K(f7). It follows that
K(f7) o f = K(7) (i). Moreover, by Lemma 34, itis f*E = (f o f)*D (ii), and thus

{(FE NI FekUnY (o £) D, (Fo f)r) | f e K(fr)} (258)
O {(f*D, fr) | f e k(7)) (259)
O

Using this Lemma, we show the first result.

Proposition 87. x# as defined in Equation 253 is invariant to isomorphism.

Proof. Let D,E € D, f € Iso(D, E) and let 7 € 1P 7’ € II¥ such that f*[r] = [7']. We need to show
that x# (D, ) = x*(E, ).

Note that f*[rr] = [f*n] by definition, and thus it follows from the assumption that f*7 = #’, which means
that UF(f*7) = UF(7’) (i) by the definition of =.
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It follows that

(B, 7) = Byr (e [Efsz(IC(HE)) {# (f*E,fH") H (260)
L Ey(sem) [ FU(K(HEY) [ (f*E, fHF) H 261)
=Ef-ur(m) [ FrU((HEY) [ #(f*E,fHF) H (262)
= Eun (o) [Braaieiraoy [#7E FHP)) | (63)
=Eyo(x) [Ef~2/t(IC(HD)) {#(f*vaHD)H (264)

where in (262), we use that isomorphisms and symmetrizer ¥ commute by Corollary 67, in (263), we use
Theorem 22, and in (264), we use Lemma 86.

This shows that x# is invariant to isomorphism. O

To show that x7 is almost surely a tie-breaking function, we need two technical assumptions. The first,
substantial one, is that the set of OP-optimal equivalence classes of policies is finite, to make sure that there
always exists a unique maximizer of y#. If this was not the case, our method for finding a tie-breaking
function could fail. We leave it to future work to investigate whether and under what conditions this may be
the case.

The second, less substantial assumption is that, if two policies 7, 7’ are not equivalent, then ¥ (7) and ¥ (7’)
also do not lead to the same distribution over histories. Without this assumption, ¥ (7) and ¥ (7’) might differ
on action-observation histories that are never reached, such that the policies induce the same distribution
over histories but are not equivalent. Choosing policies which differ in that way should not matter for the
objective of the LFC problem, but we wanted to avoid dealing with this complication in our proof that OP
with tie-breaking is optimal. For this reason, we have stronger requirements for tie-breaking functions here,
thus necessitating this technical assumption.’

Proposition 88. Let x* be defined as in Equation 253. Assume that

D
(i) for any D € D, the set HOP/E is finite, where ng ‘= arg max, . cpn Jgp (7).

(i) for any D € D and policies 7,7’ € 1P, if Pyp () (H = 7) = Pyp () (H = 7) forall T € HP, it
follows that WP (1) = WP (7).

Then X7 is P_-almost surely a tie-breaking function for D.

For the proof, we first need a standard lemma in probability theory.

Lemma 89. Assume J is a finite set and X;,j € J is a collection of independent real-valued random
variables such that for any j € J, it is P(X; = X\) = 0 for any A € R. Let {-,-) be the euclidean scalar
product on RY . Then it is

P({X,v) =) =

®Note that in Definition 58, each local policy is defined separately, so that W(7); (- | 7;.+) can in principle be defined as
something other than the uniform distribution, even if the action-observation history 7; ; is never reached under the joint
policy ¥ (7). Nevertheless, if all agents choose local policies from joint policies that lead to the same distribution over
histories, the resulting cross-play policy should also induce that distribution, even if there exist opponent distributions
where the local policies might differ.
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forany X e R, v € R7 \ {0}.

Proof. Let A € Rand v € R7 \ {0}. Since v # 0, there exists an index j € J such that v; # 0. It follows
that

P((X,v) = \) = Py =\-— Z vi X (265)
T jr#5
= / ]lx]_)\ Z /;é]zj/v]/dIP)oX_l(x) (266)

/RJ\{J}/ Tj=A *Zz';é]%'%')dPOXj (2;)dP o X~ (x—;) (267)

= / P =A-— Z zpvp | dPo XZ H(x_)) (268)
RI\{3}
1§
= 0dPo X~} (z_;) (269)
RI\(}
=0, (270)
where we use the assumption P(X; = A) = 0 for any A € R in (269). O

Proof of Proposition 88. To check that x# always admits a maximum among the OP-optimal policies, which
is part (a), (i) of Definition 81, let D € D arbitrary and let 7 = 7’ € II” be equivalent policies. By the
definition of =, it is WP (1) = WP (7') (*). Hence, it is
X*(D,7) = Ego(n) [Eparuieaoy) [#(FD, FHP)]]
*) *
= Eyo(w) [Epnuiery) [#(D, FHP)]] = x*(D,7').  @71)

This shows that x# (D, ') = x# (D, ) for any 7 € 1§, and 7’ € [r]. Hence, we can define the function
- al
X*(D,-): "OP/Z — [0,1], [x] = x*(D, 7).

D
Then, using assumption (i), X* (D, -) is maximized by some equivalence class [r] € HOP/E. By definition
of X* (D, ), it follows that for any 7/ € ng, it is

X*(D.7") = x*(D, [7']) < x*(D, [x]) = x* (D, ),
so 7 maximizes x* (D, -) on the set IT55

To prove part (a), (ii) of the definition, consider two non-equivalent policies 7, 7’ € II7, i.e., assume that
V() # ¥(r'). We now want to show that Py (x# (D, r) = x#(D,#’)) = 0. If this is true, then x¥ is
P_4-almost surely a tie-breaking function.

First, note that actions of automorphisms on histories are group actions (see Section C.4). Thus, we can
consider a partition of the set of histories into orbits, J := {Aut(D)7 | 7 € HP}. Moreover, note that since
UL (1), UP (7') are both invariant to automorphism by Corollary 67, using Theorem 22, we can conclude
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that for any 7 € HP and 7 € Aut(D)7, itis Py(x)(H = 7) = Py(r)(H = 7). The same holds for ¥ (z").
This step only works since we sample from ¥ (), instead of from the original policy 7. As a resul, it follows
that we can define a vector v € R such that v; := [Aut(D)7|Py () (H = 7) for j € J, where 7 € H is
arbitrary such that Aut(D)7 = j. Define v’ analogously for 7. By assumption (ii), ¥ () and ¥(7’) induce
different distributions over histories, so it must also be v # v, since the map from orbit-invariant distributions
to vectors v is injective.

Second, note that by Lemma 86, it is

Er ey [#S D, f7)] = Ercvicgry) [#(D, fg7)]

for any 7 € HP and g € Aut(D), and thus for any j € J we can define the random variable X; :=
E ;) [#(f*D, f7)], where 7 is an arbitrary history such that j = Aut(D)r.

We now want to show that P4 ((X, v —v') = 0) = 0, where (-, -) is the euclidean scalar product on R . This
will then allow us to conclude that Py (x# (D, m) = x#(D, 7)) = 0. We already know that v — v’ % 0. To
be able to apply Lemma 89 to show this, it remains to prove that for any two j # j' € J, we also have two
independent variables X;, X, and that P (X; = A) = 0 for any A € R.

To prove independence, let j = Aut(D)7, j' = Aut(D)7’, and assume towards a contradiction that there
exist f € K(7),f € K(7) such that f*D = f*D and fr = f7’. Then it follows that 7 = f~!f7/ and
thus j = j', which is a contradiction. It follows that the sets of variables {#(f*D, f7) | f € K(7)} and
{#(f*D, fr') | f € K(7')} are disjoint. Since all the contained random variables are independent, also
Et vy [#D, fr)] and Ef i)y [#(f* D, f7')] are independent random variables.

Next, let j € J. To prove that P4 (X; = \) = O forany A € R, let 7 € H? such that j = Aut(D)r arbitrary
andlet A € R. Let M := |U e {#(f"D, fT)}‘ and define Y7, ..., YY), as random variables such that

(Y1, Yar} = Upercn {#(f*D, f)}. Define w € [0, 1] via wy := Esoaix () [0y, 45 0.sm)] for
m = 1,..., M. By assumption (252), we have P»(Y,, = X') = 0 for any ' € R and Y,,, Y, are by

definition independent variables for m # m’ € {1,..., M }. We can hence apply Lemma 89 to conclude that
Pu(X; = A) =Py (Epriiery (D, f7)] = A) (272)
=Py (Z Y (k7)) Oy, 2 0.47)] = A) (273)

m=1

M

=Py (Z Yo Wy, = A) (274)

m=1
=P, ((Y,w) =) (275)
=0 (276)

Since we have shown above that v # v/, that X j, X+ are independent for j # 7’ € J, and that
P4 (X; =A) =0forany A € Rand j € J, we can apply Lemma 89 again to get

Py ((X,v—v') = 0) =0. (277)
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Finally, for j € 7 let 70) € HP arbitrary such that j = Aut(D)7). Then

v) = Y |Aut(D)r |Pyo o (HP = 7)) X;
jeT

= > 1At (D)r D Pyo o (H” = 7 O)E posieriony [#(F°D, fr9)

JjeET
= Z Py (xy(HP = T)Efariic(ry) [#(f*D, f1)] = x¥(D,7)  (278)
TEHD
and analogously
(X, ') = x*(D,"). (279)
Hence, it is
{x*(D,m) =x*(D,n")} = {{(X,v) = (X,0')}. (280)

It follows that
Py (c*(D,m) = x*(D,7') 2 Py((X,0) = (X,0/) = Py ((X,0 — o) = 0)

This concludes the proof. O



