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Appendix

A. Additional Discussion on Theoretical Analysis

On the interpretation of Theorem 1. In Theorem 1, the distribution D is arbitrary. For example, if the number of samples
generated during training is finite and n, then the simplest way to instantiate Theorem 1 is to set D to represent the empirical
measure £ > §(,,. .y for training data ((z;, y;))"™; (where the Dirac measures §, ,,,)), which yields the following:
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where ;7 = z; + ad(z;, &), ]

=z +a'8(x, &), ] = &5 +a"5(x5,2"), S,y = {i € [m] : yi #y}, fla]) =
|(h(z)|| = h(z]) T@, and [m] = {1,...,m}. Here, we used the fact that p(y) = ‘S—n@" where |S,| is the number of
elements in the set S,. In general, in Theorem 1, we can set the distribution D to take into account additional data

augmentations (that generate infinite number of samples) and the different ways that we generate positive and negative pairs.

On the interpretation of Theorem 2 for deep neural networks. Consider the case of deep neural networks with ReLU
in the form of f(z) = WH) gH-D(WH-DsH=2) (... g1 (WD g) ... )), where WO is the weight matrix and o) is
the ReLU nonlinear function at the [-th layer. In this case, we have

HVf(IB)H = HW(H)O'-(H_UW(H—UO'.(H—Q) . 0'(1)W(1)||,

00(l)(¢1)|

where ¢() = W1 (=2) (c..o () (W (Dg)...) 1S @ Jacobian matrix and hence WH) GH=-Dyy (H-1)5H=2) .

oMW M) is the sum of the product of path weights. Thus, regularizing||V f(z)|| tends to promote generalization as it
corresponds to the path weight norm used in generalization error bounds in previous work (Kawaguchi et al., 2017).

B. Proof

In this section, we present complete proofs for our theoretical results. We note that in the proofs and in theorems, the
distribution D is arbitrary. As an simplest example of the practical setting, we can set D to represent the empirical measure
L 1 8(xs s for training data ((z;,y;))"™, (where the Dirac measures &, ,.)), which yields the following:

A Rt -
E 2z, [gCtr(er» A )] = ) Z ZEi,fc’,i”NfDi,[‘gCH(w;rv w:r+7 I )]s an
z,&',@" ~Dj, n i=1j=1 a,&’,a’'~D,
o, ' ~Dy
where ] = x; + ad(z;, %), T = x; + /5(x;, &), and x; =Z;+a"6(x;,2"). Inequation (11), we can more easily

see that for each single point x;, we have the m negative examples as:

Thus, for each single point x;, all points generated based on all other points Z; for j = 1,...,m are treated as negatives,
whereas the positives are the ones generated based on the particular point z;. The ratio of negatives increases as the number
of original data points increases and our proofs apply for any number of original data points.

B.1. Proof of Theorem 1

We begin by introducing additional notation to be used in our proof. For two vectors q and q’, define

coviq, q'] Zcov (qk, q1,)
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Let py = Egy[Lig=y] = > je(0,13 P5(¥ | )1 ig=y = Pr(y = y | y). For the completeness, we first recall the following
well known fact:

Lemma 1. Foranyy € {0,1} and q € R,

_ exp(yq)
l(q,y) = —log (MW)

Proof. By simple arithmetic manipulations,

o) 0 (1 )

(g, y) = —ylog (
(oo

exp(q) 1
— 1-Nlog [ — =
YR TH exp(e) ) =) Og(1+exp(q)>
xp(q) _
- log 1;5’((;((]) ify=1
—log 1+exp(q) ify=20

explyq
:—1 —_—
Og(1+exp( ))

O
Before starting the main parts of the proof, we also prepare the following simple facts:
Lemma 2. Forany (x©, ™", x7), we have
le(x®, 2™ 27) = L(sim[h(z™), h(zTT)] — sim[h(z™), h(z)],1)
Proof. By simple arithmetic manipulations,
imlh(xzt ++
(e o) - —log_explsm(@). b))
exp(sim[h(xt), h(xTT)]) + exp(sim[h(xTt), h(x~)])
1
1+ exp(sim[h(xt), h(x™)] — sim[h(xT), h(x+T)])
_ o SPGim{A(T), h(@ )] — sim[h(z ), h(z 7))
~ P T ep(sim{A(e ) Al )] — sim{h(@ ), h(@ )
Using Lemma 1 with ¢ = sim[h(z ™), h(x™)] — sim[h(x ™), h(x™)], this yields the desired statement. O
Lemma 3. Foranyy € {0,1} and g € R,
Proof. Using Lemma 1,
exp(—q) 1
U=q,1) = —log [ 2P ) _ g (——— ) = ¢(q,0).
el Og(1+exp(q)) Og<1+exp(fJ)> (.0
O

With these facts, we are now ready to start our proof. We first prove the relationship between the contrastive loss and
classification loss under an ideal situation:
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Lemma 4. Assume that x* = x + ad(z,z), x™T =z + '6(x, &), x~ =& + o/06(&,2"), and sim[z, 2'| = 7=

T (=)=
where ( : z — ((z) € R. Then for any («, &,6,() and (y, y) such that y # g, we have that

+ ot h(zt)Tw
EwNDyE:ENDg#yE@’@”NDLwctr(m L, )]:EmNDyE:END#yE@’@”ND57 14 Way ,

al aIINrD a/ aI,ND
Proof. Using Lemma 2 and the assumption on sim,

loe(x, 2™, 27) = L(sim[h(z), h(zTT)] — sim[h(z™), h(
_ £< ht)Thtt)  h(et)Th(z
(h(z*))C(h(x*F))  C(h(

<h(acJr T h(z*+)  h(z” > 1>

C(h(x*)) \C(h(zt))  ((h(z))) ")

8

|
| —
—
—

Therefore,
EmNDy EQND@#yEmlyi“NDi, [éCtT(m+’ 33++, mi)]
a',a"NDa
—E B . {é(h(m+oz5(m , &) 7 < h(x 4+ o'6(x, &) B h(z+ o"6(z,z")) ) 1)}
a2 D\ C(h(@ + ad(x, @) \((h(z + o/b(z, ) C(h(z +a”d(z, "))
h +as T h Ta's( 1 h ()+ar/5( 0 2'")) . .
]Em10~D1 ]E": & V(c(gf 1+a(6z(acwgc>) ( h((a;ua/a&lfc))))) C(h((g:ct‘)Jra“J(w‘) /))))) 71)] ity =1
_ x'~Dy «,«
- h(x®+ad(x® @) h(x®+a’5(x°,3")) h(z'+a" 5(x' &) . _
Ew“ﬁ?; Es Sl ¢ (cimarasarty (e sy — diarmaaiety) )] ify=0
+o¢6( h( +Oﬁ 6( 1 /)) h( 0+O(”6( [)’~//)) . -
m ND1 ]E / /I |:£ (C(h:?wl+a5wwlwi <C(h(a;cl+0/5(ww w /))) - C(h(ww0+a//§(a:t(ljz;//>))) 71>:| lfy - 1
— ' NDU
- 20 +0d(x®,&)) " h(x®+a’ 5(x%,&")) h(z'+a's(x @) . _
Ew“~g)E @ [‘] (sl (it — derraeisy ) )] ify=
Bt 5(xt @ T o~ .
Egziop, Ezop,Eg/ m”N [E (%W@BH mo)v 1)] ify=1
_ oo’ NDQ
= h 0 5 07~ T — .
Banp ot Bar - [¢ (~ 50ty W ' 2).1)] ity =0
a',a”wDa
where
Falat) - M@ tade @) h( +asa’,a)
(et + a’5( &) C(h(x0 +a”d(x0,27)))
Using Lemma 3,
EwNDy EiND@¢y]Eq;’,j”~Di, [gctr(era :I)++, xi)}
o', o' ~Dyg
h(z'+ad T T :
EwINDlECEONDo F i'/’/wgm |:€( gmm(mliag‘zmmz)z:))))w(w17x0)v 1)} ify=1
= : h(z+as(z’, .
Emow'DgEmlerl &', 3" ~Ds, |:€( Ezw(woza(éw(w‘?)i))))w(wly$0)70>i| lfy =0
o, ~Dy
h(z'+ad T :
Bar-p Eay By o7, [ (St 2 Wt a0), )| ify =1
— o~y
- h(z®+ad(z’, .
EﬂiONDoE 1~D1E ! ml/l/"’gaw |:€ ( Ezw(woza(éw(wow)i))))w<w17 w0)7y)} ify=20
o, ~Dy

_ ha + 0d@,8)
 Eeen oo B ({0 e 2|

’ "
a',a'"'~Dy
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Using the above the relationship under the ideal situation, we now proves the relationship under the practical situation:
Lemma 5. Assume that x* = x + ad(z,z), x*T = x + o/ §(x, &'), =~

=z +a"0(x, &"), and sim|z, 2] = A
where  : z — ((z) € R. Then for any (o, &, 6, (,y), we have that

¢(2)¢(2")

-
EglyEe~p, Bs g7 op, Wer(®™, @77, 7))
z~Dy o ,a"'~D,

h(z™)Tw
— (1 _ py)E mNDy, Eﬁ’,i”f\/@j, |:€ <() >:| +p’l/E
~Dyzy o o'’ ~D,

where

e Baane {bg (1 e {‘ 5%5) (cgfé:)» - 4?;@_—))))] ﬂ

- hat) @)
Sl B I [qh(mﬂ)’ <(h<w++>>]

&'~Djs,
o' ~Dgy

Proof. Using Lemma 4,

EyyEenp, Bs 57, [len(@™, 2 27)]
z~Dy o ,a"' ~Dy

= Z ps(¥ | Y Ea~p, Bz 57p, ler(x®, x™t )]
ge{0,1} 2Dy o, ~Dq

=Pr(f=0[yE a~p, [lu(e .z a7)|+Pr(f=1[YE a~p, [lulz®,z™ 7))
&~Dyo, E~Dy1,
&',&" ~Dj, &' ,3" ~Ds,
o' ,a" ~Dq o' ,a" ~Dq

— P Y| YE ovp,. lerle™ @, )+ PG =y | DE an,, [ela,a,07)]
P o,
B ORI

2~Dy+y o, ~D,

W@ Td
=(1-py)E 2~p,. Es' 571, {g (M )}

o L C(h(@h)) Y

#y o' ,a ' ~D,

= (1= py)E zup,, Bz zrp, (@t 2™, 27)] + pyE anp,, By s op, [lar(®™, 2, 7))

T _ N7,
Z~Dy—y o' ,a’'~D,

+ py]E z~Dy, Ea‘:’ﬁﬁc”NDi,[ectr(w+7w++7wi)]v

z~Dy—y o,/ ~D,

which obtain the desired statement for the first term. We now focus on the second term. Using Lemmas 1 and 2, with
1= C}ﬁ;f» (c{;f(:fc:)» - cglff(a-fz;)»)’
lee(xT 2™ 27) =14 (q,1) = —log <6Xp@)> = —log (1> =log (1 + exp(—q)).
1+ exp(q) 1+ exp(—q)
Therefore,

]EmNDy ]Ea‘JNDg:y Ez &' ~Ds, [éctr(ﬁC+ ) ztt , )]

’ 1"
a',a''~Dgy

~Eeam Bt o (Lo |- cirety (e~ o) )] =%

which proves the desired statement with 2. We now focus on the lower bound on E. By using the convexity of g —
log (1 4 exp(—q)) and Jensen’s inequality,

o [h@DT (b))
Festes [C(h(w+)) <<(h<w->> C(h(w++>>>”>

E > log (1 + exp
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=tos (1[5 [0 O - e [ e )

) ) ) ) |
h(xz~ h(x h(z
= los (”eXp [E[ <(< )+>>]E <<h(<x—)>>} - [<<§z<wl>> <<h(<cc++)>>H)

Here, we have

_ h(z* w++
;’:Di,, C(h( h(zt+)
o' ~D,,

5]
o (),
_gE:Z%’ <<hh(<f+)>>)k<<gz(gﬁc+:+ )k
a’'~D,

= 3% (co) )= (o). 2

D‘

2

). (o))

(€

—
;r‘

-t [ty el e+ (e o)

. ++ -
Since E zp,, [(%)} =Eaz~p,, [%}
& ~Ds, #" ~Ds,

’7 1"
a’' ~Dg a''~Dg,

E. p [h(m*)T}EwND [ h(z™) ]]E:cND {h(:c*)T h(ztT) ]
LS T)) | srp) LC(R(z)) &/~ LC(M(@T)) ((h(ztT))
o’ ~Dg o’ ~D,
T hEHT (. W) ] M) 1) [ ) b
*E{«h(wﬂ)} (EZ% L;(h(w—))} Bo-py {ah(w))}) {C(h(wﬂ)’ﬁ(h(ﬁ*))}
o' ~Dgy a'~Dg

__COV{ hat) ) }
C(h(@ ) ()

Substituting this to the above inequality on E,

E > log (1 + exp {—COV [C(hh((f;)))’ g(hh(zf;?))]b ’

which proves the desired statement for the lower bound on E.
With these lemmas, we are now ready to prove Theorem 1:

Proof of Theorem 1. From Lemma 5, we have that

+ tt+
Eﬂ|y]EmNDy Ew’ &' ~Dz [ﬂCtr(w y L , L )]
:END?? a/ a//ND

B ‘ h(xt)Tw
=(1- py)EwNDw]E@'@”NDE, |:€ct (C(h(w"‘))’y)} +py B

z~Dy o ,a" ~Dq
By taking expectation over y in both sides,

Ey,( EmND E’ &' ~Djz [gctr(w+7m++7w_)]

wND ()/ (x”ND
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S

E,E E {(1 ) (h(mﬂ L )]+JE [0y E]
=EyE oop,, Bz g7 op,, (1= py)let | — oY p
o oy, Bararome (L= Pl { G0 v 1Py
Since EyEz~p, [0(2)] = E&,y)~plp(2)] = Ex~p, [¢(x)] given a function ¢ of x, we have

E x,z~D,, [Ectr(:c+,w++7w_)]
8" ~Dg,
h(xt)Tw

e L) |+l - s

=E@y~pE z~p,, {p(y)fcf<

a3
z', "' ~Dz,
! "
a',a'"'~D,

Taking expectations over £ ~ Dz and o ~ D,, in both sides yields the desired statement. O

B.2. Proof of Theorem 2

We begin by introducing additional notation. Define (¢ ,(q) = ¢(f(q),y) and £,(q) = €(q,y). Note that £ (f(q),y) =
lsy(q) = (€yof)(q). The following shows that the contrastive pre-training is related to minimizing the standard classification
loss £(f (x),y) while regularizing the change of the loss values in the direction of §(x, &):

Lemma 6. Assume that {y ,, is twice differentiable. Then there exists a function ¢ such that lim,_,o ¢(q) = 0 and

C(F@*), ) = 6T (@), y) + aVesy @) 8(@,8) + -6z, 2) V2, (2)5(2, ) +a*e(a).

Proof. Let x be an arbitrary point in the domain of f. Let oo(a) = ¢ (f(z™),y) = s (x + ad(x, &)). Then, using the
definition of the twice-differentiability of function (g, there exists a function ¢ such that

£(f(@),) = pola) = w0(0) + wh(0)ar + 5 (0)a” +a(a), (12

where lim,, o ¢(a) = 0. By chain rule,

o = U @),y) _ ot(f(aT),y) Oz _ 9(f(=7),y)

#o() G = e e e = Tl S (@, ®) = Vi, (@) (@, @)
zt T zt 1 o2+
o(0) = (. 5) [ o (ae(fa(x+>,y>> 1 s(w.2)7 | (ae(f(a(ﬁ),y)) Vaa

= i(x, i:)TV2€f’y(:c+)5(w, Z)
Therefore,
0(0) = Vigy(x) " o(, 2)
0y (0) = 8(z, ) ' V2; ,(x)d(x, &).
By substituting this to the above equation based on the definition of twice differentiability,

o2
4 (f(a:ﬂ,y) =o(a) =L(f(x),y) + aVEf,y(a:)T(S(:c, z)+ 75(m,i)TV2£ﬁy(m)6(m,i) + a?p(a).

Whereas the above lemma is at the level of loss, we now analyze the phenomena at the level of model:

Lemma 7. Let x be a fixed point in the domain of f. Given the fixed x, let w € W be a point such that V f(x) and V? f (x)
exist. Assume that f(x) = V f(z) "z and V? f(x) = 0. Then we have

C(f(x"),y)
012
=U(f(x),y) + a@(f(x) —y)Vf(z) 6(x,)+ gw'(f(w))Wf(fc)Tfs(m, z)° + op(a),

where ¢'(-) = ¢(-)(1 = ¥(-)) > 0.
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Proof. Under these conditions,
Vigy(@) =Vl o f)(x) =L,(f()Vf(x)

V(@) = 6(f(2))Vf(@)V f(2) "+ 6,(f(2)) V2 f (@) = £ (f(2)VF(@)V ()
Substituting these into Lemma 6 yields
t(f(x"),y)

= Uf(x),y) + ol (f(®)Vf(@) 6(x, &) + —
= U(f(@).y) + ol (f(@)Vf(x) oz, @) + - £)(f(@)[Vf(2) 0@, 2) + a’p(a)

Using Lemma 1, we can rewrite this loss as follows:

£(f@).y) = —log T2 — ol + exp( (&) ~ u (&) = ol (=) ~ (@)

where ¢ (q) = log[1 + exp(q)]. Thus,
ty(f(x) = v6(f(@) —y =9(f(x)) —y
0y (f()) = v (f(z) = ¥'(f(x))

Substituting these into the above equation, we have
C(f(x"),y)
2
= U(f(@),y) + a@(f(2)) —y)V f(z) (z, &) + %w’(f(w))[vf(m)T5(w, 2)]* + a’p(a)

O

The following lemma shows that Mixup version is related to minimize the standard classification loss plus the regularization

term on ||V f(x)]|.

Lemma 8. Let 0(x, &) = & — x. Let x be a fixed point in the domain of f. Given the fixed x, let w € W be a point
such that V f (x) and V2 f (x) exist. Assume that f(x) = V f(x) x and V2 f(x) = 0. Assume that Ez[Z] = 0. Then, if

yf(@)+(y—1)f(x) =0,
Ez((f(z7),y)
=U(f(@),y) + a@)IVI(@)]2 + (@) [V (@) + es@) [V (@)lIg, _p_za) + O,

where

ci(®) = alcos(Vf(z), )|y — o(f(@))ll|zl]|2 = 0

02(w) — 042‘COS(Vf(.’;),.’B)| HxH|2 |’¢/(‘f($8))‘ >0

a2
(@) = 0 (F(@))] > 0.

Proof. Using Lemma 7 with §(x, &) = & — @,
C(f(x"),y)
= U(f(x),y) + a@(f(2)) —y) V() (@ - 2) + ' (f(@)|Vf(@) (@ - 2) +a’p(a)

V' (f(@)IVf(@) (@ - 2)]° + o®p(a)

a?
2

= U(f(z),y) - a((f(x)) —y)Vf(x) (- &)+

M‘QM N‘Qw

= U(f(x),y) — a@(f(x)) —y)(f(@) = V(@) &)+ ' (f(@))|f(x) - V(@) 2]+ o’p(a)
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= U(f(x),y) +aly —o(f(@)(f(®) - Vf(x) &) + %21//(1”(58))\}”(58) ~ V(@) & +a’p(a)
Therefore, using Ezd = 0,

Ezl (f(z").y)

= U(f(z),y) + aly — ¥(f(x))]f(x) + O;1#'(f(-’10))ﬂ‘3rz|f(90) — Vf(x) &[> + Eza’p(a)
Since | f(z) — Vf(z) 2> = f(z)* - 2f(x)Vf(z) 2 + (Vf(z) )

Ez|f(x) — Vf(z) &> = f(x)* + Ez(Vf(z) &)
= f()* + V[(x) Ez[&Z |V f ().
Thus,

E@E (f(.’l)+), y)

%|¢’(f(w))\[f($)2 + V(@) Esl2z |V f(x)] + Eza’p(a)

The assumption that y f () 4+ (y — 1) f(x) > 0 implies that f(x) > 0if y = 1 and f(x) < 0if y = 0. Thus, ify = 1,
[y —o(f(@)]f(x) = [1 - o(f(@)]f(x) =0,

since f(x) > 0and (1 —¢(f(x))) > 0duetop(f(x)) € (0,1). Ify =0,

since f(x) < 0and —¢(f(x)) < 0. Therefore, in both cases,

ly = ¢ (f(@)]f(z) = 0,

which implies that,

y—(f(@)f(@) =y — (f(2))]f ()
= |y —¢(f(@))||Vf(z) |
=y — p(f(@)|IVf(@)| [z cos(V f(), )]

Therefore, substituting this and using f(x) = ||V f(x)||||z|| cos(V f(x), )

= Uf(x),y) + a(@)[VF(@)ll2 + c2 (@) IV (@)II3 + c3(2)V f(z) " Eg[@z |V f(x) + Ezla’p(a)].

In the case of Gaussian-noise, we have §(z, &) =  ~ N(0,021):

Lemma9. Let §(z, &) = & ~ N(0,0%1). Let  be a fixed point in the domain of f. Given the fixed x, let w € W be a
point such that V f (z) and V? f () exist. Assume that f(x) = V f(x) @ and V2 f(z) = 0. Then

Egnno.02n (F(@F),y) = U(f(@),y) + *cs(@) |V ()13 + a*p(a)

where
2

es(@) = S|V (f(@))] > 0.
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Proof. With §(z, &) = & ~ N(0,0°1), Lemma 7 yields

2

— (f(@).) + 0 (@) ~ DT F@) E + 0 (@) @)+ (),
Thus,
Esno.02nt (f(@*),y)
= (@).) + & (@) Eanon |V F(@) 5 + 0%(a)
= (1 (@).9) + 0 (@) TS @) B non 38TV (2) + ao(a)
— (f(@)) + S @)@, ., e +a%o(a)

L 2 T Iy — 2
By noticing that ||wH]EjNN(O o @8T] = = o?w" Iw = o?||w||3, this implies the desired statement.
Combining Lemmas 8-9 yield the statement of Theorem 2.

B.3. Proof of Theorem 3
Proof. Applying the standard result (Bartlett & Mendelson, 2002) yields that with probability at least 1 — § ,

In(2/6)

1 - mix
e eyt smntsenl] = 3 22020 = D @) SALRA(F™) /=)

The rest of the proof bounds the Rademacher complexity R, (}"émix)).

R (FM) — B sup 7251 (z;)
b =1

=E, sup Zﬁz %0 TET/Q%

wwTSxw<b T

<-E sup ||El/2w||2 fiET/Qwi
n Ew:wTExwgb X ; X 9
< ng ZZ&@ ET/2 (ET/Q )
i=1 j=1
Vb
=1 j=1
\/l; n
= Z(ZT/2 )T (ET/Q )
i=1
v [& s
= st
n ;mz xZ
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Therefore,

C. Best Hyperparameter Values for Various Experiments

In general, we found that our method works well for a large range of « values (v € [0.6,0.9]) and rho values (p € [0.1, 0.5]).
In Table 5, 6 and 7, we present the best hyperparameter values for the experiments in Section 5.

Method Fashion-MNIST CIFARI10

Gaussian-noise  Gausssian-mean=0.1, 7=1.0  Gausssian-mean=0.05, 7=1.0
DACL a=0.9, 7=1.0 a=0.9, 7=1.0

DACL+ a=0.6, 7=1, p=0.1 a=0.7, 7=1.0, p=0.5

Table 5. Best hyperparamter values for experiments on Tabular data (Table 1)
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Method CIFARI10 CIFAR100

Gaussian-noise Gaussian-mean=0.05, 7=0.1 Gaussian-mean=0.05, 7=0.1
DACL a=0.9,7=1.0 a=0.9, 7=1.0

DACL+ a=0.9, p=0.1, 7=1.0 a=0.9, p=0.5, 7=1.0
SimCLR 7=0.5 7=0.5

SimCLR+DACL «o=0.7, 7=1.0 a=0.7, 7=1.0

Table 6. Best hyperparameter values for experiment of CIFAR10/100 dataset (Table 2)

Method ImageNet

Gaussian-noise Gaussian-mean=0.1, 7=1.0
DACL a=0.9, 7=1.0

SimCLR 7=0.1

SimCLR+DACL «a=0.9, 7=0.1

Table 7. Best hyperparameter values for experiments on ImageNet data (Table 3)



