Appendix

Overview of the Appendix

The appendix mainly consists of three parts. In Section A we provide more detailed introduction to the set up of meta-
learning as well as neural tangent kernels that are missing from the main text due to page limit. In Section B we provide all
the missing proofs of the lemmas and theorems presented in the main paper. In Section C we discuss in depth about the
experiments in the paper. For the convenience of readers, we also provide a copy of the reference at the end of this appendix.

A. More on Meta-Learning and Neural Net Setup
In this section, we will provide more information on

* Appendix A.1: Query-support split of meta-learning.
» Appendix A.2: Unified framework for gradient-based meta-learning that optimizes all layers in the inner loop.
* Appendix A.3: NTK parameterization.

A.1. Query-Support Split

Sec. 3.2 introduces meta-training in the setting without query-support split. In this section, we adopt the notation of Sec.
3.2, and describe meta-training in the setting with query-support split below.

The n labelled samples in each training task is divided into two sets, n, query samples and n, support samples, i.e., for
i € [N], the i-th task consists of

nq Query Samples & Labels: X7 e Rmaxd v ¢ Ra¥
ns Support Samples & Labels: X; e R™=*4 v ¢ Rk

The optimization objective of ANIL on the training data { X!, V;?, X7, Y}V | is

. q q
QOEAN,L Z Upg<r (X]) )wi, Y1) (19)

2

s.t.w) = InnerLoop(w, o< (X7), Y7, 1, X) (20)
It is clear that the InnerLoop operation is performed on support data (X?,Y;?), while the loss evaluation is on the query
data (X[, Y%).
A.2. Unified Framework for Gradient-Based Meta-Learning that Optimizes All Layers in the Inner Loop

For GBML algorithms that optimize all layers in the inner loop, their objectives can be summarized into the following
unified framework. In contrast to (13), we have

Lepmr(0)

mln[ HllIl Z ((fg ) (Qi)} . 21

"zle

Note that similar to (13), the parameters {6; } *, in (21) are transient, in the sense that GBML algorithms do not explicitly
save them during training. In contrast, § contains all parameters to optimize in (21), and 6 is optimized over £z, (6), which
is obtained by plugging in the minimizer of {6;}; on the regularized loss. In other words, (21) is a bi-level optimization
problem, with outer-loop optimization on network parameters 6 and inner-loop optimization on the transient parameters

{Hi}fir
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A.3. NTK Parameterization

NTK parameterization is a neural net parameterization that can be used to provide theoretical analyses of neural net
optimization and convergence (Lee et al., 2019a; Xiao et al., 2020). The training dynamics and predictions of NTK-
parameterized neural nets are the same as those of standard neural nets (Lee et al., 2019a), up to a width-dependent factor in
the learning rate. In what follows, we take a single-head neural net as an example to describe the NTK parameterization.
Notice that multi-head networks share the same parameterization with single-head networks, and the only difference is that
N-head networks have N copies of the output heads (parameterized in the same way as the output heads of single-head
networks).

In this paper, we consider a fully-connected feed-forward network with L layers. Each hidden layer has width [;, for
i =1,..., L — 1. The readout layer (i.e., output layer) has width I, = k. At each layer i, for arbitrary input z € R%, we
denote the pre-activation and post-activation functions by h’(z), z*(z) € R'. The relations between layers in this network
are

hi+1 — SRt bi+1 Wi — NN 07 Ow
» V4 W : + d .lu,_,y WHD ( \/E) , (22)
S =o (W) b, =8 ~N(O0)

where Witt € Rl*litt and b1 € RY+1 are the weight and bias of the layer, w!,,, and b., are trainable variables drawn

2

i.1.d. from zero-mean Gaussian distributions at initialization (i.e., [;—“ and af are variances for weight and bias, and o is a
i

point-wise activation function.

B. Proof

We present all the missing proofs from the main paper, summarized as follows:

* Appendix B.1: Proves the global convergence of MTL and ANIL, and demonstrates that neural net output and
meta-output functions are linearized under over-parameterization.

* Appendix B.2: Studies the training dynamics of MTL and ANIL, and derives analytic expressions for their predictors.

* Appendix B.3: Derives the expression of kernels for MTL and ANIL, and proves Lemma 1.

* Appendix B.4: Characterizes the structures and spectra of ANIL and MTL kernels for deep ReLU nets.

e Appendix B.5: Proves our main theorem, i.e., Theorem 1.

* Appendix B.6: Extends Theorem 1 to residual ReLU networks.

Shorthand. As described in Sec. 3.4, for both MTL and ANIL, we randomly initialize a test head w,,,, for fine-tuning in the
test phase. Now, we define the following shorthand for convenience.

o 0t = {6<*, w,,, }: aparameter set including first L — 1 layers’ parameters of ¢ and the test head w,,,.
o =t = {6<* w,,,}: aparameter set including first L — 1 layers’ parameters of 6 and the test head w,,,.

B.1. Global Convergence of ANIL and MTL with Over-parameterized Deep Neural Nets

Throughout the paper, we use the squared loss as the objective function of training neural nets: £(§,y) := %ng —y||3. To
ease the presentation, we define the following meta-output functions.

Definition 2 (Meta-Output Functions). On any task T = (X,Y, X', Y"), for the given adaptation steps T, we define the
meta-output function as

FJ (X, X",Y') = fgun (X) € R"¥ (23)

where the adapted parameters 0" is obtained as follows: use 0 as the initial parameter and update it by T steps of gradient
descent on support samples and labels (X', Y"), with learning rate X and loss function £. Mathematically, Vj = 0,...,7 — 1,
we have

0= 907 o't = 97—, and 9j+1 = 9]' - )\V@][(fgj (X/),YI) (24)

Shorthand To make the notation uncluttered, we define some shorthand for the meta-output function,

o FJ(X, X)) 2 (Ff (X, X, Yi))fil: the concatenation of meta-outputs on all training tasks.
s FT 2 Fy, - shorthand for the meta-output function with parameters 6y at training time ¢.
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ANIL Loss With the squared loss function, the training objective of ANIL is expressed as

N N
1 1
Lonnl0) = 3D UFF (X0, X0, Yo, o) = 5 ST IFF (X0 X0 V)~ YilB = S FF (X 2. 9) - D3 29)

i=1 i=1

MTL Loss With the squared loss function, the objective of MTL is
MTL ZE f@ ir? 7 z Z”fg iyl Y||2* ||JE(;(X)*3)||§ (26)

where we define the notation fé( ) to be vec({ fe( Y.

Tangent Kernels Now, we define tangent kernels for MTL and ANIL, following Wang et al. (2020). Denote h as the
minimum width across hidden layers, i.e., h = minge(r,—1 h;. Then, the tangent kernels of MTL and ANIL are defined as

Dyr, = hlggo véoféo (X) ’ véoféo (X)T 27
D, = hli_)n;C Voo Fg, (X, X, V) - Vo, Fy (X, X, V)" (28)

Notice that by Wang et al. (2020), we know both kernels are deterministic positive-definite matrices, independent of the
initializations 6y and 6.

Next, we present the following theorem that characterizes the global convergence of the above two algorithms on over-
parametrized neural networks.

Theorem 3 (Global Convergence of ANIL and MTL with Over-parameterized Deep Neural Nets). Define

. 2 2
= min , )
o { Umin((I)AfTL) + Umax((I)ANIL) Jmin(q)MTL) + Unlax((I)ANIL) }

For arbitrarily small § > 0, there exists constants R, Ao, h* > 0 such that for networks with width greater than h*, running
gradient descent on L, and L ,y,, with learning rate 1 > 1o and inner-loop learning rate X < X, the following bounds
on training losses hold true with probability at least 1 — § over random initialization,

1 2t
EANIL(et) < (1 - 5770 'Umin<(I)AN1L)> R (29)

. 1 2t
‘CMTL(at) < (1 - 5770 'O'min(cDMTL)> R (30)

where t € N is the number of training steps. Furthermore, the displacement of the parameters during the training process
can be bounded by

sup

me—%m=om%»swvAm—%m=om%> 31)

Remarks. Notice the bounds in (31) are derived in the setting of NTK parameterization (see Appendix A.3). When
switching to the standard parameterization, as shown by Theorem G.2 of Lee et al. (2019a), (31) is transformed to

sup [0, — Ooll2 = O(h™ %), sup||d, — ol = O(h™2), (32)
>0 >0
indicating a closeness between the initial and trained parameters as the network width A is large.

Proof. For ANIL, the global convergence can be straightforwardly obtained by following the same steps of Theorem 4 of
Wang et al. (2020), which proves the global convergence for MAML in the same setting'®.

!"Notice the only difference between ANIL and MAML is the layers to optimize in the inner loop, where ANIL optimizes less layers
than MAML. Hence, bounds on the inner loop optimization in Theorem 4 of Wang et al. (2020) cover that of ANIL, and the proof steps of
that theorem applies to the case of ANIL.
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For MTL, it can be viewed as a variant of MAML with multi-head neural nets and inner-loop learning rate 7 = 0, since
it only has the outer-loop optimization. Then, the global convergence of MTL can also be straightforwardly obtained by
following the proof steps of Theorem 4 from Wang et al. (2020). ]

Linearization at Large Width. The following corollary provides us a useful toolkit to analyze the training dynamics of
both ANIL and MTL in the over-parametrization regime, which is adopted and rephrased from Wang et al. (2020) and Lee
et al. (2019a).

Corollary 3.1 (Linearized (Meta) Output Functions). For arbitrarily small § > 0, there exists h* > 0 s.t. as long as the
network width h is greater than h*, during the training of ANIL and MTL, with probability at least 1 — § over random
initialization, the network parameters stay in the neighbourhood of the initialization s.t. 6; € {0 : |0 — 0p||2 < O(1/h?)}
or0y € {0110 — 0ola < O1/h2)}, where 0y = {05", wo} and 0y = {057} U {ui(()l)}iew] are the initial parameters of
networks trained by ANIL and MTL, respectively. Then, for any network trained by ANIL, its output on any x € R? is
effectively linearized, i.e.,

L
Vh

Similarly, for any network trained by MTL, the output of the multi-head neural net on x with head index i € [N] is
characterized by

fo(z) = fo, (%) + Vo, fo,(x)(0 — 0o) + O(—=) (33)

s 2 , P NA A 1
fo(@,i) = fa,(2,0) + Vg fo,(2,0)(0 = 0p) + O(—=) (34)
Vh
Besides, the meta-output function is also effectively linearized, i.e., for any task T = (X, Y, X", Y"),
1
FE(X, X" Y") = Ff (X, X', Y") + Vo, Fg. (X, X', Y")(0 — 6p) + O(ﬁy (35)
where Fj (X, X',Y") can be expressed as
A A > ’ ’ 1
Fjy (X X1, Y7) = fo, (X) + Ky (X, XNEGLHX, X (1= e Moo XX [y ()] 4+ O(). (6
and the gradient Vo, Fy (X, X', Y") as"!
A A > ’ ’ 1
Voo gy (X, X', Y') = Vi, foo (X) = Ky (X, XKy (X', X) (I — e Mo (XX )T) Voo foo(X') + O(ﬁ)v (37

with I€w0 defined as

Iéwo ('a *) = v'wfeg () : waQO (*)T
Remarks. One can replace 6y in (35) with {65", w,.., } or {égL, Wy }» and similar results apply.

Proof. Notice that the proof of Theorem 3 above is based on Theorem 4 of Wang et al. (2020), which also proves that the
trained parameters stay in the neighborhood of the initialization with radius of (9(%) Hence, following the proof steps of
Theorem 4 of Wang et al. (2020), one can also straightforwardly prove the same result for ANIL and MTL.

With the global convergence and the neighborhood results above, we can directly invoke Theorem H.1 of Lee et al. (2019a),
and obtain (33), (34) and (35). Notice, the expressions in (36) and (37) are derived in Sec. 2.3.1 of Lee et al. (2019a). W

"'The proof of the gradient expression can be straightforwardly obtained by Lemma 6 of (Wang et al., 2020).
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B.2. Training Dynamics of MTL and ANIL

Definition 4 (Empirical Tangent Kernels of ANIL and MTL). We define the following empirical tangent kernels of ANIL
and MTL, in a similar way to (Wang et al., 2020; Lee et al., 2019a):

Dy (X, X) = Vg, Fj (X, X, D) - Vo, Fj (X, X,Y)T € RNxNn (38)
B0, (X, X) = Vo, f3, (X) - Vg, [y, (X)T € RNXNT (39)

Shorthand. To simplify expressions, we define the following shorthand. For any kernel function o, learning rate 7 and
optimization steps ¢, we have

) = $71(,0) (I _ e_”(i)("')t) (40)

Lemma 2 (ANIL and MTL in the Linearization Regime). With linearized output functions shown in Corollary 3.1, the
training dynamics of ANIL and MTL under gradient descent on squared losses can be characterized by analytically solvable
ODEs, giving rise to the solutions:

* ANIL.
U Trained parameters at time t:

- 5 1

0; = 00 + Vo, Fy, (X, X,9) T &1, (X, X) (I - e—mm’fv’“”) [V — Fj (X, X,D)] + v

O Prediction on any test task T = (X, Y, X', Y") with adaptation steps 7 (i.e., we take the hidden layers of the trained
network <" and append a randomly initialized head w,.,, to fine-tune):

) (4D

e (X, X, YY) (42)
T T T s T 1
= Fpue(X, X', Y') 4 Voer Fjrea (X, X Y ) Voer F (X, X, V) TT](X) [V~ Ff (X, X, V)] + O(ﬁ)
where éf“ = {éfL, W,y } and éff“ = {ég’“, Wiew }-
* MTL.
U Trained parameters:
PO A A 1
— . . Tt _ f. _

= b0+ V3, o, (XTI (O [V~ g, (V)] + O ) (43)

O Prediction on test task T = (X,Y, X', Y") with adaptation steps 7 (i.e., we take the hidden layers of the trained
network <" and append a randomly initialized head w,,,, to fine-tune):

T l
Fé;csf,(X7 X/a Y )

A A A ) 1
= Fjoo(X, X' Y) 4+ Vier Fo (X, XY ) Ver fo (X) TP (X) [y - féo(X)} +0(

test ~
05 @71

) 44

S

where 0 = {077, Wi}, 05" = {05, Wiea )

Proof. Similar to Sec. 2.2 of Lee et al. (2019a), with linearized functions (34) and (35), the training dynamics of MTL and
ANIL under gradient flow with squared losses are governed by the ODEs,

* Training dynamics of ANIL.

deo

o = Ve Fa, (XX D) (Fp, (X, X,9) ~ V) 45)
dFy, (X, X 2
% = B (X, X) (Fp, (X, X,9) = V) @0

Solving the set of ODEs, we obtain the solution to 6; as

0 = 0o — Voo Foy (X, X, Y) T @ (X, 2) 71 (1 = 720X ) (1, (X, X, ) = V) )

up to an error of O(%) See Theorem H.1 of Lee et al. (2019a) for the bound on the error across training.
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¢ Training dynamics of MTL.

; A A
= ¥, (0T (fa ) - ) @)
dfacthEX) = _n(i)MTL(Xa X) (fQo(X) - y) (49)

Solving the set of ODEs, we obtain the solution to ét as
00 = by — V4, f3, () b (X, 2) 7 (1 = e om0 ((fy (x) - ) (50)

up to an error of (’)(ﬁ) See Theorem H.1 of Lee et al. (2019a) for the bound on the error across training.

Now, with the derived expressions of trained parameters, we can certainly plug them in the linearized functions (34) and
(35) to obtain the outputs of trained ANIL and MTL models. Notice that during test, the predictions of ANIL and MTL
are obtained from a fine-tuned fest head that are randomly initialized (see Sec. 3.4 for details). Thus, we need to take care
of the test heads when plugging trained parameters into the linearized functions. Specifically, for an arbitrary test task
T =(X,Y, X', Y"), the test predictions of ANIL and MTL are derived below.

e Test predictions of ANIL. For notational simplicity, we define

,€t('7 *) = Vwmtf(f},“‘(')wa,estfagm(*)—r

Then, since the fine-tuning is on the test head w,.,,, following the Sec. 2.3.1. of Lee et al. (2019a), we know

) R . 1
Fgrea(X, X1, Y7) = fyren(X) + Ko X, XNTYT(X) (Y’ - feiesi(x')) +0(7) (51)
where
Fopet(X) (52)
test test 1
= foret (X) + Vet fores (X) (07" — 057) + O(ﬁ)
1
= f&{;si(X) + VG(fo%cst(X)(HfL - G(TL) + vﬂ)f,esﬁf&ff“(X)(wtﬁsi — Wiew) + O(ﬁ)
<L _ p<r 1
= foy=t(X) + Vgzr foree (X) (07" — 05") + O(ﬁ)
= Jopet(X) + Vst gt (X) Vs Fay (X, X, )T 1 (X, X) 71 (1 - e—ni’ANﬂXv’fﬁ) V= Fp (X, X,))
1
+O(—
(\/E)
1
= for (X) + Vé);Lf%es,,(X)vg(fLFeo (X, X, y)TTgZML(X) (Y = Fy, (X, X,Y)) + O(E)
and
1
thesf, fQ?“ (X) - vﬂ)tmf, f%“t (X) + O( ) (53)

S
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Pluging in everything, we have

F; (X, X', Y (54)
= fourt(X) + Vst forn (X)Vg<r Foy (X, X, y)TTng(X) (Y — Fp (X, X,)))
% N, T / o / L
FRo(X XNTE () (V' = Sy (X)) + O( )

= foe(X) + Ko (X, X')T,gj(x')(y/ — foue (X))
+ (v%@ Fore (X) = Ko(X, X')T%v*(X')vagL Fopeo (X’)) Vosr Foo (X, X, V) TTI(X) (Y = Fg (X, X, )

Ko D anIL
1
+O(—=
7 7 T 5 T 1
= Fpt (X, X", Y') 4 Voer Fjeu (X, X', Y) Vs Fj (X, X, y)TTgAtN"/(X) [V —Fj (X, 2, 9)] + O(ﬁ)

e Test prediction of MTL. Following the derivation for the test prediction of ANIL above, one can straightforwardly
derive that

; ; : ; ; 1
Froa (X, X Y') = i (X, XY + Vo Fju (X, X’,Y’)vééLféo(X)TTﬁvt (X) [y - féo(X)} +O(
0

test test
0y 95 D yrL

)

S

B.3. Derivation of Kernels and Outputs for ANIL and MTL.
Notation 1 (NTK and NNGP). We denote
* O(+, x): kernel function of Neural Tangent Kernel (NTK).
* K(,*): kernel function of Neural Network Gaussian Process (NNGP).

Equivalence to Kernels Lee et al. (2019a) shows that as the network width h approaches infinity, for parameter initializa-
tion 8y = {65", wo }, we have the following equivalence relations,

Voo foo () Vo fo, (%) T (55)
vwf@o(')veofw<*)T = K:(a*) (56)

I

@
-
i%
N

Lemma 3 (ANIL and MTL Kernels). As the width of neural nets increases to infinity, i.e., h — 00, we define the following
kernels for ANIL and MTL, and they converge to corresponding analytical expressions shown below.

* ANIL kernels.
O ©uu (X, X) = Vo, Fj (X, X,Y) - Vo, F§ (X, X,¥) " is a block matrix of N x N blocks. ¥i,j € [N], its
(i, 7)-th block is

[¢ANIL(X7X)]ij _ efAlC(Xi,Xi)Tg(XZ_,Xj)ef)\IC(Xj,Xj)-r’

O, (X, X 7),X) = vogLFgéest(X, X’,Y’)V00<LFQTO(X,X,y)T is a block matrix of 1 x N blocks, with the
(1, §)-th block as
[ (X, X', 7), X)]1j = |O(X, X;) = K(X, X)TE(X)O (X, X;) [ e 20T
* MTL Kernels. . .
O <.I>MT,/(X7 X) =V, fo,(X)- VéoféO(X)T is also a block matrix of N x N blocks. Yi,j € [N], its (i, j)-th block

A

[(I)MTL(X7 X)]ij = e(XhXj) - ]l[i 7é jVC(Xi7 Xj)v
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a o

MTL

block as
(@ (X, X7 7), X))y = O(X, X;) = K(X, X;) = K(X, X)THX) [0(X, X;) - KX, X,)] - (57)
= O(X, X;) — K(X, X)TE(X)O(X', X;) = K(X, X)e M ADTR(X', X;)

(X, X', 7),X) = V9<LF (X, X/7Y/)Vé0<LféO (X) T is a block matrix of 1 x N blocks, with the (1, j)-th

gfrsf

Proof. The proof is presented in the same structure as the lemma statement above.
* ANIL Kernels
O &, (X, X). With (37), we know
T T N
v90F90 (Xv X? y) = (VGOFHO (X“ X, K))qzl

= (T foo (X0) = K (X0 X0 (X0, X0) (1= e O9X07) 94, 1y (X))

=1

N
— (e*MC(Xin)TVeofao (Xi)) i=1 N

1=
Thus, the (3, j)-th block of @, (X, X) = Vg, Fj (X, X,Y) - Vo, Fy (X, x,)7
[@avie (X, X)), = Voo Fg, (Xi, X, Yi) Ve, Fg, (X5, X5, Y;) T
— e—)\lC(qu,Xi)Tveofeo (Xz)feo( J) e —AC(X;,X5)T
— eiA’C(XiYXi)T@(thXj)@iAK(Xj7X]‘)T (59)
Then, the whole matrix can be expressed as

B 4 (X, X) = diag ({e AC(Xi, X)TIN ) O(X, X) - diag ({e—*’C(XwXﬂf}j.V:l) (60)

where diag ({e™ (X XDV ) g a diagonal block matrix with the i-th block as e = M(Xi: X0,
O o .. (X, X' 7),X). With (37), we can derive that

ANIL
[Q;NII((X7X/7%)7X)]1j
= Vo<1 eécsf,(X,X’,Y’)ngFgo(X XJ,YJ)T

:(veﬁf%m( ) — K(X, XK I- *WXX)T) V9<Lf9<L(X’))

.l
(Fazr foo () = (X, X)X, X;) (1 = e MR5X90T) 9,0 fo, (X ))T
= (v00<L Foper(X) = K(X, XK (X, X) <I e ME(X' X >T) Vo<t foo (X )) Vs fay (X;) e ARG X7
= [(0(X. ;) = K(X, X)) = K(X, X )0, X7) (1= e MOXD7) (0(X7, X;) = KX, X)) | e MY
= [(e0x,x;) - K(x, X,)) - K(X, X’)T,éﬂx’) (O(X',X;) = K(X', X)) | e M7 (61)
where we used the equivalence
Vo fogn() - Vogo fag ()T = O(%) = K(-, %) (6)

in the infinite width limit at initialization.
« MTL A A
O @y (X, X) =V f5,(X) -V, féO(X)T. Notice that for any input with head index ¢, we have

N+1

véoféo('7 ) 9<Lf0 + Z VM(J)feo i)

j=1

= Vi< f3, (40 + Vo f5, (1) (63)
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since for j # i, we have V) f, 9, (@, 1) = 0 based on the multi-head structure.
Thus, we can write down the (4, 7)-th block of @, (X, X) as

[® (X, X)]is = Vi, fa, (Xis 1) Vg, £, (X5, ) T
= Ve Fo, (Xis ) V0 f5, (X5, 0) T + Vs foo (Xis )V fo, (X5:5) T
Note that for 7 # j, we have V ;) féo (X, i)vwmfgo (X;,7)" =0, since ) and "9 are in different dimensions

of §. Thus,
* asi # j, we have'?

[®urre (X, X)]ij = Vé§LféU (Xiai)végLféo (X;,5)" =O6(X;, X;) — K(Xi, X;)
* as{ = j, we have
[@rs (X, X)is = Vo 5, (Xiy ) Vgen S, (Xist) T+ Vo fo, (Xiy ) Vi f, (Xis) T = O(X, Xo)
In conclusion, for 4, j € [N], we have

[@ure (X, X)]ij = O(X;, Xj) — Li # jIK(X;, X;)

Thus,
@MTL(X, X) = @(X, X) — ’C(X, X) + diag ({/C(XZ,X,)}ivzl) (64)
* (I)szL((Xv Xl,i')v‘)() = vé(fLFgO(Xv X/aY/)vé[foéo(X)T'

Based on (63), following (61), we can express the (1, j)-th block of @/, ((X, X', 7), X) as

(@7, (X, X', 7), X)),

= Voo Fpu (X, XY )Vger f3,(2)T

= (Vg g X) = KO XK XX (1= X007 Gyt f(X1)) - Vgen B, (X5,0)T

= Vjsi fen(X)Vger f3 (X5,0)T = K(X, X)L (X', X7) (I - e—WX/vX’V) Vit L (X )V fi (X5,5)T
= [@(X, X;) — K(X, Xj)} — K(X, X)KN(X', X) (I - e*AK(X'»X’ﬁ) [@(X/, X;) — K(X', X;)

= O(X, X;) — K(X, X"\TE(XO(X', X;) — K(X, X )K~H (X!, X )e M XD (X7 X)) (65)

Remarks. Notice that (61) and (65) indicate the following relation:

@

ANIL

(X, X',8), X))y = [@), (X, X', 3), X)]y; e 007
Furthermore, it is straightforward to show that
(X, X', 7), X) = @y, (X, X', 7), ) - ding ({0507 ) (0

where diag ({e*AK(Xf’XJ')T}j.Vzl) is a diagonal block matrix with the j-th block as e~ (X5, X3)7

"2The following equivalence can be straightforwardly dervied based on Appendix D and E of (Lee et al., 2019a).
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B.3.1. PROOF OF LEMMA 1

Now, we can prove Lemma 1 shown in Sec. 4.3, by leveraging Lemma 2 and Lemma 3 that we just proved. In particular,
without loss of generality, following Arora et al. (2019), we assume the outputs of randomly initialized networks have a
much smaller magnitude compared with the magnitude of training labels such that || f5, (z)]l2 < ||yll2 < O(h~2). Notice
this can be always achieved by choosing smaller initialization scale or scaling down the neural net output (Arora et al.,
2019), without any effect on the training dynamics and the predictions, up to a width-dependent factor on the learning rate.
Below, we present the steps of the proof in detail.

Proof of Lemma 1. Plugging the kernels expressions derived by Lemma 3 into (42) and (44), and combining with the fact
that limy,_, I€w0 — IC (proved by Corollary 1 of Lee et al. (2019a)), we obtain the expressions of (16) and (15) in Lemma 1
in the infinite width limit. Notice that we consider sufficiently large width h, then the discrepancy between the infinite-width
kernels and their finite-width counter-parts (i.e., the finite-width correction) is bounded by O(ﬁ) with arbitrarily large
probability, indicated by Theorem 1 of Hanin & Nica (2020). Thus, the finite-width correction terms are absorbed into the

(’)(ﬁ) error terms in (42) and (44).

B.3.2. DISCREPANCY BETWEEN PREDICTIONS OF ANIL AND MTL

Based on (60), (64), and (66), for small A7, the discrepancy between ANIL and MTL predictions can be written as A(Note:
we consider neural nets trained under ANIL and MTL for infinite time ¢ = oo, then take their parameters 6, and 6, for
test on any task 7 = (X, Y, X', Y")),

FANIL(X7 X/a Y/) - FMTL(Xa le Y/)
= Fpet (X, X", Y") = Fj(X, X', Y")
= [®,, (X, X', #),X)® 1, (X, X) — &

ANIL ANIL MTL
=O0(ATomax(K)) .
—N—

- (I);NIL((X’ le 7A_)7 X)(I)_l (X7 X) GT(Xv X/a yl) ""_0(7)

ANIL

(X, X',%), X)®,5, (X, X)] Y

MTL

5

-1 —1
= [ @ (6, X.7), ) - ding ({e XY ) diag ({e WX ) O, ) ding ({eXXOTYY, )
1

= @y (X, X 1), )BL (X, X)[ Y+ O0m) + O( )
= . (X, X', 7), X) [@(X, )7 ding (e OO ) T (a, X)} Y+0(r) + 0(%)

l I A —1 7: _ X7 -1 _ 1
= (X, X7,7), )| (X, )™ diag (eI, ) -0 (X,2)] Y+ OO (K)) + O(7)
=I+O(ATomax(K))
= B, (X, X', 7), ) [0, X) ! = 1, (X, X) | Y + ONTomax(K)) + 0(%) (67)

where omax (K) £ max ({omax (K(X;, X3))}HY,).
Remarks. (67) indicates that for small A7, the discrepancy between ANIL’s and MTL'’s test predictions is determined by
@(Xv‘)()_l _(I)A_/ml"L(Xv‘)() (68)

Thus, if this difference vanishes in some limit, ANIL and MTL will output almost the same predictions on any test task.

B.4. Kernel Structures for Deep ReLLU Nets

Setup. As described by Sec. 4.3, we focus on networks that adopt ReLU activation and He’s initialization, and we consider
the inputs are normalized to have unit variance, without loss of generality. Besides, we also assume any pair of samples in
the training set are distinct.
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NTK and NNGP Kernel Structures. Xiao et al. (2020) shows that for ReLU networks with He’s initialization and
unit-variance inputs, the corresponding NTK and NNGP kernels have some special structures. Specifically, at large depth,
the spectra of these kernels can be characterized explicitly, as shown by Lemma 4 below, which is adopted and rephrased
from the Appendix C.1 of Xiao et al. (2020).

Lemma 4 (Kernel Structures of NTK and NNGP). For sufficiently large depth L, NTK and NNGP kernels have the following
expressions"> (Note: we use the superscript () to mark the kernels’ dependence on the depth L)

1 3
o (x . x)=L (41“1;" + 41) + AL (69)
1
KX, X) = 1ynlk, + ﬁBgf}X (70)

where AEYL))X, BS(L)X € RVN"XND s g symmetric matrix with elements of O(1).

The eigenvalues of %) (X, X) and K& (X, X) are all positive since © and K are guaranteed to be positive definite, and
these eigenvalues can be characterized as

2

) (71)

Tmax(O(X, X)) = %L +0O(1) Omax(K(X, X)) = Nn + O(%
Ubulk(G(XaX)) = %L + O(l) O’bulk(]C(X,X)) = O(%)

where onu(+) denotes the eigenvalues besides the largest eigenvalue.

Discrepancy between Kernel Inverses. As shown by Appendix B.3.2, the discrepancy between the predictions of ANIL
and MTL is controlled by (68), i.e., O~ (X, X) — ®;,1, (X, X). In the lemma below, we study (68) in the setting of ReLU

MTL
nets with He’s initialization, and prove a bound over the operator norm of (68).

Lemma 5 (Discrepancy between Kernel Inverses). There exists L* € Nt s.t. for L > L*,

Tmax (0P (X, X)) ~ O(NnL) > o, (01 (X, X))
14,00 (X, X1y, ~ O(NnL)> o (01)(X, X)) (72)
Tmax (O (X, X)) > O(L) - Oax (KB (X, X))

where o5(+) denotes the second largest eigenvalue. Then, we have

1
1O, &)™ = @0, (X, X)op < O73) (73)

Proof. From (64), we know (Note: we omit the superscript (%) for simplicity in this proof)

@MTL(Xv X) = 6()(7 X) - ’C(Xv X) + diag ({]C(XzaXl)}z]\Ll)

=0(X,X) - KX, X)
where we denote K (X, X) = K(X, X) + diag ({K(Xi, Xi)}Y,) for simplicity.
Casel: n = 1.

In this case, obviously, for each i € [N], we have (X, X;) =1+ O(%Q) € R. We can define a perturbed NNGP matrix
as

KX, X) = K(X, &) — diag ({K(X;, Xi)}Ly) (74)
1 ~
=1y1) — I+ ﬁBgﬁ)X (75)
where we define ]A?;SYL)X = B(XL)X — (diag ({K(X;, X;) ) = 1), ie., B(XL)X with the O(%Q) terms from

diag ({K(X;, X;)}HY,).

Notice that we use the little-o notation here: f(z) = o(g(x)) indicates that g(x) grows much faster than f(x). Thus the o(-) terms
are negligible here.
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For convenience, let us define a perturbed NTK matrix as
O(X, X) = O(X, X) — (/E(X X) - 1N1]TV)
—OX, X)+1 - ﬁB(L) (76)

Obviously, we have

10X, 2) 7! = @1 (X, X)lop = [O(X, )7 =071 (X, X) + 67 (X, &) — 21,1, (X, X)l|op

IUIL( @ X

<O, X) 7" =07 (X, X)op + 071 (X, X) = 0, (X X)]lop  (T7)
Thus, we can prove (73) by providing bounds for ||O(X, X)~1 — éfl(.)(,)()ﬂop and [|©~1(X, X) — 071(X, X)) |op
separately.

* Bound ||®;,}, — O71(X, X)|op.
By the Woodbury identity, we have

-1 (X,X) = (6()(,)() 46()(,2())_1

—1

- (é(X,X) - 1N1})
=O(X, X)) —p-O(X, X) 1y1LO(X, X) !

where
1

1-156(x, 1)1y
By (72) and some eigendecomposition analysis, we can easily derive that

1 N 1
1-1[0(Xx,X) 11y 1-0(%)

p:

p =
- B ~ 1
X, X)) "y10(X, X)) 1~ 0 <N2L2> 11y
Thus

-1 1 T
(I)MTI(X X) @(XaX) @ (N2L2(1 — O(L))) 1N1N (78)

. . . . . . . . 1 . .. .
where the last term is negligible since its maximum eigenvalue is O(m)), while the minimum eigenvalue for
the first term is O(w7)-
Thus, we can write

1

1924, = 8.2 oy = 10 (S o7y

) 114 lop < O( (79)

NLQ)

« Bound |01 (X, X) — 01X, X)||op
By (69), (76), we know

o(x,x) KX, X)—151)

(:)(%X)=(21N1Nn+%I+A( h) - (1w1k - I+—B(XL)X>
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By observation, it is obvious that for relatively large L, the perturbation 151} — I + = BSVL)X has minimal effect,

e.g., the spectrum of O (X, X) is almost identical to ©(X, X).

Now, let us bound the inverse of the perturbed matrix é(?( X') formally.
Leveraging the identity (A + B)™' = A='A7'B(A + B)~! from (Henderson & Searle, 1981). Defining

A~

A=0(X,X)—O(X,X) =151} — I+ B;L)X
then we have

H(:)(X,X)‘l — o, x)!

op
-1

- (@(XJC) +A)

op

=[O, X) T+ 00X, X)TAOWX,X)+A) T —o(x, x)!

op

= |o(x,x) TAO(x, X)!

op

1 ~ ~
= lo(x, x)! <1N1JTV —I+ LQB(XL,)x) o(x,x) !

op

~ ~ 2 ~ ~ ~
O(X, X) 1115 0(X, X)) - H@(X,X)*Bf&@()(, X)L

<0(5z) +o () +o ()
§0<L12> (81)

Finally, combining (77), (79) and (81), we have

IN

+ H@(X,X)‘ll(:j(X,X)‘l

op

(80)

op

10X, )™ — @31 (X, X)|lop < [|O(X, X)7" @‘1(X X)lop + 071X, &) = Bt (X, X)lop
1 1
< 2
CaselIl: n > 1.
Compared to the case of n = 1, the only difference with (82) is caused by the term H@(X, X)_llé(X, X))t in (80) is
o
converted to "
H@ X, X)"diag ({1,1] 1Y) (X, x)
op
Since
[diag ({1n1, }iE1) llop = 11n1y [lop =2 = O(1)
we have
~ 2
H@ (X, &) Ldiag ({1,173 ) 6(x, 2) 2 < H@(;\f,){)—lu |diag ({1,217 }2,)]],
op op
1
< O(ﬁ)
|

B.5. Proof of Theorem 1

The proof of Theorem 1 can be straightforwardly derived based on Lemma 5.
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Proof. By (67), (73), we have

HFANIL(Xa leyl) - FMTL(X7 ‘Xrlv}//)”2

. — _ 1
<@ (X, X7 7), X)[lop [O(X, X) ™ = @57, (X, X)|op [ V2 + O(ATOmax(K)) + O(ﬁ)
1 1
<O(=)+O\r)+0(—
(£)+00) +0(—)
where we used the facts that | ®’,,, ((X, X', 7), X)|lop = O(L), which can be straightforwardly derived from Lemma 3 and
4. u

B.6. Extension to Residual ReLU Networks

Corollary 1.1 states that the theoretical results of Theorem 1 apply to residual ReLU networks and residual ReL.U networks
with LayerNorm. The proof of this corollary is simply derived from Appendix C.2 and C.4 of Xiao et al. (2020).

Proof. For residual ReLU networks, the corresponding NTK and NNGP have a factor of e compared (69) and (70),
which has no effect on the predictors F,,, and F),;,, since the factors from the kernel and kernel inverse cancel out (e.g.,
eld (X, X", 7),X) - (e Py (X, X)L = &, (X, X', %), X))@y, (X, X)"1). Thus, Theorem 1 applies to this
class of networks.

For residual ReL.U networks with LayerNorm, Appendix C.3 of Xiao et al. (2020) shows the kernel structures of NTK
and NNGP is the same as ReLU networks without residual connections. Thus, Theorem 1 directly applies to this class of
networks. ]

C. Details of Experiments

In this section, we will provide more details about the experiment in Sec. 5. Specifically,

» Appendix C.1: presents more experimental details about Sec. 5.1, the empirical validation of Theorem 1.
* Appendix C.2: presents more experimental details about Sec. 5.2, the empirical study on few-shot image classification
benchmarks.

C.1. Empirical Validation of Theorem 1

Implementation. We implement MTL and ANIL kernels with Neural Tangents (Novak et al., 2020), a codebase built on
JAX (Bradbury et al., 2018), which is a package designed for high-performance machine learning research in Python. Since
MTL and ANIL kernel functions are composite kernel functions built upon NTK and NNGP functions, we directly construct
NTKs and NNGPs using Neural Tangents and then compose them into MTL and ANIL kernels.

About Figure 1. Note that the value at L = 10 in the first image is a little smaller than the value at A7 = 0 in the second
image. That is because the random seeds using in the two images are different. Even though we take an average over 5
random seeds when plotting each image, there still exists some non-negligible variance.

C.2. Experiments on Few-Shot Image Classification Benchmarks

Fine-Tuning in Validation and Test. In the meta-validation and meta-testing stages, following Sec. 3.4, we fine-tune a
linear classifier on the features (i.e., outputs of the last hidden layer) with the cross-entropy loss and a ¢ regularization.
Specifically, similar to Tian et al. (2020), we use the logistic regression classifier from sklearn for the fine-tuning (Pedregosa
et al., 2011), and we set the /5 regularization strength to be 0.33 based on the following ablation study on /5 penalty (i.e.,
Table 5.

{2 Penalty 0.0001 0.001 0.01 0.1 033 1 3
Test Accuracy(%) 76.86 77.02 77.28 77.61 77.72 77.55 76.82

Table 5. Ablation study of the /5 penalty on the fine-tuned linear layer. Evaluated on mini-ImageNet (5-way 5-shot classification).



