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Abstract

The Laplacian representation recently gains in-
creasing attention for reinforcement learning as it
provides succinct and informative representation
for states, by taking the eigenvectors of the Lapla-
cian matrix of the state-transition graph as state
embeddings. Such representation captures the
geometry of the underlying state space and is ben-
eficial to RL tasks such as option discovery and
reward shaping. To approximate the Laplacian
representation in large (or even continuous) state
spaces, recent works propose to minimize a spec-
tral graph drawing objective, which however has
infinitely many global minimizers other than the
eigenvectors. As a result, their learned Laplacian
representation may differ from the ground truth.
To solve this problem, we reformulate the graph
drawing objective into a generalized form and de-
rive a new learning objective, which is proved to
have eigenvectors as its unigue global minimizer.
It enables learning high-quality Laplacian repre-
sentations that faithfully approximate the ground
truth. We validate this via comprehensive experi-
ments on a set of gridworld and continuous con-
trol environments. Moreover, we show that our
learned Laplacian representations lead to more
exploratory options and better reward shaping.

1. Introduction

Reinforcement learning (RL) aims to train an agent that
can take proper sequential actions based on the perceived
states from the environments (Sutton & Barto, 2018). Thus
the quality of state representations is important to the agent
performance by benefiting its generalization ability (Zhang
et al., 2018; Stooke et al., 2020; Agarwal et al., 2021), ex-
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Figure 1. Visualization of environment and Laplacian state repre-
sentations (2nd dimension). (a) Top view of a continuous control
navigation environment. (b) Ground-truth Laplacian representa-
tion. It encodes geometry of the environment: nearby states have
similar values while distant states have dissimilar values. (c) Our
learned representation. It can be seen that our result is very similar
to ground truth. (d) Representation learned by spectral graph draw-
ing (Wu et al., 2019). It significantly diverges from ground truth
and fails to capture geometric information about the state space.
Best viewed in color.

ploration ability (Pathak et al., 2017; Machado et al., 2017;
2020), and learning efficiency (Dubey et al., 2018; Wu et al.,
2019), etc. Recently, the Laplacian representation receives
increasing attention (Mahadevan, 2005; Machado et al.,
2017; Wu et al., 2019; Jinnai et al., 2019). It views the states
and transitions in an RL environment as nodes and edges
in a graph, and forms a d-dimension state representation
with d smallest eigenvectors of the graph Laplacian. Such
representations can capture the geometry of the underlying
state space, as illustrated in Fig. 1(b), which greatly benefits
RL in option discovery (Machado et al., 2017; Jinnai et al.,
2019) and reward shaping (Wu et al., 2019).

However, to compute the exact Laplacian representation is
very challenging, as directly computing eigendecomposition
of the graph Laplacian requires access to the environment
transition dynamics and involves expensive matrix opera-
tion. Hence it is largely limited to small finite state spaces.
To deal with large (or even continuous) state spaces, previ-
ous works resort to approximation methods (Machado et al.,
2017; 2018; Wu et al., 2019). A most efficient one is (Wu
et al., 2019), which minimizes a spectral graph drawing
objective (Koren, 2005). However, this objective has in-
finitely many other global minimizers besides the ground
truth Laplacian representation (i.e., d smallest eigenvectors),
as it is invariant to an arbitrary orthogonal transformation
over the optimization variables. The resulted representa-



Towards Better Laplacian Representation in Reinforcement Learning with Generalized Graph Drawing

tions can then correspond to other minimizers and diverge
from the ground truth, thus unable to encode the geometry
of the state space as expected (see Fig. 1(d)).

To break such invariance and approximate Laplacian rep-
resentation closer to the ground-truth, we reformulate the
graph drawing objective into a generalized form by introduc-
ing coefficients for each term in it. By assigning decreasing
values for these coefficients, we can derive a training ob-
jective that breaks the undesired invariance. We provide
theoretical guarantees that the proposed objective has the d
smallest eigenvectors as its unique global minimizer under
mild assumptions. As shown in Fig. 1(c), minimizing the
new objective is able to ensure faithful approximation to the
ground truth Laplacian representation.

To verify the effectiveness of our method for learning high-
quality Laplacian representations, we conduct experiments
in gridworld and continuous control environments. We show
that the learned representations by our method more accu-
rately approximate the ground truth, compared with the ones
from the graph drawing objective. Furthermore, we apply
the learned representations to two downstream RL tasks. It
is demonstrated that, for option discovery task (Machado
et al., 2017) our method leads to discovered options that
are more exploratory compared to using the representation
learned by graph drawing; in reward shaping task (Wu et al.,
2019), our learned representation is better at accelerating
agents’ learning than previous work (Wu et al., 2019)..

The rest of the paper is organized as follows. In Sec. 2,
we introduce background about RL and Laplacian repre-
sentation in RL. In Sec. 3, we propose our new objective
for learning Laplacian representation. Then, we conduct
experiments to demonstrate that our proposed objective is
able to learn high-quality representations in Sec. 4. In Sec. 5
we review related works and Sec. 6 concludes the paper.

2. Background
2.1. Reinforcement Learning

In the RL framework (Sutton & Barto, 2018), an agent
interacts with an environment by observing states and taking
actions, with an aim of maximizing cumulative reward. We
consider Markov Decision Process (MDP) formalism in this
paper. An MDP can be described by a 5-tuple (S, A, r, p, 7).
Specifically, at time ¢ the agent observes state s; € S and
takes an action a; € A. The environment then yields a
reward signal R; sampled from the reward function 7 (s, a; ).
The state observation in the next timestep s;+; € S is
sampled according to an environment-specific transition
distribution function p(s¢11]|s¢, at). A policy is defined as a
mapping 7 : S — A that returns an action a given a state s.
The goal of the agent is to learn an optimal policy 7* that

maximizes the expected cumulative reward:

o0
* = E ‘R 1
™ arg ITfleal}[( D, ; v L, (1)

where II denotes the policy space and v € [0, 1) is a dis-
count factor.

2.2. Laplacian Representation in RL

By considering states and transitions in an MDP as nodes
and edges in a graph, the Laplacian state representation is
formed by the d smallest eigenvectors of the graph Lapla-
cian. Specifically, each eigenvector (of length |S|) corre-
sponds to a dimension of the Laplacian representation for
all states. Formally, we denote the graph as G = (S,€)
where £ is the edge set consisting of transitions between
states. The graph Laplacian of G is definedas L = D — A,
where A € RISIXIS| s the adjacency matrix of G, and
D = diag(A1) is the degree matrix (Chung & Graham,
1997). We denote the i-th smallest eigenvalue of L as
A, and the corresponding unit eigenvector as e; € RISI,
The d-dimensional Laplacian representation of a state s is
o(s) = (e1[s],- - ,eq[s]), where e;[s] denotes the entry in
vector e; that corresponds to state s. In particular, e; is a
normalized all-ones vector and has the same value for all s.

The Laplacian representation is known to be able to capture
the geometry of the underlying state space (Mahadevan,
2005; Machado et al., 2017), and thus has been applied in
option discovery (Machado et al., 2017; Jinnai et al., 2019)
and reward shaping (Wu et al., 2019).

In the Laplacian framework for option discovery (Machado
etal., 2017), each dimension of the Laplacian representation
defines an intrinsic reward function r;(s,s’) = e;[s] —
e;[s']. The options (Sutton et al., 1999) are discovered
by maximizing the cumulative discounted intrinsic reward.
These options act at different time scales; that is, when an
agent follows an option to take actions, the length of its
trajectory until termination varies across different options
(see Fig. 3 in (Machado et al., 2017)). Such a property
makes these options helpful for exploration: longer options
enable agents to quickly reach distant areas and shorter
options ensure sufficient exploration in local areas.

When using the Laplacian representation for reward shap-
ing in goal-achieving tasks (Wu et al., 2019), the reward is
shaped based on Euclidean distance, as in (Pong* et al.,
2018; Nachum et al., 2018). Specifically, the pseudo-
reward is defined as the negative /5 distance between the
agent’s state and the goal state in representation space:
re = —||@(St+1) — ©(Sgoal) 2. Since the Laplacian rep-
resentation can reflect the geometry of the environment dy-
namics, such pseudo-reward can be helpful in accelerating
the learning process.
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2.3. Approximating Laplacian Representation

Obtaining Laplacian representation by directly computing
eigendecomposition of graph Laplacian requires access to
transition dynamics of the environment and involves expen-
sive matrix operations, which is infeasible for environments
with a large or even continuous state space. One efficient
approach for approximating Laplacian representation is pro-
posed by Wu et al. (2019), which minimizes the following
spectral graph drawing objective (Koren, 2005):

d
. T
min u; Lu,;
amin,, 2wl @
=1
T ..
st ou; uy =045,Y,5=1,--- .d,
where (uy, - -- ,uy) € RISI*4 are to approximate the eigen-
vectors (eq,- - ,€q), and J;; is the Kronecker delta. How-

ever, minimizing such an objective can only ensure that
uy,- - - ,Ug span the same subspace as ey, - - - , €4, as men-
tioned in (Wu et al., 2019). It does not guarantee u; = e; for
i=1,---,d, because the global minimizer (e, - ,e4) is
not unique.

Transforming (ej,- - ,eq) with an arbitrary orthogonal
transformation also achieves global minimum (Koren, 2005).
Therefore, the problem in Eqn. (2) does not ensure that the
solution is the eigenvectors, and may converge to any other
global minima. Accordingly, the learned Laplacian rep-
resentations may diverge from the ground truth. We will
show in Sec. 4 that such representation is less helpful in
discovering exploratory options and reward shaping.

3. Method

As discussed in Sec. 2.3, the graph drawing objective is
invariant under orthogonal transformation: applying an arbi-
trary orthogonal transformation to the d smallest eigenvec-
tors also yields a global minimizer, which hinders learning
Laplacian representations close to the ground truth.

We then consider breaking such invariance for achieving
more accurate approximation. To this end, we reformu-
late the graph drawing objective into a weighted-sum form,
yielding the following generalized graph drawing objective:

d
min ciuiTLui
i,
s ; 3)

T .o
s.t. u; u; = 6@-,%,] =1,---,d,

where c; is the coefficient for the i-th term u,’ Lu;. When
c¢; = 1 for every 17, it degenerates to the original graph

drawing objective in Eqn. (2).

We find that, under mild assumptions, if c¢1,---,cq are
strictly decreasing, then the d smallest eigenvectors (ground-

truth Laplacian representation) make the unique global min-
imizer of the above generalized graph drawing objective, as
stated in the following theorem.

Theorem 1. Assume u;, € span({ei,---,eq}), Vi =

1,---,d, and \; < < Mg. Then, ¢ > -+ >

cq > 0 is a sufficient condition for the generalized graph

drawing objective to have a unique global minimizer

(uj,---,u}) = (e, ,eq), and the corresponding mini-
. d

mumis ) ;i Ci\;.

Proof. Here we give the proof sketch of Theorem 1 and
the full proof is deferred to the Appendix. Denote the

objective of problem (3) as h(ug,---,uy). Let g =
h(ay, - ,uq) — Z?:l c;\;. Since u;.'—uj = §;; and
u; € span({e1,---,eq}), without loss of generality,
(uy,- -+ ,uy) can be written as (e, - -+ ,e4)Q), where Q =

(gij) is an orthogonal matrix.

We first prove optimality. By applying Fubini’s The-
orem (Fubini, 1907) to g, we can rewrite g as g =
ZZ;} Sk (Ak+1 — Ak), where si depends on @) and d. We
can prove Vk € {1,--- ,d — 1}, s > 0 (this is given by
c1 > -+ > cq > 0). Hence g > 0. Notice that the in-
equality is tight when (uy,--- ,uy) = (e, -+, eq), which
proves the optimality.

Then, we prove uniqueness by contradiction. Denote the
global minimum Z?Zl c;\; as p*. Assume that there ex-
ists another global minimizer, denoted as (Qy,--- ,0q),
i.e., di,u; # +e;. Here we require u; # =e; be-
cause the sign of e; is arbitrary. Again, we rewrite
(U, -+ ,0q) = (e, -+ ,eq)Q, where @ = (g;;) is an
orthogonal matrix. Therefore, the assumption is equivalent
to 3 € {1,---,d}, G ¢ {1, —1}. Due to the optimality of
(Qy,- -+ ,0q), we know h(l,- - ,04) = p*. However, we
can prove that this equality implies Vi € {1,--- ,d}, G €
{1,—1}. This contradicts with 3¢, ; # +e;, and hence
proves uniqueness. O

We will empirically show that the two assumptions hold
in our experiments (see Sec. 4.4.1). Based on the above
theorem, we can choose ¢; > --- > ¢4 > 0 to obtain a
learning objective that can faithfully approximate the Lapla-
cian representation. A natural choice is ¢ = 1,¢cq—1 =

2,---,c1 = d, which gives the following objective:
d
min (d—i+1)u Lu;
e ; 4)
s.t. uiTuj = 6ij,Vi,j =1,---,d.

We use the above objective throughout the rest of our paper,
and conduct ablative experiments with other choices of the
coefficients (see Sec.4.4.2).
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Note that Theorem 1 implies a property of the generalized
graph drawing objective in Eqn. (3): there is one-to-one cor-
respondence between its solutions and the smallest d eigen-
vectors, i.e.,ul = e;,Vi € {1,---,d}. With this, a specific
dimension (e.g., the 2nd dimension) of the Laplacian rep-
resentation can be easily derived from the corresponding
solution (e.g., uz). This exact correspondence is useful for
studying how each dimension of the representation influ-
ences an RL task, e.g., reward shaping (see Sec. 4.3). Note
that the spectral graph drawing objective does not have such

a property.

The above theoretical results can be easily generalized to
the function space (i.e., Hilbert space), which corresponds
to a continuous state space in RL (see Appendix).

Training objective In RL applications, it is hard to di-
rectly optimize the problem (4) because L is not accessible
and enumerating the state space may be infeasible. To make
the optimization amenable, we follow the practice in (Wu
et al., 2019) to express the objective as an expectation. The
objective in Eqn. (4) can be rewritten as

—wls])? (5

YT Y (il

k=1i=1 (s,s’)e&

d &k
ZZu:Lui

k=11i=1

where the inner summation of the right hand side is over
all edges (i.e. transitions) in the graph, and u;[s] denotes
the entry of vector u; corresponding to state s. In practice,
we train a neural network ¢(s) with d-dimension output
[f1(s), -+, fa(s)] to approximate the Laplacian represen-
tation for state s. Since we only have sampled transitions,
we can express Eqn. (5) as an expectation and minimize the
following objective

d k
G(fi, - fa) 2 Egayar D O (fils) = fils))?

k=1 i=1

(6)

where (s, s') is a state-transition sampled from a dataset of
transitions 7.

The orthonormal constraints in Eqn. (4) can be implemented
as a penalty term:

d 1 l
SNpSNpZZZhijS (7)

=1 j=1 k=1

where

hir(s,s") = (fj(s) fr(s) — 0jk) (f5(s") fu(s") — 5jk)&8)

Here p denotes the distribution of states in 7. Please refer
to (Wu et al., 2019) and the Appendix for detailed derivation.
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Figure 2. Environments for experiments (agents depicted in red).

4. Experiments

In this section, we conduct extensive experiments to validate
the effectiveness of our method in improving learned Lapla-
cian representation. Specifically, in Sec. 4.1, we evaluate
the learned representations on how well they approximate
the ground truth. In Sec. 4.2 and Sec. 4.3, we evaluate the
learned representations on their effectiveness in two down-
stream tasks, i.e. for discovering exploratory options and
improving reward shaping. Finally, in Sec. 4.4, we empiri-
cally verify the assumptions used in Theorem 1 and evaluate
other coefficient choices.

We use two discrete gridworld environments and two contin-
uous control environments for our experiments (see Fig. 2),
following previous work (Wu et al., 2019). The gridworld
environments are built with MiniGrid (Chevalier-Boisvert
et al., 2018) and the continuous control environments are
created with PyBullet (Coumans & Bai, 2016-2019). Note
that for gridworld environments, our setting is not tabular,
since we approximate the Laplacian representation via train-
ing neural networks on raw observations (such as (z,y)
positions or top-view images) rather than learning a map-
ping table for all states. For all experiments, we use d = 10
for the dimension of the Laplacian representation. More
details about training setup can be found in the Appendix.
For clarity, throughout the experiments we use baseline to
refer to the method of (Wu et al., 2019).

4.1. Learning Laplacian Representations

We take (Wu et al., 2019) as our baseline and following
its practice, we also train a neural network to approximate
the Laplacian representation, using trajectories collected
by a uniformly random policy with random starts. For the
environments with discrete state-space (GridRoom and
GridMaze), we conduct experiments with both (z, y) po-
sition observation and image observation. The ground-truth
Laplacian representations (i.e., eigenvectors) are computed
by eigendecomposing the graph Laplacian matrix. For en-
vironments with continuous state spaces (PointRoom and
PointMaze), we use (x,y) positions as observations, and
the ground-truth representations (i.e., eigenfunctions) are
approximated by the finite difference method with 5-point
stencil (Peter & Lutz, 2003). Please see the Appendix for
more training details.
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Figure 3. Visualization of the learned 10-dimension Laplacian representation and the ground truth on GridMaze. Each heatmap shows a
dimension of the representation for all states in the environment, where each state is a single cell. Best viewed in color.
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Figure 4. Visualization of the learned 10-dimension Laplacian representations and the ground truth on PointRoom. Each heatmap shows
a dimension of the representation for all states (via interpolation) in the environment. Best viewed in color.

Table 1. SImGT between learned representation and ground truth, averaged across 3 runs. (image) denotes using image observations.

Environment GridRoom GridMaze GridRoom (image) GridMaze (image) PointRoom PointMaze
Baseline 0.239 0.220 0.310 0.229 0.239 0.255
Ours 0.991 0.962 0.985 0.984 0.963 0.779

To get an intuitive comparison between our method and
the baseline in approximating the Laplacian representation,
we visualize the learned state representations as well as
the ground truth ones of GridMaze and PointRoom in
Fig. 3 and Fig. 4. As the figures show, our learned Laplacian
representations approximate the ground truth much more
accurately, while the baseline representations significantly
diverge from the ground truth. Similar results in other envi-
ronments are included in the Appendix.

To quantify the approximation quality of the learned repre-
sentations, we calculate the absolute dimension-wise cosine
similarities between the learned representations and ground-
truth ones, and take the average over all dimensions, which
yields the following SimGT metric:

d
, 1
SImGT = Z , )

i=1

> fils)eils]

where s is a state, f;(s) is the i-th dimension of the learned
representation of s (defined in Sec. 3), and e;[s] is the i-th
dimension of the ground truth for s (defined in Sec. 2.2)
respectively. Note that SImGT is in the range [0, 1], and
larger SimGT means that the representation is closer to the
ground truth. As shown in Tab. 1, our method achieves
much higher SimGT than the baseline, indicating better
approximation.

Moreover, we provide empirical evidence for our discussion
in Sec. 3, that our method converges to the unique global
minimizer, while the baseline method can converge to dif-
ferent minima. To illustrate this, we visualize the learned
representations in 3 different runs, and use the following
SimRUN metric to measure the variance between the repre-
sentations learned in [-th run and those learned in the m-th
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dim1 dim dim 3 dim1 dim 2 dim3
runi run B
run 2 run 28 L
-
1
run 3 run 3
i
(a) Representation (Ours) (b) Representation (Baseline)
run1 run 2 run 3 run1 run 2 run3
run 1 0.998 0.999 run1 1 0.348 0.375
run 2| 0.998 1 0.999 run 2| 0348 1 0.249
run3| 0.999 0.999 1 run3| 0375 0.249 1

(c) SImRUN (Ours) (d) SimRUN (Baseline)

Figure 5. (a) and (b): Visualization of first 3 dimensions of rep-
resentations learned by our method (a) and baseline method (b).
(c) and (d): SimRUN(I, m) for I, m = 1,2, 3 computed with our
learned representations (c) and those learned by baseline (d).

run (1 < [, m < 3) via the following:

ZZf )M(s)|,  (10)

where f!(s) and f™(s) denote the i-th dimension of the
learned representation of state s in the I-th and m-th run, re-
spectively. SImRUN(, m) is in the range [0, 1], and larger
value implies larger inconsistency in the learned represen-
tations between 2 runs. As Fig. 5 shows, the learned rep-
resentations of the baseline method vary a lot across runs,
indicating convergence to different minima. In contrast, our
method yields consistent approximations.

SimRUN(, m)

The above results demonstrate the superiority of learning
Laplacian representation with our proposed objective and
empirically support our theoretical analysis in Sec. 3.

4.2. Option Discovery

As discussed in Sec. 2.2, the Laplacian representation can be
applied in discovering exploratory options. We here evaluate
effectiveness of our learned representations in discovering
exploratory options, to further show the superiority of our
method over the baseline.

Following (Machado et al., 2017), we learn 2 options for
each dimension of the learned representation: one with an
intrinsic reward function r;(s, s’) = f;(s’) — fi(s) and the
other with —r;(s, s’), where f;(s) denotes i-th dimension
of the representation for state s (see Sec. 3). The options
are learned with Deep Q-learning (Mnih et al., 2013). Since
the first dimension of the Laplacian representation has the
same value for every state (see Sec. 2.2), it cannot provide
informative intrinsic reward. Therefore, we do not learn
options for the first dimension of our learned representation.

(a) GridRoom (b) GridMaze
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Figure 6. Average length of trajectories for options discovered
from each dimension of different representations. Longer length
implies the option acts at a longer time scale. For each dimension,
the result is averaged from corresponding 2 options.
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Figure 7. (a) Index of rooms. Neighboring rooms are assigned with
consecutive indexes. Larger difference between two indexes means
that the corresponding rooms are farther in the environment. (b)
Average steps needed to navigate between two rooms (baseline).
The agent needs many steps to navigate between distant rooms,
e.g., room 1 and room 16. (c) Average steps needed to navigate
between two rooms (ground truth). (d) Average steps needed to
navigate between two rooms (our method).

For each learned option, we compute the average trajectory
length for an agent that starts from each state and follows
this option until arriving at termination states. This reflects
the time scale at which an option acts: options acting at
longer time scales enable agents to quickly reach distant
areas, and shorter options ensure sufficient exploration in
local areas. As Fig. 6 shows, trajectory lengths for our
method vary across different dimensions, implying the op-
tions operate at different time scales. Such options enable
exploration in both nearby and distant areas. In contrast,
options discovered from the baseline representation operate
at similarly short time scales, which may hinder exploration
to the distant areas.

To further validate this, we measure the expected number of
steps required for an agent (equipped with learned options)
to navigate between different rooms in the Gri dRoom envi-
ronment. Specifically, we denote N;_,; as the average num-
ber of steps required for an agent starting from room ¢ to
reach room j. We then calculate N; ; = (N;—,; + N;_,;)/2
as the expected number of steps required to navigate be-
tween two rooms. As shown in Fig. 4.2, agents equipped
with options discovered from the baseline representation
typically take more steps to reach distant rooms. In com-
parison, with our method, agents can reach faraway rooms
within a similar number of steps as for nearby rooms.
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(a) GridRoom (Ours) (b) GridMaze (Ours)
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Figure 8. Results of reward shaping with each dimension of learned
Laplacian representations. ¢2 denotes reward shaping with L.2
distance in raw observation space (i.e., (x, y) position), and sparse
denotes no reward shaping.

4.3. Reward Shaping

The Laplacian representation can be used for reward shap-
ing in goal-achieving tasks, as mentioned in Sec. 2.2. Pre-
vious work (Wu et al., 2019) uses all d dimensions of
the learned representation to define the pseudo-reward,
e, ry = —||o(si41) — @(Sgoal)||2, Where ¢(s) is the d-
dimension representation of state s output by a neural net-
work. Such pseudo-reward is influenced by each dimension
of the representation. As each dimension of Laplacian rep-
resentation captures different geometric information about
the state space (e.g., see Fig. 4), a natural question is: which
dimension of the Laplacian representation matters more to
reward shaping? Furthermore, can we achieve better reward
shaping than using all d dimensions?

In this subsection, we study these questions by comparing
individual dimensions of the learned representation for re-
ward shaping. Specifically, we define the pseudo-reward
as ry = — (fi(se41) — fi(sgoal))2 where f;(s) denotes i-
th dimension of the representation for state s. Follow-
ing (Wu et al., 2019), we train the agents using Deep Q-
learning (Mnih et al., 2013) with (z, y) positions as obser-
vations, and measure the agent’s success rate of reaching
the goal state. To eliminate the bias brought by the goal
position, we select multiple goals for each environment such
that they spread over the state space, and average the results
of different goals. We do not experiment with the first di-
mension of our learned representation since every state has
same value and the pseudo-reward is always 0.

As shown in Fig. 8(a) and Fig. 8(b), using lower dimensions
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Figure 9. Sum of absolute cosine similarities between u; and eigen-
vectors e, - - - , €q, during training.
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Figure 10. Eigenvalues of the graph Laplacian matrix for two envi-
ronments with discrete state-space.

of our learned Laplacian representation for reward shaping
better accelerates the agent’s learning process. Furthermore,
we compare using best dimension and all dimensions, of
both our learned representation and the baseline representa-
tion, in Fig. 8(c) and Fig. 8(d). Results show that the lower
dimension of our representation significantly outperforms
others, further improving reward shaping. The above results
suggest that lower dimensions of the Laplacian representa-
tion are more important to reward shaping. By learning a
high-quality Laplacian representation, our method enables
one to more easily choose eigenvectors to use for reward
shaping, which leads to improved performance.

4.4. Analysis

Here we first empirically verify the two assumptions in The-
orem 1, and then conduct ablative experiments with different
choices of coefficients c1, - - - , cq for our generalized graph
drawing objective (3). We use GridRoom and GridMaze
environments for experiments in this subsection.

4.4.1. VERIFICATION OF ASSUMPTIONS

The first assumption requires that all optimization variables
u, lie in the span space of the d smallest eigenvectors during
the optimization process, i.e., Vi € span({e1,--- ,eq}).

We empirically verify a necessary and sufficient condition
for this assumption: for each u;, the angle between it and
. . . A A
its projection onto span({ey,--- ,eq}) (denoted as u; =
Z;l:l(e;rui)ej) is 0. Specifically, we compute the cosine
distance between u; and 01; during training. As Fig. 9 shows,
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(a) Value of coefficients (b) Similarity with ground truths
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Figure 11. (a) Coefficient values of different groups. (b) Abso-

lute cosine similarity (averaged across dimensions) between our
learned representation and ground truth.

the cosine distance is close to 0 during the whole training
process, which implies that the assumption holds in our
experiments.

To verify whether the second assumption holds, i.e. whether
the d smallest eigenvalues of the graph Laplacian are dis-
tinct: Ay > --- > Ay, we calculate the smallest d eigenval-
ues of the graph Laplacian of our environments, and plot
them in Fig. 10. It is clear that the eigenvalues are distinct,
demonstrating the validity of this assumption.

4.4.2. EVALUATION ON OTHER COEFFICIENT CHOICES

In this above experiments, we choose the coefficients of our
generalized graph drawing objective to be ¢; = (d — ¢ + 1).
In this subsubsection, we evaluate the effectiveness of other
choices of ¢q, -+ , cq.

Specifically, we select two groups of c; that are different
from the default group (i.e., ¢; = (d — i + 1) as used
in Eqn. 4), of which the first group has increasing first-
order difference (i.e., ¢c;41 — ¢; > ¢; — ¢;—1), while the
second group has decreasing first-order difference (i.e.,
Ci+1—C; < ¢; —c;—1). We plot the two groups in Fig. 11(a).
For comparison, we also include the default coefficient
group, which has a constant first-order difference of 1. We
then train neural networks with the generalized objective
in Eqn. (3) using group 1 and group 2 (other experimental
settings are the same with Sec. 4.1). We use the similarity
between learned representations and ground truth to eval-
uate the quality of the representations, as done in Sec. 4.1.
As can be seen from Fig. 11(b), representations learned with
objectives using group 1 or group 2 are as good as those
learned by the default setting.

5. Related Works

By viewing the state transition process in RL as a graph
where nodes are states and edges are transitions, previous
works build a Laplacian-based state representation and suc-
cessfully apply it in value function approximation (Mahade-
van, 2005), option discovery (Machado et al., 2017) and
reward shaping (Wu et al., 2019).

Mahadevan (2005) proposes proto-value functions, viewing
the Laplacian representations as basis state representations,
and use them to approximate value functions. Recently,
Machado et al. (2017) introduce a framework for option
discovery, which builds options from the Laplacian rep-
resentation. They show that such options are useful for
multiple tasks and helpful in exploration. Later, Machado
et al. (2018) extend their Laplacian option discovery frame-
work to settings where handcrafted features are not available,
based on an connection between proto-value functions (Ma-
hadevan, 2005) and successor representations (Dayan, 1993;
Stachenfeld et al., 2014; Barreto et al., 2017). Jinnai et al.
(2019) leverage the approximated Laplacian representation
to learn deep covering options for exploration.

Our work focuses on better approximating the Laplacian
representation in environments with large state space. Most
related to our method is the approach proposed in (Wu
et al., 2019). The authors optimize a spectral graph drawing
objective (Koren, 2005) to approximate the eigenvectors.
Though being efficient, their method has difficulties in learn-
ing a Laplacian representation close to the ground truth, due
to the fact that their minimization objective has infinitely
many other global minimizers besides the eigenvectors. Our
work improves their method by proposing a new objective,
which admits eigenvectors as its unique global minimizer
and hence greatly increases the approximation quality in em-
pirical evaluations. Other approaches for approximating the
Laplacian representation include performing singular value
decomposition on the incidence matrix (Machado et al.,
2017; 2018), training neural networks with constrained
stochastic optimization (Shaham et al., 2018) or bi-level
stochastic optimization (Pfau et al., 2019). However, as dis-
cussed in (Wu et al., 2019), these approaches either require
expensive matrix operations or suffer poor scalability.

6. Conclusion

Laplacian representation provides a succinct and informa-
tive state representation for RL, which captures the geometry
of the underlying state space. Such representation is benefi-
cial in discovering exploratory options and reward shaping.
In this paper, we propose a new objective that greatly im-
proves the approximation quality of the learned Laplacian,
for environments with large or even continuous state space.
We demonstrate the superiority of our method over previ-
ous work via theoretical analysis and empirical evaluation.
Our method is efficient and simple to implement. With our
method, one can learn high-quality Laplacian representation
and apply it to various RL tasks such as option discovery
and reward shaping.
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