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Appendix

A. Notations

For better understanding, this section provides notation conversions for some of the key concepts in the main text beyond
matrix-vector notation.
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o The policy gradient (8, 25), actorg (9, 25) and actor, (12) gradients
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e The gap between policy gradient and actor gradients (21, 29)
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B. Proofs

Theorem 2. [Stationary dlstrlbutlon derivative] Let the derivative matrix Y of the stationary distribution w.r.t. the policy
__ dde(s,a)
parameters to be Vi sq = =G, Then

Y = HoA(Z ds,0)¥y '
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Proof. By the chain rule, we can calculate Y as

Y =HgY 49)
where 7;5)“1 = giz Ez’g; and recall that (Hg)i,sa = % as defined in Eq.(2). Next we show how to calculate Y using
the implicit function theorem.

Based on Eq.(3), define f(d, 7t) as
f(d,7) = (I—yTT"PT)d — (1 = ¥)IT o (50)

We know from Eq.(3) that f(de,7te) = 0|s.4|- The Jacobian w.r.t. d at (de, 7tg) is

of
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which is invertible under regular assumptions (recall that y < 1). As for (%ft ‘ d—do —y> WE Can see that it is diagonal
because )
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and it does not depend on policy values other than 7t(s, a). Then
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where the last equality is due to Eq.(3). Broadcasting it to all actions, we get

of

P = —A(Z"ds o) (54)
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Then by the implicit function theorem, we have
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This combined with Eq.(49) completes the proof. O

Theorem 3. Under Assumption I,
gs,0 = 0o + Jo(dg 80,¢) = Vol.

Proof. The first term can be computed as

Oq)m = (1 —¥)TTg 1o. (58)
Plugging Egs.(3), (39) and (58) to Eq.(38) gives
25,0 = G0 — (000q]q) T (YgDeWo) ' (1= YTTEPT)do (59)
= 0oJx — (060q]q) ' ¥o ' Dy 'do (60)
=0gJn — L(395q1q)T1|3|\A| (61)
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where the last equation is due to
o 1
_] .
Vo g = <Z(YP”9 >1|8|A| ZY (PTTo) Lys).41) = ZVIISHAI ——Lig)a (62)
i=0

Under natural regularity assumptions that allow transposing derivative with summation, we can compute the gradient using
Eq.(13) as

]
gs,0 = OgJn + [99 (wv§ De59)]T Ls|ja (63)
:aelﬂ—l— _y&e {(WQDQG(a) 1\8\|A\:| (64)
=0oJx + 0o [85 Dolys| ] (Note that Woljsjja) = (1 —¥)1js|ja|) (65)
= 0pJr + 0o (dg 8) (66)

Therefore, the Stackelberg gradient gs g is not only doing (partial) policy improvement, but also maximizing dgée.

Adding this term to the actor objective, apply Eq.(3), and get the Stackelberg actor objective

max Js,(0,q) = (1 —v)ugMoq +dg Se (67)
=d{Yeq+d{ (r — Yoq) (68)
=dgr (69)

which is exactly the dual objective of the cumulative reward objective in Eq.(6). This means the Stackelberg gradient is
unbiased policy gradient. O
C. Soft Actor-Critic

C.1. Derivation of Res-SAC

In this section, we derive the actor update in Res-SAC.

With an additional entropy term, the cumulative reward objective of SAC is given by

J34€(0) = (1 —y)ug Mo Y, (¥PTTe) (r — log 7re) (70)
i=0
= (1=v)ugTe <r+ D (yPTTe) (r — 10g7te)> - logne] (71)
i=1
= (1-v)ugMo(go — log 7o) (72)
=d, (r — logmy) (73)

where qg ;=1 + Y7 4 (YPTg)(r — log 7tg) is the action value accounting for all future entropy terms but excluding the
current entropy term (as defined as in the SAC paper). Using a critic qg,, the actor and critic objectives are

Actor:  max J32(0,d) = (1 —v)ugTTo(qy — log 7o) (74)

Critic : n‘lén ISAC(G P) = *||I‘+YPﬂe(qd> —log7o) — qg 3 (75)

Note that the original SAC paper uses a KL divergence minimization step for the actor update (Haarnoja et al., 2018a,
Eq.(10)), which can be seen as a variant of Eq.(74). More specifically, one can re-express the KL divergence as a Bregman
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divergence associated with the negative entropy —3 (Nachum et al., 2017):

max —Es.y, [KL (ne(S,-) w@ﬂ&-)))} — Es-,, {—ne(s, VTVK (mm> + H(me(S,-)) + C

Z4(S) Zy(S) be)
=Esp, [0(S,) " a (S, ) + H(mo (S, ) + C'] (77)
= pu{Me(q¢ — logme) + C’ (78)

where Z 4, (s) is the partition function for state s and C, C’ are some constants independent of 6. Thus Eq.(74) is the same
as the KL divergence minimization up to some constants and rescaling.

The first order derivatives of Egs.(74) and (75) are

30]5°C = (1 = V)Es~y, |0 ) ,m0(S,A)(qe(S,A) — logmo(S,A)) (79)
A
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06)5¢ = (1 = y)Mg no (81)

03¢ = —¥5 D8 (82)

where Eq.(80) uses the reparametrization trick (Schulman et al., 2015a) with a = 71g (s, €) for some random variable €,
and 8g = r + YPITg(q¢ — logme) — qg is the residual of the critic accounting for the entropy of the next state. The
reparametrization trick is needed because the policy is predicting an action in a continuous action space.

The gap between JSA€(0) and J5A€(0, ¢) is

JSA€(0) — J5AC(0, ) = d{ (r —logme) — (1 —v)udTTe(qqe — log 7o) (83)
=d{ (r — logme) — dj ¥o(qqe — logme) (84)
=d, ¢ (85)

The question now becomes how to compute g (dgég). As in Section 4.1 (20), by the product rule, we have
Oo(dg 8¢) = do((dy) "8€) + o (d§ 5¢) (86)

Using the reparametrization trick, dg ((d}) " 8¢ ) can be computed as

E(s,A)~do[008E (S, Al =Eg r) g, 5p | Y00 .70 (S,A)(qe(S,A) —mo(S,A)) (87)
A
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It can be combined with Eq.(80), using the Eq.(3), to get

Aol(1 =y o(qe — logme) + (dg) "8e] = E (s, A)~d, [00 log e (S, A) + 0a(qe (S, A) — log e (S, A))deme (S, €)]
(89)

Eq.(89) explains the original SAC implementation for the actor update, except for using dg instead of a replay buffer to
compute the expectation. The final term, dp (d§ 8¢ ), is optimizing a policy to maximize Sg as a fixed reward. It is also the
residual reward for learning a res-critic for Res-SAC.

C.2. Derivation of Stack-SAC
In this section, we derive the actor update in Stack-SAC.

The second order derivative (7c2b]q remains the same as Eq.(39). The Stackelberg gradient now becomes
g% = 0oJx + 0o (W5 D8e) "Wy ' Dde = 0o x + o (d§ 8€). (90)

Then based on Eq.(85), g5 = VeJ*“ is an unbiased policy gradient for SAC.
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Figure 4: FourRoom with a goal and results of dynamic programming

D. Experiment Details
D.1. Tabular

Fig.4a shows the FourRoom environment where goal is to reach a particular cell. The initial state distribution is a uniform
distribution over all unoccupied cells. The reward is 1 for reaching the goal and O otherwise.

D.1.1. ADDITIONAL DYNAMIC PROGRAMMING EXPERIMENTS

We investigate the effects of different gradient methods (Actor,, Actorg or Policy Gradient (PG)) combined with different
critic updates (Bellman residual minimization (BR) or temporal difference iteration (TD)) in the dynamic programming
setting, where the reward r and the transition P are assumed to be known. This showcases the performance of different
algorithms in the ideal scenario.

Specifically, the parameters of the softmax policy are the logits, and the critic is directly parametrized (i.e., it is tabular with
a scaler value for each state-action pair). Using r and P, one can compute the Actor, gradient dg ], (12), Actorg gradient
Vg) ] (9) and PG (8) directly, and apply them to the policy parameters. As for the critic, BR uses the full gradient (13) while
TD uses semi-gradient (18). The critic TD error loss is weighted according to the on-policy distribution dg. Both the actor
and the critic use Adam optimizer, with respective learning rates of 0.01 and 0.02.

Figs.4b and 4c show the average return of the policy ], and the critic objective value J4 respectively. There are a few
observations. (1) Policy gradient quickly converges to the optimal performance, regardless of whether BR or TD is used. The
performance of PG+BR and PG+TD are hardly distinguishable in Fig.4b, showing that if one can estimate PG accurately,
the critic update may be less important. (2) Actor-Critic (AC) is slower than PG to achieve optimal performance. Even with
much more iterations, both Actor,-Critic (A,C) and Actor,-Critic (A4C) are very slow to reach the final performance of
PG. Furthermore, this happens even when the critic is providing accurate estimates of the Q-values (as ] 4 is very small after
2000 iterations). This indicates that PG can be a better choice as long as one has access to it, and our effort of closing the
gap between AC and PG is meaningful in practice. (3) TD performs better than BR for both A,C and A4C. However, this is
not always the case (Scherrer, 2010).

D.1.2. SAMPLE-BASED EXPERIMENTS

This section refers to the FourRoom experiments in Section 6.1 in the main text. We implement sample-based algorithms
which follow the Actor,-Critic (A,C), Actory-Critic (A4C), Stack-AC, and Res-AC updates. Hyper-parameters are listed in
Table 2.

A, C uses the following procedure. We use two replay buffers, a replay buffer O which will store states from the initial
state distribution of the environment, and a replay buffer D which will store transitions from the most recent episode run
using the current policy. Concretely, O stores samples from po whereas D stores samples from the on-policy distribution dg.
At the beginning of the training procedure, we initialize O to be empty. At the beginning of each episode, we initialize D
to be empty, and we add the initial state sampled from the environment to the initial state replay buffer O. For each step
in the environment before the episode terminates, we add the current transition to the replay buffer D. After the episode
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Hyperparameters for four-room domain experiments
Parameter Value
optimizer Adam
learning rate for actor/policy 1-1072
learning rate for critic 2-1072
discount (y) 0.9
environment steps per gradient update 300 (episode length)
batch size 300
Stack-AC: value of 1] 0.5
Res-AC: learning rate for res-critic 2-1072

Table 2: Hyperparameters used for Actor,-Critic, Actor4-Critic, Stack-AC, and Res-AC for the sample-based experiments
on the four-room domain.

Algorithm 1 Actor,-Critic
Initialize ©, ¢ Algorithm 2 Actor4-Critic

O —g .
. Initialize O,
for each episode do for each ¢ is(j))de do
Do Do b
«(990 : gou {so} for each environment step do
o At ~7t(at|3t)
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end for

Algorithm 3 Stack-AC
Initialize O, ¢

Algorithm 4 Res-AC

O—g Initialize 0, ¢
for each episode do for each episode do
De—g D—o
So ~ Mo for each environment step do
O «—0u{so} a; ~ m(ac|st)
for each environment step do St41 ~ Pses1(se, ar)
Ay ~ Tt(at|st) D—Du {(St) ey T(Sey Q)y Sty Qs )}
Sty1 ~ P(sey1lse, ad) end for ~
DDy {(St) at)T(stv at))st+1) At+1 ]} 0—0+ OCeae]rT‘:’:
end for o P —P—oxp04]q
0« 0+ By P~ — 00y
O — b —xp04]q end for

end for
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terminates, we apply gradient updates to the actor (policy) and the critic. Stack-AC follows this same procedure but with
different actor updates. A4C and Res-AC follow the same procedure except for not having an initial state buffer and using
different actor updates. Res-AC additionally includes a res-critic update. For all algorithms, we compute a single critic
update (and res-critic update for Res-AC) for each actor-update to product Fig. 1. To produce Fig.2, we updated the res-critic
5 times for each critic update to obtain a more accurate res-critic in order to illustrate the res-critic’s ability to close the gap
between the critic’s prediction and the true return.

For all algorithms we compute the gradient update for the critic as follows. We sample a batch of transitions B from the
replay buffer ‘D and compute the following loss function for the critic to minimize:

o= S (qelsa) — (144} (5)?

where §, d are the next state and next action in the transition, and qg, (s, d) indicates that no gradients pass through q¢ (S, @),

i.e. it is treated as a target network. The gradient of this loss, aqjq, is a sample-based estimate of J4 ] 4 (13). Note, however,
that it uses a semi-gradient instead of Bellman residual minimization in J4 (which yields the full/total gradient).

Actor,-Critic

To compute the gradient update for the actor in A,C, we sample a batch of initial states B from the replay buffer O and
compute the following objective function for the actor to maximize:

1

Jo=—— Y logme(als)qe(s,a).
PLs ‘fBo| SEZBO | [

where the action a is sampled from the current policy 7tg for each state s in Bg. The gradient of this objective, 897%, isa
sample-based estimate of dg ] (12). For the complete pseudocode of A,C, see Algorithm 1.
Actor 4-Critic

To compute the gradient update for the actor in A4C, we sample a batch of transitions Bp from the replay buffer D and
compute the following objective for the actor to maximize:

~ 1
9 — Bo] Z logmg (als)qq (s, a).

(s,a,7,5,d)eBp

The gradient of this objective, (991%, is a sample-based estimate of Vg)] (9). For the complete pseudocode of Actor4-Critic,
see Algorithm 2.

Stack-AC

We compute the gradient update for the actor as follows. Then the Stackelberg gradient based on semi-critic-gradient is
given by

g570 == d0Jn = (Q00g™]a) T((05™) ] ¢) (5™ )

In the above equation, we replace J4 with Tq and ], with Tﬂ. This gives us our actor update for Stack-AC:
B8 = o) — (2005™Tq) T((25™) T q) (05T )

For the complete pseudocode of Stack-AC, see Algorithm 3.

Res-AC

We compute the gradient update for the res-critic as follows. We sample a batch of transitions B from the replay buffer D
and compute the following loss function for the res-critic to minimize:

~ 1 TN
Too = @ Z (Wy,(sya) — (85(s, a) +YW(|,(S, a)))?

(s,a,r,5,d)eBp
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where 84 (s, a) =7(s,a) +vqg (8, d) — q4 (s, a) is the TD-error computed using the current critic. Note that wy, (5, d)
indicates that that no gradients pass through wy, (S, @), i.e. it is treated as a target network. The gradient of this loss, dy, Jw,

is a sample-based estimate of the gradient of J,,, (31). Note, however, that it uses a semi-gradient instead of Bellman residual
minimization in J,, (which yields the full/total gradient).

To compute the gradient update for the actor in Res-AC, we sample a batch of transitions Bp from the replay buffer D and
compute the following objective for the actor to maximize:

~£$S=|— Y. logmo(als)qe(s,a) + logmo(als)wy (s, a).

(s,a,7,5,d)€Bp

The gradient of this objective, 8e~§$S, is a sample-based estimate of the actor update in Res-AC (33). For the complete

pseudocode of Res-AC, see Algorithm 4.

D.2. Continuous Control

Algorithm 5 Res-SAC

1: Initialize parameters 0, ¢,
2: Initialize replay buffer D «— &
3: for each iteration do

4: for each environment step do
5: ay ~ o (ae|se)
6: Sep1 ~ P(sey1lse, ar)
7. D—Du {(Staat)T(St)at)>St+1aat+1)}
8: end for
9: for each critic step do
10: ¢ —d—apV]g(d)
11: end for
12: for each res-critic step do
13: P P — oy, Vw ()
14: end for
15: for each actor step do
16: 00— xgV](0)
17: end for
18: end for

Our training protocol for SAC, Stack-SAC, and Res-SAC follows the same training protoocl of SAC ((Haarnoja et al.,
2018b)). Hyperparameters used for all algorithms are listed in Table 3.

D.2.1. RES-SAC: LOSS FUNCTIONS

Below, we present the loss functions and updates for the actor, critic, and res-critic of Res-SAC.

Similar to SAC, Res-SAC uses a parametrized soft Q-function (critic) Qg (s, a), and a tractable policy (actor) 7o (als).
Additionally, Res-SAC uses a parametrized residual Q-function (res-critic) Wy, (s, a). The parameters of these networks are
¢, 0, and .

The soft Q-function parameters are trained exactly as in SAC (Haarnoja et al., 2018b), but we write the objectives again here
for clarity. The soft Q-function (critic) parameters are trained to minimize the soft Bellman residual:

Jo(d) =Es a)~p % (Qe(S,A) = (7(S,A) +VEs/op arame (s Qg (S, AY) — logﬂe(A/\S/)]))z

where D is a replay buffer containing previously sampled states and actions, and the target soft Q-function Q4 uses an
exponential moving average ¢ of ¢ as done in the original SAC.

The residual Q-function have a similar objective, but the key differences are (1) the reward is based on the TD error of
the critic and (2) the there is no entropy term. Specifically, the residual Q-function (res-critic) parameters are trained to
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Hyperparameters for continuous control experiments
Parameter Value
optimizer Adam
learning rate 3-107%
discount (y) 0.99
replay buffer size 106
number of hidden layers 2
number of hidden units per layer 128
number of samples per minibatch 128
nonlinearity ReLU
target smoothing coefficient () 0.005
target update interval 1
entropy target —dim(A)
environment steps per gradient step || 10
Stack-SAC: value of 1 0.5
Res-SAC: value of ¢ 6.0 for HalfCheetah-v2, 1.0 for
Reacher-v2, 4.0 for Pendulum-v0

Table 3: Hyperparameters used for SAC, Stack-SAC, and Res-SAC for continuous control experiments.

minimize the Bellman residual:
1 - 2
Jw) =Es,a)~D 3 (W (S, A) = (F(S,A) + YEs <P, Ar~mo(57) [We (S, AN)]))

where 1 is an exponential moving average of . The clipped reward ¥(s, a) is computed as follows:
T(s,a) = clip(6(s, a), —c,c) = min(max(&(s, a), —c),c) forc > 0
where

6(5) (1) = T‘(S, (l) + YES’~P,A’~719(S’) [ij(sl) A/)] - Qd)(s) (1)

The actor / policy is trained by minimizing the KL divergence:

€xXp [QCI)(S) ) + QIJ,)(S) )]>:|
Zpw(S)

Jx(8) = Es<p {KL <7Te('|5)

All objectives above can be optimized with stochastic gradients: @]Q(d)), @]W(II)), and @]W(G). The pseudocode for
Res-SAC can be found in Algorithm 5.

D.2.2. RES-SAC: SENSITIVITY ANALYSIS

The results in Section 6.2 suggest that actor-critic algorithms enjoy improved sample efficiency and final performance when
their actor update rules are modified to follow the Res-AC framework. In the continuous control tasks, we found that the
performance of Res-SAC was dependent on the setting of an additional hyper-parameter: the clip value ¢ > 0 applied to the
TD error 8¢ that is used as the reward for the res-critic. On HalfCheetah-v2, we examine the sensitivity of Res-SAC to
the clip value on the res-critic’s reward (Fig.5). Without clipping, training is highly unstable. Higher clip values improve
stability, with a clip value of 6.0 leading to the best performance. We found a useful heuristic to select a clip value for
Res-SAC: train SAC on the same task and use the maximum absolute TD error of the critic that occurs during training as the
clip value c for Res-SAC. As an example, we see that when training SAC on HalfCheetah-v2, the max TD error is between
5.0 and 6.0 (Fig.6), and we find that a clip value of 6.0 leads to the best performance of Res-SAC on HalfCheetah.
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Figure 5: Sensitivity of Res-SAC to the clip value c on the Figure 6: Absolute TD error while training SAC on
HalfCheetah-v2 task. HalfCheetah-v2.



