A Hybrid Variance-Reduced Method for Decentralized Stochastic Non-Convex Optimization

A. Proof of Lemma 2

We recall the standard Descent Lemma (Nesterov, 2018), i.e., Vx,y € RP,
L 2
Fly) < F(x) + (VF(x),y = %) + 5 Iy = x|, (1)
since the global function F'is L-smooth. Setting y = X;11 and x = X, in (15) and using (5) , we have: V¢ > 0,

L
F(Xi1) < F(X) — (VF(Xt), K41 — %) + 3 %1 — %

_ _ _ La2 12
< F(X) —a<VF(xt),vt>+T||th . (16)
Using (a,b) = 1 (||al|? + ||b]|?> — [la — b||?) , Va,b € R?, in (16) gives: for 0 < o < 5 and V¢ > 0,
_ _ « 2 o Loa?\,_ 5 o _ 2
F(Xp1) < F(Xe) — 3 [VE ()] - 375 [ve” + 3 [V — VF(x)]"
« a La? — 2 — 2

< F(®) - S IVFG)| - (2 - 2) 94)1° + o [ = VE)||” + 0 [VEGx) - V)]

@ « _ o, [— 2 al?

< F) = 5 IV = Z 190" + e [[ve = VI + == Il = Il (17)
where (7) is due to Lemma 1(c) and that LTM < % since 0 < o < ﬁ Rearranging (17), we have: for 0 < o < i
and Vt > 0,

_ 2F(x) — F(x 1 — 2 2L?
IVF()|? < (F(x) - (Rer1)) 3 921> + 2 ||9: — VE(xo) || + el Ixi|?. (18)

Taking the telescoping sum of (18) over ¢ from 0 to 7', V1" > 0 and using the fact that F' bounded below by F* in the
resulting inequality finishes the proof.

B. Proof of Lemma 3
B.1. Proof of Eq. (7)
We recall that the update of each local stochastic gradient estimator v%, V¢ > 1, in (2) may be written equivalently as follows:
vi = Bgi(xi €) + (1= 9) (i1, €) — & (xi_y, €) + vi_, ),
where 3 € (0,1). We have: Vt > 1l and Vi € V,
vi = Vi(x) = Brilxi,€0) + (1= 8) (80t €) — g(xi1.€) +viny ) — BVilx) — (1= B)Vilx))
= B(gi(xi. €)= Vi(x) ) + (1= ) (i}, €0) — i(xi_1, &) + Vi, — Vi(x1))
= B(g:(xi, €0) = VAilx)) ) + (1= 8) (i1, €1) — gty &) + Vi(xi_y) — V(D))
+ (1= 8)(Vioy — VAilxi)). (19)
In (19), we observe that Vi > 1 and Vi € V,
E[gi(xi,&1) — VAi(x})| 7] = 0, 20)

E[gi(xi, ) — gi(xi1, €) + VA(xi_) - VAGDIFR] =0, @
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by the definition of the filtration F; in (1). Averaging (19) over ¢ from 1 to n gives: Vi > 0,

—Vi(x)=(1-5) (Vt—l - W(Xt—l)) +8- %i: (gi(xiafi) - sz‘("i))

i=1

3 (i €) — gilxio €0 + Vilxiy) — Vi(xD)) 22)

i=1

3\)—‘

+(1-p)

=:Z

Note that E[s;| F;] = E[z¢|F;] = 0, by (20) and (21). In light of (22), we have: V¢ > 1,

B[ 17 = VEG) 21| = (1 = 821901 — VEGa )| +E [18s + (1= )zl | 7]
n QEK(l — B) (V11 — VE(x¢_1)), Bsy + (1 — B)zt>|]:t}
2 (1= B29i1 — VB[ + E [|18s: + (1 = Bl 1]
)

< (1= B)I¥er = VEGa—0) 2+ 26%E [l 172 + 20 - 9% [Jze]* 7], @3)

where () is due to

E[<(1 —B) (Vie1 — VE(x¢-1)) , Bse + (1 — ﬂ)zt>|-7:t] =0,

since E[s;| 7] = E[z|F:] = 0, and (V;,—1 — Vf(x;_1)) is F;-measurable. We next bound the second and the third term
in (23) respectively. For the second term in (23), we observe that V¢ > 1,

E [|ls:|?) = — ZE (st )~ VAGDI] + 15 SB[ (mod €) — Vi), 50, €) — V5566 )]
i#j

0 %ZE i (i, &) = VA
1=1

[}

U

< 24
We note that (¢) in (24) uses that whenever i # j,
E|(:(xi. €)= V£i(xi). 8,00 &) = V;(x)) )| 7]
VR [(E [gixi, Dlo(el, F)| - VAilxi), g5 (< €1) — V5(x0) )| 7]
D [(E [ixi, €)17] - Vi(xi), (< 6) - V5(xD) )| ]
=0, (25)

where (i) is due to the tower property of the conditional expectation and (iii) uses that &/ is independent of {£!, F;} and X'
is F;-measurable. Towards the third term (23), we define for the ease of exposition, Vt > 1,

%i = Vfi(Xi) - Vfi(xi—l)
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and recall that E [g;(x}, &) — gi(xi_,, £1)|F;] = Vi. Observe that V¢ > 1,

1 . NP
E [||z*|F] :E{an (gi(xi,éi) —gi(xi € — v@) ‘;t]
=1
1 & o , 2
| MR R R A e
i=1
+7QZE|:<gz(Xt7€t) gz(xt 1,50 Vi,g](xt,ﬁt) g](xt 17€t) v]>|]:t}
i#j ~-
@0 1 ¢ i L 2
ZEZE ‘gi(xtvgt)*gi(xt—laft)*vt |ft ,
i=1
(i) 1 <&
S 3 {ng (xt, &) — gixi_1, &) ‘ft}, (26)
i=1

where (¢) follows from a similar line of arguments as (25) and (4¢) uses the conditional variance decomposition, i.e., for any
random vector a € RP consisted of square-integrable random variables,

EUP—EME]

2
17| =& flal* 1] - 12 . e

To proceed from (26), we take its expectation and observe that V¢ > 1,

E [|z:/?] ZE e (i €0) — matxi 1, €D)]7]

5 -]
=1

LB [l — e

| /\

L?
= —IE {th —JIxy +Ixy — Ixp_1 +Ixp_1 — Xt,1||2}

3L2 2 _ _ 2 2
< S [l — Il + % = %o | + [lxims — Ixe |

j 3La 3L
2R (1w 7]+ S (B o= P s = T ] ). e

where (%) uses the mean-squared smoothness of each g; and (i) uses the update of X; in (5). The proof follows by taking
the expectation (23) and then using (24) and (28) in the resulting inequality.

B.2. Proof of Eq. (8)

We recall from (19) the following relationship: V¢ > 1,

vi = Vi(xt) = B(gi(xi, €)= Vi(x) ) + (1= ) (=:(xi, &) — @ilxi_1, &) + Vi(xiy) - Vilxi))
+ (1= ) (viy — VAkxi)). (29)
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We recall that the conditional expectation of the first and the second term in (29) with respect to F; is zero and that the third
term in (29) is F;-measurable. Following a similar procedure in the proof of (23), we have: V¢ > 1,

E (Vi = VAGDIAF] < (0= 8)%[|vie = V)| +20%E ||l €0) = VD] 7]
+2(1 - B)E [ (xi, &) — @ilxi_1, € — (Vilxh) = VAi(xi_) 1]

{
) =
@) . , {
)

< (1= B2 [viey = VA& +28°E [||ei(xt, &) - V(x| 1 7]

2
I

+2(1 - B)E [[lgi (), €0) — i(xi_, €D 1 7] (30)

where (i) uses the conditional variance decomposition (27). We then take the expectation of (30) with the help of the
mean-squared smoothness and the bounded variance of each g; to proceed: V¢t > 1,

E[[[vi = VAGDI] < (1 - BPE [||vioy = VAilxi_)[|*] +28%7 + 20— B2 LE [||xi - xi_, ]
< (1= B)%E [|visy = Vi) ] + 2672
+6(1 - 822 (E [[|xi — %[ + 1% = Rea ) + [Re-1 = xi_a]|’] ),
= (1= BB ||[viey = VA(i_)[*] + 2822 + 61 - B)PL20°E |91

D2 ; _ 2
+6(1— A L°E [[x; — = ||” + [|xiy — =[] (31)
where the last line uses the X;-update in (5). Summing up (31) over ¢ from 1 to n completes the proof.

C. Proof of Lemma 5
C.1. Proof of Lemma 5(a)

Recall the initialization of GT-HSGD that v_; = 0,,,, Yo = Oy, and vj = L 3% g, (xh, &l ). Using the gradient

bo
tracking update (4a) at iteration ¢ = 0, we have:

E[llyr = 3y11P°] = [IW (0 + vo = v_1) = IW (yo +vo — v_1)]”
)
CE (W= 3)vol?]

(i)
< A’E [Hvo — Vf(x0) + Vf(m)llﬂ

—AQZE [||v0 Vixi)|[*] + 22 [ 9E (o)

2
= ZE H (803 €6,) = Vi(x5)) } + X2 |V (o)
(i) A §- 2
)3 SE [ [gs(xh €6,0) = VL(xb) ] + A2 98 (o) (32)
i=1r=1
where (i) uses JW = J and the initial condition of v_; and yo, (i¢) uses ||[W — J|| = A, (i) is due to the initialization
of v}, and (iv) follows from the fact that {!;“0 1 50 PR ,50’ by }» Vi € V, is an independent family of random vectors, by a

similar line of arguments in (24) and (25). The proof then follows by using the bounded variance of each g; in (32).
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C.2. Proof of Lemma 5(b)

Following the gradient tracking update (4a), we have: Vt > 1,

[yes1 = Iyesrl® = W (ye +ve = vie1) = IW (¢ + ve — vi1)||?

D [ Wy, — Iy + (W = 3) (v, — v )|

IWy: = Iyill* +2(Wy, = Jyi, (W = 3) (ve = vio1) ) + [(W = 3) (vi = vi) ||

=

(i1)
< Ny — Iy + 2(Wy; — Iy, (W =) (vi —=vi1) ) +A v — vil?, (33)

=:A;

where (i) uses JW = J and (i) is due to [W — J|| = A. In the following, we bound A; and the last term in (33)
respectively. We recall the update of each local stochastic gradient estimator v} in (2): V¢ > 1,

vi=gi(x}, &)+ (1= B)vi, — (1 - B)gi(xi_1, &)
We observe that Vt > 1 and Vi € V,

vi— v =gi(x &) — Avi o — (1= Pgi(xi 1, €)
= gi(x},€1) — Bi(xi_1. €)= BVi_, + Bgilxi_1.€))
= gi(xi. &) — gi(xi_1. &) — B(vii — Vi) + B(mixi1.€) - Vi) G4

Moreover, we observe from (34) that V¢ > 1,
E[v, — vi1|F] = VE(x:) — VE(xi_1) — /3(VH - Vf(xt,l)). (35)
Towards A;, we have: Vi > 1,
E[A,|F] 2 <Wyt ~ Iy, (W = DE v — vi_1|Fi] >
(i)
2 2(Wy: = i (W= 3) (VEGx:) = VEGi-1) = B(viot = VE(xi-1)) )

(4i4)
< 2\ |lye — Iyl - A HVf ;) — Vf(xt_l) - 6<vt_1 _ Vf(xt_1)> H

() 1 — )2 2
LAy a2 [ - PG — (v - VEGe)|

() 1-)N 4)\4L2 4\ B2

e I L B L 36)

where () is due to the F;-measurability of y, (i7) uses (35), (4i7) is due to the Cauchy-Schwarz inequality and |[W — J|| =

A, (iv) uses the elementary inequality that 2ab < na® + b?/n, with n = L3 /\2 ’ for any a,b € R, and (v) holds since each f;
is L-smooth. Next, towards the last term in (33), we take the expectation of (34) to obtain: V¢ > 1 and Vi € V,

E[|[vi = visa||*] <38 [leitxi, €) — gitxi_s, €0 [°] + 368°E [viy — Vx|
+30%E [|lei(xir. &)~ VAxi_)[]
<BI°E [ — i) +36°E [[[viey — Vi) |[7] +38%7, G

where (37) is due to the mean-squared smoothness and the bounded variance of each g;. Summing up (37) over ¢ from 1
to n gives an upper bound on the last term in (33): V¢ > 1,

NE [[ve = vieal’] 30 |x = xioall’] + 3N28%E [[vioy — VEGe)P] + 30%8%% (38)
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We now use (36) and (38) in (33) to obtain: V¢ > 1,

E Iyees = Iyeenl?] < 2R [lye — 3yil?] + 2ECE [l -0
+ 1”_25;15: [||vH - Vf(xt,1)||2] + 3\2n B2 (39)
Towards the second term in (39), we use (10) to obtain: V¢ > 1,
e = xe-1l* = [lxe — Ixe + Ixe — Ixgo1 + Ixgo1 — x|

(4)
< 3 — Ixe|)* + 3na? |V |” + 3 ||1xe—1 — Ixea ||’
<6220 |lys — Jye|® + 3n0? [[Ve_1||> + 9 ||xe—1 — Ixe_1||?, (40)

where (7) uses the X;-update in (5). Finally, we use (40) in (39) to obtain: V¢ > 1,

1+A2 420122 21\%nL2a? _
E [||Yt+1 - JYt+1||2} < ( D) + -2 E [HYt - JYtHﬂ + WE [”Vt—lHQ}

63N2 L2 7)\2 ;32

v [”Xt—l - JXt—1||2} 1 76 [||vt 1 — VE(xe—1) || } + 3\*n BT
The proof is completed by the fact that 1+2’\2 + 421\4%0‘2 < 3+’\ ifo<a< 2\}4:2’;2%,
D. Proof of Lemma 6
D.1. Proof of Eq. (11)

We recursively apply the inequality on V; from ¢ to 0 to obtain: V¢ > 1,

Vi<qVici+qRi 1 +Q: +C
< ¢*Vico + (PRi—a + qRi—1) + (qQ1—1 + Q1) + (¢C + O)

t—1 t t—1
<qdVo+ Y ¢ TR+ ¢TQi+CD q. (41)
i=0 i=1 i=
Summing up (41) over ¢ from 1 to 7" gives: VI > 1,
T t-1 T ¢ _ T -1
th < Vqu +D Y dTRAYD (TR > 4
t=1 i=0 t=1 i=1 t=1 i=

0

— oo T oo T oo

SOYES S VI EXS PR 92
t=0 t=0 \@=0 =0

t=1 =0

and the proof follows by > o2 ¢" = (1 —¢)~".

D.2. Proof of Eq. (12)
We recursively apply the inequality on V; from ¢ 4 1 to 1 to obtain: V¢ > 1,

Viei <¢gVi + R+ C
<¢Vio1 + (qRi—2+ Ri—1) + (¢C+C)

t—1 t—1

<¢Vi+) @R 4+CY 4 (42)

=0 =0
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We sum up (42) over ¢ from 1 to 7" — 1 to obtain: V1" > 2,

T-1
Zv;+1<V12q +

t—1

T—1t—1
¢ R +CY D¢
1=0

t=1 i=0 t=1 1=
o) T-2 o) T—1
IS (qu> RCY S
t=0 t=0 i t=1 =0
and the proof follows by > o2 ¢" = (1 —¢q)~*.
E. Proof of Lemma 7
E.1. Proof of Eq. (13)
We first observe that W for B € (0,1). Applying (11) to (7) gives: VI' > 1,
a — 2
> E[|[v - VEGx)|]
t=0
E [||vo — VE 6L22T1 = 2872T
< (%0 > (x0)|1?] ZE |:||Vt|| } ZE [th-i-l et |? + e — x| } BZ
E [0 — VEGo)II’] | 6L% . 1212 & 2] | 267°T
< 3 ZE[H )+ t_OE[nxt—thnhn. (43)
Towards the first term in (43), we observe that
n bo
_ 1 1
e [Jvo - V)] = [anbz (w650 9169 | ]
- nzbz SyE (lestxb,€6,) - VEEDI] < = (44)
=1 r=1
where (7) follows from a similar line of arguments in (25). Then (13) follows from using (44) in (43).
E.2. Proof of Eq. (14)
We apply (11) to (8) to obtain: V1" > 1,
T
> E [Ivi - VEG)I]
t=0
]E fo 6 L2 2T 1 T 1
< [HVO ﬁ (XO)H n Z]E |:HVtH ] ZE |:HXt+1 JXt+1|| + ||Xt JXtH :| +2nﬂy2T
t=0
E[||lvo — Vf i L2 12L2 a
< [HVO ; (XO)H n Z]E [H Al } E[||Xt*JXtH2:| +2nﬂ?2T. (45)
t=0
In (45), we observe that
E [|[vo - VE(xo) ] ZE Mb (:(xh: €6.,) — Vi(x3) | ]
é bg ZZE [ng XO7€07~ vfz H :| (46)

0 i=1r=1

where (4) follows from a similar line of arguments in (25). Then (14) follows from using (46) in (45).
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F. Proof of Lemma 8

We recall that ||x; — Jx;|| = 0, since it is assumed without generality that x}, = xJ, for any 4, j € V. Applying (11) to (9)

yields: VI > 1,

L 4)\ a?
D llxe — Ixq|* < (Y Z lye — Iyl (47)
t=0

To further bound Zzzl ly: — Jy:||*, we apply (12) in Lemma 5(b) to obtain: if 0 < o < 2W>\2L’ then VT > 2,

T
SE [y - Iyl
t=1

AR [[lyr — Iy | 84A2nL2 2 2 252)\2L2 T2
< [ 1— )2 } )2 ZE v f” 2 ZE % — Ixe| }
28)\262 =2 ) 12A2nﬂ2#T
84)\2nL2 2T 2 252)\2L2 i
< Ta e E:EHtH QESEHm Ix||?]
28/\262 pl 12AZnB22T AN || VE(xo) | 4X2ni?
53 D> El f 48
i )? Z [lve = VeI + ==+ =7+ (1= A2)bo’ @9

(1-

where the last inequality is due to Lemma 5(a). To proceed, we use (14), an upper bound on ), E [||vt

in (48) to obtain: if 0 < o < 2\/7/\2L and 8 € (0,1), then VT > 2,

— VE(x)|?].

T T—2 T—1

01 252X\2nL2a2 588)\2L2
I DL TRES == SLIOREY
t=1

t=0 t=0

287\2n 87 56A2nﬂ3va 12020 3252T 4)\2HVf(Xo)H2+ AN

TP N (RS CI R S R v = =T
252\2nL%02 588)\2L2 —
= W E [|| t” 2 ZE [[x¢ — x| ]
t=0
2
78 AN*np? 143 ANB2TAT AN || VE(x0) ||
1 : 4
+<1—)\2+>(1—)\2)b0 (1—A2+3 - T iox “9)
Finally, we use (49) in (47) to obtain: V1" > 2,
T T—-1
1008)\ nL2 4T 2352)\4L2 2
> E [Ix - 3%l < }jE|wn S 2 Bl = 3x)]
t=0 t=0
(T8 16N trta? 1B\ 16?7’ 167" [| V£ (x0) || o2
1— )2 (1 — A2)3b 1— )2 (1—)2)3 (1—)2)3 ’
which may be written equivalently as
2352>\4L2 2 1008M4nL%at &0, 78 16\ * 202
<1 > Z]E (I — 3% )?] < o E [|[v.]%] + <1 =+ 1) =

143 16X 032 7%a>T 16X || VE (x0) || 02
4 <1_/\2 3> (1— )8 + (1 - 23 . (50)

We observe in (50) that % <lifo<ac< (;5)1\2222, and the proof follows.
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G. Proof of Theorem 1

For the ease of presentation, we denote Ay := F(Xy) — F* in the following. We apply (13) to Lemma 2 to obtain:

fo<a< 2L,thenVT2 1,

SE [IvEE)?] < 220 - ;iﬂz [1w?] + 2 SE [ix: - thuﬂ

t=0 t=0 t=0

272 120202 ‘2 24L ABT2T
LA E [I9.0P] + [
Bbon np <
2A
<—°~ZE[|M (1+)ZE[|xt 3]
202 ABTPT 1 12L a?
S IE { ] 51
Therefore, if 0 < o < 4fL and 48L o < B<1ie, 3 % > 0, we may drop the last term in (51) to obtain: V" > 1,

iE[||VF<xt>||2}<2AO—IZE[H vl +2 (1+)ZE[th sl + 2 s L )
t=0

Moreover, we observe: V1" > 1,

n T n T
1 2 i 2 _
YN E[vRe|) < EZZE[’VF(xt)—VF(xt)H + IVF)I]
i=1 t=0 i=1 t=0
or2 I T
ZLS R [l - )] + 2 E[IVFE)P (53)
[ — t=0
where the last line uses the L-smoothness of F'. Using (52) in (53) yields: if 0 < o < 4fL and 48L2a2/n < B < 1, then
D9 AETHEEEE v (YR (W) o [ St e
i =0 v nB/ = L Bbon no
(54)
According to (54),if 0 < a < 4fL and 3 = 48L%a?/n, we have: VT > 1,
1 & . 40 1 d 1 47 8BTRT
2 o 2 E[IvFeI] < f—fZE[n vl +( GLzaz)tZ_;E[nxt—thn [+ Gt
47, 2 o1 47 8BTPT
< "ZE[\ il?] + — ;E[thb{t }+6bon +— (55)

=:®r

where the last line is due to 6L%2a? < 1 /8. To simplify @7, we use Lemma 8 to obtain: if 0 < o < (70 2 g then VT > 2,
1 8064/\4L2 2 64)\4 V£ (x0)|”
dp< ——(1- E [ }
rs -5 (- T)2 Z Il oL

78 64/\41/2 148 64N\ 322 T
+<1_A2+1) Ty © ESSvRE: (ES IR (56)
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In (56), we observe that if 0 < o < (90 <z then 1 — W > 0 and thus the first term in (56) may be dropped;

. 1-X 2.2
moreover, if 0 < a < Y20 hen 5 s o 1

Hence, if 0 < o < min { (A7) yn(1-2%) }%, then (56)

267L = 14,\2' 90NZ ' 26\
reduces to: VI' > 2,
2
64\t \% 3 961272 25623272 T
. - [VeGea)[ | ooxe 25062 .
(1 —2)2)3 n (1= XA2)3p (1—22)3
Finall 57) in (55) to obtain: if 0 in d 1 022 VA1 e pave: VT > 2
inally, we use (57) in (55) to obtain: if 0 < o < min I3 90N 56X 7> we have: > 2,
4772 8372
B[[vre|] <
ey S el < i
64Xt [|VE(xo)||?  96A27? | 256)26°7° )
(1 —=X2)3T n (1 = A2)3bT (1—-2A2)3

The proof follows by (58) and that E[|VF(x7)|?] = m S ZtT:O E[||VF(x!)|%] since X7 is chosen uniformly at
random from {x¢ : Vi € V,0 <t < T}.



