Doubly Robust Off-Policy Actor-Critic

Supplementary Materials

A. Derivation of Doubly Robust Policy Gradient Estimator

In this section, we introduce how to derive the doubly robust policy gradient Gpgr (w) in eq. (4)

Consider the setting of off-policy sampling specified in Section 2. Note that J(w) has the following alternative form:

J(w) =1 —-7v)E,, [Vﬂw (50)] + Eq4 [pﬁw (s,a)(r(s,a,s") — Qr,(s,a) + 'yIE[V,rw(sl)\s, a] )], (16)

where pr, (s,a) = v, (s,a)/d(s,a) denotes the distribution correction ratio. With a sample (s, a,r, s’,a’) ~ Dy - 7y (+)
and a sample (8o, ag) ~ po - Ty (-), we can formulate the following stochastic estimator of J (w):

J(w) = (1 =7)Vr, (50) + pr,, (5,0)(r(s, 0, 8") = Qr,, (5,0) + 7V, (5)). (17)

unbiased estimator baseline

Note that the first term in eq. (17) is an unbiased estimator of J(w) and the second term in eq. (17) is the baseline that can
help to reduce the variance (Jiang & Li, 2016; Huang & Jiang, 2020). Note that if we replace the value functions V., Qr,,
and the density ratio p,,, with their estimators VM QM, and p,  , respectively, we can obtain a doubly robust bias reduced
value function estimator (Tang et al., 2019). Next, we take the derivative of J (w) to obtain an unbiased estimator of V.J(w)
which takes the following form:

Vol (w) = (1 =)d;, (s0) + 2, (s,a)(r(s,a,8) = Qn,, (5,0) + Vi, (5)

)
dg, (s, a) +ydy , (s)

TTw

(
+ P, (s,a)(—
= (1 =7)Ex, [@nr, (50,a0) Vi log T (50, a0) + di (s0,a0)]
+d§w(saa)(7‘(8 a,8') = Qr, (5,a) +1Er, [Qnr, (s, a)])
+ Pry, (s,a)(—d Trw (s,a) + 7Ex., [wa( Si» z)vw log ﬂ'w( Si 1) + dgrw (51, az)]) (18)

where d , di ,df denote V, Vi, , VuQr,, Vuwpr, respectively. Given samples so ~ fio(-), ag ~ 7w(-|50) and
(s,a,7,8") ~ Dy, a’ ~ m,(:|s"), and replace Qr,,, pr,,, d and di with estimators Qr,,, pr,,, ds, and di ,respectively,

Tw

we can obtain the following doubly robust estimator Gpg (w):

Gor(w) = (1= %) Q. (50, 20) Vs log mu(aolso) + % (s0,a0) ) + b (5,) (7(5,0,5') = Q. (5,0) +7Qn, (5',0"))

+ pra(5,0)[ = 2 (5,0) + 7 (Qn, (5, @) Vs og my @] + d2,_(s',0))) | (19)

Connection with other off-policy gradient estimators: Our doubly robust estimator Gpg can recover a number of existing
off-policy policy gradient estimators as special cases by deactivating certain estimators, i.e., letting those estimators be zero.

(1) Deactivating (Z‘T?rw and szrw: In this case, Gpgr (w) takes the following form

Gl (1) = (1= 1)@ (50:0) Vo o8 7o (a0[30) + 7, (5,) (@ (5, T og i (a'ls) + 2, (',))
= (5’G)Eswﬁus,a),awww(~\§/) [Qm(é/,d’)vw logﬂw(d'|§’)} , (20)

where (§',a’) is generated using the method in the discussion of Critic IIT in Section 3.2. Note that the policy gradient
VwJ (w) has the following equivalent form

va(U)) = E(S’G)N’D |:p7'rw (5, G)Es'~5(~|s,a),a'~7rw(~\?;/) I:Qﬂ-w (5/7 d/)vw 10g Tw (d/|§/) ’ (S, a)H .

Thus, Gz (w) can be viewed as an off-policy policy gradient estimator with only approximations of p,, and Q. Such an
estimator has been adopted in the previous studies of provably convergent off-policy actor-critic (Zhang et al., 2019c; Liu
et al., 2019), which is referred as AC-DC in our experiment in Section 5. Such an estimator has also been adopted by many
off-policy actor-critic algorithms such as ACE (Imani et al., 2018), Geoff-PAC (Zhang et al., 2019b), OPPOSD (Liu et al.,
2019) and COF-PAC (Zhang et al., 2019c).
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(2) Deactivating p,, and chrw: In this case, Gpg (w) has the following form
G (w) = (1= %) (Qn. (50, 60) Vi log s (a]s0) + d2, (50, a0) ). @D

Such an estimator GL% (w) can be viewed as the one adopted by off-policy DPG/DDPG (Silver et al., 2014; Lillicrap et al.,
2016) when the policy m,, converges to a deterministic policy.

(3) Deactivting Q. and ci?rw: In this case, Gpg (w) has the following form

GL (w) = d°_(s,a)r(s,a,s). (22)

TTw

This off-policy policy gradient estimator has been adopted in (Morimura et al., 2010) for averaged MDP setting.

B. Proof of Theorem 1

Without specification, the expectation is taken with respect to the randomness of samples (s, a,7(s, a, s’), s’) and sg, in
which (s,a) ~ d(+), 8’ ~ P(:|s,a) and sq ~ po(-). If a’ or aq appears, then the expectation is taken with respect to the the
policy i.e., @’ ~ 7y, (+|s") and ag ~ my,(+|so). We compute the bias of Gpgr(w) as follows.
E[Gpr(w)] = Vi (w)
= (1 = I, (o)) + BIEZ, (5)(r(50:6) = Qo 5,0) + Vs ()] + Elp, () i, 5,0) 25, ()]
— (1 =E[d;, (s0)] — Eldy, (s,a)(r(s,a,s") = Qn, (s,a) + VVr, ()] — Elpx,, (s, a)(—dF, (s, a) + vydy,, (s))]
= El(pr,,(5,0) = pr, (5,0))(=d% (5,0) + d% (s,0)] + E[(=dZ (s,a) + d2 (s,a))(~Qn, (8 a) + Qr, (s, a))]
+YE[(pr,, (5,0) = pr,, (5,0))(dh, () — db, ()] +VE[(dE, (s,0) = dF (5,0)) (Vi (s') = Vi, (5))]
+E[d; (5,0)(=Qx, (s, a) + Qn, (5,0)] + Elpr, (s,0)(=d}(s,a) + di_(s,a))]
+AE[d (s,a)(Vi, (s") — ( N +7Elpr, (s,0)(dy, (') = di (")) + (1 = NE[dS, (s0) — dy, (0)]
+ E[(pr., (s,0) = pr,, (s, a))( 7., (s,0) +dy (5'))]

+E[(d?, (s,a) —d2, (s,0)(r(s,0,5') = Qn,(s5,0) +VVr, (s)]
= e, (5, 0)eun (5, 0)] — Eleas (5, @) (5,0)] + 7Bl (5, 0)eas ()] + 1Ele(s, a)ew(s")]
+ 51+ 52+ S3, 23)

where

S1 = E[d;, (5,0)(=Qr, (5,0) + Qn,, (5,0))] + Elpr, (s,a) (~d%, (s,a) + dE (s, a))]
+ Bl (5, @) (Ve (8') = Vi, ()] +7Elpr,, (5, 0) (5, (8") = i, ()] + (1 = 2)E[ds, (s0) — di,, (s0)],
Ss = El(jn, (5,a) — pr, (5, ) (=2, (s, @) + 2, ()],
S5 = E[(d2, (5,a) — 2 (5,0))(r(5,0,5') — Qu,, (5,0) + YVi, (5)]:
We then proceed to show that S; = Sy = S3 = 0. First consider S;. Following from the definitions of CZ;W and d;; , we
have
S1 = E[d}, (5,0)(=Qr, (5,0) + Qn,, (5,0))] + Elpr, (5,0)(—d% (5,a) + d (s, a))] + 1E[d%, (5,0)(Vr, (") = Vi, ()]
+7E[pr,, (5, 0) (E[Qr,, (s' ') Vo log my (', a') + df (s')|s'] = E[Qn, (5", @)V log mo (s', ') + d2 (5)[5'])]
+ (1 = YE[E[Qr,, (50, a0) Vs log T (50, ag) + d., (s o)|50} [wa (s0,a0)Vw log T (s0, ao) + df_ ( 1l
=Elpr, (5,0)(d%, (s,0) — i (s,0)] —7E[E[d2 (s',a') —db (s, a')|(s,a) ~ v, (5,0)]
—(1- W)E[dzw(so, ap) — dAgrw(SOa ao)]
+E[d7, (5,0)(Qn, (5,0) = Qn, (s,0))] = 1E[d7, (5, @) (Vi (8') = Vi, ()]
—1E[pr, (5,0)E[(Qr, (5',0) = Qn,, (s',0')) Vo log my (s, '), a]]

50)|s0
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— (1= 9)E[(Qnr, (50, a0) — Q.. (50, a0)) Vi l0g T (50, @g)]. (24)

For the first three terms in eq. (24), we have

Elpn, (s,0)(d2, (s,a) — d2 (s,a))] —yE[E[dL (s',a") —d2 (s',d)|(5,a) ~ v, (s, )]
- (1 - W’)]E[d%w (807a0) - ngrw(so, ao)]
= E(uaymr, [d2, (5,0) = d2 (5,0)] = VE(sq)er, [Eld2, (s, 0") — d2 (5", /)]s, al]
-(1- ’Y)E[dgru,(So, ag) — Jgrw(so, ao)]
DB, ayon, [d2 (5,a) = 2 (5,0)] = By amrs, [E[d2, (s',0") = d2 (s', )]s’ ~ P(]s,a),a’ ~ my(|s")]
DB ayern, 12, (5.0) — 2 (5,0)] = E(yr.arymny, [d2 (s, ') — d2_ (s a)]

TTw
= 07

where (i) follows from the definition P(-|s, a) = YP(+|s,a) + (1 — v)uo(-), and (ii) follows from the fact that v, is the

stationary distribution of MDP with the transition kernel P(-[s, a) and policy o, i.e., mo (a'[s") 325 o) Vr, (8, a)P(8]s, ) =
vy, (8',a’). For the last four terms in eq. (24), note that for any function f(s, a), we have the following holds
E[d7, (s,a)f(s,a)] = vE[d], (s, a)E[f (s, a")|s']] = 1E[px,, (s, a)E[f (s, a") Vi log mu (s, a') s, a]]
= (1 =7)E[f(s0,a0) Vi log T (50, a0)]

= VuElpr, (s,0)f(s,0)] = 7VuElpr, (5, a)E[f (s, a')|s']] — (1 = 7)VLE[E[f(s0, a0)|s0]]

= Vu(Elpr, (s,a)f(s,a)] = vEpx, (s, )E[f (s, a")[s]] = (1 = 7) VLE[E[f (50, a0)|s0]])

®)

= Vw (E(s,a)wuww [f(87 CL)] - E(s’,a’)wuww [f(8/7 a/)])

=0,
where (i) follows from the reasons similar to how we proceed eq. (24). Letting f(s,a) = Qx. (s,a) — Q. (s,a), we can
then conclude that the summation of the last four terms in eq. (24) is 0, which implies S7; = 0.

We then consider the term Ss. Note that for any function f(s, a), we have

E(f(s,a)(=d%, (s,a) +vdz (s))]
= VwE[f(S, CL)(T(S, a, S/) +Va, (S/) = Qx, (5, a))]
= VuE[f(s,a)(E[r(s, a,5)|s] +1E[Vr, (s')]s,a] — Qx,,(s,a))]
=0. (25)

Letting f(s,a) = pr, (s,a) — pr, (s, a), we can then conclude that S; = 0. To consider S3, we proceed as follows:

Sy = E[(dy, (s,a) = df, (s,0))(r(s,a,8") = Qn,, (5, 0) + Vi, ()]

=E[(d2, (s,a) — d? (s,0))(E[r(s,a, )]s, a] = Qn,,(5,0) + YE[Vx, (s')]s,a])]
=0.
Since we have shown that S; = S; = S3 = 0, eq. (23) becomes
]E[GDR(U))] - VwJ(w)
= —Ele,(s,)ean (s, a)] — Eleas (s, a)eq (s, )] + 1E[ep(s, a)ear ()] + 1Ele, (s, a)eu(s)],

which completes the proof.

C. Supporting Lemmas for Theorem 2

In order to develop the property for Critic I’s update in eq. (6), we first introduce the following definitions.
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Given a sample from mini-batch (s;, a;, 7, s}), aj ~ 7y, (-|s;) and a sample sg; ~ o, we define the following matrix

M, , € RCdi+1)x(2di+1) and vector m; , € R241+1x1

—¢; ¢i —(¢i —9))¢ 0 (1 =7)¢o,i
M= | ¢i(¢] —volT) 0 -9 |, My = —Ti; . (26)
0 o ~1 -1

Moreover, consider the matrix M; ;. We have the following holds

1M |12 = |67 éall 5 + 2 || (6 — 7007 |5 + 2 l1bill2 + 1

< Ch+2(1+7)°Ch +2C3 + 1, 27)

which implies || M; ;|| . < Cps, where Cpy = /903; + QCQ% + 1. For the vector m; ¢, we have

Imielly < (1= 16ll5 + i [03ll5 + 1 < [(1=7)* + 73] CF + 1, (28)

which implies [|m; ¢, < Cyn, where Cy, = \/(1 12,0 )C2 + 1.

We define the semi-stochastic-gradient as g; (k) = M, .k + m; ;. Then the iteration in eq. (6) can be rewritten as

Kiy1 = Ke + B1ge(ki), (29)
where g;(k¢) = % >, 9i,t(Ke). We also define M, = E;[M; 4] and my = E;[m; 4], i.e.,
*Ede@r[(ﬁT(ﬂ ~Epyr,, (6 =700 "] 0 (1 =7)Eug-m,, [¢]
M, = EDd'th [é(@b - ’WS/T)] 0 _]EDLNTW [QS] ) my = —Ep [Td)] )
0 Epyn, [67] ! 1

and semi-gradient g, (k) = Mk + m;. We further define the fixed point of the iteration eq. (29) as

Ky =M; 'my = (071,05 07" (30)
Lemma 1. Consider one step update in eq. (6). Define ky = [9;t,9;t,m]T and k¥ in eq. (30). Let B; <
min{1/Anr, A /52C3, }, we have
x 1 . C
E [Iens — 1I315] < (1 gohur) = w3+ S

where Cy = 2432(C3,R2 + C2)).

Proof. It has been shown in (Zhang et al., 2020b) that M, is a Hurwitz matrix which satisfies (ks — r}) T M (ks — £7) <
= ||ke — K H;, where A\j; > 0 1is a constant. We then proceed as follows:

Iie1 — w515 = ke + Brige(re) — k53

= |lke — w715 + Brge(re) T (150 — 7)) + BE 1 ge (o)

= [|we — K715+ Brge(re) T (ke — &7) + B1(Ge(re) — ge(ke)) T (w0 — K7) + B |Ge (ko) — ge(rie) + ge(re) |5

(%)
< (1= Bidm) s — w7ll5 + Br(Ge(re) — ge(ke)) T (e — w7) + 287 [|Ge () — ge (k) |5 + 287 [l ge (ko) I3
(4)
< (1= Bidn +2B2C3)) ke — w5 |15 + Br(Ge(ke) — ge(ke)) T (ke — &7) + 282 1Ge (k) — g ()|

(31)

where (i) follows because g; (k) = My(k: — £ ) and (4i) follows because||M || . < C';. Taking the expectation on both
sides of eq. (31) conditional on F; yields

E [llkess = 715 1) < (L= Bidas + BECR) lime = 13 + 287 (1190 (e) — gu(e) 517 (32)
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Next we bound the term E Ngt(nt) — gt(Ke) Hg |]-'t} as follows

E [lgu(xe) — ge(ro)l13 173

N 2
:E[‘(Mt—Mt)FEt—f—(mt—mt) 2|]:t:|
N N 2
~E [ |1, = M) (e = ) + (38, = My)w; + (g — mo) | |}'t}
BTN 2 N 2
<3E HMt - M| |]-"t} ke — k7)1 + 3R2E {HMt _ M, ’2 |]-"t] +3E {||mt — me)? \]-‘t] . (33)

Recall that || M; ;|| . < Cas and [[m ]|, < Cp,. We then have

~ 2 “ 2 1 2
E {HMt - MtH2 |-7:t} <E |:HMt - MtHF |ft} =E N ZMi,t - M| | F
i F
1
< 7 2o D EUMiy — My, My, — My)| 7]
i
1 2 402
= Z]E [||Mi7t — Ml; IJ'}} < NM. (34)
1
Similarly, we can obtain
N 4C?
E [l —ml3 1] < =<2 (35)

Substituting eq. (34) and eq. (35) into eq. (33) yields

E [Jgu(r0) — (sl 1) < 20 g, — 34 20T £ ) G0
Substituting eq. (36) into eq. (32) yields
B [Iesn — w713 152] < (1= Bins + 2683%) s — g3 + 28 Carlta 0 a7
Letting 57 < 52/\Tm12w’ we have
B [l w718 1] < (1 3o ) e — i 2L 2 o),
which completes the proof. O

We next develop the property for Critic II's update in eq. (9). We first introduce the following definitions.

/
i

Given a sample from mini-batch (s;, a;, i, 8%), al ~ my, (-|s}), we define the following matrix U; ; € R2%*2ds and vector

u; ¢ € R24x1 a5

0 (v — i)z 0

Uit = i (yxy — ;)" -1 ’ Uit (Bg.e) = 3 0q,42: Vo log T, (af]7)

(38)
Moreover, consider the matrix U; and the vector u;. Following the steps similar to those in eq. (27) and eq. (28), we obtain
Uil < Cu and |lui ]|, < Cy, where Cy = /8C% + d3 and C,, = C4R,Cis..

We also define the semi-stochastic-gradient as ¢; (¢, 04) = U; 1€ + u;,(6,). Then the iteration in eq. (14) can be rewritten
as

Covr = G + B38e(Ci, 040t), (39)
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3

where ét(Ct, Ogt) = % > il t(Ct, 0q,). We define U, = E;[U; 4] and Ut(e;t) = ]Ei[uiyt(t?;’t)], ie.,
0

Ep,r,, [(y2' = 2)z ] 0

U, = , 6* ) = "
= | Epymy, (e —2)T] 1 Wll6) = | Bpyr [¢70%,2V 0 log m, (a])]

We define the semi-gradient as £;((;, 0; ;) = U;(; + (0} ,), and the fixed point of the iteration eq. (45) as

G =Uy ul6,) = [03,4,0"]" (40)
where 07, = AL, with AW = Ep,.r, [(v2! — 2)2’T] and 03 = Ep,.r, [0/ 70 2V log Ty (a']s")].
Lemma 2. Consider one step update in eq. (9). Define (; = [9L7t7w;i:_t]—r and ( in eq. (40). Let 3 <

min{1/A\y, \v/16C%} and N > 19355 (% + 253), we have

Cy

2
’2+ﬁ’

* 1 * *
E [HQH -¢ > |]:t} < (1 - 453)\U) I¢e — ¢ N5 + CaBs 0g.c — 05
where Cy = (% + 453) C2C2C2 and Cy = (% + 4853) (CZR? + C2R3 C2C2).

Proof. Following the steps similar to those in the proof of Theorem 1 in Chapter 5 of (Maei, 2011), we can show that U, is
a Hurwitz matrix which (¢; — ) TU (G — &) < —Au |G — §;||§, where A\yy > 0 is a constant. Following steps similar to
those in the proof of Theorem 4 in (Xu et al., 2020b), we can obtain

E|l¢er1 — ¢l \]:t} = HCt + Bsle(Gey O,0) — & z
< (1 - %53/\U + 20%[3%) G — ¢ i3 + (2)\6{]3 + 25§> E [Hét(Cta Oq,t) — Le(Ces 9;,0“2 ’Ft] .
@1
Next we bound the term E {H&(Q, O0) — £(Cr, 05 ) HZ ‘ft} as follows:
E { 0(Gr00) — £(Gr, 02,) z ‘]—"t}

_E { ]z@(g, O0) = 00(Co 02.0) + 04(G 0%0) — 04, ogyt)Hz ‘]—"t]

_ R :Hét(gt, 0,0) — bi(Ce, egi)Hz ‘}}] 4R {Hz@(g, 0:.) — 0(G, e;t)Hz ‘]—"t]

_9E %Z(@M(g,qu — 04(C0,)) 2 7| +2E szt(gt,e;’t) —et(g,eg,t)Hi ‘J—}}

IR 2

< %ZE {H(&‘,t(ﬁtaeqt) - fi,t(Ctﬁ;t))Hz ft] +2E { 0o(Ce, 05 4) — £e(Ce, 05 4) z ]:t}

- %ZE [Hqsf(eq,t — 0% )2,V log m, (a]] 51| ‘ft} + 2K [ (G, 050) — €61, 07 ) z }'t]

= 202202 ||0, — 07| + 2E [Hz@(g, 030) — 06 03| ‘]—‘t} . 42)

To bound the term E [ 0 (G, 05 1) — LG, 05 1)

term E [||gt(/-;t) - gt(/ct)||§ |]-"t} in Lemma 1 to obtain

?|

2
‘}}} , we follow the steps similar to those in the proof of bounding the
2

12(C3 RE + C3R; C3C7)
N )

12C%
N

00(Gr 054) — (G, 02) 16 — ¢ 1l5 +

z |~7:t] < (43)
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Substituting eq. (43) and eq. (42) into eq. (41) yields
* (12
E (61 - ¢ 1317

1
S (1 Lo+ zcgﬁg) 6 — ¢t

28 . 2 24C? .
+ <3 + 253) <2O§Q§O£ 10,0 = O5.e[l; + =77 IS = ¢ I3 +

AU N

24(CE R2 + Cf;R%qC%Ci)>
1 2 2402
- {1 — 5B\ + 20555 + (ﬂ?‘ + 26%) NU} [

Au
ABs 12\ 2o c 2, (285 |00\ 2HCERE + CERG CECT)
+ (AU + 4ﬁ3) C(ZﬁCIC‘n' H9q7t - 9q7t ’2 + E + 263 N .

Letting 83 < min{1/\y, Ay /16C%} and N > 22€ z

X (% + 253), we have

1 C
E [l61 — G2 17] < (1 - 4,@3AU> 1Ge = G713+ Cafa 8 — 5] + 52,

where Cy = (55 + 48 ) C3C2C2 and Cy = (%20 4 4863) (CBR2 + C3R3 C2C2). 0

We next develop the property for Critic III’s update. We first introduce the following definitions.

Given a sample (s;, a;,7;, 5;) generated as we discuss in Section 3 and a} ~ 7, (+|s;). We define the following matrix
P e R2d1%2d2 gpd vector Dit € R2d2x1 59

o 0 (i — &L)pLT o 0
P“[sa;«oi—@;f -1 Pt = | 59, logm, (ll3) | “)

Consider the matrix P;; and the vector p; ;. Following the steps similar to those in eq. (27) and eq. (28), we obtain
[Pitll < Cpand [|picll, < Cp, where Cp = /8CE + dz and C), = CyCse..

We also define the semi-stochastic-gradient as h; ,(£) = P, ;& + p; ;. Then the iteration in eq. (14) can be rewritten as
€1 =& + Bahu(&), (45)
where hy(&) = & 3, hit(&). We define P, = E;[P; ] and p; = E;[p; 4], i.e.,

0

. 0 Epomy, [(0 = @)@ T] _
t — ? pt B ]Eﬁcpﬂ'uyt [SD/V’LU IOg ’n—'LUt (a/|8/)]

Epym,, [ (9 = )] —I
We further define the fixed point of the iteration eq. (45) as
& =P lpe=103,,07]", (46)

where 07, = AS 105, with AS, = Ep (o —¢)¢'TJand b, = Ej_ . [/ V. logm,(a'[3)].
Lemma 3. Consider one step update in eq. (14). Define & = [0, w;t]—r and & in eq. (46). Let By <

Pt
min{1/\p, Ap/52C%}, we have

* 1 y C
E [lecn - 1317)] < (1- 50r ) e - €115+ 2,

where Cy = 2435 (CRR? + Cp).
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Proof. Following the steps similar to those in the proof of Theorem 1 in Chapter 5 of (Maei, 2011), we can show that P;
is a Hurwitz matrix that satisfies (& — &) T Pi(& — &) < —Ap ||& — & ||§, where Ap > 0 is a constant. Then letting

B2 < min{%, 1/Ap}, following the steps similar to those in the proof of bounding the term E | ||§:(x:) — g¢(k¢) Hg |]-'t}
P
in Lemma 1, we can obtain

i 1 oL 2AB3(CERE £ CY)
E [l — 1317 < (1 3o ) o - 15+ 22,
O
Lemma 4. Consider policy m,,, and m,,, respectively, with the fixed points k] = [9;7—;1,9;—;1,77;1]—'— and K5 =
(07 2,2 05 0, ] as defined in eq. (46). We have
T T
HQZAM - e;wz ||2 < Lq ”wl - w2||2 ,
T T
Hez,wl - ez,wg ||2 < LP ||'U}1 - w2||2 )
‘ 77:;1 - 77;;2”2 <L, w1 — w2||2,
where L, = Lé(cg+CzRP)+?§é;%+czLP+L5‘R’J), L,= CEL(;;;)/\Q;L%, and L, = C} L, + L%, R, which further implies
that

61 = Rally < L [wr — w2y,

where L, = , /Lg + L% + L,27.

Proof. Define Ay, = EDd"’U:J[(‘ZS - 7¢/)¢T]’ Cop = EDdﬂrwt [¢T¢]’ Dy, = EDd~7ru,t [¢] and E}, = (1 — V)Euo-ﬂu,t [6].
(Zhang et al., 2020b;a) showed that

0w = —Fu ' GE,
* . k—1 K K %
9117711 - Cw (Ew - Awep,w)7
my = DZ@;M -1,

where

Fy=AyTCi AL + DDyt

w w

G = AL CiT EL + Dy
We first develop the Lipschitz property for the matrices A%, Cr, D2 and Ef. For A%, we obtain the following
4%, — A%,
= [ -Esym, (08 = 9061+ B[00 - 8171

= H/'yqb(s',a/)¢(s,a)T(ww2(da’|s/) — 7w, (da’|s"))P(ds'|s, a)D(ds, da)

2

+ H/qﬁ(s,a)qﬁ(s, a) " (T, (da'|s") — T, (da'|s"))P(ds'|s, a)D(ds, da)

2

S/||7¢(8'7a’)¢>(8,a)TH2I(le(da'IS')—Wm(da'IS’))lﬁ(dS’Is,a)D(ds,da)
+/H¢(S»a)¢(8aa)THQI(Wm(da’IS’) — T, (dd'|s"))| P(ds'|s, a)D(ds, da)

<203 / [T, (da'|s") — T, (da'|s")| P(ds'|s, a)D(ds, da)
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< 2035 ||7Tu;1(') - 7T11)2(')||TV
< 20425[% lwy —wal, - “n

For C¥, D, and E!, following the steps similar to those in eq. (47), we obtain

|Ca, = Cii ||y < C3La lwy — wally = LE lwy — wsl,,
||‘DZ)1 - D'Z)2||2 S C¢L7T ||w1 - w2||2 = L’B ||1‘U1 - w2||2 )

|E5, — Bl < (1= )CoLx w1 — wally = L wy — w2, , (48)

where L, = CgL,r, L} = CyLy,and L, = (1 — v)Cy L. We then proceed to bound the two terms ||F£1 - Fy, H2 and

||GZJ1 -Gy, H2 For ||F$1 — F{jJ ,» We obtain the following bound:
||Fl’;1 - Fzz ||2
= [5Gt AY, — AL OO AL, + Dy, DL = DL D

< [JA% G AL, — AL Gl AL, + (105, D = D, Dy

2
= [|A% O (C, = OO AT, + (A, — AL TCOTH AT, + AL, O (AL, — 45, ],
+|D5, (D, = Dy,) T+ (D, = D) Dy |l

< (A% G (= GG A [ + (AL, — AL T OO0 AR |, + (A5, O (A%, — AL,

+ HDZH (DZH - Dﬁlz)TH2 + H(DZH - Dfuz)DZ)ZH2

LE(CE 2+2CI€AK,LK,
< (HOU EEELE | o) s - wall
(A&)
= L lwi — wzll,, (49)

where

_ LE(CR)* + 2050 G LE

Lh}
" (A&)?

+ LY.

For HGful — Gf02|

o We have

1G5, = Gl

= |As CatEy — AT CatE 4+ Dy — Do |,
<AL CLTE, — AL, Cu L |, + 11D, — DLl
= |5 Ca N Cr, — Ca )Ca T B+ (A — As )T Ch B + Al Cr (B, — B )|, + ||1Ds, — Di

wa w1 wo —wa wa wa ||2

< (LRCICES CRRIAS IR | 1) o, -
= Lg lw1 — wall,, (50)
where

5 _ Lgcgcg + Cg)\ng + CgAng
“ (A5

+ L.

We next prove the Lipschitz property for 6. To bound H(‘)*—r o

prw1 pyw2

o WE proceed as follows.

* T *1T  _ mkr—1,kK k—1, v __ rk—1 rk—1 K k—1 K K
ep,wl - ap,wg - le Gw1 - ng ng - (Fu)1 - Fw2 )Gw1 + ng (Gw1 - ng)
= (Fy, Fo, Foy = Fol G B DG, + F (G, — Gy

Kk—1 K K r—1K r—1 K K
= le (F’LUQ - le)FwQ Gw1 + F’LUQ (Gw1 - GU_)Q)’ (51)
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which implies

165 s = 05l < 1FH 1 17, = F, o 1 1 IG5 N + N1 16, = Gl

p,W1 pywW2

Cg K K 1 K K
= (/\?)2 ||Fw1 o sz”z + E ||Gw1 o Gw2H2
Cli LI{ + )\Iﬁl LK}
< = FK, gF ¢ ||w17w2||2:Lp ||w1*w2H27 (52)
(AF)
CELEANELE
where L, = W
We then consider the Lipschitz property of 6. To bound ||0;7w1 - H;L y H ,» We proceed as follows.
9;7“11 B 9;77112
= Cn (B, — AL 05 .0,) — Cuy (B, — AL, )
= (C’Iui)?l - CS);]-)(E:& - A?’jll 0;,1[)1) + CZ);l(Egjl - E’l’j}g + AZ29;7w2 - A’z}le;,’wl)
k—1 K K Kk—1 K K *
= Cwl (sz - Cwl)cwg (Ewl - Aw1 ep,wl)
+ ng_l [(EZH - Ei’zz) + AZQ (9;,1112 - 9;7101) + (Azz - Azl)gz’wl] )

which implies

0*

*
gn Ol

< lles e, = el e s (1125 1, + 145, 1 165.0.11,)
F1CE s (125, = Bl + 1A%, 15 165 0, = 5l + 145, = A5, 11, 165,011
LE(CE+CHER A& (L +CSLp+ L5 R
<|: C( E+ A P)+(/\C'8()2E+ A p+ A P):| ||w1_w2||2:Lq||w1_w2H27

where L, =

L (Ch+CYRy) NS (L4 CALp T Ly Ry)
0E)? '

Finally, we consider the Lipschitz property of n*. To bound ||77fu L T ||2 we proceed as follows

s, = a5
D% 0%, — DLO

w1 " p, w1 w2 wa2H2

= HDZ)l (6;,w1 - 9;7102) + (Dgl - Dgg)‘g;,wg ‘2

S HDZH (ez,wl - 9:;7102)H2 + H(Dgl - D;Zz)a;wz ||2

< (CpLy+ LHRy) |lwr — wally = Ly |lwr — wally, (53)
where L,y = C3L, + L) R,,. O

Lemma 5. Consider the policies ,,, and T, respectively, with the fixed points £} and &5 defined in eq. (46). We have

167 = & lly < Le [Jwr — wall,,

2C02C) L 425 Co (CaeLn+Lac)
(A2 '

where L =

Proof. Recall that for k = 1 or 2, we have {; = P 'py = [0;],,,07]7, where 03T~ = A§ 105, . with A5 =

P,wg?

Ep, r. [(p— ¢ )¢’ "] and bS, = Ep, x, [¢' V. log my (a’|s")], which implies that

ajﬁTwl - Q;Zj—wz HQ :

€5 — 55”2 =
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To bound ‘ GT’Z}TM %Twz , following the steps similar to those in eq. (51) and eq. (52), we obtain
2
05", G A e, — 54
H Powr T wwsz—O\s)Q H w1 w2||2+)\5 H w1 wsz' 4
A A

We first bound the term HAfU , — AS . ||2 Following the steps similar to those in eq. (47), we obtain
145, — A5, 1, < 2C%L. [wy — wall, . (55)
We then bound the term ||b5, — b5, ||,- Based on the definition of bS,, we have
<
wal w2 HQ

— Eﬁdw [¢' Vo log Ty, (a'|8")] — Ep . [(p’leogwwz(a’\s')]HQ

< ||Ep,m,, ¢V 08 T (@'15)] = B, ¢V log (@15,

B ym, [V 108 7y (015)] = By, , [/ Vi Tog s (]3]

- / P(s', @)V 108 Ty (0']) (o, (dd|8') — T, (da'|s'))P(ds'|5, a)D(ds, da)

2

+ /go(s', a') (Vi logmy, (a']s') — Vi log T, (a'|8")) T, (da’\s')ls(ds’|s, a)D(ds, da)

2

= / (5", @) Voo log s, ('8l [, (da’|s') =, (da’|s")| P(ds'|s, a)D(ds, da)
[ 1l 190108 (1) — o s a1 o ('} PS5, YD,
< CyCle / Ty (da'|8") — T, (da’|s")| P(ds'|s,a)D(ds, da) + Cyp L ||wi — wal],
< C@(CSCLW + Lye) [Jwy — U/2H2 . (56)

Substituting eq. (55) and eq. (56) into eq. (52) yields

203,05 Ly +2C,(CoeLr + Ly.)

lwr — wally, = Le [|wr — w2, -

0wzl <
- 0%
Thus, we have || — &5, < L¢ [Jwy — wal|,, which completes the proof. O
Lemma 6. Consider the policies m,,, and m,,, respectively, with the fixed points ¢} and (; defined in eq. (40). Then, we
have
65 = G lla < Le flwr — well,,
27 oS
where L; = 202 L Cs 425 CyCu(RyLsc+LgCsc)+ A Co RgCouCsc L

(2%)2

Proof. Recall that for k = 1 or 2, we have (i = Uy tug(6; ) = [05],,07]7, where 6 = AS10S, , with AS, =

Wi wg

Ep, ., [(v2(s',a') — x(s,a))z(s,a) "] and b, = Ep, ., [¢(s, a )Tﬁg’w (5,a)V log Ty (a’|s")], which implies that

165 =G @ Hz '
To bound ‘ 0;;’:1 — 9;;'—72 ’2, following the steps similar to those in eq. (51) and eq. (52), we obtain
‘ 0xT . _ pxT H < le HAC _ H + i HbC — S H (57)
dg,1 dg,2 9 = ()\CA)2 wq w2 [|2 )\(A wq w2 (|2
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We first bound the term HA

g}l — AS, ) ||2 Following the steps similar to those in eq. (47), we obtain

|45, — A% lly < 207 La [lwy — w2, (58)
We then bound the term ||bS, — b5, ||,.. Based on to the definition of bS,, we have
Hbiil w2 H2
= ||EDd‘ﬂ'w][ (s’ a )Tt‘);wl (8,a) V. log my, (a'|s")] — EDy o, [b(s',a’ )THZ wy (8, @) Vo 10g Ty, a’|s’)]“2
< By, [¢(s,a") 0% (5, 0) Vi log T, (a']8)] = By, [6(57,a') 103, 3(5,a) Vi log mu, (a']s")] |,
+ ||Ep, x, [0(5',a') 105 (5, 0) Vi log o, (a'[8")] = B, [6(57,a') 105, 2 (5,a) Vi log m, (a'] 8]
< |Epym,, [0(s,a") 07 (5, 0) Vi log T, (a']s")] = By, [6(5,a') 07, 3(5,a) Vi log mu, (a'] s")] |,
+ C¢RquCSCLﬂ- le — U)2H2 . 59
Consider the term
|EDym, [0(s's @) 105 2(s,0) Vo log T, (@]8')) = Epyom,,, (05 @) 10 2 (s,0) Vo log T, (@]5)]],
we have
HEDd.ﬂwQ [0(s,a )TG; w, 2(8,a)Vy log Ty, (a'|s")] — Epd.ﬁw [¢(s';a )TQZ woL(8,a) Vo log Ty, (d'|s")] ||2
< By, [6(5", )07 (5, @) (Vo Tog T, (&]5') — Ve log (@'l
+ ||Ep,m, [6(5",a") (05 0y — 05 )T (5, @) Vi log T, (a'] 8]
(1)
< C(Z)Cz(Rquc + Lquc) ||1U1 - w2H2 ) (60)

where () follows from the Lipschitz property of 03 ., given in Lemma 4. Combining eq. (47), eq. (59), eq. (60) and eq. (57)
yields

2C2 L, C 4 N4 CsCo(RyLse + LyCise) + A4 CyRyCoClc L

— 03 || < w1 — w2l = Le¢ [[wr — wall, -

2 (A%)?
Thus we have [|(} — (3|, < L¢ ||lwi — wal|,, which completes the proof. O
Lemma 7. Define A, = ||k — 57|15 + 1€ — €515 + IC — ¢ |3 Then, we have
Bldcal7] < (1 5o) Act 202+ L+ LBl - wl} 1)+ o,

where o = imin{ﬂl At BeAp, BsAu } and Cs = Cy + Coy + Cy, where Cy, Co and Cy are defined in Lemma 1, Lemma 2,

and Lemma 3.

Proof. Following from the iteration property developed in Lemma 1, Lemma 2, and Lemma 3, we have

T 1 C
E {||’<t+1 —/‘@f||§|}-t < (1=5B80 ) Ik = w7115 + = (61)
2 N
X 1 . C
E [len — 1317 < (1- 30 ) e - 015+ 52, 62
B [l - GTI31R] < (1 190h0 ) 16 = I+ Cata 0 = 0l +
1 * * C
< (1- 38000) 16— G 13 + Catall — w1+ S 63
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Summarizing eq. (61), eq. (62) and eq. (63), we obtain

E [lkess = w713 1] +E [lén = &1317] +E [l - ¢ 13 17]

1 . 1 . 1 |2y GGt C
< (1 - §B1>\Jw + 0353> ke — K} ||§ + (1 - 252>\P) & — & ||§ + <1 B 463)\[]) IGe =< ||§ + 1#24'

Let 83 < Biééu and define o = imin{ﬁlx\M, BaAp, 63>\U}» Cs5 = C1 + Cy + Cy. Then, we have

Eless = w3113 1) + B (6 — €13 1] +E (61 — G113 1]
* * X C
< (1= o) (ke = w315 + g — €113 + G = G 113) + =2 (64)

We then proceed to investigate the iteration of A;. By Young’s inequality, we have

A1 < (222 ) (B [l = 315 + B [l - €1217] + E [l - 1517))

9
+ (322) (Bllwtes - i 217 + Bl — € 12170 + Bl - )2 17)

0
(4) 1 2 2 2 2 Cs
< = “ * Lk * ¥ * % e
< (1-50) Ao 2 (Blltos = i 31720 + et - €110 + Bl - I 17) + g
< (1 - 19) Aot 212 4 L2 4 LBl Jwpps — w2 [F)+ 20 (65)
2 0 (1-9o)N
where (4) follows from eq. (64). O

D. Proof of Theorem 2

In order to prove the convergence for the DR-Off-PAC algorithm, we first introduce the following Lipschitz property of
J(w), which was established in (Xu et al., 2020b).

Proposition 1. Suppose Assumptions 2 and 3 hold. For any w,w' € R% we have |VJ(w) — Vy,J (W), <
Ly|lw—w',, forall w,w'€R% whereL;=6(1/(1-7)).

The Lipschitz property established in Proposition 1 is important to establish the local convergence of the gradient-based
algorithm.

To proceed the proof of Theorem 2, consider the update in Algorithm 1. For brevity, we define Gpgr(wy, M) =
+ 3, Gir(wy), where M, represents the sample set B; U B, o. Following the L ;-Lipschitz property of objective J(w),
we have

L
T(win) 2 T (we) + (Vupd (), wr = we) = 2> e = well3

LJO[2
2

= J(wy) + (Vi J (we), Gor(wy, My) = Vi J (wy) + Vi J (wy)) — ||GDR(wtaMt)||§

= J(wy) + ||V (we) |3 + (Ve J (we), Gor (we, My) — Vi (wy))

LJa2 2
- |[Gor (we, M) — Vi (we) + Vi (wi) |5
@ 1 1
> J(we) + (30— La?) IVud (w3 = (0 + Lsa?) | Gor(we, M) = Vo (w5, (66)

where (i) follows because

1 1
(Vwd (wt), Gpr(wi, My) — Vi (we)) > —3 IV (we)|[5 — 5 |Gor (we, My) = Ve (w) 3,
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and
| Gor (we, Me) = Vo (wy) + Vi (w0 < 2| Gor(we, Me) = Vo (w3 + 2 [V T (wr) 5.
Taking the expectation on both sides of eq. (66) conditioned on F; and rearranging eq. (66) yield
(50— Loo?)ElVuT ()21
< E[J(wes1)|Fe] — J(we) + (%a + LJaQ)E[HGDR(wt,Mt) — Vo (wy)|[3 | F)- (67)
Then, we upper-bound the term E[||Gpgr (we, My) — Vo, J (wy) H; | 7] as follows. By definition, we have

|Gor (we, M) — VwJ(wt)H;
= HGDR(wtaeq,taep,taew,tuedq,hMt) - va(wt)Hz

2
<6 HGDR(wta Oq.t,0p.t, 0.t adq,taMt) — Gor(wt, 0q,t, 05,8, O 1. qu,t,Mt) )
2
+ 6 ||Gor(we, Og,t, 0p,t, 0y, 05, s M) — Gor(we, 0g.1, 00,05, 4,05, M) )
2
+ 6 ||Gor(we, Og,t,0p,¢, 05 4,05, s M) — Gor(we, 03 4,01, 05, 4,05, M) )
2

+ 6 GDR(wt; 9;7157 9p,t7 0:2)7157 ezq,ﬂ Mt) - GDR(wt7 0* 9*

q,t) 7V p,tr

9:[:,& 92q,t= Mt) 9

. 2
16 || Gor(we, 004,054,075 4.05 1 My) — E[Gig (w1, 05, 07 9;,“9;%,5)]“2

q,t> 7 pt> q,t2 7 p,t>

) 2
+ 6 |[ElGhr (w1, 05 1,051,031, 0, )] = VT (w2) |

q,t> 7 p,t?

<E2Gi(w0 04,004,604 1) — Gor(we, 0, 4,0, ¢, 044,05 )2

=N DR tyVq,tyUp,ty Vih,ts Vdg,t DR tyYq,tyYp,t, Vit dg,t 9
i

6 ; * 3 * 2

+7Z G]Z)R(wt’9q7t7097t70¢7t79dq,t)_GIZ)R(wheq,t’ap,t? w,tﬂajlq,t‘

2

6 . . . 2
+ = Z G]Z)R(wt’ 0(171‘7 op,tv ez,tv oéq,t) - GIZ)R(wh ez,tv 0/)7% ow,t’ azq,t) H2

2

6 . )
v 2 |G 0 00 00.0,03 110, ) — G an, 01,071, 601,05, )|

q,t» 7 p,ty q,t2 7 p,to

. 2
6| Gon (w0, 03,110} 1103 103, 1 Me) — ElGhr (w1, 01,071,051, )]

2
0,00 03,.0) = Vol ()] (68)

q,t> 7 p,t?

+6HE[G;’DR(wt,9* o

We next bound each term in eq. (68). For ”GER(wt, Oq,t:0pt5 001, 0a,1) — Ghr(we, 044,01, 0.1, H;M)’ Lo We proceed

as follows:
HGli)R(wtv Oq.ts 00t Qw,tvedq,t) - Gf)R(wta Oq.t,0p,t5 0.1, ofzq,t) )

S(l—v)’

T * ~ *
Er,, (2050650, (O =0, )|, + ||, (51 0i)(s1,0) 03, 0 = 00,

| 51 @), 51, D] Oy = 03,0
< (14 2R,C) C |03, = bayt ),
- (69)
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where Cs = (1 +2R,Cy).

For HGER(wt, Oa,t: 00,8, 00,0:05 1) — Gor(We, 0,8, 02,07, 4,05 L we proceed as follows

HG{)R(wt’ eq,t; ep,ta 9¢,t7 ezq,t) - G%)R(wh 0(177” epat’ 97717“ gzqvt 2
Prew, (815 i) p(si, a;) " (O — ) (T(Si’ o)+ Qﬂwt (si; i) = VEr,, [Q”wt (53, a’)]) Hz

S Rpctp(rmax + 2ch¢) H9¢,t - 917)7tH2

= Cr 0w~ 03], 70

<]

where C7 = R,C(max + 2R;Cy).

For HGER(wt, Oa,t:0p,6: 03, 4,05 1) — Ghr(we, 07 1, 0,0, 1,05 ) ‘2, we proceed as follows

Haam,eq 0505103, 1) = Gor (01, 05.1.0,,0,0, 1203, )|
HEMT [ (50, aoﬂ-)T(ﬂq’t — 9;7t)Vw log y, (S04, aoyi)} H2
+ ||p7rwt $i,0i)p(si,a:) 05, 1 d(si,ai) T (0.0 — 05 ),
+ ||, (835 ai) (50, 00) T 03, B, [0(s5, a7)] T (B0 — 070 |,

)

< [(1 —7)CsCsc + (1 + ’Y)RPCiCSDRw] ngi - 9Z,t|\2
= Cx || — 02, (71)
where Cg = (1 —v)CyCse + (1 + ’y)RpC;C@Rw.
For HGER(wt, 05,500,034, qu}t) — Ghglwe, 054,05 4, 03,193, +) e proceed as follows
HGDR wt?eqt’ep t’ewta‘gd t) GDR(wtveq tveztaelb,tve;q,t)HQ
< | 6(sira0) T (0p, = 05 1) 0505 0i) 05, 4 (s, @iy 57) = dlsi, @) "0 +AE[b(s}, a)] 0,4,
|| 0sis @) T = 05, (=(sis0) 703, 4 + 1B, [0(5% 01) 05 Vo log s, (5], af) + (s} af) 763, ) |
< [CyCo Ry (rmax + (1 +7)CyRy) + Cy(CyRa, +7(CsRyCosc + CuRa,))] |00 — 0
— Cy ||6, — 6 72)

where Cy = C¢C¢R¢(Tmax + (1 + 7)C¢Rq) + Cd,(Cszq + ’V(C¢chsc + Cwqu)).

2

For HGDR(wt, 03.6:05.4: 074505, 0, M) — E[Ghg(wt, 05 4,05 1,07, +03,.0)] > mote that for all ¢, we have

q,t2 7 p,to

|Gbrtwn,0;,.0%,.05 05,0
<(1-7) L1005 (r(sis ai 7) = &7 054 + B, [0 05.)

Te* je;;q,t +9E,, [¢je;,tvw log (81,4, Gri) + 5 9d t H
< (1= N)(CyRyCsc + CyRa,) + Cy Ry (rmax + (1 +7)CpRy) + CyRp(CyRa, + 7vCyReCose +7Cr Ra—g).

Er, 00,405 :Vwlog T (50,6, a0.i) + 79 05, /]

Let Cig = (1 — 7)(C¢chsc + CIqu) + C¢R¢(Tmax + (1 + ’)’)C¢Rq) + C¢RP(CIR(1Q + ’}/Cququc + ")/C$Rd_q).
Then following the steps similar to those in eq. (34) and eq. (35), we obtain

. 2
E[HGDR(wt,Gg,t,ezt,ﬂwyt,egqvt,/\/lt)]E[G}DR(wt,0;7“Hzﬁt,%’t,ﬂjlq’t)]uz‘]-"t] <=L (73)
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Finally, consider the term H]E Gpr(we, 05 1,05 1,65, 03,.0)] — Vud (wy)

2
0t On s ) Following the steps similar to those in proving

Theorem 1, we obtain
[GDR(wt7 Qq ty 0: ty azp ty G:lq,t)] - va(wt)
= Ep[(pr., (5,0,05,) = pr,, (s,0)(—d, (5,005, ) +d%, (s,a))]

+Epl(—d;, (s,a.05,.65,) +d7, (5,0))(~Qn,, (s,.6;,) + O, (5,a))]

+YED (P, (5,0 054) = pry, (5:0)En,,, [d2, (s 0’05, ) — d2, (s',d)]
+Ep[(pr., (5,065 ) — P, (8 ))Er,, [(Qr,, (s, 05) = Qr, (5,0")) Vi log T, (', a)]]
+1Ep[(dy, (5,a.05,,605,) —db, (s,0))En,, [Qn,, (s, a'.0;,) = Qn,, (s',a)]

< \JED (P, (5,3,05,0) = o, (5,002 /Enl(d,, (5,0,05, ) — db,, (5,0))]
+\Enl(d2,, (5.0,0%,.05,) — d&,, (5,0) 1\ Enl(Qn,, (5,0,0%,) — Q.. (5.0))?]
B (e, (5,0, 07,) — g, (5,02 /By, (0, (57,065, ) — b, (7))
+ Coo\[ED((r, (5,0, 03,) = 1, (5,0 I B, (@, (81,07,050) = @i, (5, 01)2

+ \/ED[(JTPHU, 5 ) @y 9; ts y ,t) - dﬁwt (8, a))2]\/IF“'D{MTWt [(Qﬂw (S a, 9; t) Qﬂ—wt (8/7 a/))2]
< 2¢p€q, + 264,60 + Cscepeq. (74)

Recall that we define
€p = max \[Ep[(pr, (5,0,05,,) — pr, (5,0))?

max \/ED[(CZ:;w(s a,0% .07 ) — i, (s,a))?]

s Yp,wo

€d,

EqmaX{mgX\/ED[(Qm(s 0,03.) — Qe (5,0))2], max /B, o, [(Qr, (7, 67,) — Qﬂww,wm}

€4, = max {max \/IED[(JZW (s,a,05 .,) — d%, (s,a))?], max \/Epd.ﬂ—w [(d2, (s, a, 03, w) — di., (¢, a’))2]} ,
where

léﬂ'w (S a, eq w
d;)'w (S, a, Hp,wa Hw,w

) = ¢(s,a)
)= 9¢(s,a)

Qn, (5,0,0% ) = d(s,a) " 0
I ) = (s, a)

Then, eq. (74) implies that

, 2
HE[GER(wtﬁ;t,Hz,t,GZ’t,Hjlq,t)] — Vud (wy) , < 66263 —|—6ed e+ 30556 €. (75)

Substituting eq. (69), eq. (70), eq. (71), eq. (72), eq. (73) and eq. (75) into eq. (68) yields

E [lIGor (wi, My) = Vo (w0) [} 172

24C%,
)t ‘2 N

2
A 6C3 (00 = 0745+ 6C2 |00 — 0]
+ 36€ e, + 36¢; 62 +18Csc€€r

< 6C2

*
qu7t - ed( t

2 *
HeP,t o ep

<y (Hozzq,t O

% " 24C%
s+ 10 = 05l W0 = Byl + 100 = 85l ) + 252
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+ 012(626?1 + 63 e+ e
2402,

< CnA + +C’12(e efl + ed e +e ) (76)
where C1; = 6 max{CZ,C2,CZ,C2}, and C12 = max{36, 18C,.}. Substituting eq. (76) into eq. (67) yields

(%a — Lyo? )E[|[ V. (wy)|I3 1 7]

1 ) 1 )\ 2402,
< E[J (wes)|F] — J(we) + (504 + Lya )ant n (ia +Lja )T
1
+ <§OZ+LJOZ2>012(6263 —|—ed €q +62 2) a7
Taking the expectation on both sides of eq. (77) and taking the summation overt = 0-- -7 — 1 yield
1 T-1
(50— Lsa?) D ElIVad ()]
t=0
T-1
1 1 24C3%,T
<E = (50+ Lsa?) E[A] + (G0 + Lya?) =10
< E[J(wr)] — J(wo) + 20é+ Ja CH; [Ad] + 2a—|— JQ N
1
+ (§Oé+LJOé )012(6 €d —|—6d e +€ IT. (78)
We then proceed to bound the term Zthfol E[A¢]. Lemma 7 implies that
E[As41] 7]
1 QL?C 05
<[(1-20)A — _—
(1- 52) A+ ZL2Bus - wl 1)+ o
2L2 ix C
= (1- 30) A+ LBl Gon (e MOI IR+ o

412 412, Cs

IN

(1- 350

fzw 2 fix 2 2
_fu _ _fie 2R 5
. “E[[| Gor (wi, My) = Vi d (we) |15 [F2] + ) @ IV (we)ll5 [F2] + A= oN

[\J\H l\D\?—‘ l\D\H
v
b
+

Q) | 40n L0 4L, , 9612,C%a 5 | 1
% <1 P (O 1=l 5
4C 5 L?
+ 2 f” (6263 +ed € +62 2)
(2) . 1 A 2 Cis 2 2 2 2 22
< —10) A + C120°E[|| Vo J (wy)||5 | Fe] + N + Cra(eyeq, +€q,€5 + €,€4), (79)

2 2 2
96L2,,C3ya
0

2
where L7, = (L7 + L + L), (i) follows from eq. (76), (i7) follows from the fact that C1 = 4L£”’”” ,Chz = +
2 az
Esg and Cyy = 202lre

eq. (79) and applying it iteratively yield

1 t t—1 1 t—1—1 ) 013 t—1 1 t—1—1
2
Blad < (1 e) 4o+ i > (1-1)  ENTwIwIE+ Y (1- 1)

< o . . .
, and for small enough «, we have a < I T Taking the expectation on both sides of

=0

t—1 t—1—1

1

+ C14(eieflq + eﬁpeg + 6ie§) (1 — 4@) . (80)
i=0

Taking the summation on eq. (80) overt =0, --- ,T" — 1 yields

Tfﬂﬂ[Aﬂsaof(l—ig)t+clga2§§<1— ) B[V 0 () 2] fVTZ( )

t=0 t=0
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T—1t—1 t—1—1
O, + a4+ ad T Y (1- o)

t=0 i=
4 AChp02 2 AC1sT  ACT
< SA 4 2 S TRVl (wy)lls) + — o + (265, + €5 €2+ €2e2). (81)
0 o = oN 0
Substituting eq. (81) into eq. (78) yields
1 T—1
2
(50— Ls0?) D ElIVwd ()]
t=0
1 e, 401502 =
SIE[J(wT)]—J(wO)+(§Oz+LJoz2> Q“A0+ 1; ( o+ Ly0?) 3 B[V ()]
t=0

1 240C? T + AC13T 1 4C
+ (Gt Loa?) =5 wg; B (Gt Loe?) (O”* . )(d teaa o)l 62

which implies

1 ,  AC108 (1 =
(50— Laa® - (3 +£09)) L EIVwT 0l
4014 1 240C%,T 4 4C13T
< _ 1 2 1 2 10
ELJ(wr)] — J(wo) + (5o + Lya?) ; g+ 50+ Lya?) N
1 AC,T
+ (§a—|—LJoz2) (Clg+ ;4 )(6263 —i—ed e —|—6 )T. (83)

For small enough «, we can guarantee that %a — Ljo? — % (% + LJO[) > 0. Dividing both sides of eq. (83) by
T(%a —Ljo? — % (% + LJa)>, we obtain

[V (wp)||2) = ZEHV wilil<e(7) +o(5)+ew@d, +&a+aa.

Note that E[||V,J (wy)||,] < \/E[||va(wT)||§] and \/, a; <>, \/a; for a; > 0. We obtain

IV s ) <€ () +0 () + Olesea, + e+ ene).

which completes the proof.

E. Proof of Theorem 3

The following proposition can be directly obtained from Corollary 6.10. in (Agarwal et al., 2019).

Proposition 2. Consider the DR-Off-PAC update given in Algorithm 1. Suppose Assumption 5 holds. Let w; =
F~Y(w;)V J(w;) be the exact NPG update direction at w;. Then, we have

J(m*) = J(wg)

€ «
< S g B (KL (1) I (1)) + ZHGDtha Ol + “’ZHGDthv )= il

(84)
Proposition 2 indicates that, as long as the DR-Off-PAC update is close enough to the exact NPG update, then DP-Off-PAC

is guaranteed to converge to a neighbourhood of the global optimal J(7*) with a (&‘fﬂ) -level gap. We then proceed to
prove Theorem 3.
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Proof. We start with eq. (84) as follows:

J(m) — E[J (wg)]

. .o Tl C T-1
< S (KL (sl ()] + S 3l G (i, Mo 3]+ S5 3 BIGok(w My) =i ]
t=0 t=0
€ 1 L o o
Capprox * sc sc
< P B KL J3) g 7 3 EllGon(uwn, M) = VT w0 ZE[HV (wo)3]
C T-1 c. T-1
+ > E[llGor(we, Me) = Vi d (we)]5] + 7 2 BllVw (we) = willy]. (85)
t=0 t=0
We then bound the error terms on the right-hand side of eq. (85) separately.
First consider the term t 0 [HVH,J(wt)H ] We have
2
—ZE (1907 w)l2] = E [V (wp) 3]
(2 1 1 2 2
<6 T +06O N + O(e,€q, +6d6 +e q) (86)
where (i) follows from Theorem 2.
Then we consider the term ZtT:_Ol |Vwd (wy) — wy||,. We proceed as follows.
1 Il
7 DBV (we) — wil,]
t=0
— 1N 2
LS B[ P ) Va ] < (1+5:) 7 ZENVuI@I
=0 t=0
— (14 L) E[VaI@pl,] = (142 ) \JE [Vt
= (14 ) LTl = (14 5= ) B 19l
(@) 1 1
<e \ﬁ +6 ﬁ + O(epeq, + €d,€q + €p€q), (87)
where (i) follows from eq. (86) and the fact that /) . a; < >, \/a; for a; > 0.
We then consider the term T tT 01 [|Gor (we, M) — Vi J (wy)]],]. Recalling eq. (76), we have
E [[IGor(wi, My) = Vo (w)[31 7] < Cna + 2% 4 o2 1321 )
DR\W¢, My wd (We)llg [Vt = C114e N 12\€p€q, T €q,€q T €p€q)s
which implies
B Gor (wr, My) = V.l (w) | Fi] < \/E [1Gor (w1, M) = Vo (w3172
5C
<VOuVA + =2 4 Cra(epea, + €d,€q + €p€q). (88)
VN
Taking the expectation on both sides of eq. (88) and taking the summation overt = 1---7T — 1 yield
1 Il O = 5C1o
= O EllGor(wi, My) = VT (wy)]] Z VA + a VCialepe, T catqe) (89
t=0 t=0
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We then bound the term Zzﬂ:_ol E [\/At} . Note that

(90)

TZ E[yAz] <

t=0

Recalling eq. (81), we have

T-1

D _ElIVaIwls] + =5

t=0

40120[2

4Cl3T + 4014T (62 2

€4, +6d6 —|—e )

%

T—-1 4
> E[A] < -4+
t=0 0

which implies

el
M|

- t
Tt

44, 2 Clga\/—2 4C3 404

—— 4+ —————\/E[||VuJ(ws + + €,€d. + €4 €q + €,€
oT \/@ [H ( T)HQ] oN 0 ( ptdq otaq P q)

(@) 1 1
S e (\/T> + G (\/N) + Q(GPqu + Edqu + €p€q), (91)

where (i) follows from eq. (86). Substituting eq. (91) into eq. (89) yields

— 1 1
Z |Gpr(we, My) — Vi J (wy)||5] < O <\/T> +6 <\/N> + O(epea, + €a,€q + €pq)- (92)
t=0

Finally, we consider the term tT 01 [|Gor (we, My) — Vo J (wy) ||§] Taking the expectation on both sides of eq. (76)

and taking the summation over ¢t = 0,--- , T — 1 yield

1= Chi <= 240
> E [||GDR(wt,M ) = Vo (wy)]| } <Y EA AL+ Cia(€26], + e ek + e2ed)
=0 =0
(1) 4C1q 40y Chp02 9, 4C11C13  4C1Ca
< o7 Ay + o7 2 E[||Vwd (we)||5] + oN + (6263 +€d e —l—e )
24C7%
2% 0, + e+ e
(id) 1
<@< >+9<N)+@(e263 + e €atenen), (93)

where () follows from eq. (81), and (¢4) follows from Theorem 2.

Substituting eq. (86), eq. (87), eq. (92) and eq. (93) into eq. (85) yields

a TOoX 1 1
J(m*) — J(wy) < Elpi » + e (ﬁ) + 06O (JN) + O(epeq, + €d,€q + €pq),

which completes the proof.



