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Abstract

Ordinary supervised learning is useful when we
have paired training data of input X and output Y.
However, such paired data can be difficult to col-
lect in practice. In this paper, we consider the task
of predicting Y from X when we have no paired
data of them, but we have two separate, indepen-
dent datasets of X and Y each observed with
some mediating variable U, that is, we have two
datasets Sx = {(X;,U;)} and Sy = {(U},Y)}.
A naive approach is to predict U from X using
Sx and then Y from U using Sy, but we show
that this is not statistically consistent. Moreover,
predicting U can be more difficult than predicting
Y in practice, e.g., when U has higher dimension-
ality. To circumvent the difficulty, we propose a
new method that avoids predicting U but directly
learns Y = f(X) by training f(X) with Sx to
predict A (U) which is trained with Sy to approx-
imate Y. We prove statistical consistency and
error bounds of our method and experimentally
confirm its practical usefulness.

1. Introduction

Supervised learning methods have been popular as powerful
tools for many prediction tasks when we have training data
consisting of direct correspondences between the output
variable Y to be predicted and the input variable X to be
used for the prediction (Murphy, 2012; Mobhri et al., 2012;
Shalev-Shwartz & Ben-David, 2014).

However, in some applications, it is difficult or expensive
to collect training data consisting of (X, Y')-pairs (Chapelle
et al., 2006; Zhu, 2005; van Engelen & Hoos, 2020). For
example, consider the case where we want to learn a func-
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tion predicting sentiment of an image (Mittal et al., 2018).
Even if we do not have image data labeled with sentiment
information, we might be able to find separate datasets con-
sisting of images with text captions (Xu et al., 2015) and
texts with sentiment labels (Medhat et al., 2014). Another
example is translation between minor languages. If there
are bilingual corpora in those languages, we could apply
supervised learning techniques. However, it can be hard
to obtain such training data since there may not be many
speakers bilingual in minor languages. Instead, we may
have a better chance to find separate translation corpora in
each language with a major one such as English.

In this paper, we consider the situation in which we do not
have access to direct correspondences between X and Y,
but we only have two separate datasets of X and Y, each ob-
served with some mediating variable U, Sx = {(X;,U;)}
and Sy = {(U},Y])}, where (X;,U;) and (U}, Y]) are in-
dependent and thus we have no paired data of X and Y.
Note that U; and Uj’- are generally different samples. In the
example of image sentiment prediction, text captions can
be used as the mediating variable U; Sx corresponds to
image data with text captions, and Sy corresponds to text
data with sentiment labels. We call this framework mediated
uncoupled learning.

A naive approach is to separately learn the function U =
g(X) using (X, U)-data and the function Y = h(U) using
(U,Y)-data. Then, one can predict Y from X by chaining
the estimated functions as Y = E(IA]) with U == §(X),
where 7 and g are estimates of h and g, respectively. How-
ever, we show that this metAhod is not statistically consistent
since the point prediction U does not carry enough informa-
tion for predicting Y, unless Y and U have linear relation-
ship or U is a deterministic function of X (see the detailed
discussion in Section 3).

One can fix the inconsistency by (implicitly or explicitly) es-
timating the conditional probability density function (p.d.f.)
p(u | ) of U given X in place of the deterministic function
g. Then, one can predict Y given X = =z by calculat-
ing [ h(u)p(u | z)du with the estimated conditional p.d.f.
p(u | ). However, this approach involves the task of con-
ditional density estimation or learning generative models,
which needs delicate modeling and training (Salimans et al.,
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2016; Gulrajani et al., 2017; Kingma et al., 2016). More-
over, it requires integrating the estimated function at the
prediction time, which can be computationally inefficient.

A cause of the weaknesses of these naive methods is that
they try to predict U, which is unnecessary in order to solve
the original task of predicting Y. To circumvent this issue,
we propose a method that learns a function f directly pre-
dicting Y from X without attempting to predict U. Our
proposed method first learns the correspondence Y = h(U),
and then train f so that f(X) will best predict the output of
h(U). This simple approach allows us to use state-of-the-
art supervised learning methods as building blocks out of
the box while providing excellent theoretical and practical
properties. Our theoretical analysis shows the statistical
consistency and provides an excess error bound for our
method. Finally, we demonstrate the practical usefulness of
the proposed method through experiments.

2. Problem Setup

Our goal is to estimate a function that predicts a }-valued
output variable Y from an X'-valued input variable X,
where X C R (dy € N)and Y C R are mea-
surable spaces,”! and (X,Y) follows an unknown prob-
ability distribution with density p(z,y). More specifi-
cally, the function that we want to estimate is the con-
ditional expectation of Y given X, which is character-
ized as the minimizer of the mean squared error (MSE):
f*=E[Y | X] = argmin;c ;2 B[(f(X) —Y)?], where
Ly =A{f: X = R [ |fl; = E[f(X)?’] < oo} and
E[-] denotes the expectation over all involved variables.
Note that the minimizer is unique in the sense that any
minimizer f has distance zero from f* in the L% -norm:
If — £13 = E[(/(X) - Y)?] - E[(/*(X) - Y)?] = .
The MSE can be used for classification too, which corre-
sponds to adopting the squared loss as a surrogate loss.™

Unlike standard supervised problems, we have no access
to direct supervision provided by joint samples of (X, Y").
Instead, we assume that there exists a U/-valued mediat-
ing variable U for which there is a joint density function
p(z,u,y) of (X,U,Y), whered C R (d,, € N)is a mea-
surable space, and we are given two sets of i.i.d. samples,
{(X5, U)oy = pla,w) and {(U], Y)Hy "~ plu,y).
Here, p(x,u) and p(u, y) are the marginal p.d.f.-s of (X, U)
and (U,Y"), respectively, that are compatible with p(x, u, y).
We call these data mediated uncoupled data since X and
Y are observed separately with a common variable U that

“I'We can easily extend all the results to the case where
Y is multi-dimensional. This manuscript focuses on the one-
dimensional case for the ease of notation.
*2 . . .
In the case of multi-class classification, we can use the squared
loss with the one-hot representation for class labels.

mediates between them.
We assume the conditional mean independence given by
E[Y | U] = EY | U,X =] (1)

for every © € X. The condition ensures that (U,Y") has
enough information to learn E[Y | X]. Note that the condi-
tional independence of Y and X given U, ie.,Y 1L X | U,
implies the conditional mean independence, Eq. (1), but
the converse is not true. We discuss the case where this
assumption is not satisfied in Section 5.5.

A related but different problem setting of learning without
input-output correspondences was studied in Zhang et al.
(2019). They considered the situation in which, using our
notation, U 1 X | Y and the conditional probability of Y’
given U is given instead of (U, Y')-pairs, which is a typical
scenario in learning with noisy labels (Angluin & Laird,
1988; Blanchard et al., 2016; Natarajan et al., 2013). Also,
these methods focus on the case where Y is discrete. Ya-
mane et al. (2018) considered estimation of causal effect
using data separately labeled with either treatment or out-
come but not both at the same time. The type of training
data is similar to ours, but the problem setup is essentially
different.

Dhir & Lee (2020) proposed a method for causal discov-
ery under a similar setup in which not all combinations of
the variables of interest are jointly observed. The form of
data that they assumed includes ours as a special case, and
they provided some real-world examples in which such data
arise. However, their goal is to infer causal directions be-
tweeen variables but not to predict their values, and thus
their method is not applicable to our problem.

3. Naive Approach Based on Separate
Estimators

A naive approach to this problem is to estimate ¢g*(z) =
E[U | X = z] and h*(u) == E[Y | U = u] as
g(x) and h(u), respectively, and then combine them as
feombine () = h(g(x)) to estimate E[Y | X = z]. The
combined estimator is consistent when h* is a linear func-
tion, or U is a deterministic function of X so that

in which case, we have

h*(g*(2)) = E[R*(U) [ X = ]

[
= E[E[Y |U]| X = 7]
=E[E]Y |U,X =2] | X =z] (fromEgq. (1))
=E[Y | X =2z]. 2

Hence, the consistency of estimators of h* and g* will
guarantee the consistency of their composite function to
E[Y | X].
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However, it fails to consistently estimate the target function
E[Y | X = z| in many important non-linear cases. For
example, when h* is strictly convex, and U is a stochastic
function of X, Jensen’s inequality implies

h*(g*(z)) = K™ (E[U | X = z])
<ER'U)| X ==z
=E[Y | X =2,
where the last line follows from Eq. (2). Thus, the estimator
under-estimates the target, and it is not consistent.

One can develop a consistent version of the naive method
by estimating the conditional density function p(u | ) of
U given X instead of the conditional expectation E[U |
X = z]. Once p(u | x) is estimated as g(u | x) and
E[Y | U = u] as h(u), one can estimate E[Y | X = z] as

/h q(u] z)d 3)

Then, finegral is @ consistent estimator of E[Y | X = z]
as long as ¢(u | ) and h(u) are consistent because it con-
verges to

/ h* (w)p(u | z)du

= /E[Y | U = ulp(u | x)du

= /E[Y | U =u,X =z]p(u | z)du (by Eq. (1))
=E[Y | X =2z

f mtegral

However, this modified method solves the hard intermediate
problem of estimating the conditional probability density
function p(u | x). This can be particularly problematic
when we use neural networks because it has been reported
that they tend to be overconfident and show poor perfor-
mance in predicting the conditional probability of the out-
put (Hein et al., 2019). Moreover, one needs to be able to
accurately calculate the integral in Eq. (3), e.g., by sam-
pling from ¢(u | ), at each prediction, which is often
computationally demanding and prohibitive when we need
real-time responses in prediction. Although the efficient
belief-propagation based algorithm proposed by Song et al.
(2010) can be used when distributions are represented by
reproducing kernel Hilbert space (RKHS) embeddings, it is
not generally applicable when we use function classes other
than RKHSs, such as neural networks.

In fact, for several problems that are solvable by performing
density estimation as intermediate tasks, directly solving
the target task without solving density estimation reportedly
improves performance (Sugiyama et al., 2012; 2013; Sasaki
et al., 2014). Vapnik (1995) also argued that it is preferable

to avoid solving intermediate tasks that are more general
than the target task.

Another higher-level criticism of the naive approach above
from a statistical point of view is that the intermediate step
of estimating E[U | X] (or p(u | x)) is performed without
any attention to the target task of predicting Y. This means
that those estimators are not designed in a way that the
resulting prediction for Y will be accurate.

4. Proposed Methods

Our approach learns a function f: X — ) that directly
predicts Y from X without predicting U. It does not try to
solve the hard intermediate problem of predicting U from
X, and it is free from the issues that the naive approach
suffers. Below, we describe our approach to the problem
more precisely and propose two methods based on it.

4.1. Two-step Regressed Regression (2Step-RR)

The first proposed method consists of two steps. The first
step is for training a function h : & — Y to predict Y
from U using Sy. Because each sample of U in Sy is
labeled with the corresponding sample of Y/, this step is no
more than an ordinary supervised learning task. Now, h can
predict Y, but its input is U, not X. To obtain a function f
that takes X as input and predicts Y, we train f so that the
output of f(X) will mimic that of A(U), for which we only
need Sx consisting of samples of (X, U).

More specifically, we first train a function held — Yy for
predicting Y from U:

’
n

~ 1
h = arg min — r(U!) — Y/)?).
gmin L (0] ~ VO

Then, we train another function f: X — Y for predicting
h(U) from X:

F = arg min = S ((/(X0) — B(U)Y.

fer niT]

In the above, H and F are function classes for h and f
respectively. Because we train I so that h(U ) will predict
Y well, f(X ) is expected to predict Y well by predicting
?L(U ). We call this method Two-Step Regressed Regression
(2Step-RR) since the predictive function f is learned by
regressing the regression of Y.

Note that the objective functional in each step uses sam-
ples of either (X, U) or (U,Y), not both at the same time.
Thus, we can compute it with our mediated uncoupled data,
{(X;, U} and {(U],Y/)}"_,. We summarize the al-
gorithm in Algorlthm I. In Sectlon 5, we will show that
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Algorithm 1 Two-Step Regressed Regression (2Step-RR)

B arg ming, .,y & ST ((UL) — Y7)2.
[+ arg Elinfef % i (f(XG) — h(U;))2.
Return: f

Algorithm 2 Joint Regressed Regression (Joint-RR)

(fus huw) = arg min e r pepy Ju(f, ) (see Eq. (4).)
Return: f,

this method has statistical consistency and admits a nice
non-asymptotic error bound.

4.2. Jointly Performing the Two Steps

2Step-RR described above has nice theoretical properties
(see Section 5), but there may be room for improvement
on practical, finite-sample performance. More specifically,
while 2Step-RR uses no information for training f when
h is trained, it may be advantageous to let h adapt to the
second step in a way that it will be easier for f(X) to fit
h(U). Here, we are going to combine the two steps of 2Step-
RR to develop a variant called Joint Regressed Regression
(Joint-RR) that trains f and h at the same time. This allows
h to incorporate how well f(X) can fit h(U) and adjust
itself in favor of the training of f.

4.2.1. JOINT REGRESSED REGRESSION (JOINT-RR)

The procedure of Joint-RR itself is simple (see Algorithm 2).
We additively combine the two objective functionals used
for training f and h in 2Step-RR:

n

Tulhh) = — S (F(X) — h(U:))?

wn
i=1

1 u ! \2
A a2 =Y @

i=1

where w € (0, 1) is a weight parameter. Then, we minimize
Eq. (4) with respect to f and h jointly:

(fw,ﬁw) ‘= arg min jw(f, h).
fEF,heH

In the rest of this section, we will give more detailed justifi-
cation of Joint-RR as upper bound minimization.

4.2.2. JOINT-RR AS UPPER BOUND MINIMIZATION

We start by constructing an upper bound of the population
version of the MSE that can be approximated with our me-
diated uncoupled data, Sx and Sy.

Theorem 4.1. The MSE can be bounded as

E[(f(X) = Y)*) < Ju(f, h), (5)
where
Tolf,h) = - BI(F(X) ~ hO))?
£ BI(h(U) - V)7

forany w € (0,1) and any h € L}, = {h: U — Y |
E[h(U)?] < oo}

A proof is in Appendix I in the supplementary material.
The functional J,,(f, k) has terms each involving either
(X,U) or (U,Y) but not both at the same time. This con-
venient property allows us to approximate it with the me-
diated uncoupled data, Sx = {(X;,U;)}?, and Sy =
{(U!,Y/)}*" . Among the upper bounds of the form in

Eq. (5), we take the tightest one with respect to h:

E[(f(X) =Y)*] < min Ju(f, h). (6)
el

The minimization of the right-hand side of Eq. (6) yields
the population version of our optimization problem:

arg min min J,,(f, h). @)
fery hely

In practice, we solve its empirical version with some hypoth-
esis classes F and H for f and h, respectively, to obtain our
estimator:

~

w = arg minmin J, (f, h), 8
f arjger;l_lnhmeng (f,h) (8)

where J,,(f, h) is defined by Eq. (4).

The argument above is valid for any w € (0,1). How to
optimize w so as to minimize the test MSE is not trivial since
we do not have (X, Y')-data for validation, and we leave this
as an open question. In our experiments, we simply fixed
w to the balanced value 1/2, which performs well in many
cases and tends to show more stable performance compared
to 2Step-RR. In Section 5.1, we will show that 2Step-RR is
the limit of Joint-RR with w — 1.

4.2.3. CLOSED-FORM SOLUTION FOR
LINEAR-IN-PARAMETER MODELS

When interpretation or fast prediction is required, linear-in-
parameter-models would be useful. Fortunately, our meth-
ods admit closed-form solutions for those models. Due to
the limited space, we only present the solution to Joint-RR
here. The derivation for 2Step-RR is more straightforward.
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Theorem 4.2. Let fo(z) = o' ¢(x), hg(u) = BT (u),
0:=(a",B")", and X € (0,00). Then, the l3-regularized
solution

(&,B) =  arg min jw(fa, hg) + )\BTG}
(c0,8)ERPF xROH
is given by
a = Ml_lMg,@, and 9)
B = (Ms — M, M ' M) by, (10)
where
_ 1y , AT
M, = i ;‘P(XZ)‘P(XZ) + Ay,
M, = — Xip(U)',
i o 2 PO
1 n
Ms; = — ; T
si= = w(U)(U)

Egs. (9) and (10) involve matrices of size at most
max(bz, by )-by-max(bx, by ), which requires less compu-
tational resources in terms of both space and time compared
to a naive solution involving the inversion of a (bx + by )-
by-(br + by ) matrix. Details and a proof are presented in
Appendix J in the supplementary material.

5. Theoretical Analysis

In this section, we present several theoretical results.

5.1. Connection between 2Step-RR and Joint-RR

2Step-RR and Joint-RR have an interesting connection that
helps us better understand them. Briefly speaking, 2Step-
RR can be seen as a special case of Joint-RR in the sense
that we can obtain the former by taking the limit of the latter
with w — 1. The following theorem provides a more formal
statement on the connection.

Theorem 5.1. Suppose that F C L% and H C L% satisfy
h(u) =EY | U = u] € Hand f*(x) = E[h*(U) |
X =zx] € F. Then,

(f*,h*) € lim argmin J,(f,h).
WL (f,h)EFxH

Y

We present a proof in Appendix C in the supplementary
material. Note that (f*, h*) is the solution pair to the op-
timization problem of 2Step-RR with the population-level

objective functionals:

h* € arg min E[(h(U) — Y)?]
heH
and f* € arg min E[(f(X) — h*(U))?].
fexr

The theorem states that (f*, h*) is also equal to the limit of
the solution pair to the Joint-RR optimization problem with
the population-level objective functional in Eq. (7).

5.2. Statistical Consistency of 2Step-RR

Let us informally confirm the statistical consistency
of 2Step-RR under the conditional mean independence
(Eq. (1)). When the models are correctly specified, and
Eq. (1) and appropriate convergence conditions hold, the
2Step-RR estimator f converges as n — oo and n’ — oo to

f*(x) = ER*(U) | X = ]

E
=E (from Eq. (1))
E

Thus, it is consistent under the condition of Eq. (1). We can
formally confirm this as a corollary of Theorem 5.2 given
later.

5.3. Joint-RR is a Regularized Method

Unlike 2Step-RR, Joint-RR is not statistically consistent, but
it can be seen as a nice regularized counterpart in the sense
that its objective function is the MSE plus the deviation of
f(X) from the conditional mean E[f(X) | U].

Under the assumption in Eq. (1), we have

MSE(f) = E[(Y — f(X))?]
=E[E[Y | U] - f(X))’] + E[(Y - E[Y | U])?],

where the last term is a constant that does not depend on f.
Hence,

min Jy (f, h)
heL?
=E(E[Y | U] - f(X))?]

+ 1_Tw]*][(f(X) —E[f(X) | U])?] + const.

= MSE(f) + const.

1—w

+ Y EI(/(X) — E[f(X) | U)?]

The shrinkage regularizer.

12)

for any w € (0,1). See Appendix G in the supplementary
material for a more detailed calculation.
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This shows that Joint-RR with w < 1 minimizes a biased
objective functional. However, it is often favorable to trade
off some bias for smaller variance in practice. We can
also see that the amplitude of the shrinkage term can be
controlled by w and it vanishes at the limit of w — 1. In
our experiments, we simply fixed w to the balanced value
1/2, which performs well in many cases.

5.4. Excess Error Bound

2Step-RR solves a simple least-squares problem twice. This
allows us to derive a non-asymptotic bound of the excess
error MSE(f) — MSE(fT), where fT(z) == E[Y | X = 7],
in terms of the Rademacher complexities of function classes.
Theorem 5.2. Let Cr = supjcr ex f(7) < o0
Cwn = SUPpeqsueu flw) < oo, and Cy = supY <
oo. Let R, (F) denote the Rademacher complexity of F
over {(X;, U) ", and R,/ (H) denote that of H over
{(UL, Y)Y, (see the exact definitions in Appendix D in
the supplementary material). Suppose that h* € H, f* € F,
and f1 € F. Then, the excess error can be bounded as

E[(f(X) - f1(X))*] =
< 8(Cr + Cn)(Rn(F) +
+ 8(07-[ + C@Vﬁ}{n’ (H)

2 1
4 2\ Zlog -
(Cr + Cy) \ ;, loss
/2 1

<o, (mn(f) + R (H) + Ry (H)

MSE( f) — MSE(f1)

R, (H))

1

1

For instance, when F and H are bounded linear-in-
parameter models, R, (F) = O(1/y/n), R,(H) =
O(1/y/n), and R,/ (H) = O(1/+/n’) (Mohri et al., 2012).
Using Theorem 5.2, we can bound the excess error by
O,(1/y/n + 1/v/n’). A proof is in Appendix F in the
supplementary material.

1
+ (ﬁ+

5.5. Discussion on the Assumption

So far, we have focused on the ideal case in which the
conditional mean independence (Eq. (1)) holds. However, it
may be difficult to exactly ensure the condition in practice.

Here, we relax Eq. (1) by allowing the gap between the
left-hand and right-hand sides to be potentially larger than
zero but bounded by ¢? for some constant ¢ € (0, 00). We
will show that (i) even the best possible method suffers an
MSE of at least ¢?/2 in the worse-case within this scenario
while (i) 2Step-RR suffers an MSE of at most ¢® + o(1).

To see the claim (ii), notice that we have already shown that
f converges to E[E[Y | U] | X = (+)]. This implies that
2Step-RR suffers an MSE of

E[(E[E[Y | U] | X] - E[Y | X])*] +o(1)
=E[E[E}Y | U] -E[Y | U, X]| X])*] + o(1)
(E[Y | U] -E[Y | U, X])*] +o(1)

< E|

< +o(1)
under the relaxed assumption.

The following proposition is a formal statement of the claim
(). A proof is in Appendix H in the supplementary material.

Proposition 5.1. For any estimator f(_) that takes mediated
uncoupled data S'x and Sy as input and produces a function
from X to Y, we have

" 2 1
s B | (Focse (6) - B X)] > 32
where (X,Y) ~ p*(x,y), and P, is the class~ of p-df-s
Blx,u,y) for which E[(E[Y | X] - E[Y | X,U])?] <
2 plz) = p(—z), and E[U] = 0 with (X,U,Y) ~

plx,u,y).

Our bound relies on Le Cam’s method, which yields the 1/2
factor (see Appendix H in the supplementary material for
details). Whether one can eliminate the factor remains as
future work.

6. Experiments

In this section, we present experimental results.

6.1. Experiments with Synthetic Data

First, we present experiments with synthetic data. Because
neural networks are becoming the gold standard in many
tasks, we test the methods using neural networks as follows.

* The naive method using multi-layer perceptrons with
four layers, 20 hidden units in each layer, and ReLU
activations. We refer to this method as “Naive”.

» 2Step-RR using multi-layer perceptrons with four lay-
ers, 20 hidden units in each layer, and ReLU activa-
tions.

* Joint-RR using multi-layer perceptrons with four lay-
ers, 20 hidden units in each layer, and ReL.U activa-
tions. We set w = 1/2.

We train all models with Adam (Kingma & Ba, 2017)
for 200 epochs. We implemented the methods using Py-
Torch (Paszke et al., 2019)" We use the default values

“*The code will be available on https://github.com/
i-yamane/mediated_uncoupled_learning.
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(a) The setting satisfying (b) The setting violating the
the conditional mean indepen- conditional mean indepen-
dence (Eq. (1)). dence (Eq. (1)).

Dimentionality of U

Figure 1. Results for the synthetic data experiments. The plots
show the average MSEs and the shaded areas show the standard
errors. Note that the standard errors are so small that the shaded
area are almost unnoticable.

of the implementation provided by PyTorch (Paszke et al.,
2019) for all the parameters of Adam: the learning rate is
0.001, and 5 is (0.9,0.999). We prepare mediated uncou-
pled data (defined in Section 2) for training but ordinary
coupled (X,Y)-data for test evaluation. The task here is
regression, and we use the MSE as the evaluation metric.

For our synthetic data, we can surely confirm whether the
conditional mean independence of Eq. (1) holds or not. We
will test the methods with varying dimensionality in both
cases in which Eq. (1) is satisfied and violated. For the
setting satisfying the condition, we define the data distribu-
tion as follows. X is distributed uniformly over [—1, 1]%.
U; = X? + €y, wWhere Uj is the j-th element of U, X
is the j-th element of X, and ¢, is a uniform noise over
[—0.5,0.5]%. Y = ||U||? +&,, where £, is a Gaussian noise
with mean zero and variance 0.1. This satisfies the condi-
tion because Y and X are independent after conditioning
on U. For the setting violating the condition, X and U are
the same as in the case with the condition satisfied, but Y
depends on X rather than U: Y := || X||? + ¢, where ¢,
is a Gaussian noise with mean zero and variance 0.1. This
violates the condition because U lacks some information
that X has in predicting Y due to the noise ¢,,. In both cases,
we use 1,000 x 2 mediated uncoupled data for training and
10,000 coupled (X, Y)-data for test evaluation.

Results are summarized in Figure 1; Figure 1(a) and 1(b) are
for the settings satisfying and violating Eq. (1), respectively.
The plots show that the proposed methods outperform the
naive method. 2Step-RR and Joint-RR gave similar perfor-
mances and their plots are almost indistinguishable in the
figures.

Figure 2 shows more detailed results for each configuration
of data dimensionality, showing that the proposed methods
gave consistently lower MSEs than the naive method. No-
tably, Joint-RR tends to be more stable than 2Step-RR in
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Figure 2. Experiments on synthetic data under the setting satisfying
the conditional mean independence (Eq. (1)).

the sense that the deviation of the MSE is smaller.

6.2. Classification of Low-quality Images

In this section, we test our methods in a more realistic
scenario using image benchmark datasets, MNIST (LeCun
etal., 1994), Fashion-MNIST (Xiao et al., 2017), CIFAR-10,
and CIFAR-100 (Krizhevsky et al., 2009). The task here
is to train a model that classifies low-quality images using
mediated uncoupled data generated from those benchmark
data, where the mediating variable is high-quality images.

The motivation behind the setup is that in some appli-
cations such as on-board electronics and the Internet of
Things (Madakam et al., 2015), the prediction is often done
by uploading low quality images to a remote server to fit
limited network bandwidths. However, low-quality images
can be difficult for human labelers to accurately label in
the phase of training data collection. Moreover, the qual-
ity of images may depend on the device, the network, and
the required response time. Instead of directly labeling
low-quality images for different cases each time, we may
prepare labeled high-quality images in advance only once
or reuse existing data of this kind and collect pairs of high-
and low-quality images in an ad hoc manner to adapt the
data to each specific case.

In our experiment, we created low-quality images by down-
sampling images of the benchmark datasets with average
pooling with stride (2, 2) and kernel (2,2), and we took
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Figure 3. Experiments on synthetic data under the setting violating
the conditional mean independence (Eq. (1)).

other original images as high-quality images, i.e., X is a
down-sampled image, U is an image of the original reso-
lution, and Y is a class label. Let K € N be the number
of class labels. We use the one-hot representation for class
labels, i.e., Y is K-dimensional vector with all elements
being zero except for the dimension corresponding to the
represented class. In order to make models f and h output
K-dimensional probability vectors, we use the following
“square-softmax” function for the last layers of f and h:

2
a
RK S (CLl,...,CI,K) — 27312 ERK7
y'elK] Ty
where aq,...,ax € R are the outputs of the second last

layer. It is similar to the standard softmax function, but it
uses the square function instead of the exponential func-
tion."* We use this architecture because the proposed meth-
ods are based on the squared loss whereas the softmax
function typically uses cross-entropy loss. We evaluate
MSE:s and the objective functions with the squared £2-norms
1/ (2) = yl% [1£(z) — h(u)||?. and [[h(u) - y|? for any
r€X,f: X - RE h: U — RE, and y € RX, in place
of their one-dimensional versions proposed in Section 2.

We train models using mediated uncoupled data consisting
of samples of (X,U) and (U,Y). In the test evaluation

*In our experiments, we found that applying the square-softmax
function makes training much easier than the standard softmax
function.
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Figure 4. Accuracy rates for the experiments on low-quality image
classification.

phase, we use coupled (X, Y')-data, and we let the trained
models to classify each low-quality image and compare the
prediction with the true class label with the zero-one loss.

As in the synthetic experiments, we use the three methods
but with the following configurations.

* For the naive method, we use a U-Net (Ronneberger
etal., 2015) for predicting U from X and a ResNet (He
et al., 2016) implemented by Idelbayev (2020) for pre-
dicting Y from U. These are considered to be state-
of-the-art deep neural network architectures for image-
to-image translation (X to U) and image classification
(U to Y), respectively.

 For 2Step-RR, we use ResNets. Note that both predict-
ing Y from U and Y from X are image classification.

* For Joint-RR, we again use ResNets since the trained
models essentially are image classifiers. We set w =
0.5.

We train all models with Adam (Kingma & Ba, 2017) for
200 epochs. We turn off the weight decay and set the other
tuning parameters of Adam as in PyTorch (Paszke et al.,
2019): the learning rate is 0.001, the 3 is (0.9, 0.999). We
use randomly sampled 10,000 x 2 mediated uncoupled data
for training and 10,000 coupled (X, Y')-data for test evalua-
tion. We repeat the experiment for 50 times.
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Table 1. Accuracy rates and MSEs for the experiment on classification of low-quality images with the image benchmark datasets. The
numbers outside of parentheses are means, and those in parentheses are standard errors calculated from 50 repetitions of the experiments.

The scores comparable to the best in terms of Wilcoxon’s signed rank test are emphasized in bold fonts.

| Accuracy | MSE
Dataset | Naive 2Step-RR Joint-RR | Naive 2Step-RR Joint-RR
MNIST 88.06% (1.13)  96.19% (0.26) 96.34% (0.28) | 0.184 (0.018) 0.059 (0.003) 0.056 (0.003)
Fashion-MNIST | 73.12% (0.37) 85.53% (0.16) 86.93% (0.14) | 0.417 (0.005) 0.213 (0.002) 0.194 (0.002)
CIFAR-10 48.35% (0.28) 67.60% (0.13) 69.10% (0.11) | 0.778 (0.005) 0.444 (0.002) 0.424 (0.001)
CIFAR-100 19.97% (0.12) 27.43% (0.08) 28.05% (0.08) | 0.935(0.001) 0.850 (0.000) 0.846 (0.000)

Table 1 shows the averages and the standard errors of the
accuracy rates and the MSEs obtained by each method. In
terms of accuracy, the two proposed methods outperformed
the naive method. Joint-RR improved the accuracy com-
pared to 2Step-RR for all datasets but MNIST. We can see
the same tendency for the MSEs. Note that these accu-
racy rates are far from those of state-of-the-art supervised
methods (e.g., Kowsari et al. (2018); Foret et al. (2021);
Tanveer et al. (2021)) not only due to the uncoupled setting
but also due to the down-sampling that significantly reduces
the amount of information contained in images.

Figure 4 shows more details of the results with scatter plots
of the accuracy rates. The figure indicates that the accu-
racy rates for the proposed methods and the naive method
are clearly isolated except for MNIST, meaning that the
proposed ones consistently performed better than the naive
one for those datasets. Similar results are observed for the
MSEs (see Figure 5 in Appendix K in the supplementary
material). We can also see that the performance of the naive
method highly deviates over the trials while those of the
proposed methods tend to be more concentrated and show
stable performances. 2Step-RR and Joint-RR gave compa-
rable performance with each other, but Joint-RR showed
slightly better performance. This performance gain may
come from the regularization effect of Joint-RR (see Sec-
tion 5.3).

7. Conclusion

In this paper, we considered learning from mediated uncou-
pled data. We proposed a method that learns a function
directly predicts the target variable. We showed an excess
error bound for the proposed method and demonstrated its
practical usefulness through experiments. This paper fo-
cused on the squared loss, which is a standard choice for
regression problems but not necessarily popular for classifi-
cation. In future work, we investigate other loss functions
for classification such as the logistic loss.
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Appendix
A. Proof of Theorem 4.1

We prove the following theorem.
Theorem 4.1. The MSE can be bounded as

B[(f(X) = Y)’] < Ju(f, 1), (13)
where
Tolf,h) = - BI(F(X) = hO))?
+ L BI(h(U) - ¥)?

forany w € (0,1) andany h € L, = {h:U — Y |
E[h(U)?] < oo}.

Proof. First, from Jensen’s bound, we have

1—w

e (@) va-w (1)

w 1—w

(a+b)?= <wZ)+(1w) a4 >2

)

forany a € R, b € R, and w € (0, 1). Using the inequality,
we obtain
(f(X) =Y)? = (f(X) — h(U) + h(U) — Y)?

(f(X) = h(U))* n (WU) =Y)?
w 1—w

<

Taking the expectations of both sides, we complete the proof.
O

B. Le Cam’s Method

We suppose all involved probability distributions have den-
sity functions. For any density function p(x,u,y) over
X x U x Y, we denote its marginal distributions by p(z),
p(u), p(y), p(z,w), p(z,y), and p(u, y) and conditional dis-
tributions by p(u | ), p(y | ®), p(y | u), p(y | v, x), and
so on following the usual convention.

Definition 7.1. Fix any probability density function p(z)
over X. For any ¢ € [0,00), let P, . denote the set of
density functions over X x U x )Y defined as follows. Any
density function g(x, u,y) over X X U x ) is a member of
P, ¢ if and only if for (X, U,Y) ~ q(z, u,y),

* X follows p(z), and

o the difference between E[Y | X]and E[E[Y | U] | X]
is bounded by ¢ from above in the sense of L?(p)-
distance:

E[(E[Y | X] - E[E[Y | U] | X])*] <.

Definition 7.2. For an underlying density function
p*(z,u,y) € P,., separate samples with proxy is
a set of random variables of the form S,7 =
((X17U1),...,(XmUn),(~U17~Y1),...,(~U¢L,~Yﬁ)), where
(X1,01),. .., (X0, Upn), (U1, Y1),...,(Us, Yy) are inde-
pendent, (X;, U;) ~ p*(x,u), and (U;, Y;) ~ p*(u,y). We
denote the set of all possible realizations of .S,, 5 by S, 7
and the density function of S, 7 by p}, = (s), where

s = ((xl, U1), ey (Z‘n, un), (.%1,174), ceey (%ﬁ,ﬂﬁ))
e (X xu)ntm,

In this section, we will obtain a lower bound of the expected
error that the best learner has to suffer for the worst-case
instance of p*(z, u,y) € P, . for a fixed ¢ € [0,00) and a
density function p(z) over X

Eminimax

= inf sup  E[(fs, ,(X) — E[Y | X])?],
f(.) Sy {f: X2V} preEP, ¢

where (X,Y) ~ p*(z,y), and the expectation is taken over

Spmand (X,Y). f(.) represents a learning algorithm rang-

ing over all mappings that input S, 5 and output a function

from & to ), which include computationally intractable
ones.

Definition 7.3. Define a semi-distance metric on P, .,
p: Py . —[0,00), by

p(ql(x,u, y)7‘12(w7u7 y))
=E[(E[Y1 | X] — E[E[Y; | U2] | X])?]

for any (qi(z,u,y),q2(x,u,y)) € P2, where
(Xa Ul) Yl) ~ Q1(37, u, y) and (Xa UQ; l/2) ~ q?(xa u, y)
Note that these two tuples share the common variable X in
the definition.

Take any 2-separated density functions, (p1,p2) € P; .. in

terms of p: p(p1,p2) > 20. Le Cam’s method states that
Lo
Einimax > 56 (1 - TV(Plapz))
1 1
> -6 (1-4/=KL
=5 < 9 (p17p2)> )

where TV (-, -) is the total variation distance, and KL(-, -)
is the Kullback-Leibler divergence.

C. Proof of Theorem 5.1

The goal of this subsection is to show the following theorem.

Theorem 5.1. Suppose that h*(u) = E[Y | U =u] € H
and f*(x) == E[R*(U) | X = 2] € F for some F C L%
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and H C L?. Then,

(f*,h* )Ehm arg min Jy, (f, h),
WL (£, R)eFXxH

where C' > 0 is a constant that does not depend on f or h.

Note that (f*, h*) is the solution pair to the optimization
problem of 2Step-RR with the population-level objective
functionals:

h* € arg min E[(h(U) — Y)?]

heH
and  f* € arg min E[(f(X) — h*(U))2].

feF

On the other hand, the constant in Eq. (11) is subtracted
merely to prevent the objective value from diverging and

make the solution well-defined in the limit. Thus, the the-

orem states that (f*, h*) is the limit of the solution pair to
the optimization problem of the proposed method with the
population-level objective functional.

Definition 7.4. For w € (0,1), f € L%
define

Q. £,1) = u(f, ) — = BI(Y — h*(©))?],
R(w7 f) = iig’f—i Q(w7 /s h),

R(1, ) = BI(f(X) — b* (U))?].
Recall that
TulF ) = = BI(F(X) ~ h(U))"]
+ 1% B{(h(U) )7,
Using the identity
[(A(U) - Y)?]
— E[(h(U) — E[Y | X])*] + E[(B[Y | X] - V)?
— E[(h(U) - h*(U))2] + El(h* (U) - Y2,
we obtain
Q(w, £, 1)
= LBI(f(X) - h(U)] + 1% B{(h(U) — b (V)
- EB[(0(U) - V) - —— Bl (V) - Y)?]

1—w 1—w
1

= L BI(/(X) ~ hU)] + 1= BI((U) ~ 1 (0))?]
Moreover, note that

f* =argmin R(1, f).
fer

,and h € L%,

Lemma 7.1. (w, f) — R(w, f) is continuous on {1} x F,
and w — inf e R(w, f) is continuous at w = 1.

Proof. For any fo, f1 € F and any w € (0, 1), we have

e (U))?)
1 (U))?] = EBl(fo(X) -

E[(fo(X) —

E[(/1(X) - h*(U))?%)-

S\H

Since h = h* cannot go below the infimum, we have

R(’LU, fl) - R(la fO)

< E[(i(X) - (U))?] - E

|
B () - )

= E[(/1(X) = fo(X))(/1(X) + fo(X

1—w

+ TE[(fl( ) —h*(U))?]
= E[(f1(X) = fo(X))(f1(X) = fo(X) + 2fo(X) — 20* (U))]
2 Fo(X)}/3+ fo(X)/3 — h*(U)/3)?

+ R () -
< i = Folla (1 = Fola + 2l foll2 + 20°]12)

3(1 —w) .

——(Ifs = follz + [1foll3 + 1A113)
(from the CauchySchwarz and Jensen’s inequality)
—0 (asw?Tland f1 — fo).

(fo(X) = h*(U))?]
)

?]

) =207 (U))]

+

On the other hand,

A Bl0) - ()]
~ BI(fo(X) ~ k()
. f1(X) — h(U)
o[ o

h(U) — h*(U)>2”

g

+(1-w)-

— E[(fo(X) - h*(U))%]
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from Jensen’s inequality. Hence,

R(w, f1) = R(1, fo)
= E[(f1(X) - h*(U))’] - E[(fo(X) — h*(U))?]
= E[(f/1(X) = fo(X))(f1(X) + fo(X) — 207 (U))]
> —|Ifr = foll(lfr = foll + 2l foll + 21IR7]])

(from the CauchySchwarz inequality)
=0 (as f1 — fo).

By the squeeze theorem, R(w, f1) — R(1, fo) asw 1 1

and f1 — fo.

Similarly, for any w € (0, 1), we have

inf R(w, f) — Jgger(Lf)

feF
= }foR(“”f) — R(1, f7)
) 1 2
- (f,h)lgg-‘x?-t w B0 = AU))]
N ﬁ E[(h(U) — h*(U))’]

E[(f"(X) = h*(U))?]
E[(/"(X) — h*(U))*] - E[(f*(X) = h*(U))’]

\»—l\

<

L 1) E[(f*(X) - h*(U))

w

A/~ ~ &

<
-0 (@aswTl.

On the other hand,

inf R — inf R(1

inf R(w, f) jnf. (L, 1)

feF
> }gjftR(wJ) - R(1, f7)

= it [ Ee0 - he
i <11—_7ww>2 E[(h(U) - h*(U»?ﬂ

— E[(f"(X) - h*(U))?]
e B[ SO=HO)
(f,h)EFXH w
h(U) = h*(U)\2
(1w MO
—E[(f*(X) - h*(U))?] (from Jensen’s inequality)

> ol B ((rx) = ))*]

— E[(f"(X) - h*(U))]

since (f,h) = (f*, h") cannot go below the infimum),

By the squeeze theorem,

inf R(w, f) = inf R(1, /) (14)

asw T 1. O

Lemma 7.2. f — R(1, f) has a well-separated minimum
(van der, 1998), i.e., there exists a minimizer

f1 € arg min R(1, f) (15)
feFr
that satisfies

R(1, fT) < inf  R(L, f) (16)

fEFIf=fTll226

Sfor every § > 0.

The minimizer turns out to be unique when it is well-
separated, so fT = f*.

Proof. Let

fl=1"=ERr@U)| X =q]

€ arg min E[(f(X) — h*(U))?].
fer

For any § > 0 and any f € F such that || f — fT|| > &, we
have

Hence, for any § > 0, it holds that

i T 2 t
fE}',HlfnffTHZ(gR(l’f) 2 R(l,f )"’6 > R(l,f ) (17)

O

Proof of Theorem 5.1. Let

hf = arg min Q(w, f, h). (18)
heH

First, we show that h¢,, — h* asw 1 1 forany f € F.
Since Q(w, f, hw,f) < Q(w, f, h*), we have

BI(/(X) ~ hp(U))]
2 Bl(hyu(U) — 0*(U))]
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which implies

By (U) - 0 (0))?
< CEI(F(X) ~ b)) - = BI(X) ~ hpa(0)))
< LBI((X) ~ 0*(0))).
Thus,
e~ R 13 = Bl (0) b ()
< U B((X) - ()] >0 (@sw L.

Next, we show

fw =argmin R(w, f) — ffasw 1 1. (19)
feF

From the continuity of (w, f) — R(w, f) and w —
infrer R(w, f) at w = 1 (Lemma 7.1), for every ¢ > 0,
there exists § > 0 such that for every w € (0, 1),

|lw—1]<§
= |R(1, f&) — R(w, f5)| < e/2
and | inf R(@, f) — inf R(1,f)| <e/2

= [R(L, fz) — R(1, )]
< ‘R(la fﬁ) - R(’wvfiﬁ)l + |R(ﬁ;7 fw) - R(la f*>|
< ‘R(la fﬁ?) - R({Ev f@)|
+| jnf R(w, f) — inf R(L, f)]
<e

= R(1, fz) — R(1, ") <e.

On the other hand, suppose that

dn > 0,Ye >0,3f € F, (20)
[1f = £*ll2 > nand R(L ) — R(L ) <. @D)
Then,
dn > 0,Ve > 0, inf R(1,f) < R(1, f*) + <
! FEFNIf—*112n (Lf) < B({LF)
hence
dn >0, inf R(1, f) = R(1, f*),
K feFNf—r*lla=n (.5) (1,77

which contradicts the fact that f* is well-separated as a
minimizer of f — R(1, f). This confirms that the negation
of (21) holds:

V> 0,3 > 0,Yf € F,[R(1, f) — R(1, f*) <& (22)
= |If = flla <nl. (23)

Combining (20) and (23), for every n > 0, there existe > 0
and § > 0 such that for every w € (0, 1),

lw =1l <6 = R(Q1, fz) — R(1, f*) <&
= [If = "l <,

which implies that w +— arg min ; z R(w, f) is continuous
atw = 1.

Combining the results, we conclude that

(f*,h*) € lim arg min Q(w, f, h).
wtl feF hen

D. Rademacher complexity

Definition 7.5 (Rademacher Complexity). For any set of
functions H and any probability density function p over
the domain of functions of H, we define the Rademacher
complexity of H under p as

V1,-+sUN,015--,0N | he H

ERN(H) _ E |ﬁup i zN:U.h(v.)‘|
§J N — 2 7 i

where vq,..., 058 ~ p, 01,...,0n are {—1,1}-valued uni-
form random variables, and they are all independent.

E. McDiarmid’s Inequality

To derive a uniform deviation bound of our empirical pro-
cess, we use the following theorem called McDiarmid’s
inequality.

Theorem 7.1 (McDiarmid’s inequality). Let ¢ : DV — R
be a measurable function. Assume that there exists a real
number B, > 0 such that

|<P(U15--'avN)790(1)/1’"'71)5\/)‘SBSW (24)

forany v;,...,uN,v1,...,Uy € D where v; = v, for all
but one i € {1,...,N}. Then, for any D-valued inde-
pendent random variables V1, ...,V and any § > 0O the
following holds with probability at least 1 — §:

BIN 1
P(Vi,. .o Vi) SBlp(Vi,.... Vi)l 4+~ log 5.

F. Excess error bound for 2Step-RR

Proof. Let g(z) == E[h(U) | X = x]. Then,
E[(f(X) - f*(X))*]
< 2E[(f(X) — g(X))’]
+2E[(5(X) - £*(X))%).

We are going to bound each of the terms on the right hand
side.
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First, we have

+ 23 °(g0X) — RO ~ El(g(X) - h(U)))
< 2¢§gljﬂ [ ggd’(Xin) - E[p(X,U)7|]|,

where F — H = {(z,u) — f(x) +

Let
V(X1 U1,y Ty Up)
o 1 - N2 2
= ¢ES;-'11—)H l n ;d)(l‘,,u,) E[gb(X, U) }

Then, v is a function with bounded differences:

[V(z1,u1, e Ty Ugs e vy Ty, Uny)
— (@1, ULy T Uy T U
S sup [|¢($J,Uj)2 - ¢($],UJ)2|]
SEF—H

< 2(Cr + Cy)?/n.

From McDiarmid’s inequality for functions with bounded
differences (McDiarmid, 1989), with probability at least

h(u) | f € F,h € H}.

1 — 4, it holds that

w(le Ula s 7Xna Un)
S EWJ(Xl, Ula s aXn7Un)}

4 4 1
+\/ (Cr +Cxn) log ©

2n 0
E[’L/)(XlaUla--- ann)}
+(C]:+CH)21/Elog%.
Here,
E - X, U;)? X! U]
< ¢€b}1pﬂn Z¢> Z;fb( )?
E - z Xza 1
<o |3t 0
<R, ({¢* | p € F—H})
< 2(0]: + CH)(SQL”(]:) + 9‘{”(7-[))

The last inequality follows from Talagrand’s contraction
lemma (Ledoux & Talagrand, 2011) Combining what we
have obtained, we confirm that E[(f(X) — g(X))?] can be
controlled by the Rademacher complexities of F and #:

E[(f(X) - 3(X))’]
<p(X1,Us,..., Xy, Uy)
<2B[(X1, U, ..., X, U,)]

2. /2100 L
+2(Cr + Cu)™y | - log 5

< A(Cr + Cp) (Rn(F) + R (H))

2 1

Bounding E[(g(X) — ))2]: First, we are going to

show that E[(g(X) — ( )) | can be bounded in terms of

E[(h(U) — h*(U))2]. From the optimality of g, we have
E[(g(X) — h(U))’] < E[(f*(X) = h(U))’]. (25

By re-arranging equations, we get
E[(g(X) - f*(X))%]
< 2E[(h(U) - h*(0))(g(X) - *(X))]
< 2\/BI((U) - h*(U)2] E[(3(X) - £*(X))2),

where the last inequality follows from the Cauchy-Schwarz
inequality. This implies

E[(g(X) -

5 (X)) < 4E[(h(U) = *(U))]. (26)
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Next, we bound E[(A(U) — h*(U))?] using a standard gen-  The last inequality follows from Talagrand’s contraction
eralization error bound using a uniform deviation bound and lemma (Ledoux & Talagrand, 2011). Thus, we have
the Rademacher complexity. Let

@({(uzvyl)}?;h%) ({(U’L/’ z/) i= 17H)
= sup ; ;(h(ui) —y)? —E[(h(U) - Y)?|. = sup ;(h(ui) —v:)* —E[(h(U) - Y)?]

/ 1
, , , <2(Cy+Cy)Rp (H)+ (Cu + Cy)2 2n' log 3
Let {(ui, i) }izy © (U x V)" and {(uj,y;)}ioy © U x

y)n’ be any two sets of size n’ that differ from each their

only by one pair of elements, ((u,,,), (u,y!)). One can
show that Also, because

P({ (s yi) Has 1) — (Ll ) Y1 M) ~
< ?Elp |( ( ) - y,,)2 - (h(ui) - yZ)Q‘ _ E[(E(U) o h*(U))Q] + E[(h*(U) _ Y)Q},
< 2(Cy + Cy)2/n’.

From McDiarmid’s inequality for functions with bounded we get

differences (McDiarmid, 1989) and the union bound, with
probability at least 1 — 4, it holds that

E[(h(U) — h*(U))?]
e({(UL Y)Y H) = E[(h(U) - Y)?] - B[(h*(U) = Y)?].
< E[p({(U, U H)]

4
wmwbgl

Using the results above, we have

2n’ é
= Elp({(U}, U}y 1))
(Ot Oy Slog = B{(h(U) ~ " (U))’]
= BI(R(U) - V)] - B[(h*(U) - V)
Here, = B(R(U) - Y] - - S (00D ~ ¥
Ble (v Ull) Fat) ) B S AR S (RCARAE
<E fsup o Z(h(U{) - Y/)? - Z(h(U{) -Y/)? ] X - -
e = -3 IUD) — VP - B ()~ V)
1 n 1=1
<E |sup — Ui(h(Uz‘/) - Yi/)2
_he?I-)L n' ; | < 2(Cy 4 Cy)Rw (H) + (Cr + Cy)? %bg%
1| _ +0
<E [sup— > oi(U) —Y7)?
= - 2A(Cx + Oy (H) + (O + Oy S log 3
R ({(u.9) o (h(w) —9)? | h € H))

<
= 2
< 2(07.( + Cy) (7‘[) < 4(CH + Cy)mn’(/H) + (CH + Cy)2 n' log
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Bounding E[(f(X) — f*(X))2]: Finally, we summariz-  Lety := Lw,
ing the results above to obtain

Juw(f)
E[(f(X) - f*(X))?] =E[(f(X) -Y)*| +7[f - DfII?
<2E[(f(X) - 3(X))?] = E[(f(X) - Y)*| + vE[(f(X) - E[f(X) | U})?]
+ 2B((5(X) - *(X))’] = (1= EI(F(X) ~ 7 (%) — (X))
< 8(Cr + Cp) (R (F) + R (H)) , ! K
i 2
4O+ O /%log% g~ E[l(X)*] + const.
+8(Cy + Cy) Ry (H) where [(x) == E[E[f(X) | U] | X]. From the optimality
5 1 of f.,, we have
+2(Cy + Cy)2 — log =
e 2F(X) — (X))
< 0, (0 2.0 + 0020 + 20 () - Bl | U] X]
I logjs), = 2(f(X) = /7(X))
] + 229 (5(x) ~ BlR{S(X) | U] | X))
F.1. EXCESS ERROR BOUND FOR JOINT-RR We are going to bound the two terms in the right hand side
Theorem 7.2. Let of the following:
1—w E[(fu(X) — f*(X))?]
Vo (f*) = —— EB[(f*(X) — E[f*(X) | U])?], N
V) BT = B0 1O = OB[(Ful(X) = FulX))?) + 2E[(fulX) — £(X))?].
and
Bounding E[(f,(X) — fu(X))?]
fu = arg min BI(f(X) — f*(X))?] T
Telx 1—w Jw(fw) = EE[(fw(X) *fw(X)+fw(X) *Y)Q]
“TUR(F(X) —E[f(X) | U2, —w
+——E[(f(X) ~E[f(X) [ U])"] +1TEW () — fu(5) + fu(X) — Y]
Proof.
R Bounding E[(f,(X) — f*(X))?] Let
E[(fu(X) = f*(X))?] , s
< B(F,(X) - (X)) fuw = a;geg;nE[(fw(X) = [1(X)7]
+ =g Bl ~ Bl (0 | U + 2 BI(f,(X) ~ B (X) | U]
[( w(X) =Y’ |+ E[(f*(X) - Y)?]
Jo(fw) —E[(f*(X) = Y)?] Then, by the optimality of f,,, we have
E[(f( ) — )? +9llf = Df|? ) E[(f,(X) — f*(X))?]
=E[(f(X)-Y) ]+7E[( (X) —E[f(X) | U])7] 1—w
— (1= ) BI(f(X) = ——1*(X) = ——1(X))?] " B0~ RGO TU)Y
, 1=y 1—x <E[(f*(X) - f1(X))]
— L E[I(X)? + const. + 177wE[(f*(X) E[f*(X) | U])?],

-y w
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which implies

E{(f,(X) - /" (X))*
< U B(( () - Bl () | U)?
= Vu(f").

G. Calculation of the shrinkage term in Joint-RR

We will show the following proposition.

Proposition 7.1. Under the assumption in Eq. (1), we have

hnénn Jw(f,h)

= MSE(f) + const.

+ 2 BI(7(X) - BIA(X

The shrinkage regularizer.

)1 UD?)

forany f € L% and any w € (0, 1).

Proof. On one hand, we have

Tu(£.h)
= S BI(/(X) ~ h(U)] + 1~ BI(h(U) - V)

where C5 is the remaining term that does not depend on h.
Thus, we have

Ju(f.h) = —h2(U))*1+ Cs, (27)

where C'5 is the remaining term that does not depend on h.
This implies

h° = arg min J,, (f, h),
heL?

where h°(u) = wEY | U =u]+(1—-w)E[f(X) |U =
u]. Finally, we can calculate the minimizer as

hnem:, Juw(fh)

= Ju(f.1°)

_ %E[( F(X) —E[f(X) | U))?]
+ - BI(BIF(X) | U] - ()7
N e E[(h°(U) — E[Y | U])?]

1—w
+ BB | U] - V)]

_ %E[( FX) —E[f(X) | U))?

+ L’ B[(BI/(X) | U]

I
1—w

+ BB | U] - V)

= L BI(7(X) - BIf(X) | U}’

+E[E[f(X) | U] - E[Y | U])?]
1

+ 1 ElEY | U] -Y)?]

—E[Y | U])?]

—w)* E[(E[f(X) | U] - E[Y | U])’]

+ (1= w) BIELCO | V]~ hO)P] )+ Cr = (= 1) BN ~ OO | 0]

where (1 is the remaining term that does not depend on h.

On the other hand, we have
B{(h(U) -
— 5| (h) - B |U]- (0~ 0 B0 U])Q]
=E[hU)? + C,

he(U))?]

— 2w E[n(U) E[Y | U]]
+2(1 - w) E[L(U) B[f(X) | U]?
= wE[(h(U) — E[Y | U])*] + C;
+ (1 —w) E[(h(U) - E[f(X) | U])?],

+E[(E[f(X) | U] - E[Y | U])?]

+E[(f(X) - E[f(X) | U))?]

+ BB | U] - V)

= U BI((X) ~ BIA(X) | U]
+E[(f(X) - E[Y | U])?

n ﬁ E[(E[Y | U] -Y)?

= MSE(f) + " BI(7(X) ~ B[f(X) | U])?] + Ci.

O
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H. Discussion on the assumption

So far, we have focused on the ideal case in which the
conditional mean independence (Eq. (1)) holds. However, it
may be difficult to exactly ensure the condition in practice.

Here, we relax Eq. (1) by allowing the gap between the
left-hand and right-hand sides to be potentially larger than
zero but bounded by ¢? for some constant ¢ € (0, 00). We
will show that (i) even the best possible method suffers an
MSE of at least ¢?/2 in the worse-case within this scenario
while (ii) 2Step-RR suffers an MSE of at most ¢ + o(1).

’1;0 see the claim (ii), note that we have already shown that
f converges to E[E[Y | U] | X = (-)]. This implies that
2Step-RR method suffers an MSE of

E[EE[Y |U]| X] - E[Y | X])*] +o(1)

— E(E[E[Y | U] - E[Y | U,X] | X])?] + o(1)
<E[E[Y | U] - E[Y | U, X])*] + (1)
<c?+o(1)

under the relaxed assumption.

To show the claim (i), let us first define the class of problem
instances satisfying the relaxed assumption. Fix any prob-
ability density function (p.d.f.) p(z) defined over X. For
¢ € (0, 00], let P, denote the set of p.d.f.-s over X x U x Y
defined as follows. Any p.d.f. ¢(x,u,y) over X x U x Y
is a member of P, if and only if, for random variables
(X,0,Y) ~ q(z,u,y), X follows p(x) and Eq. (1) is vio-
lated by ¢ in L?(p)-distance:

E[(E[Y | U] - E[Y | U, X))*] <.
In this setup, we will establish an lower bound of

Eminimax = 111f sup E[(.]/C\Sxﬁy (X) - E[Y ‘ X])2]7
f(y a€Pe

where f(_) represents any estimator that uses mediated
uncoupled data (Sx,Sy) and produces a function from
X to ), and the expectation is taken over (S, Sy) and

(Xv Y) ~ Q(l',y)~
Define p: P? — [0,00) by

pla1;q2) = E[(E[Y1 | X1 = X]
—E[Y; | Xy = X))’
for any q1,q2 € Pe, where Xo ~ p(z), (X1,U1,Y1) ~

q1(x,u,y), and (X, Us, Y3) ~ go(x, u,y), and they are all
independent.

We will use the following lemma.

Lemma 7.3. Suppose p(x) is a symmetric, centered density
function over X, i.e., p(x) = p(—x) and [ xp(z)dz = 0.

Then, we have

I

DO =

inf sup E [p (Dsy.sy,q)] >
P() geP.

Once we establish Lemma 7.3, we immediately obtain the
following two propositions.

Proposition 7.2. Suppose p(x) is a symmetric, cen-
tered density function over X, i.e., p(x) = p(—x) and
[ ap(x)dz = 0. For any estimator f(.) that takes medi-
ated uncoupled data as input and produces a function from

X to'Y, we have

—~ 2 1
sup B [(fsx,sy(X) By | X)) ] > 1e
P €P, . 2

where (X,Y) ~ p*(z,y). This holds no matter how large
nandn’ are.

Proposition 7.3. Suppose p(x) is a symmetric, cen-
tered density function over X, i.e., p(x) = p(—x) and
Jap(z)dz = 0. For any stochastic estimator 37(_) that
takes mediated uncoupled data as input and produces a
Y-valued random variable depending on the test sample X,
we have

~ 2 1
sup E [(E[st,sy | X]-E[Y | X)) } > ¢,
q€P.

where (X,Y) ~ q(x,y). This holds no matter how large n
and n' are.

Proof of Proposition 7.3 and Proposition 7.2. If the state-
ments were not to hold, it would contradict Lemma 7.3. [

We present our proof of Lemma 7.3 in details since it pro-
vides an intuition about the problem with a concrete exam-

ple.

Proof of Lemma 7.3. The proof is based on Le Cam’s
method. We construct two p.d.f.-s within P, that are dis-
tant enough in terms of p, whose corresponding mediated
uncoupled data, however, have the identical distribution.

For any 0 € R, let p(x,u,y;0) be the joint p.d.f. of the
variables defined by

X ~p(x), U~gqu), Y=0X
with any p.d.f. ¢(u) over U, where X and U are independent,

and 0 € R.

Take the two density functions py (z, u, y) == p(z,u, y; c/o)
and po(z,u,y) = p(z,u,y; —c¢/o), where o := /Var[X].
Note that each of their parameters is the negation of the
other.
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p1 and ps both belong to P, because p1 (x) = pa(x) = p(x),
and both for (X,Y,U) ~ p1(z,u,y) and for (X,Y,U) ~
p2(r,u,y),

E[(E[Y | U] - E[Y | U, X])*]
=E[(0+ (¢/0)X)’] (or E[(0 — (c/0)X)*))

Obviously, pi(xz,u) = p(z)q(u) = pa(z,u). Since
pi(y) = p2(y) from the symmetry p(z) = p(—z),
pi(u,y) = q(uwpi(y) = q(u)p2(y) = p2(u,y). Hence,
the distribution of the mediated uncoupled data induced by
p1(x, u,y) and that by pa(z, u, y) are identical to each other.
On the other hand, p; and p» are 2c-separated:

p(pl (x,u,y),pg(x, u??/))

= E[(E[Y; | X] - E[Y2 | X))?]
=E[((c/0)X + (c¢/o)X)?]
= (2¢)%

The argument above intuitively tells that it is impossible to
distinguish distinct p.d.f.-s p; and ps only with the informa-
tion given by the mediated uncouple data, and even the best
possible guess would suffer loss proportionally to ¢? in the
worst case. More formally, by applying Le Cam’s method,
we obtain

2

w\»—‘

inf sup E [ (psn (@), g(z,u, y))} 2
P() qePe ’

L. Proof of Theorem 4.1

See Appendix A. (This subsection is only a stub pointing to
Appendix A and will be removed in the next version.)

J. Linear-in-parameter models

We consider the following regularized version of our method
with linear-in-parameter models:

min [fw(fa,hg)Jr)\GTQ,

OcRbF+bn

a'p(x), hg(u) = Bp(u), 0

where fo(x) =

(a”,B7)T,and X € (0, 00). Here,
Tulfashg) = 3" (@ () ~ BTw(U1)?
i=1
+ ﬁ Z(ﬁTd’(U{) - Y/)?

i=1

=0T A0 — bb + const.,

where the matrices A and b are defined as

(5 ()

n

Since A is positive semi-definite, we obtain the minimizer
in a closed form by

6 := arg min {jw(H) + /\OTB}
OcRbF ThH
= argmin [07(A+ \I)0 — bO]

OCcRbFHbH

=(A+ A, 1p,)"'b (28)

for any positive A, where Ij, denotes the k-by-k identity
matrix.

Furthermore, using the block-wise matrix inversion formula,
we have

&= M;'MoB, and B(Ms— M, M M,) 'by,
(29)
where
Ml = Z ] + /\Ib]:?
M, - L zn: )]
2 -— w : )
My = Z )]

g > ¥/ p(U))].

=1

Eq. (29) involves matrices of size at most max(bx, by, )-by-
max (b, by ), which requires less computation resources in
terms of both space and time compared to Eq. (28) involving
inversion of a (b + by )-by-(br + by) matrix.

K. Scatter Plots of MSEs for the Low-quality Image
Classification

Figure 5 shows scatter plots of MSEs for the low-quality
image classification. We can see that the proposed methods
outperform the naive method.
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Figure 5. MSEs for the experiments on low-quality image classifi-
cation.



