Learning Optimal Auctions with Correlated Valuations from Samples

A. Assumptions on Degree of Correlation

We introduce a parameterized condition called «-strong
correlation in this paper. Note that Albert et al. (2017a) also
provides a condition in their paper, known as ~v-separation,
to measure the degree of correlation between the valuation
types and external signals. However, a-strong correlation
and ~y-separation are distinct notions.

Example. Let 71 and 75 be the joint distributions with ma-
trices I'y and Ty respectively, where I'; and I'; are defined
as follows:

[ 3/4 1/4 12 0o 1/2 0
1ﬂl_[1/4 3/4] FQ‘{ 0 1/2 0 1/2

We denote by a(-) and ~y(+) the degree of correlation mea-
sured by a-strong correlation and ~y-separation, respectively.
For these two distributions 71 and 72, a(m1) = a(m) = %,

however, (7)) = ? <1 =~(m).

B. Missing Proofs in Section 3

We provide proofs of Lemma 3, Lemma 5 and Lemma 6.

B.1. Proof of Lemma 3

Fix any 6 € © and denote by m(6) the number of samples
containing type 6. Apply Lemma 1 with X = m(6),t = 3,
n =mand p = n < m(9). By our assumption that
m > 90Kn a2 ? max{5In(6 K5
> 8y tIn(2K4671),

"), 8K}

for the fixed 8, we have

Pr [m(ﬁ) < @} < 2(;{

For any ' C Q, let ¢ = Pr[w ¢ Q'|0] denote the prob-
ability that an w which does not belong to the subset 2’
occurs conditioned on that the bidder’s valuation type is 6,
and denote by ¢ the estimation of g with m(6) samples. If
m(0) >, apply Lemma 2 with n = m(6) and t = ¢, we

have that K @; < go’ and the following bound

Y [w(wl8) —m(@ld)] +1d —al < ¢

weY
fails with probability at most 2%

Therefore, for a fixed 6, the probability that
> Ir(wlf) — m(wlf)] < ¢

weY
)

fails is upper bounded by % +(1- —)ﬁ < %. Taking

union bound over all § € ©, we obtain that this difference
bound holds for all # € © with probability at least 1 — 9.

B.2. Proof of Lemma 5

By our assumption that the prior distribution 7 is a-strongly
correlated, there exists a subset ' of ) with size K, such
that the submatrix I'V defined on it is nonsingular and with
singular values at least . We would like to show that when
¢ is small enough, the matrix I determined by the same
subset ' is nonsingular as well. Moreover, the singular
values of this I" are all greater than %a.

We denote by 61" the difference matrix IV — I"". Since Eq. 5
holds for all # € © by Lemma 3, we have ||6T"| < VK.
With H (") ’1” < a~! by assumption, we can bound the

norm of the matrix (I')~1(6T") by

\FC

[(@)~HED)[| < [[@)7H] - lloT]| < ——

With the assumption on the size of m, we have VEC <
By Lemma 4, the matrix I + (I')~*(6T") is invertible, and
its inverse is the series Y o ([—(I")~(6T")]*. Thus we
have

3
I+ ()" H < STl ter)F < 2.
|7+ ZH o) <3
This implies o (I + (I')"}(6I")) > 2, where o (-) rep-
resents the minimum (K -th) singular value.

As a result, the matrix I = I"(I + (I')~ '(6T")) is non-

singular, and its minimum singular value o (I") is lower
bounded by
- 2
k(1) Z o (Mow (I + (1) 7H(6T)) > Za.

B.3. Proof of Lemma 6

Suppose now we have found I’ at Step 2 of Algorithm 1.
We claim that the matrix I/, whose entries are indexed by
the same way as I” but constituted by the true probabilities,
is nonsingular. Otherwise, with the assumption on the size
of m, we have

0w (L) < 0w (l) + 6T < VEC < 3,

which contradicts with how we find I in Algorithm 1.

V' (K)). Letp
Lo’, and p be the vector (I)~1v’.Then
= v’ by (I'")~! and obtain

Denote by v’ the vector (v'(1),v'(2),...
be the vector (I')~ d
left-multiply the equation I''p

[+ (@) (6r)] p =p.

In the proof of Lemma 5, the norm of [I + ()~
is bounded by 2 5. Therefore, we have

-1

o))

Il < ||+ )61 1el < 2 el
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By the definition of p, we have
I'p—v =T"p—T"p=—(0T")p.

Hence the norm of I'p — v’ can be bounded by

VK |lpll ¢ _ 3VEK | ¢
2 =2 ’

IT'p —o'| < o] [|p]] < o

where we use [[p]| < || (™)~!]| [o']| < [[v] /o

Therefore, for any 6 € O,

V' (6) > mwl)pw) < v(0),

we)!

Rl
2c -

which indicates that the auction returned by Algorithm 2 is
interim IR.
C. Missing Proofs in Section 4

In this appendix, we provide the proofs that we omitted from
Section 4, and show the validness of our hard instances.

C.1. Proof of Lemma 7

For an € that is small enough, the allocation rule follows
directly from interim IR and that the auction extracts revenue
at least 1 — e social surplus as revenue.

As for the payment rule, by the definition of ex-post IC, for
allf,0 € © andw € Q:

v(0) —p(0,w) > v() — p(0,w).
Hence forall 6,6’ € © and w € €,

p(f,w) = p(0',w) = p* ().

C.2. Validity of Hard Instances

It suffices to show that the minimum singular value of the
following matrix I"

1+VKa 0 0 1-vVKao

B B
1+vVKao 1-vVKao

0 Jr2 0 2
1+vVKa 1-vVKao

0 0 7+2 5
1-VKa 1+vVKa

0 0 2 +2

is at least .

We factorize I' into a symmetric matrix ¢ and an upper

triangular matrix A as below:

LyKa g 0 0
R P | 0
=
VEa —VEKa
SO
0 0 .. —5= +2 a
17\/?01
10 1+VEKa
0 1-vVKa
1+\/?a A
: =d-A
00 .. 1 0
00 ... 0 1

Let 3 be ;\/\/gg (B < 1). From straightforward calcula-

tions, we get

2 1
A(ATA) = > =,
KB+ K?p*—4 K
where \g (+) means the minimum (K -th) eigenvalue of the
matrix. This implies o (A) > \/% Moreover, it is clear

that o5 (®) = /K a. Therefore, we have

1
— =

ox(T) > ox(®)ox(A) > VEa -

=

C.3. Proof of Lemma 10

Suppose M is an auction in M! whose payment rule is p.
Then M is also in M, so we have

1-vVEKa 1+ vVEKa €
V(K) = ——F—plwr-1) — ——F—plwk) < —.
2 2 n
(10)
On the other hand, by interim IR of auction M, we have
1+ \/Ea 1-— \/?a
(K —1)— fp(qu) - fp(w;() > 0.

(1)
We can get the following inequality by subtracting Eq. 10
from Eq. 11:
oK) —o(K—1)—< 1

> .
VEKa 5vKan

p(wr) —plwr-1) >

Similar to the steps above, we have Ay r1(i) > 0 due to

interim IR and Ay 1 (K — 1) < T—(&—T); by definition

of M. Putting these two inequalities together gives
p(wr-1) — p(wi) =0,

which is directly followed by

p(wi) — plwi) > plwr) — p(wr-1) > 5\51@7
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Adding € - [p(wg ) — p(w;)] to the equation Az 1(7) > 0,
we have
) 1+VKa , 1-vVEKa ,
i)~ (5 ¢ )pled— (T — ¢Jplen)
1250 1 25
VK 5VKan 1K’

which indicates that M is not in M?2.

C.4. Proof of Lemma 11

Consider the following algorithm for distinguishing the two
distributions 7! and 72. Given an unknown distribution
7 € {mt, 7%}, run algorithm A with m samples from 7.
If A(r) is in M1, the algorithm will return 7!; if A(7) is
in M\Ml, the algorithm will return 72 otherwise, return
unknown.

By our assumption that the algorithm A takes less than
m < ¢+ Dsk (7!, 72)~! samples, it cannot distinguish the
two distributions correctly. That is, either

Pr[A(n!) € MY] <

CrJ\l\.')

or

2) e MM < 2,

Pr[A(x 3

or both holds. Then we have at least one of the following
inequalities:

PrA(!) € M\M!]

=Pr{A(x) € M) - PrA(r) € M) > o
Pr[A(n?) € M\M?] > Pr[A(n?) € M)
Pr{A(r?) € M] ~ Pr{A(r?) € M\M'] >

And the lemma naturally follows.

C.5. Proof of Lemma 12

We first show that when a distribution 7 is drawn uniformly
at random from 3, for any 1 < ¢ < K — 2, we must have
Pr[i € B,] > %

Note that Lemma 11 holds for any 7' and 72. Enu-
merating over every 1 < ¢ < K — 2 and all possible
ST CA{l,...,K = 2})\{i}, ' = 7g and 7% = mgi gy
together covers all distributions in J{. We get that at least
half of the distributions 7 € J{ satisfy that i € B.

Then through a simple counting argument, we know that
there must exist some distribution 7* € JH, such that
|Bre| > £ — 1.

C.6. Proof of Lemma 13

Let ¢ = Pr[|B* o(x)| > £] denote the probability that the
conclusion of the lemma holds

On the one hand eachi € B+ isin B* 4(,~) with probabil-
ity at least 5 by definition. The expected size of B* 4(5+)
is therefore lower bounded by

3 (K 3(K-2) _ K
B ary|] > == —-1) =" >
)l A<”>]—10(2 ) 20  ~ 20

On the other hand, we have:
Eaq) 1B a(re)l]

- Pr |:'B A(m*)

§]+Kp{w K}

K K
1— K g<—4+K-
25( Q)+ K-q< s THq.

Putting these two inequalities together gives ¢ > 0.01.

D. Missing Proofs in Section 5

In this appendix, we provide the proofs of Lemma 14 and
Theorem 3 and show the validness of our hard instances in
2-bidder case.

D.1. Proof of Lemma 14
This proof is similar to the proof of Lemma 3.

Fixing any bidder ¢ and any ; € ©, we denote by m/(6;)
the number of samples containing type 6;. Apply Lemma
1 with X =m(6;),t =1, n=mandp =n < 7(6;). By

our assumption that
m > 250n*K*n"?a %€
> 8y 'In(4nKst),

“2max{5In(12nK5" 1), 8K}

for the fixed 6;, we have

nm é
—_— < —
Pr im(6;) < } <LK

For the fixed 6;, there are at most ; possible values of
v(@z)xf(@,a,l) — pj(&ue,l) They are U(el) — ’U(l),
v(0;) —v(2), ..., v(0;) — v(f; — 1) and 0. We divide
the external signal set ©_; into 6; subsets 21, o, ...,
Qy, corresponding to the highest valuation by others from
v(1) to no less than v(f;). Foreach j € {1,2,...,6;}, let
q; = Pr[0_; € Q;]60;] denote the conditional probability
that 6_; falls into §2;.

If m(0;) > 5+, apply Lemma 2 with n = m(6;) and t = (,

we have m{g ) < go’ and the bound
g —al << (12)
JE[8:]
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fails with probability at most MLK. Therefore, for the fixed
6, the probability that Eq. 12 fails is upper bounded by

) - ) ) ) < )

dnK InK’ 4nK — 2nK’
Taking union bound over all bidder ¢ and all §; € ©, we ob-
tain that the difference bound Eq. 12 holds with probability

at least 1 — %.

Hence we can bound the mis-estimation by
i (0:) — @:(0:)] < 0(K) - > lgj — 5] < v(K)C,
JEI6:]

which holds for all bidder ¢ and all §; € © with probability
at least 1 — g.

D.2. Proof of Theorem 3

In Algorithm 3, there are two sources of error which may
lead to the additional payments of the bidders failing to fully
extract the expected utilities. The first is the the inaccurate
estimation of the conditional probabilities 7w(0_;|0) (0_; €
©’_,). The revenue loss of bidder i caused by the inaccurate
estimation is denoted as

Alm) = 3 m0) - |[(0:) = > w(0-i105:(0-).
0,€0 0_,cO_;
By Lemma 6, we have that
3Kv(K)¢
2a

a,(0;) — Z m(0_:]0:)p: (0 ;)

6_,c0_;

<

holds for all bidder ¢ and all §; € © with probability at least
1-— g. As we set

1(6;) = max {0, a:(6,) - M}

2
AKv(K)C

we can bound A} (7) by ===~
The other source of revenue loss is the mis-estimation of
the expected utilities u;(6;). We denote the expected mis-
estimation as A? (). By Lemma 14, for all bidder i € [n],

A?(r) is bounded by
AZ(m) =D mi8) - [wi(6s) — @ (6:)] < 0(K)¢
0,€0
with probability at least 1 — g.

Therefore, when the number of samples m satisfies Eq. 8,
with probability at least 1 — ¢, for all bidder ¢ € [n] and all
0; € ©, we have

S w0600 < il(6) + LU
6_,co_;
<ig(0) — U < o)

This shows the auction returned by Algorithm 3 satisfies
interim IR.

Finally, we show the near-optimal revenue guarantee of the
auction. When the number of samples m satisfies Eq. 8,
with probability at least 1 — §, we have

A(m) < 2 i) (A}(m) + AF ()

5nK( <
opt(m) — =€

v(K)n - oan

This completes the proof of Theorem 3.

D.3. Validity of Hard Instances in the 2-Bidder Case

By letting the external signals of bidder 1 be the valuation
types of bidder 2, we rewrite the hard instances we construct
in Section 4 as a family of 2-bidder joint distributions. What
we need to verify is that the smallest marginal probability
of bidder 2 is ©2(n) and the minimum singular value of I'y

is Q(a).
The marginal probabilities of any distribution 7 in the set

JH are at least (%)n > 2. Then it suffices to show the
minimum singular value of the following matrix

[1 0 .. 0 0 0]
o1 .. 0 0 O
[y = : :
0O 0 .. 1 0 O
0 0 .. 0 Y1 Y2
L B8 B o B s 7

is at least «v, where 8 and v; (i = 1,2, 3,4) are

_ (1= VKa)y

1—-VEKa(l-2p)’
(1+VEa)[l - (K —1)1]

1+VEKa—nKia+ (K —2)]

(1 -VKa)y

1+VEKa—nKia+ (K —2)]

(1 - VEa)[l - (K — 1)1
1—VEKa(l—-2n)

B (1+VEKa)n

M T Ra( 2

respectively. We factorize I's into a lower triangular matrix
A and a matrix ® as below:

B

Y2

V3 = and

1 0 0 0 O 1 0 0 O
0 1 0 0 O 0 1 0 O
I's=
0o 0 . 0O 1 0 0 0 Y1 Y2
g B .. B 01 00 V3 Y4
2A-D.
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From straightforward calculations, we get

1
A (ATA) =

2
= > ,
KB2+/K2p* -4 Kp?

where g (+) means the minimum (K -th) eigenvalue of the
matrix. This implies

1 _1—¢EM1—%)> 1

VEB  VEK(1-vVEKay ~ VKn

Moreover, we have

O'K(A) >

)\K(q)—rq)) > (7174 - 7273)2
TR+ A+

which is followed by

o (D) > Y17Y4 — 7273 > ﬁKan_
Y1+ Y2t 3t 7

Therefore, we have
1 J—

ox(T3) > ok (®)og(A) > vﬁéan-vq?n

Q.



