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Abstract

Recently, learning a model that generalizes well
on out-of-distribution (OOD) data has attracted
great attention in the machine learning commu-
nity. In this paper, after defining OOD general-
ization via Wasserstein distance, we theoretically
show that a model robust to input perturbation
generalizes well on OOD data. Inspired by pre-
vious findings that adversarial training helps im-
prove input-robustness, we theoretically show that
adversarially trained models have converged ex-
cess risk on OOD data, and empirically verify it
on both image classification and natural language
understanding tasks. Besides, in the paradigm of
first pre-training and then fine-tuning, we theoret-
ically show that a pre-trained model that is more
robust to input perturbation provides a better ini-
tialization for generalization on downstream OOD
data. Empirically, after fine-tuning, this better-
initialized model from adversarial pre-training
also has better OOD generalization.

1. Introduction

In the machine learning community, the training and test
distributions are often not identically distributed. Due to this
mismatching, it is desired to learn a model that generalizes
well on out-of-distribution (OOD) data though only trained
on data from one certain distribution. OOD generalization is
empirically studied in (Hendrycks et al., 2019; 2020a;b) by
evaluating the performance of the model on the test set that
is close to the original training samples. However, the theo-
retical understanding of these empirical OOD generalization
behaviors remains unclear.

Intuitively, the OOD generalization measures the perfor-
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mance of the model on the data from a shifted distribution
around the original training distribution (Hendrycks & Diet-
terich, 2018). This is equivalent to the distributional robust-
ness (Namkoong, 2019; Shapiro, 2017) which measures the
model’s robustness to perturbations the distribution of train-
ing data. Inspired by this, we study the OOD generalization
by utilizing the Wasserstein distance to measure the shift
between distributions (Definition 1). We theoretically find
that if a model is robust to input perturbation on training
samples (namely, input-robust model), it also generalizes
well on OOD data.

The connection of input-robustness and OOD generalization
inspires us to find an input-robust model since it generalizes
well on OOD data. Thus we consider adversarial training
(AT) (Madry et al., 2018) as Athalye et al. (2018) show that
a model is input-robust if it defends adversarial perturba-
tions (Szegedy et al., 2013). Mathematically, AT can be
formulated as a minimax optimization problem and solved
by the multi-step SGD algorithm (Nouiehed et al., 2019).
Under mild assumptions, we prove that the convergence
rate of this multi-step SGD for AT is O(1/T’) both in ex-
pectation and in high probability, where T is the number
of training steps and O(-) is defined in the paragraph of
notations. Then, combining the convergence result with the
relationship between input-robustness and OOD generaliza-
tion, we theoretically show that for the model adversarially
trained with n training samples for T steps, its excess risk
on the OOD data is upper bounded by O(1/v/n + 1/T),
which guarantees its performance on the OOD data.

Besides models trained from scratch, we also study the
OOD generalization on downstream tasks of pre-trained
models, as the paradigm of first pre-training on a large-
scale dataset and then fine-tuning on downstream tasks has
achieved remarkable performance in both computer vision
(CV) (Hendrycks et al., 2019; Kornblith et al., 2019) and
natural language processing (NLP) domains (Devlin et al.,
2019) recently. Given the aforementioned relationship of
input-robustness and OOD generalization, we theoretically
show that a pre-trained model more robust to input pertur-
bation also provides a better initialization for generalization
on downstream OOD data. Thus, we suggest conducting ad-
versarial pre-training like (Salman et al., 2020a; Hendrycks
et al., 2019; Utrera et al., 2021), to improve the OOD gener-
alization in downstream tasks.
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We conduct various experiments on both image classifica-
tion (IC) and natural language understanding (NLU) tasks
to verify our theoretical findings.

For IC task, we conduct AT on CIFAR10 (Krizhevsky &
Hinton, 2009) and ImageNet (Deng et al., 2009), and
then evaluate the OOD generalization of these models
on corrupted OOD data CIFAR10-C and ImageNet—-C
(Hendrycks & Dietterich, 2018). For NLU tasks, we simi-
larly conduct AT as in (Zhu et al., 2019) on datasets SST-2,
IMBD, MNLT and STS-B. Then we follow the strategy in
(Hendrycks et al., 2020b) to evaluate the OOD generaliza-
tion. Empirical results on both IC and NLU tasks verify that
AT improves OOD generalization.

To see the effect of the initialization provided by an input-
robust pre-trained model, we adversarially pre-train a model
on ImageNet to improve the input-robustness, and then
fine-tune the pre-trained model on CIFAR10. Empirical
results show that this initialization enhances the OOD gen-
eralization on downstream tasks after fine-tuning. Another
interesting observation is that for language models, standard
pre-training by masked language modeling (Devlin et al.,
2019; Liu et al., 2019) improves the input-robustness of
the model. Besides, models pre-trained with more training
samples and updating steps are more input-robust. This may
also explain the better OOD generalization on downstream
tasks (Hendrycks et al., 2020b) of these models.

Notations. For vector x € R%, x||p is its £,-norm, and
its £o-norm is simplified as ||z||. P(X) is the set of probabil-
ity measures on metric space (X, ||-||,) with X C R%. O()
is the order of a number, and O(-) hides a poly-logarithmic
factor in problem parameters e.g., O(Mj log do) = O(M).
For P,Q € P(X), let (P, Q) be their couplings (measures
on X x X). The p-th (p < co) Wasserstein distance (Villani,

2008) between P and Q) is

1
P
inf Eyoyor |||lu—v]|% . 1
L B [l IIp]> M

w,(r.0) = (

When p = oo, the co-Wasserstein distance is W (P, Q) =
lim,_, o W, (P, Q). In the sequel, the p-Wasserstein dis-
tance is abbreviated as W,,-distance. The total variation
distance (Villani, 2008) is a kind of distributional distance
and is defined as

V(PQ =g [ iP@ -dQ@). @

2. Related Work

OOD Generalization. OOD generalization measures a
model’s ability to extrapolate beyond the training distribu-
tion (Hendrycks & Dietterich, 2018), and has been widely
explored in both CV (Recht et al., 2019; Schneider et al.,

2020; Salman et al., 2020b) and NLP domains (Tu et al.,
2020; Lohn, 2020). Hendrycks & Dietterich (2018) observe
that the naturally trained models are sensitive to artificially
constructed OOD data. They also find that adversarial logit
pairing (Kannan et al., 2018) can improve a model’s per-
formance on noisy corrupted OOD data. Hendrycks et al.
(2020b) also empirically find that pre-trained language mod-
els generalize on downstream OOD data. But the theoretical
understanding behind these observations remains unclear.

Adversarial Training. Adversarial training (Madry et al.,
2018) is proposed to improve input-robustness by dy-
namically constructing the augmented adversarial samples
(Szegedy et al., 2013; Goodfellow et al., 2015) using pro-
jected gradient descent across training. In this paper, we first
show the close relationship between OOD generalization
and distributional robustness (Ben-Tal et al., 2013; Shapiro,
2017), and then explore the OOD generalization by connect-
ing input-robustness and distributional robustness.

The most related works to ours are (Sinha et al., 2018; Lee
& Raginsky, 2018; Volpi et al., 2018). They also use AT to
train distributionally robust models under the Wasserstein
distance, but their results are restricted to a specialized AT
objective with an additional regularizer. The regularizer can
be impractical due to its large penalty parameter. More-
over, their bounds are built upon the entropy integral and
increase with model capacity, which can be meaningless for
high-dimensional models. On the other hand, our bound
is (i) based on the input-robustness, regardless of how it is
obtained; and (ii) irrelevant to model capacity.

Pre-Training. Pre-trained models transfer the knowledge
in the pre-training stage to downstream tasks, and are widely
used in both CV (Kornblith et al., 2019) and NLP (De-
vlin et al., 2019) domains. For instance, Dosovitskiy et al.
(2021); Brown et al. (2020); Radford et al. (2021) pre-train
the transformer-based models on large-scale datasets, and
obtain remarkable results on downstream tasks. Standard
pre-training is empirically found to help reduce the uncer-
tainty of the model for both image data (Hendrycks et al.,
2019; 2020a) and textual data (Hendrycks et al., 2020b).
Adversarial pre-training is explored in (Hendrycks et al.,
2019) and (Salman et al., 2020a), and is shown to improve
the robustness and generalization on downstream tasks , re-
spectively. In this work, we theoretically analyze the OOD
generalization on downstream tasks from the perspective of
the input-robustness of the pre-trained model.

3. Adversarial Training Improves OOD
Generalization

In this section, we first show that the input-robust model can
generalize well on OOD data after specifying the definition
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of OOD generalization. Then, to learn a robust model,
we suggest adversarial training (AT) (Madry et al., 2018).
Under mild conditions, we prove a (’N)(l /T) convergence
rate for AT both in expectation and in high probability. With
this, we show that the excess risk of an adversarially trained
model on OOD data is upper bounded by O(1/v/n + 1/T)
where n is the number of training samples.

3.1. Input-Robust Model Generalizes on OOD Data

Suppose {(x;,y;)} is the training set with n i.i.d. training
samples {x;} and their labels {y; }. We assume the training
sample distribution P has compact support X C R%, thus
there exists D > 0, such that Vu,v € X, ||lu — v||; < D.
For training sample x and its label y, the loss on (x, y) with
model parameter w is £(w, (x,y)), where L(w, (x,y)) is
continuous and differentiable for both w and (z,y). Be-
sides, we assume 0 < L(w, (x,y)) < M for constant M
without loss of generality. We represent the expected risk
under training distribution P and label distribution P, !
as Rp(w) = Ep[Ep, ,[L(w, (z,y))]]. For simplicity of
notation, let Ep, _ [£(w, (z,y))] = f(w,x) in the sequel,
e.g., f(w,z;) = L(w, (xi,y:))-

Intuitively, the OOD generalization is decided by the per-
formance of the model on a shifted distribution close to
the training data-generating distribution Py (Hendrycks &
Dietterich, 2018; Hendrycks et al., 2020b). Thus defining
OOD generalization should involve the distributional dis-
tance which measures the distance between distributions.
We use the Wasserstein distance as in (Sinha et al., 2018).

Let P,,(-) = £ 37 | 1{._4,} be the empirical distribution,
and Bw, (Po,r) = {P : Wy,(Py, P) < r}. Then we define
the OOD generalization error as

d
Egen (ps7) = sup
PEBw, (Po,r)

Rp(w) — Rp, (w)|,  (3)

under the W-distance with p € {2, co}. Extension to the
other OOD generalization with p < oo is straightforward by
generalizing the analysis for p = 2. Note that (3) reduces to
the generalization error on in-distribution data when r = 0.

Definition 1. A model is (r, €, P, p)-input-robust, if

Ep | sup |f(w,z+3d)— f(w,z)|| <e 4)

18llp<r

With the input-robustness in Definition 1, the following
Theorems 1 and 2 give the generalization bounds on the
OOD data drawn from () € Bw, (P, o) with p € {2, c0}.
Theorem 1. If a model is (2r, €, P,,, 00)-input-robust, then

1Py|m7() = 1{:y1} where 1{.:

y;} 18 the indicator function.

with probability at least 1 — 0,

2D
2do) 72 Tt 1log 2 + 2log (1
8;::(0077‘0)§6+M (2o) Oi u Og(9)7 )

for any ro < r. Here D is the {1-diameter of data support
X with dimension dy, and M is an upper bound of f(w, x).

Theorem 2. Ifa model is (21 /¢, €, Py, 2)-input-robust, then
with probability at least 1 — 6,

2¢2D
2do) 2 " log2+21og (%
55’53(2,ro)<(M+1)e+M\/( 0) (;g i 0g(9)7 ©

for any ro < r, where the notations follow Theorem 1.

Remark 1. When rq = 0, the bounds in Theorems I and 2
become the generalization bounds on in-distribution data.

Remark 2. The € in Theorem 2 can not be infinitely small,
as the model is required to be robust in B(x;, 2r /€) for each
x;. Specifically, when ¢ — 0, the robust region B(x;,2r/€)
can cover the data support X, then the model has almost
constant output in X.

Remark 3. The bounds (5) and (6) become vacuous when
r is large. Thus, our results can not be applied to those
OOD data from distributions far away from the original
training distribution. For example, ImageNet-R (Hendrycks
et al., 2020a) consists of data from different renditions e.g.,
photo vs. cartoon, where most pixels vary, leading to large
lw — |5 in (1), and thus large distributional distance.

The proofs of Theorems 1 and 2 are in Appendix A.1. Lem-
mas 1| and 2 in Appendix A show that the OOD data concen-
trates around the in-distribution data with high probability.
Thus, the robustness of model on training samples guaran-
tees the generalization on OOD data. The observations from
Theorems 1 and 2 are summarized as follows.

1. The right-hand sides of bounds (5) and (6) imply that a
more input-robust model (i.e., a larger r and a smaller €
in Definition 1) has smaller OOD generalization bound,
and thus better performance on OOD data.

2. For both (5) and (6), a larger number of training sam-
ples n results in smaller upper bounds. This indicates
that in a high-dimensional data regime with a large
feature dimension d of data and diameter D of data
support, more training samples can compensate for
generalization degradation caused by large dy and D.

3. The bounds (5) and (6) are independent of the model ca-
pacity. Compared with other uniform convergence gen-
eralization bounds which increase with the model ca-
pacity (e.g., Rademacher complexity (Yin et al., 2019)
or entropy integral (Sinha et al., 2018)), our bounds are
superior for models with high capacity.
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Algorithm 1 Multi-Step SGD.
Input: Number of training steps 7', learning rate for model
parameters 7,,, and adversarial input 7., two initialization
points w1, 1, constant p € {2, oo} and perturbation size r.
Return wr4 ;.

1: fort=1,---,T do

2:  Uniformly sample i; from {1,--- ,n}.
3: fork=1,--- ,Kdo
4 011 =Projg (g, (0k+n2Vaf(wy, i, +01)).
5:  end for
6
7

Wil = Wi — N, Vo f (W, Ti, + 0r41).
: end for

3.2. Adversarial Training Improves Input-Robustness

As is justified in Theorems 1 and 2, the input-robust model
can generalize on OOD data. Thus we consider training an
input-robust model with the following objective

n

. 1
min Rp, (w,p) = min — sup
w won ; 181l <r(p)

flw,z; +9)

n

1
=min— » [f(w, @)+ sup (f(w,zi+8)—f(w, )],
v ”i=1\7—/ 1811, <r(»)

input-robustness

@)
which is from AT (Madry et al., 2018), and can be decom-
posed into the clean accuracy term and the input-robustness
term. We consider p € {2,00} as in Section 3.1, with
r(2)=2r/€q, r(c0) =2r for any given small constant €.

Besides the general assumptions in Section 3.1, we also use
the following mild assumptions in this subsection.

Assumption 1. The loss f(w,x) satisfies the following
Lipschitz smoothness conditions

[V f(wi, @) — Vo f(w2,z)|| < Li1|lwi — w2,

[V f(w, 1) — Vw f(w, z2)|| < Liz|lzr — 22, ®
[Vaf(wi, @) — Vo f(wz,z)|| < Lo1||wi — w2,

Ve f(w, 1) = Vo f(w,z2)|| < Laz||z1 — 2.

Assumption 2. ||V, f(w,x)| is upper bounded by G.

Assumption 3. Forp € {2, 00}, Rp, (w, p) in (7) satisfies
the PL-inequality:

1 - - e
5IVulie, (@, DI 2 (R, (w,p) ~inf Re, (w,p)) . ©)

For any w and training sample x;, f(w,x; + 8) is g, -
strongly concave in 8 for ||8], < r(p):

Fw,@i4+8)~f(w, @) < (Vaf(w,@:),8)~ 28], (10)
where i, and L, are constants.

Assumptions 1 and 2 are widely used in minimax optimiza-
tion problems (Nouiehed et al., 2019; Sinha et al., 2018).

PL-inequality in Assumption 3 means that although f(w, x)
may be non-convex on w, all the stationary points are
global minima. This is observed or proved recently for
over-parameterized neural networks (Xie et al., 2017; Du
et al., 2019; Allen-Zhu et al., 2019; Liu et al., 2020). The lo-
cal strongly-concavity in Assumption 3 is reasonable when
the perturbation size ||§]|,, is small.

To solve the minimax optimization problem (7), we consider
the multi-step stochastic gradient descent (SGD) in Algo-
rithm 1 (Nouiehed et al., 2019). Proj 4(-) in Algorithm 1 is
the ¢5-projection operator onto A. Note that the update rule
of §j, in Algorithm 1 is different from that in PGD adversar-
ial training (Madry et al., 2018), where V. f (w;, ;, + d%)
in Line 4 is replaced with the sign of it.

The following theorem gives the convergence rate of Algo-
rithm 1 both in expectation and in high probability.
Theorem 3. Ler w; be updated by Algorithm 1, p€ {2, oo},

T pador?
thzﬁ) nw:ﬁ; K> %IOg (8 : Gz (p))
Mg = Minj<i<p o, and L = Liq + % Under As-
sumptions 1, 2, and 3, we have

, where

2

E[an (wT"'lvp)] - RPn (w*7p) < TIJ/%U )

(1D
and with probability at least 1 — 0,

an (wT+17p) - an (’U)*7p)
< G2 log (log (T/6))(64L + 16p.,) + G*L  (12)
= TM%’ )

for0 <6 <1/e, T > 4, withw* € argmin,, Rp, (w,p).

This theorem shows that Algorithm 1 is able to find the
global minimum of the adversarial objective (7) both in
expectation and in high probability. Specifically, the conver-
gence rate of Algorithm 1is O(1/[T/K]) = O(K/T) =
O(1/T), since the number of inner loop steps K is
O(log (T'dor(p)?)), which increases with the feature di-
mension of input data dy and the size of perturbation . The
proof of Theorem 3 is in Appendix A.2.

The following Proposition 1 (proof is in Appendix A.2.2)
shows that the model trained by Algorithm 1 has a small
error on clean training samples, and satisfies the condition
of input-robustness in Theorems 1 and 2.

Proposition 1. If Rp, (w) < ¢ for w and a constant
then Rp (w) < ¢ and f(w,z) is (r(p), 2¢, P, p)-input-
robust.

According to Theorem 3 and Proposition 1, after
T training steps in Algorithm 1, we can obtain a
(r(p), O(1/T), Py, p)-input-robust model when Rp, (w*)
is close to zero. Thus, combining Theorems 1 and 2, we get
the following corollary which shows that the adversarially
trained model generalizes on OOD data.
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Corollary 1. For p € {2, 00}, with the same notations as
Theorem 1 and 3, if Rp, (w*,p) < €, then with probability
at least 1 — 0,

sup Rp(wr+1,2) < (2M + 3)eo

PEBw, (Po,r/€0)

G?log (log (27°/0))(64L + 16p40) + G2L>
Tu2,

+ (2M—|—3)<

2¢2D
+M\j (2do) = ™ log 2+21og (2/6)

n

and

sup  Rp(wri1,00) < 3eo

PEBy__ (Po,r)

N G?log (log (2T/6))(192L + 484) + 3G*L
Tz

+M\/2dr 10g2+210g(2/0)

I

forany0 <0 <1/eandT > 4.

This corollary is directly obtained by combining Theorem

1, 2, 3, and Proposition 1. It shows that the excess risk (i.e.,

the terms in the left-hand side of the above two inequalities)
of the adversarially trained model on OOD data is upper
bounded by O(1/+/n+1/T) after T steps. The dependence
of the bounds on hyperparameters like input data dimension
dp, ¢1-diameter D of data support X are from the OOD
generalization bounds (5), (6), and convergence rate (12).

4. Robust Pre-Trained Model has Better
Initialization on Downstream Tasks

The paradigm of “first pre-train and then fine-tune” has been
widely explored recently (Radford et al., 2021; Hendrycks
et al., 2020b). In this section, we theoretically show that
the input-robust pre-trained model provides an initialization
that generalizes on downstream OOD data.

Assume the m i.i.d. samples {z;} in the pre-training stage
are from distribution (). For a small constant ep.. and given
7(2) = 7/€pre,7(00) = 7, the following Theorems 4 and
5 show that the pre-trained model with a small excess risk
on OOD data in the pre-training stage also generalizes on
downstream OOD data. The proofs are in Appendix B.1.

Theorem 4. If supge g, (Qo,r(c0)) @ (Wpre) < €pre, then

sup Rp(wpre) < €pre + 2MTV(Po, Qo), (13)

PeBy,, (Po,r(c0))

and with probability at least 1 — 0,

Rp, (Wpe, 00) < €pret2MTV(Po, Qo)+ M W. (14)

Theorem 5. IfsupQEBvv2 (Qor0) Ro(wpre) < €pre With
ro = \/2D2TV(Py, Qo) + r(2)2, then
sup Rp(wpre) < €pre + 2MTV (P, Qo). (15)

PEBuw, (Po,r(2))

Remark 4. The self-supervised pre-training (e.g., masked
language modeling in BERT (Devlin et al., 2019)) can also
be included into the f(w,x) in Section 3.1, if we take label
y ~ Pyz as the distribution of the artificially constructed
labels (e.g., masked tokens in BERT).

When we implement fine-tuning on downstream tasks, the
model is initialized by wp.. Combining the results in The-
orems 1 and 2 (an input-robust model has small OOD
generalization error) with Theorems 4 and 5, we con-
clude that the input-robust model has small excess risk
on the OOD data in the pre-training stage, and thus gen-
eralizes on the OOD data of downstream tasks. Specifi-
cally, (13) and (15) show that the initial OOD excess risk
in the fine-tuning stage sup pe g, (P, r(p)) Rp(wpye) is de-
cided by terminal OOD excess risk in pre-training stage
SUPQe Bw, (Qo,r(p)) Rg(wpre) and the total variation dis-
tance TV (Fy, Qo). The intuition is that if wy. generalizes
well on distributions around )y, and F; is close to )y un-
der the total variation distance, then w, generalizes on
downstream OOD data.

To satisfy the condition supgep,, (Qo.r(») F@ (Wpre) <
€pre in Theorems 4 and 5, we can use adversarial pre-training.
Corollary 1 implies €ye = O(1/4/m) by implementing
sufficient adversarial pre-training. Thus, massive training
samples m in the adversarial pre-training stage improves
the OOD generalization on downstream tasks as €pe =
O(1/+/m) appears in the bounds (13) and (15).

Radford et al. (2021); Hendrycks et al. (2020b) empirically
verify that the standardly pre-trained model also general-
izes well on downstream OOD data. It was shown that
sufficient standard training by gradient-based algorithm can
also find the most input-robust model under some mild
conditions (Soudry et al., 2018; Lyu & Li, 2019). Thus,
SUPQe By (Qo,r(p)) 11@(Wpre) < €pre can hold even for
standardly pre-trained model. However, the convergence to
the most input-robust model of standard training is much
slower compared with AT, e.g., for linear model (Soudry
et al., 2018; Li et al., 2020). Hence, to efficiently learn
an input-robust model in the pre-training stage, we suggest
adversarial pre-training.

S. Experiments

5.1. Adversarial Training Improves OOD
Generalization

In this section, we verify our conclusion in Section 3 that
OOD generalization can be improved by AT (Corollary 1).
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Table 1: Clean and corruption accuracy (%) of ResNet34 on CIFAR10-C and ImageNet—C using standard training and

adversarial training under both /5-norm and ¢,-norm.

Noise Blur

Method | Clean Gauss  Shot  Impulse | Defocus Glass

Dataset

Weather Digital

Zoom | Snow Frost Fog Bright | Contrast Elastic Pixel JPEG Ave.

CIFAR10-C

Std 94.82 | 3475 4043 2545 59.85 4895 67.58
Adv-l; | 9493 | 7039 7424 4517 7277 7134 7351
Adv-l, | 9348 | 80.18 80.80 62.73 7771 7710 7546

63.85 | 73.31 6287 67.03 90.69 36.83 76.00 4289 7584 | 57.75
80.26 | 83.28 81.36 51.08 89.37 19.49 8339 79.78 89.52 | 71.00
82.47 | 8345 8232 41.00 88.15 16.10 83.82 8598 89.36 | 73.78

ImageNet-C

Std 74.01 | 1897 1839 12.98 6.32 9.76 11.49
Adv-ly | 73.66 | 30.13 28.93 25.05 3291 2561 3450
Adv-lo, | 68.36 | 2594 2561 21.17 2456  32.81 32.20

9.37 878 1298 621 3374 431 1829 2391 29.08 | 14.97
32.84 | 27.39 33.82 36.52 62.18 31.73 4291 4786 51.55 | 36.26
34.57 | 26.70 3347 1122 56.07 12.34 47.67 57.32 59.10 | 33.38

5.1.1. EXPERIMENTS ON IMAGE CLASSIFICATION

Data. We use the following benchmark datasets.

* CIFARI1O0 (Krizhevsky & Hinton, 2009) has 50000 col-
orful images as training samples from 10 object classes.
CIFAR10-C simulates OOD colorful images with 15
types of common visual corruptions, which serves as a
benchmark to verify the OOD generalization of model
trained on CIFAR10. Each type of corruption has five
levels of severity, and each severity has 10000 valida-
tion samples. The 15 types of corruptions are divided
into 4 groups: Noise, Blur, Weather and Digital.

e ImageNet (Deng et al., 2009) contains colorful im-
ages with over 1 million training samples from 1,000
categories. Similar to CIFAR10-C, ImageNet-C
serves as a benchmark of OOD data with 15 types of
corruptions. Each type of corruption has five levels of
severity with 50000 validation samples in it. A visual-
ization of ImageNet—C is in Figure 2 in Appendix.

Setup. The model used in this subsection is ResNet34
(He et al., 2016). To verify that adversarial training
helps improve OOD performance, we conduct Algorithm
1 on CIFAR10, ImageNet and evaluate the model on
CIFAR10-C and ImageNet—-C, respectively. The num-
ber of inner loop steps K is 8 for CIFAR1O0, and 3 for
ImageNet. The models are trained by SGD with momen-
tum. The number of training epochs is 200 for CIFAR1O,
and 100 for ImageNet. The learning rate starts from 0.1
and decays by a factor 0.2 at epochs 60, 120, 160 (resp.
30, 60, 90) for CIFAR1O (resp. ImageNet). Detailed
hyperparameters are in Appendix C.

We compare adversarial training under ¢5- and ¢,,-norm (re-
spectively abbreviated as “Adv-{5” and “Adv-{..”) against
standard training (abbreviated as “Std”). For Adv-{,, we
replace V f (w;, ¢;, + d) in Line 4 of Algorithm 1 with
the sign of it as in (Madry et al., 2018), in order to find
stronger adversarial perturbation (Goodfellow et al., 2015).

Main Results. In Table 1, for each type of corruption, we
report the test accuracy on CIFAR1 0—C under the strongest

corruption severity level 52. For ImageNet-C, we re-
port the average test accuracy of five severity levels as in
(Hendrycks & Dietterich, 2018). We also report the test
accuracy on CIFAR10 and ImageNet in the column of
“Clean” for comparison.

As can be seen, Adv-/5 and Adv-{, improve the average
accuracy on OOD data, especially under corruption types
Noise and Blur. This supports our finding in Section 3 that
AT makes the model generalize on OOD data. Though
AT improves the OOD generalization on all corruption
types for ImageNet—C, it degenerates the performance
for data corrupted under types Fog, Bright and Contrast
in CIFAR10-C. We speculate this is because these three
corruptions intrinsically rescale the adversarial perturbation,
and refer readers to Appendix D.1 for a detailed discussion.

Ablation Study. We study the effect of perturbation size
and the number of training samples n for adversarial training
in bounds (5) and (6). Due to the space limit, we put the
implementation details and results in Appendix D.

The results for the effect of perturbation size r are in Fig-
ures 3-4 in Appendix D.1. As can be seen, the accuracy on
OQOD data CIFAR10-C first increases and then decreases
with an increasing r. This is because the upper bounds
of excess risk in (5) and (6) are decided by both the clean
accuracy and input-robustness. However, an increasing per-
turbation size r improves the input-robustness, but harms
the clean accuracy (Raghunathan et al., 2019). Specifically,
when the perturbation size r is small, the clean accuracy
is relatively stable and the robustness dominates. Thus the
overall OOD performance increases as r increases. How-
ever, when r is relatively large, a larger r leads to worse
clean accuracy though better robustness, and can lead to
worse overall OOD performance. Thus, to achieve the opti-
mal performance on OOD data, we should properly choose
the perturbation size r rather than continually increasing it.

The results for the effect of the number of training samples
n are in Figures 5-6 in Appendix D.2. The accuracy on
OOD data increases with the number of training samples,
which is consistent with our findings in Theorems 1 and 2.

2Lighter severity levels exhibit similar trends but with smaller
performance gaps between adversarial and standard training
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Table 2: Performance of BERT base model on NLU tasks
using standard training and adversarial training under both
f5-norm and {,,-norm.

Dataset Train Test Std Adv-ly Adv-lo
Images Images 98.38 97.81 96.39
i MSRvid 89.52(-8.86)  90.61(-7.20)  90.09(-6.30)
MSRvid MSRvid 98.55 97.45 96.65
STS-B Images 84.12(-14.43)  83.63(-13.82) 83.11(-13.54)
Headlines Headlines 97.59 96.73 95.75
MSRpar 62.07(-35.52)  64.48(-32.25) 67.67(-28.08)
MSRpar MSRpar 97.55 97.33 97.55
Headlines | 75.58(-21.97) 75.27(-22.06) 76.12(-21.43)
SST-2 SST-2 93.57 93.57 93.92
SST—2: TMDb IMDb 90.06(-3.51)  91.50(-2.07)  91.32(-2.60)
’ IMDb IMDb 94.36 94.88 94.68
SST-2 87.00(-7.36)  88.53(-6.35)  88.07(-6.61)
Telephone 83.01 83.16 82.90
MNLI Telephone Letters 82.45(-0.56)  83.76(+0.60)  84.07(+1.17)
Face-to-face | 81.56(-1.45)  83.59(+0.43)  83.59(+0.69)

5.1.2. EXPERIMENTS ON NATURAL LANGUAGE
UNDERSTANDING

Data. Asin (Hendrycks et al., 2020b), we use three pairs
of datasets as the original and OOD datasets for NLU tasks.

e SST-2 (Socher et al., 2013) and IMDb (Maas et al.,
2011) are sentiment analysis datasets, with pithy expert
and full-length lay movie reviews, respectively. As in
(Hendrycks et al., 2020b), we train on one dataset and
evaluate on the other. Then we report the accuracy of a
review’s binary sentiment predicted by the model.

* STS-B consists of texts from different genres and
sources. It requires the model to predict the textual
similarity between pairs of sentences (Cer et al., 2017).
As in (Hendrycks et al., 2020b), we use four sources
from two genres: MSRpar(news), Headlines (news);
MSRvid(captions), Images(captions). The evaluation
metric is Pearson’s correlation coefficient.

* MNLT is a textual entailment dataset which contains
sentence pairs from different genres of text (Williams
et al., 2018). We select training samples from two
genres of transcribed text (Telephone and Face-to-Face)
and the other of written text (Letters) as in (Hendrycks
et al., 2020b), and report the classification accuracy.

Setup. For a pre-trained language model e.g., BERT, each
input token is encoded as a one-hot vector and then mapped
into a continuous embedding space. Instead of adding per-
turbations to the one-hot vectors, we construct adversarial
samples in the word embedding space as in (Zhu et al.,
2019).

The backbone model is the base version of BERT (Devlin
et al., 2019) which has been widely used in the NLP com-
munity. We conduct AT in the fine-tuning stage to see
its effectiveness on OOD generalization. The models are
trained by AdamW (Loshchilov & Hutter, 2018) for 10

epochs. Detailed hyperparameters are in Appendix C. As in
Section 5.1.1, we compare Adv-¢5 and Adv-£., with Std.

Main Results. In Table 2, we report the results on in-
distribution data and OOD data, and the gap between them
(in the brackets) as in (Hendrycks et al., 2020b). The gaps in
brackets are used to alleviate the interference by the general
benefits from AT itself, since it was shown in (Zhu et al.,
2019) that AT can improve the generalization ability of
model on in-distribution textual data.

As can be seen, adversarially trained models perform sim-
ilarly or even better than standardly trained models on in-
distribution data, while significantly better on OOD data es-
pecially for MNLI. The smaller gaps between in-distribution
and OOD data support our finding that AT can be used to
improve OOD generalization.

5.2. Robust Pre-Trained Model Improves OOD
Generalization

Previously in Section 4, we theoretically show that an input-
robust pre-trained model gives a better initialization for
fine-tuning on downstream task, in terms of OOD general-
ization. In this section, we empirically show that this better
initialization also leads to better OOD generalization after
finetuning on image classification tasks.

Setup. Following (Salman et al., 2020a), we pre-train the
model on ImageNet and then fine-tune it on CIFAR1O.
To get an input-robust model in the pre-training stage, we
consider adversarially pre-train the model. We compare
adversarial pre-training (Adv-{5 and Adv-/,) against stan-
dard pre-training and no pre-training as in Section 5.1.1. In
the fine-tuning stage, the data from CIFAR10 are resized
to 224 x 224 as in (Salman et al., 2020a). We also compare
stadard fine-tuning and adversarial fine-tuning under both
ls- and {,-norm. After fine-tuning, we verify the OOD
generalization on CIFAR10~-C. The other settings are the
same as Section 5.1.1.

Main Results. The results are shown in Table 3. As can be
seen, for all fine-tuning methods, adversarially pre-trained
models consistently achieve better performance on OOD
data than standardly pre-trained models or models without
pre-training. Thus, the initialization from the adversarially
pre-trained input-robust model leads to better OOD general-
ization on downstream tasks after fine-tuning. In addition,
standard pre-training slightly improves the OOD generaliza-
tion compared with no pre-training when we conduct Adv-
{~ fine-tuning or standard fine-tuning. We also observe
that for all four kinds of pre-training, adversarial fine-tuning
under /,-norm has better performance than ¢5-norm. This
agrees with the observations in Section 5.1.1. Note that the
results of models without pre-training are different from



Improved OOD Generalization via Adversarial Training and Pre-training

Table 3: Clean and corruption accuracy (%) of ResNet34 on CIFAR10-C with no pre-training, standard pre-training, and
adversarial pre-training under ¢5-norm and ¢.,-norm.

Noise

Blur

Weather

Digital

Fine-Tuning | Pre-Training | Clean Gauss  Shot Impulse | Defocus Glass Motion Zoom | Snow Frost Fog  Bright | Contrast Elastic Pixel JPEG Ave.
No 95.21 | 40.55 40.64 1991 8321 6777 7786 9031 | 80.71 7791 6727 90.88 | 48.14 80.80 81.99 80.84 | 68.59

sud Std 94.65 | 4125 4291 2258 85.19  71.03 7849 90.82 | 82.78 80.04 67.66 89.97 | 45.70 83.89 82.03 80.99 | 69.69
Adv-£y 95.06 | 45.10 50.58  27.57 8727 7295 79.08 90.57 | 83.29 7725 6541 90.15 | 50.41 82.81 78.01 78.95 | 70.63

Adv-lo 9430 | 40.94 4642  29.39 87.60 7079 8144 90.69 | 82.77 79.28 68.84 89.19 | 4529 83.59 83.13 80.86 | 70.68

No 9443 | 56.82 60.58  29.34 8544 7167 81.80 90.08 | 83.68 80.37 61.68 89.96 | 34.76 8376 85.16 8324 | 71.89

Adv-l, Std 94.09 | 57.64 6096 2635 86.78  73.52 8216 90.46 | 82.12 80.64 62.58 88.98 34.68 8429 8342 8342 | 71.87
Adv-ly 9445 | 5898 6299  35.08 87.07 7229 81.66 91.07 | 83.53 81.38 6282 89.52 | 39.53 84.35 86.60 88.55 | 73.69

Adv-L 95.25 | 58.64 62.18 29.86 88.15 73.00 8295 9198 | 8476 83.86 64.76 91.00 | 37.35 84.65 86.57 88.59 | 73.89

No 9246 | 8091 81.69 52.00 79.58  80.94 7742 80.21 | 80.57 79.35 3541 83.15 18.06 8351 8779 87.44 | 72.54

Adv-Ly Std 92.05 | 80.21 81.06  63.02 7794 77180 7560 80.04 | 83.77 8122 41.57 89.94 19.04 8239 8549 88.76 | 73.86
Adv-ly 92.55 | 81.96 82.86 5895 80.51  82.66 7821 86.56 | 81.49 81.10 42.07 89.76 18.56 84.58 88.53 88.05 | 75.06

Adv-£o 92.28 | 81.74 8237 56.96 80.34 81.90 7794 8576 | 81.48 8170 4299 89.00 18.45 84.50 88.07 87.50 | 74.71

those in Table 1 due to the resized input data. the classification layer. Denote h, hye, € R128X768 a5 the

5.3. Discussion

It is shown in (Hendrycks et al., 2020b) that the language
model BERT (Devlin et al., 2019) pre-trained on large
corpus generalizes well on downstream OOD data, and
RoBERTa (Liu et al., 2019) pre-trained with more train-
ing data and updates generalizes even better than BERT.
We speculate this is because (i) sufficient pre-training ob-
tains an input-robust model as discussed in Section 4, and
this better-initialization leads to better OOD generalization
after finetuning as observed in Section 5.2; and (ii) the ob-
jective of masked language modeling predicts the masked
(perturbed) input tokens and enables a certain amount of
input-robustness.

In this section, we empirically show that the model initial-
ized by BERT has higher input-robustness than a randomly
initialized model. Besides, compared with BERT, RoBERTa
is pre-trained with more training samples and updating steps
and the model initialized by it is more robust to input per-
turbations.

Setup. We compare the input-robustness of the base ver-
sions of pre-trained language model BERT (Devlin et al.,
2019) and RoBERTa (Liu et al., 2019), against a randomly
initialized model whose parameters are independently sam-
pled from N(0,0.022) (Wolf et al., 2020). The three mod-
els have exactly the same structure. Compared with BERT,
RoBERTa is pre-trained on a larger corpus for more updat-
ing steps. Experiments are performed on MRPC and CoLA
datasets from the GLUE benchmark (Wang et al., 2018),
with 3.7k and 8.5k training samples, respectively. Similar
as Section 5.1.2, we add adversarial perturbations in the
embedding space. We use 3 steps of /.,-norm attack to
construct perturbation. The perturbation size is 0.001 and
the perturbation step size 0.0005. Since the the last classifi-
cation layer of BERT or RoBERTa is randomly initialized
during downstream task fine-tuning, we study the difference
in the hidden states of the last Transformer layer before

hidden states from the original input and the adversarially
perturbed input, respectively. We use the £5-norm |/hpe, —hl|
and the cosine similarity (h, hpe,)/(||h||[hpe||) to measure
the difference. The cosine similarity is used to alleviate the
potential interference caused by the scale of h over different
pre-trained models. The results are in Figure 1.
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Figure 1: Difference of hidden states in the last Transformer
layer between the original input and adversarially perturbed
input, measured by ¢s-norm and cosine similarity. The
models compared are randomly initialized model, BERT,
and RoBERTa. The datasets used are MRPC and CoLA from
the GLUE benchamrk. The dashed lines in the upper and
bottom figures are respectively the mean of ||hye, — h|| and
(h, hper) /(||| Bper||) from all samples in a dataset.

Main Results. The histograms of |hpe — h|| and
(h, hye) /(||h]|||/hpe||) from all training samples in MRPC
and CoLA are shown in Figure la, 1b and Figure Ic, 1d,
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respectively. We can observe that (i) BERT is more ro-
bust than the randomly initialized model, indicating that
the masked language modeling objective and sufficient pre-
training improves input-robustness, and leads to better ood
performance after fine-tuning; (ii) RoOBERTa is more input-
robust compared with BERT, which implies that that more
training samples and updating steps in the pre-training stage
improve the input-robustness. Combining with that a more
input-robust pre-trained model also leads to better OOD gen-
eralization on downstream tasks empirically (Section 4), the
above observations (i) and (ii) may also explain the finding
in (Hendrycks et al., 2020b) that BERT generalizes worse
on downstream OOD data than RoBERTa, but much better
than the model without pretraining.

6. Conclusion

In this paper, we explore the relationship between the ro-
bustness and OOD generalization of a model. We theoreti-
cally show that the input-robust model can generalize well
on OOD data under the definition of OOD generalization
via Wasserstein distance. Thus, for a model trained from
scratch, we suggest using adversarial training to improve the
input-robustness of the model which results in better OOD
generalization. Under mild conditions, we show that the
excess risk on OOD data of an adversarially trained model
is upper bounded by O(1/+/n + 1/T). For the framework
of first pre-training and then fine-tuning, we show that a pre-
trained input-robust model provides a theoretically good
initialization which empirically improves OOD generaliza-
tion after fine-tuning. Various experiments on CV and NLP
verify our theoretical findings.
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