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Abstract

We study the reward-free reinforcement learn-
ing framework, which is particularly suitable for
batch reinforcement learning and scenarios where
one needs policies for multiple reward functions.
This framework has two phases: in the explo-
ration phase, the agent collects trajectories by in-
teracting with the environment without using any
reward signal; in the planning phase, the agent
needs to return a near-optimal policy for arbitrary
reward functions. We give a new efficient algo-
rithm, Staged Sampling + Truncated Planning
(SSTP), which interacts with the environment at

most O (SQApoly log (SAH)> episodes in the

€2 €

exploration phase, and guarantees to output a near-
optimal policy for arbitrary reward functions in
the planning phase, where S is the size of state
space, A is the size of action space, H is the
planning horizon, and e is the target accuracy
relative to the total reward. Notably, our sam-
ple complexity scales only logarithmically with
H, in contrast to all existing results which scale
polynomially with H. Furthermore, this bound

o . 2
matches the minimax lower bound 2 (i;“) up

to logarithmic factors. Our results rely on three
new techniques : 1) A new sufficient condition
for the dataset to plan for an e-suboptimal pol-
icy ; 2) A new way to plan efficiently under the
proposed condition using soft-truncated planning;
3) Constructing extended MDP to maximize the
truncated accumulative rewards efficiently.

1. Introduction

Reinforcement learning (RL) studies the problem in which
an agent aims to maximize its accumulative rewards by inter-
action with an unknown environment. A major challenge in
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RL is exploration for which the agent needs to strategically
visit new states to learn transition and reward information
therein. To execute efficient exploration, the agent must
follow a well-designed adaptive strategy by which the agent
is properly guided by the reward and transition information,
other than the trivial random exploration. Provably algo-
rithms have been proposed to help the agent visit new states
efficiently with a fixed reward and transition model. See
Section 2 for a review.

However, in various applications, it is necessary to re-design
the reward function to incentivize the agent to learn new de-
sired behavior (Altmanl |1999;|Achiam et al.l 2017} [Tessler
et al., 2018 Miryoosefi et al., 2019). To avoid repeatedly
invoking the learning algorithm and interacting with the
environment, it is desired to let the agent efficiently explore
the environment without the reward signal and collect data
based on which the agent can compute a near-optimal policy
for any reward function.

The main challenge of this problem is that the agent needs
to collect data that sufficiently covers the state space. This
problem was previous studied in (Brafman & Tennenholtz,
2003} Hazan et al.,|2019; Du et al.; 2019). Recently, |Jin et al.
(2020) formalized the setting, and named it reward-free RL.
In this setting, the agent first collects a dataset by interacting
with the environment, and then is required to compute an
e-optimal policy given any proper reward function.

Jin et al.|(2020) gave a formal theoretical treatment of this
setting. They designed a method which guarantees that
by collecting O ((M n m> poly log (S’AH/e))
episodes, the agent is able to output an e-optimal policy,
where S is the number of states, A is the number of actions,
and H is the planning horizon. [l They also provided an
Q SZA
Meénard et al.| (2020) gave tighter sample complexity bound.
We refer the readers to table [Tl for more details.

) lower bound. Recently, [Kaufmann et al.| (2020);

Unfortunately, it remains open what is the fundamental limit
of the sample complexity of reward-free RL. In particular,
compared to the §( S:QA) lower bound, all existing upper
bounds have a polynomial dependence on H. The gap be-

'Because we consider reward function satisfying the total re-
ward bounded by 1 setting (instead of H in their paper) this paper,
we rescale the error € to e H in the bound .
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tween upper and lower bound can be huge for environments
with a long horizon. Conceptually, this gap represents that
we still lack understanding on whether long horizon imposes
significant hardness on reward-free RL.

1.1. Our Contribution

In this work, we break the poly (H )-dependency barrier.
We design a new algorithm, Staged Sampling + Truncated
Planning (SSTP), which enjoys the following sample com-
plexity guarantee.

Theorem 1. For any €,6 € (0,1), there exists
an algorithm (SSTP, Algorithm [I) which can com-
pute an e-optimal policy for any reward function
that is non-negative and totally bounded by 1, af-
ter O ((i—f (S +1og (%))) polylog (SAH/€)) episodes
of exploration with probability 1 — 6.

The significance of our theorem is that we match the lower
bound of €2 (w) up to logarithmic factors on

S,A,H,l/e.ﬂ

Importantly, our bound only depends logarithmically on
the planning horizon H. This is an exponential improve-
ment over existing results, and demonstrates that long hori-
zon poses little additional difficulty for reward-free RL.
Furthermore, our bound only requires the reward to be to-
tally bounded (cf. Assumption[2)), in contrast to uniformly
bounded (cf. Assumption|[I]), which is assumed in previous
works. See Section 2] for more discussions.

Remark 1. Jin et al.| (2020),Kaufmann et al.| (2020) and
Ménard et al.|(2020) studied reward-free exploration on
the non-stationary episodic MDP (i.e., the transition model
depends on the level h € [H]), where the lower bound
of sample complexity is at least linear in H because the
complexity of MDP is larger (Jin et al.| [2018} |Zhang et al.|
2020c). In this paper, we consider the episodic MDP with
a stationary transition, that is, the transition model is inde-
pendent of the level. This is often considered to be a more
realistic model than the non-stationary transition model.
Furthermore, for non-stationary episodic MDP, our algo-
rithm could also provide a reward-free sample complexity
of O (254 (log (%) + S)), which matches current best re-
sult in (Ménard et al.| |2020) up to logarithmic terms (see
Section[6]for more discussion).

2. Related Work

We review relevant works in this section. Comparisons
between our algorithm and existing ones on reward-free RL
are provided in Table[T]

2The original bound is for the case the total reward is bounded
by H, and here we scale down the total reward by a factor of H.

Algorithm Sample Complexity l\i::"v:::if LogH
Mot 0 (250 + L ig) | No | o
(Kauﬁl:;_:e(l:l;% 2020} 0 (@(log(%) + S)) No No
(Méﬁ:rfe)i?fszf)zo) O (232 (log(5) + 5)) No No
Th?sS \Fl?;’lj)rk 0 (%(l(’g(%) + 5)) Yes Yes
et 2020 2 (S (0x(}) + )

Table 1. Sample complexity comparisons for state-of-the-art
episodic RL algorithms. See Section [2] for discussions on this
table. O omits logarithmic factors on S, A, H, 1/ but not 1/4.
Sample Complexity: number of episodes to find an e-suboptimal
policy. Non-unif. Reward: Yes means the bound holds under As-
sumption 2] (allows non-uniformly bounded reward), and No means
the bound only holds under Assumption[I} Log H: Whether the
sample complexity bound depends logarithmically on H instead
of polynomially on H.

Reward-dependent exploration In reward-dependent
exploration, the agent aims to learn an e-optimal policy
under a fixed reward. Some papers assumed there is a gen-
erative model which can be queried to provide a sample for
any state-action pair (s,a) (Kearns & Singh, [1999; |Azar
et al., [2013; [Sidford et al., [2018; |Agarwal et al., [2019; |L1
et al., 2020), and the sample complexity is defined as the
number of queries needed to compute an e-optimal policy. In
the online setting (Brafman & Tennenholtz, 2003; Kakade,
2003; IDann & Brunskill, [2015; |Dann et al., [2017; [2019;
Azar et al.|[2017; Jin et al.| 2018 [Zanette & Brunskill, 2019;
Kaufmann et al. 2020; |[Zhang et al. 2020c; [Wang et al.,
2020a; |[Zhang et al., [2020b), the agent starts from a fixed
initial distribution in each episode, and collects a trajectory
by interacting with the environment. Then the sample com-
plexity is given by the number of episodes that are necessary
to learn an e-optimal policy. The state-of-the-art result by

Zhang et al.| (2020b)) requires O (i—f + SZ%) number of
episodes.

Reward Assumption and Dependency on H For the re-
ward, the widely adopted assumption is r, € [0, 1] for all
h € [H], which implies the total reward Zthl r, € [0, H].
However, as argued in (Kakade) 2003} Jiang & Agarwal,
2018)), the characterization of sample complexity should
be independent of the scaling, i.e., the target suboptimality
e € (0,1) should be a relative quantity to measure the per-
formance of an algorithm. To this end, we need to scale the
total reward within [0, 1]. Then the assumption becomes:

Assumption 1 (Uniformly Bounded Reward). The reward
satisfies that r, € [0,1/H] for all h € [H].

Compared to Assumption [T} the totally-bounded reward as-
sumption (Assumption [2) is more general. Therefore, any
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upper bound under Assumption 2]implies an upper bound
under Assumption[I] In the view of practice, because en-
vironments under Assumption [2] can have high one-step
reward, it is more natural to consider Assumption [2|in envi-
ronments with sparse rewards, such as the Go game, which
are often considered to be puzzling. In the view of the-
oretical basis, it is more complicated to design efficient
algorithms under Assumption 2] due to the global structure
of the reward. [

Recent work (Zanette & Brunskill,|2019;Wang et al.,[2020a;
Zhang et al., |2020b) made essential progress in reward-
dependent exploration under Assumption 2 and obtained
sample complexity bounds that only scale logarithmically
with H.|Zanette & Brunskill| (2019) showed the main term
(with respect to 1/€%) does not depend on H. Wang et al.

(2020a)) proved a sample complexity bound of 0 (S i?4)

despite suffering an exponential computational cost, and
later (Zhang et al.l 2020b) achieved a nearly sharp sample

complexity bound of O (i—;“ + 524

) with a computation-

ally efficient algorithm. We use some technical ideas from
(Zhang et al.| 2020b)) (cf. Section @]) However, because
the problem settings are different, we need new techniques
to establish a nearly tight sample complexity bound for
reward-free exploration.

Reward-Free RL. The main algorithm in (Jin et al.|[2020)
assigns only non-zero reward for each state at every turn, and
utilizes a regret minimization algorithm EULER (Zanette
& Brunskill, 2019) to visit each state as much as possible.
Since their algorithm only learns one state each time, their
sample complexity bound is not tight with respect to H.
Kaufmann et al.| (2020) proposed RF-UCRL to achieve

sample complexity of O (S éf : (S + 1og(%))> by building

upper confidence bounds for any reward function and any
policy, and then taking the greedy policy accordingly. The
later work by Ménard et al.| (2020) constructed an explo-

ration bonus of ﬁ instead of the classical exploration
1

Based on the novel bonus, they achieve sample complexity

of O(% 48 (S +log(})). Recently, these results have been

extended to linear function approximation settings (Wang

et al.} 2020b; Zanette et al.,|2020). Reward-free exploration

is also related to another setting, reward-agnostic RL, in

which NV reward functions are considered in the planning

bonus of

where n(s, a) is the visit count of (s, a).

3Under Assumption [2| the reward still satisfies r, € [0, 1],
so if an algorithms enjoys an sample complexity bound under
Assumption [1] scaling up this bound by an H? for PAC bound,
one can also obtain a bound under Assumption [2} However, this
reduction is highly suboptimal in terms of H, so when comparing
with existing results, we display their original results and add a
column indicating whether the bound is under Assumption [2]or
Assumption

phase. Zhang et al.| (2020a)) provided an algorithm which

p 3
achieves O (H SA 1Og(EIZV) 10%(1/5))

sample complexity. See
Table [T|for a summary.

3. Preliminaries

Notations. Throughout this paper, we define [N] to be the
set {1,2,...,N} for N € Z,. We use [[£] to denote the
indicator function for an event &, i.e., I[€] = 1 if £ holds
and I[€] = 0 otherwise. For notational convenience, we set
t = In(2/0) throughout the paper. For two n-dimensional
vectors x and ¥, we use zy to denote 3, use V(z,y) =
> ziy? — (32, wiyi)?, and use z? to denote the vector
(22, 22, ..., 22]T for x = [x1, 23, ...,x,] . For two vectors
x,y, x > y denotes z; > y; foralli € [n]and z < y
denotes z; < y; for all i € [n]. We use 1 to denote the
S-dimensional vector [1,...,1]T and 1, to denote the S-
dimensional vector [0, ..., 1, ..., 0] T where the only non-zero

element is in the s-th dimension.

Episodic Reinforcement Learning. We first describe the
setting for standard episodic RL. A finite-horizon Markov
Decision Process (MDP) is a tuple M = (S, A, P, R, H, u1).
S is the finite state space with cardinality S. A is the finite
action space with cardinality A. P : S x A — A(S)
is the transition operator which takes a state-action pair
and returns a distribution over states. For h = 1,2, ..., H,
Ry : S x A — A(R) is the reward distribution with a
mean function 7, : § x A — R. H € Z, is the planning
horizon (episode length). p € A (S) is the initial state
distribution. P, R and p are unknown. For notational
convenience, we use Ps, and P, s to denote P(-|s,a)
and P(s'|s, a) respectively.

A policy 7 chooses an action a based on the current state
s € S and the time step h € [H]. Formally, we define
7 = {mn}:L | where for each h € [H], 71, : S — A maps
a given state to an action. The policy 7 induces a (random)
trajectory {si1,a1,r1,S2,a2,72,...,SH,ay, y}, Where
S1 ~ W, a1 = 71'1(81), T, ~ R(sl,al), So ~ P(-\sl,al),
as = ma(s2), etc. We use E; p/[-] and P, 5[] to denote
respectively the expectation and probability under policy 7
with respect to the MDP M, and omit M when M is clear
in the context,

The goal of RL is to find a policy « that maximizes the
expected total reward, i.e. max, E, {Zth rh} where the
expectation is over the initial distribution state y, the transi-

tion operator P and the reward distribution R.

As for scaling, we make the following assumption about the
reward. As we discussed in Section 2] this is a more general
assumption than the assumption made in most previous
works.
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Assumption 2 (Bounded Total Reward). The reward sat-
isfies that v, > 0 for all h € [H]. Besides, Zthl r, <1
almost surely.

Given a policy 7, a level h € [H] and a state-action pair
(s,a) € S x A, the Q-function is defined as:

Qh(s,a) = Eq

H
E rh | Sn = s,an = al .
h'=h

Similarly, given a policy 7, a level h € [H], the value
function of a given state s € S is defined as:

H
Vir(s) =E, lz rh | Sh zs,] .
h=h

Then Bellman equation establishes the following identities
for policy 7 and (s,a,h) € S x A x [H]

4. Technique Overview

The proposed algorithm has two main components: the
sampling phase and the planning phase. At a high level,
we first propose a sufficient condition (see Condition [2)) for
the agent to use the collect samples to learn an e-optimal
policy for any reward function satisfying Assumption [2}
Then we apply a modified version of Rmax (Brafman &
Tennenholtz, |2003)) to obtain samples to satisfy Condition@]
in the sampling phase.

4.1. Planning Phase
4.1.1. A TIGHT SUFFICIENT CONDITION

To obtain a near-optimal policy for any given reward func-
tion, a sufficient condition is to collect N samples for each
(s,a) pair, where N is some polynomial function of S, A
and 1/e. However, some (s, a) pairs might be rarely visited
with any policy so it is hard to get enough samples for such
pairs. To address this problem, we observe that such state-
action pairs contribute little to the accumulative reward. As

T _ T T T _ T
Qn(s,a) =7a(s,a) + Py Vit Vii(s) = Z m(als)@Q% (s, hentioned in (Jin et al} 2020), if the maximal expected visit

a

Throughout the paper, we let Vgii1(s) = 0 and
Qu+1(s,a) = 0 for notational simplicity. We use @},
and V}* to denote the optimal Q-function and V -function
at level h € [H], which satisfies for any state-action
pair (s,a) € § x A, Q5(s,a) = max, Q7 (s,a) and
Vi (s) = max, V7 (s).

Dataset A dataset D = {(s§,af,sf )} nweimx(x]
consists of trajectories of K episodes. We also define
{Ns,a,5' (D)} (s,a,5)esx Axs to be the visitation count and

{Ps,a,s’ (D) = %}(s,a,s’)ESxAxS to be the
empirical transition probability computed by D, where
P 4, (D) is defined as & if Y_; Ny 4,5(D) = 0. We further
define N, ,(D) = > Ns 4,5(D) and P; (D) be the vec-
tor such that the value of its s’-th dimension is P; , ¢ (D)
for all (s,a) € S x .A. With the notation defined above,

we let N(D) and P(D) be respectively the shorthands of
{Ns,a(D)}(&a)ESXA and {Ps,a(p)}(&a)eSX.A'

Reward-Free Reinforcement Learning Now we for-
mally describe reward-free RL. Let €,0 € (0,1) be the
thresholds of sub-optimality and failure probability. Reward-
free RL consists of two phases. In the exploration phase,
the algorithm collects a dataset D by interacting with the en-
vironment without reward information, and in the planning
phase, given any reward function  satisfying Assumption[2]
the agent is asked to output an e-optimal policy with prob-
ability at least 1 — §. The performance of an algorithm is
measured by how many episodes K used in the exploration
phase to make sure the planning phase succeeds.

count of (s, a) is A(s,a), then N (s, a) samples of (s, a)
is sufficient for us to compute a good policy. Instead of
considering each (s, a) pair one by one, we hope to divide
the state-action space into a group of disjoint subsets, such
that the maximal expect visit count of each subset is propor-
tionally to minimal visit count in this subset. This poses a
sufficient condition for the dataset in the plan phase.

Condition 1. Let K = |log,(2H/€)|. Given the dataset
D, the state-action space S X A could be divided into K +1
subsets S x A = X1 UXyU ... U X1, such that,

(1) Forany1 < i < K, Ns ,(D) > N; :=4- gg;forany
(s,a) € X;;

(2) For each 1 < 1 < K + 1,

sup, Er [Zthl [[(sn,an) € Xi]} <

it holds that

e

The following proposition shows this condition is sufficient.
The proof of Proposition|[I]is postpone to Appendix D}

Propeosition 1. Suppose Condition[l|holds for the dataset
D. Given any reward function r satisfying Assump-
tion 2} with probability 1 — 4S? A(log,(ToH) + 2)d, Q-
COMPUTING(P(D), N(D),r) (see Algorithm ??) returns
an e-optimal policy.

In previous work on reward-free exploration (Jin et al.,|2020;
Kaufmann et al.,2020;|Ménard et al.| [2020), sufficient condi-
tions similar to Condition[I|have been proposed to prove ef-
ficient reward-free exploration. However, to obtain a dataset
satisfying Condition|[I] the sample complexity bound is at
least polynomial in H in the worst case, which is the main
barrier of previous work. We give a simple counter-example
to explain why Condition [I]is hard to be satisfied without
a poly (H) number of episodes. Suppose there is a state
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5, such that for any other (s,a) € S x A Ps 4 5 = €1, and
for any action a Ps 4 ; = 1. Direct computation gives that
A(s) := >, A(s,a) = O(H?e;). However, the probabil-
ity that the agent never visit § in N episodes is at least

NA(s)
(1— He))N ~ e N ~ e=77 . Inthe case N < H,
the expected visit count in IV episodes is N A(s), while the
empirical visit count could be 0 with constant probability,
which implies the expected visited number and the empirical
visit can be very different in the N = o(H) regime.

To address this problem, we observe that in the example
above, the probability the agent reaches § is relatively small.
If we simply ignore 3, the regret due to this ignorance is
at most O(Hey) = O(\(s)/H) instead of original regret
bound of O(A(s)). This poses our main novel condition to
plan for a near-optimal policy given any reward function
satisfying Assumption 2] This is one of our key technical
contributions.

Condition 2. Recall K = |logy(2H/¢€)|. The state-
action space S X A could be divided into K + 1 subsets
SxA=XUXyU...UXk41, such that,

(1) N(s,a) > N; = 4 - LA MEARIO) - 4y (5,a) €
X forl <i<K;

(2) Recall Z; = max{min{ZL, H}, 1} for each 1 < i <
K+ 1. Foreach 1l <i < K + 1, it holds that
supy Po[ S0 I(snan) € %) > 2] <

sup,. E, [min{Zle I[(sn,an) € X;] ,ZZ-}] < Qﬁ,

€ and

Under Condition [2] the state-action space are divided into
K + 1 subsets according to their visit counts. For the state-
action pairs with visit counts in [V;, N;_1), different with
the second requirement in Condition[I] we require that the
maximal fruncated expected visit count is strictly bounded
proportionally to their visit counts. Let &; be the set of tra-
jectories satisfying that >0 T[(sp, an) € X;] > Zi. We
also requires that the probability of &; is no larger than € for
any policy. In fact, we directly pay loss of sup,. P [£;] due
to ignoring & when computing the value function. On the
other hand, Z; is far less than H when ¢ is relatively large,
which enables us to collect samples to satisfy Condition 2}

The selection of Z; is quite non-trivial. On one hand,
we need Z; large enough so that it is possible to ensure
sup,. P [Zthl I[{(sn,an) € Xl]] no larger than e (for ex-
ample, by choosing Z; = H + 1, we can easily make this
probability 0), and on the other hand, we need Z; small
enough to get rid of polynomial dependence on H. One
possible solution is to set Z; to scale linear as the maximal
expected visit count of &;, which plays a crucial role in the
analysis.

4.1.2. PLANNING USING AN AUXILIARY MDP

Suppose Condition [2] holds for some dataset D with the
partition {X;}X7! Because we only require the trun-
cated maximal expected visit is properly bounded in Con-
dition standard planning method cannot work triv-
ially. The main difficulty here is that, to apply the

bounds of sup, E,. [max{z,{il I{(sn,an) € & ,ZZ-}}

and sup,. P [£;], we should set the reward 0 if X; has been
visited for more than Z; times in an episode. A naive so-
lution is to encode the visit counts of {X;}X 1! into the
state space. However, in this approach, the size of the new
state space is exponential in .S, which leads to exponential
computational cost. Due to the reason above, to our best of
knowledge, no existing algorithms can direct learn such a

truncated MDP.

To address this problem, we consider an auxiliary MDP
M = <S U Send, A, rT,PT,uT>. Here Senq is an addi-

tional absorbing state. The reward function r1 is the same
as r except for an additional column 0 for senq, and the
transition probability P! is given by P!, = (1 — Z%_)Ps,a +
7 1., forany (s,a) € &; and P,...a =1, forany a.
In words, we add an absorbing state to the original MDP,
such that the agent would fall into s¢q if it visit X; for Z;
times in expectation for some 1 < ¢ < K + 1. Instead of
learning the truncated MDP, we consider a soft-truncated
MDP, which exponentially reduces computational cost. For
more details, we refer the readers to Section

4.2. Sampling Phase

Having identified the sufficient condition, we need to design
an algorithm to collect a set of samples that satisfy this
condition.

We make the partition S x A = UZK:':'[lXi by specifying X

fort =1,2,..., K + 1 one by one. We divide the learning
process into K stages. Take the first stage as an exam-
ple. At the beginning of the first stage, we assign reward
1toall (s,a) € S x A, and proceeds to learn with this
reward. Like RMAX, whenever the visit count of some
(s,a) pair is equal to or larger than Ny, we say this (s, a)
is known and set (s, a) = 0. We will discuss the problem
of regret minimization for this MDP with time-varying re-
ward function later and simply assume the regret is properly
bounded. Defining X be the set of known state-action pairs
after the first stage, the statements in Condition@]holds triv-
ially. Beside, the length of each stage is properly designed.
Combining this with the bound of regret, we show that the
maximal expected visit count of the unknown state-action
pairs is properly bounded. Because X» C (X7)¢, we learn
that the second part in the second statement in Condition 2]
holds for X5. We then continue to learn the second subset
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X5 and so on.

Note that in arguments above, we do not introduce Z; be-
cause Z; = H for the beginning stages by definition. In the
case Z; < H, there are two major problems.

The regret minimization algorithm Most regret min-
imization algorithms such (Azar et al. 2017} |Zanette &
Brunskill, [2019) works in the regime Z; = H, where no
truncation occurs. However, in the case Z; < H, the regret
bounds by these algorithms depends on H polynomially. To
address this problem, we constructed an expanded MDP
with truncated cumulative reward (see definition in Section
[5.1]), where the Q-function is strictly bounded by Z;. In
this way, we obtain desired regret bounds. We would like
to mention that our algorithm is somewhat similar to re-
cent work (Zhang et al.| |2020b) which addresses the regret
minimization problem with a total-bounded reward func-
tion. More precisely, after re-scaling, the reward function
in our regret minimization problem is also total bounded
by 1 and each single reward is bounded by 1/Z;. Although
the reward function might vary in different episodes, we
can provide efficient regret bounds in a similar way to the
analysis in (Zhang et al.,[2020b).

Bound of P[€;11] Recall that &; is the set of trajecto-
ries satisfying that Zthlﬂ[(sh,ah) € X > Z;. De-
fine Vi1 = (S x A)/(ALU...UX;) fori > 1 and
Vi = 8§ x A Tt is clear that W; is decreasing in
i. By the upper bound of regret (see Lemma [3), we
show that the maximal truncated expected visit count
sup, Ex {min{zthl L{(sh,an) € Vi 7ZZ-}} is properly
bounded. Noting that Z,,; < Z;, we have that

H
P [5i+1] < sup Pﬂ [ZH [(Sh, ah) S yiﬂ] > Zi+1
g h=1
H
<supPr | Y T[(sh,an) € Viga] > Zi
i h=1
H
+ sup E; | min ZH [(sh,an) € Vit1], Zi
Zi-i—l T he1
H
<supP, ZH[(sh,ah) eV >2Z;
g h=1
H
+ 7 supE, lmin {ZH [(sh,an) € Viti] ,ZZ}
+1 7 h=1

(1
By properly choosing the value of Z;, we show that the
second term in RHS of (T)) could be bounded by O(e). Then
by induction, we show that P [£;;1] < Ke. Noting that
K = |log,(2H/€)] is a logarithmic term, we can bound
the probability of P [€;1] properly.

Algorithm 1 MAIN ALGORITHM: STAGED SAMPLING +
TRUNCATED PLANNING
1: (D, {X}54") + STAGED SAMPLING (Algorithm 2);
2: Given any reward function r satisfying Assumption 2]
return 7 <~ TRUNCATED PLANNING(D, {X;} X4 7)
(Algorithm [3).

Following the arguments above, we set the number of
episodes in each stage to be Ty := C1w where Cy
is some large enough constant and [ is a poly-logarithmic
term in (S, A, H, 1/¢). At the beginning of an episode in
the i-th stage, we assign reward 1 to a state-action pair if its
visit number is less than /V; and otherwise 0. We then apply
Algorithm [ to minimize regret in each stage, and finally

obtain Xh Xg, vy XK+1.

For more technical details, we refer the reader to Section

B Iand[3.2]

5. Proof of Theorem 1]

Similar as in Section 4 our proof consists of two parts,
one for the sampling phase and another for the planning
phase. We propose the main lemmas for these two parts
respectively.

Lemma 1. By running Algorithm 2] with probability 1 —
K (2(logy(ToH) + 1) logy(ToH) + 452 A(logy (H) + 2)) 6,
we can collect a dataset D and obtain the partition
{X Y% such that Condition |2| holds for the collected

dataset D with the partition {X;}E41.  Besides, we

consumes at most KT, = O(W)

Algorithm

Lemma 2. Assuming Condition [2| holds for the collected
dataset D with partition {X; fiﬁl , with probability 1 —
4S2AKTyH (logy(To H) + 2)6, Algorithm[3|can compute
an e-optimal policy using these samples for any reward

function r satisfying Assumption 2}

episodes to run

Theorem [I] follows by combining Lemma [T] with Lemma
and replacing ¢ by poly(S, A, 1/e,log(H))d. The rest
part of this section is devoted to the proofs of Lemma|[I]and
Lemma

5.1. Sampling Phase: Proof of Lemmal[I]

As mentioned in Section ] we aim to collect samples such
that Condition [2 holds. Our algorithm proceeds in K + 1
stages, where each stage consists of T episodes. Therefore,
at most KTy = O(%) episodes are needed to run
Algorithm 2| In an episode, saying the k-th episode in
the i-th stage, we define Y* = {(s,a)|N*(s,a) < N;}
to be the set of unknown state-action pairs. In particular,
we define ); := V*() where k(i) is the first episode in
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Algorithm 2 STAGED SAMPLING

1: Initialize: D < 0, ); + S x A
2: fori=1,2,..., K do
3: (Di, Vit1) + TRVRL(, V5);
4 D <+ DUDy;
500 X Vi/Vin
6
7
8

: end for

s X1 < Vs
: Return (D, {X;} 4.

the i-th stage. Note that X; is defined as );/);+1 and
V1 =8 x A, whichmeans YV; 11 = Y1 /(X1 U...UX;) =
(§ x A)/(X U...UX;). So we have that W,; = )); for
i>1.

To learn the unknown state-action pairs, we adopt the
idea of Rmax by setting reward function to be r(s,a) =
I [(s, a)€ey k ] . However, by the definition of Condition
it suffices to assign reward 1 to the first Z; visits to );. So
it corresponds to learn a policy to maximize

min {ZH [(sn,an) € yk] 721}

h=1

Ex

To address this learning problem, we consider an expanded
MDP M* = <Sk,Ak,Pk,rk,pk>, where

St =8x[Z+1];

Ak = A;

(s, 2,a) =1[(s,a) € V¥, 2 < Zi],V(s, 2,a) € S¥ x A¥;

P*(s',2|s, z,a) = P(s|s,a) - (]I [ =z+1N(s,a) € Y]

-I—]I[z':zﬂ(s,a) ¢yk}>,V(s,a) eSx A zelZ];
P*(s', Z; + 1|5, Z; + 1,a) = P(s|s,a),¥(s,a) € S x A;
W5, 2) = () [z = 1].

Roughly speaking, a state in MP* not only represent its
position in S, but also records the reward the agent has
collected in current episode. We then define the pseudo
regret in the i-th stage as:

H H
R; := Z (sup]E7r [Z rﬁ} — Zrﬁ) ,
g h=1 h=1

k in stage ¢
where ¥ is a shorthand of 7*(s¥, 2¥ a¥). We show that R;
could be bounded properly in a similar way to (Zhang et al.,
2020b).

Lemma 3. For any 1 < i < K, by running
Algorithm H| with input i, with probability 1 —
(2(logy(ToH) + 1) logy (ToH) + 4S5 A(logy(Zs) + 2)) 6,

R; is bounded by

9, (ZZ-\/SATO(S ) + ZiSA(S + L)) G

Algorithm @] and the proof of Lemma [3] is postponed to
Appendix [B]due to limitation of space.

Let i be fixed. Recall that k; is the first episode in the i-th
stage. We define uy = sup, E. [Zthl Tﬂ LT = g
and u' = uy(;) where k(i) is the index of the last episode in

the i-th stage. Because r* k is also

is non-increasing in k,
non-increasing in k. If u* > I, then by Lemmaand the

213
definition of Tj; we have that there exists a constant C5 and
a poly-logarithmic factor [3 in (S, A, H, 1/€) such that

H
Tou,; — Z Zr}li

k in stage 1 h=1

< Culs (Z“/SATO(S T+ ZSA(S + L)) .

By choosing C11; > 8C5sls, we have that

H
Y. D
k in stage ¢ h=1
> Tou, — Cal (Z“/SATO(S 0+ ZiSA(S + L))
_ Cili SAH (1 + 65 In(SAH]/e))
- 2 g2

By choosing C'1 > 16, we learn that } 5 i, e i Sk s
2SAN;. On the other hand, each (s,a) could provide
at most NV; rewards in the ¢-th stage, which implies that
2k in stage Zthl rk < 25 AN;. This leads to a contradic-

tion. We then have that u; < 25

Again because the reward function is non-increasing in k,
we have that

| =

Uip1 Sy < 4

i

[\

Define p; = sup, P, [Zthl L{(sp,an) € Vi) > ZZ}.
Then we have that

H

Ziv1 < ZH [(sn,an) € Vig1] £ Z;
h=1

Piv1 < supPr
s

H

> ((snran) € Visa] > Z

+ sup P,
4 h=1

<1 [2i+16 > 1] Zﬂi
i+1

+ Di

< e+ p;.
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By induction, we can obtain that p; < ie < (K + 1)e
and Y1 p; < (K + 1)%. We claim that Condition
holds by defining X; = Y;/YViy1 for 1 < ¢ < K and
Xry1 = Vr+1.

(1) By the definition of }; 11 , we learn that for any (s,a) €
Xi, N(S,CL) 2 2Ni+1 Z Ni.

(2) By the arguments above, we have that for each 1 < ¢ <
K+1.

4 h=1

H
sup P lZH[(sh,ah) e X > Z;

H
< sup Pr [Z (sn,an) € Vil > Zi| =pi < (K +1)e

and

H
sup E lmax {ZH [(sh,an) € X, Zi}

h=1

S S Ui S 5
Noting that there are exactly K stages and each stage con-
sists of Ty = Cly SA(L+651H(SAH/€))10g2(H) episodes, we
prove that we can collect a dataset satisfying Condition 2]
within

SA(S +In(1/6))

KT, = O( S )

€
episodes.

5.2. Planning Phase: Proof of Lemma 2]

Suppose we have a dataset D satisfying Condition 2] with
partition {X;}**1 Let P, , and N(s, a) be the shorthand
of P, (D) and N(s, a)(D) respectively. Denote the empir-

ical transition and visit count of (s, a) as P , and N (s, a)
respectively.

As mentioned in Section[d] we consider the reward-free aux-
iliary MDP M = <S U {Send }, A pt ,u> The transition
function P, = (1 —i)PS,a + = 1 1., forall (s,a) € X;
and PJ =1 for any a. We first show that for any

Send @ Send
policy, the value function of M is O(e)-closed to that of
M.

Lemma 4. For any policy m and reward function r satisfy-
ing Assumption2land rs__, = 0, define V" and VlT7r be the
value function under M and M with 7 respectively. We
then have

VI <V < VT4 4(K 4+ 1)%
Instead of learning M, we aim to learn MT. Let P&a be

the empirical transition computed by the collected samples.
As described in Algorithm[3] foreach 1 <i < K + 1, we

Algorithm 3 Truncated Planning

1: Input: The partition {Xi}ffgl; the dataset D; the re-
ward function r.
2: Initialize: r(Senda,a) « 0; P(:|Send,a) < 1s,
foralla € A P + {Pya(D)}sajesxas N
{Ns,a(D)}s,0)es% A5
fori=1,2,.... K +1do
Pg,a +~ (1- %)Psa + %ilsend forany (s,a) € A;;
end for
for (s,a,h) € S x A x [H] do
Qn(s,a) «+ 1;
end for
for (a,h) € Ax H do
10: Qh(senda a) +— 05
11: end for
12: forh=H,H—1,....,1do
13:  for (s,a) € S x Ado

X RND>INAHW

hd

14:
bu (s, a) < 2 V(Pj,mvh-i-l)Ll 291
hA> N(s,a) 3N(s,a)’
)
Qn(s,a) + min{r(s,a) + If’;th_H +bn(s,a),1};
(6)
Vi (s) + max Qp(s,a);
a
15:  end for
16: end for

17: 7p(s) « argmax, Qn(s,a), Vs, h;
18: Return 7.

define Pf, = (1 - —)PS o + 7 1s,,, for (s,a) in X; and
then update backward the Q- function and value function
in an optimistic way. The final output policy 7 is induced
by the Q-function above. We first verify the ()-function is
optimistic, i.e.,

Lemma 5. With probability 1 —4S? AK Ty H (logy (To H ) +

2)0, Qn(s,0) = Q| (s,a) for any (s, a, h).

Without loss of generality, we assume p = 15,. Now

we bound the gap Vi*(s1) — V{(s1). Let ¢ =

min{To#H,Tg—;g} < 1,0, =8¢} and vy = In(1/6;) <
0

WSIn(TSH*/13).
Lemma 6. With probability 1 —45% AK Ty H (logo (To H ) +
2)4, it holds that

Vit(s1) = Vi"(s1) < Vi(s1) — Vi"(s1)

< Z wh(sv a, ”T)ﬂh(sv a’)

s,a,h

where wy(s,a,7) = E. pt [[[(sh,an) = (s,a)]] and
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T L L
Bu(s,a) == min{6y | e | 20 1y

Define w}(ﬂ) = D (sa)ex; 2n Wn(s,a,m) for 1 < i <
K +1.

Lemma 7. wj(ﬂ') < O(#f

Yfor1 <i<K.

By Lemmal[7] we further have
Lemma 8.

Z wp(8,a,™)Pr(s,a)

s,a,h

<0 Ke\/2+2 Z Z wy, (8, a,7)Br(s,a) + K2

s,a,h s,a,h

By Lemma[f|and solving the inequality
r < O(Key/2 + 2x + K2€%), we learn that

Vi (s1) = Vi (s1)
< Z wp (s, a,7)Br(s,a) <O (Ke + K262) .

s,a,h
Recall that by Lemma@ we have |V (s1) — V1T”(51)| <
O ((K +1)%€) and [V} (s1) — Vi (s1)| < O ((K + 1)%).
We then finally conclude that

Vi'(s1) = Vi (s1) < Z wy (s, a,m)Br(s,a) < O (K?).

s,a,h

Since K < log,(2H /¢), we finish the proof by rescaling e.

6. Discussions on Non-Stationary Episodic
MDP

We claim that SSTP could provide a reward-free sample
complexity of O(£ 48 (log (1) + 5)) with a slight modifi-
cation. Because the analysis for the non-stationary episodic
MDP is very similar to previous analysis, we only point
out the major differences between the proofs and omit the
details. We also follow previous notations.

Planning phase Let Ny (s, a) denote the count of (s, a, h)
in the dataset. For non-stationary episodic MDP, we pro-
pose a sufficient condition for the dataset to plan for a near-
optimal policy given any reward function as follows.

Condition 3. Recall K = |log,(2H/¢)|. S x A x [H]
could be divided into K + 1 subsets S x A x [H] =
XiUXU...U XK+1, such that,

(1) Np(s,a) > N; = 4 - Wﬁr any
(s,a,h) € X forl <i<K;

(2) Recall Z; = max{min{%,H}, 1} foreach 1 < i <
K+ 1. Foreach1 <1< K + 1, it holds that

sup, P[0 1[(sn,an,h) € X;] > Zi] < ¢ and

sup, Ex [min{ 4L, Tl(sn, an,h) € 2], Z:}] < .

Because the transition model at different layer could be
different, instead of the requirement on N (s, a), we ask
Ny (s,a) > Nj for (s, a, h) € X;. Following the arguments
in the proof of Lemma[2] we can show that with Condition 3]
we can compute an e-optimal policy for any reward function
satisfying Assumption 2]

Sampling phase To learn a dataset satisfying Condition 3]
in a similar way as Algorithm {4 we invoke TRVRL to learn
Y; for 1 < i < K + 1. The major difference is that HTj
episodes are required for each stage. In this way, following
the proof of Lemma [3] we have that the regret in the i-th
stage is bounded by

9, (Z“/SAHQTO(S )+ Z:SAH(S + L)) G

Compared to Lemma 3] we note that the bound in (7) has
two additional v/H factors. The first v/H factor is because
the length is multiplied by H and the second is due to the
structure of non-stationary episodic MDP. By (7)), we can

further ensure that u,; < QE by noting that when u, > 25
H
C
> D _rk> g SAHN;, ®)

k in stage ¢ h=1

which contradicts to the fact that 37, ;e s Zthl rr <
2SAHN; (because each (s,a,h) could be visited for at
most [IV; times).

Lower bound The current best lower bound is Q(5£ (H +
S +log(3)) by the lower bounds in (Jin et al., [2020) and
(Zhang et al.,|2020c)). It remains an open problem whether
the O(25 (S + log(%))) upper bound is tight.

7. Conclusion

We give a new algorithm, SSTP, which enjoys a near-optimal
sample complexity for reward-free RL. Importantly, we
show the sample complexity only depends logarithmically
on the planning horizon. Our algorithm relies on three new
technical ideas: 1) A new sufficient condition for the dataset
to plan for an e-suboptimal policy ; 2) A new way to plan
efficiently under the proposed condition using soft-truncated
planning; 3) Constructing extended MDP to maximize the
truncated accumulative rewards efficiently. In this way,
we can divide the state-action space into different groups
according to their maximal possible frequencies, which is
especially suited for RL with growing batches.

Another important future direction is to generalize our algo-
rithm to RL with function approximation. For example, can
we obtain a near-optimal sample complexity for reward-free
RL with linear function approximation (Wang et al.| | 2020bj
Zanette et al.| 2020)?
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Organization In Appendix[A]l we present some basic technical lemmas. In Appendix [B]and [C]we give the missing proofs
in Section 5] The left missing proofs are presented in Appendix

A. Technical Lemmas

Lemma 9 (Bennet’s Inequality). Let Z, Z1, ..., Z,, be i.i.d. random variables with values in [0, 1] and let 6 > 0. Define
VZ =E [(Z — EZ)?]. Then we have

<.

n n

2VZIn(2/9) ln(2/5)]

Lemma 10 (Theorem 4 in (Maurer & Pontil, 200?) ). Let Z, 71, ..., Zp (n > 2) be i.i.d. random variables with values in
[0,1] and let § > 0. Define Z = L3 | Z; and V,, = L 377" (Z; — Z)?. Then we have

2V, In(2/6) N 7In(2/6)

P
n—1 3(n—1)

IE[Z]—%ZZi > <4,

i=1

Lemma 11 (Lemma 10 in (Zhang et al.,2020d)). Let (M,,),>0 be a martingale such that My = 0 and |M,, — M,,_1] < ¢
for some ¢ > 0 and anyn > 1. Let Var,, = ZZ:1 E [(Mk — Mk_1)2|]:k_1] forn >0, where Fy, = 0(My, ..., My). Then
for any positive integer n, and any €, > 0, we have that

P [|Mn\ > 2v/2y/Var, In(1/3) + 2y/eIn(1/8) + zclnu/(s)] < 2(1og2("%2) +1)4.

Lemma 12 (Lemma 11 in (Zhang et al. [2020b)). Let A1, A2, Ay > 0, A3 > 1 and i’ = logy(\1). Let a1,aq,...,ap
be non-negative reals such that a; < Ay and a; < Aav/a;i1 + 271 A3 + Ny for any 1 < i < /. Then we have that

a1 < max{()\g + \/)\% + )\4)27 AoV 8A3 + )\4} .

B. Miss Algorithms and Proofs in Section [5.1]
B.1. Proof of Lemma[3]

Lemma (3| (Restate)For any 1 < i < K, by running Algorithm {4| with input i, with probability 1 — 2(log,(ToH) +
1)logy(ToH)o — 4S A(logy(Z;) + 2)H I, R; is bounded by

0 (Zﬂ/SATO(S—H) +ZiSA(S+L)). (11

We will prove that with probability 1 — 2(logy (ToH) + 1) logs (To H )6 — 4SA(logy(Z;) + 2)HJ, R; is bounded by

O (Zi \/SAZZ'(L + SIn(TgH*/3))To + Zili(1 + Sln(TgH‘l/ﬁ))SA) (12)

where [; = log,(Z;). Because Ty is bounded by poly (S, A, In(H), 1/€)¢ we further have that

R, =0 (Zi VSAL (L + SI(SAH/e)To + Zili(s + Sln(SAH/e))SA) , (13)

where the conclusion follows.

To facilitate the proof, we introduce some additional notations. We use V}*, QF, ¥ and P** to denote respectively the
value function, Q-function, reward function and transition probability of the extended MDP for the k-th episode. Besides,
we use b (s, z, a), ng,ia and n* (s, a) to denote respectively the values of by, (s, z,a), P¥}, and max{n(s,a),1} in @)
when computing QF (s, 2, a). We also use Pslfa to denote the empirical transition probability of (s, a) in (9) when computing
Q¥ (s,2,a). Recall that P; , denotes the true transition probability of (s, a) under the original MDP

Let ¢ be fixed. We first introduce the good event in the i-th stage.
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Algorithm 4 TRUNCATED REWARD-VARYING REINFORCEMENT LEARNING (TRVRL)

1: Input: The stage index 7, the unknown set ), e; = min{T(%H7 Toz‘—;}, t1=t+S(1l/er);
2: Initialize: Trigger set £ + {27127 <TyH,j =1,2,...}; D + 0.

3: for (s,a,8',h) € S x Ax Sdo

N(s,a) < 0;n(s,a) < 0;

5 N(s,a,s") + 0; p&(LS/ 0.

6: end for

7: for k=1,2,....,Ty do
8

9

noR

forh=1,2,...., H do

: Observe (s¥, 25);
10: Take action af = argmax, Qp(s5,2F, a);
11: Receive reward 7 and observe (s;_,, 2 ).
12: Set (s,a,s',r) < (s, al, SZ_H,T‘E);
13: Set N(s,a) < N(s,a)+1, N(s,a,s") + N(s,a,s') + 1.
14: \\ Update empirical transition probability
15: if N(s,a) € L then
16: Set P, 4.5 < N(s,a,5)/N(s,a) forall 5 € S.
17: Set n(s,a) < N(s,a);
18: Set TRIGGERED = TRUE.
19: end if
20:  end for

21 D+ DU{(sk,ak, s, ..., sk aly, sh )

22:  \\ Update Q-function when the probability is updated or the unknown set changes
23: YL« {(s,a)|N(s,a) < N;,(s,a) € Y}
24:  if TRIGGERED or Y1 £ V¥ then

25: for (s,a) e S x Ax Sdo

26: if (s,a) € Y**1 then

27: Set ps,z,a’;y I =2z+1]- ]557@_,5 forl < z< Z;andall 5 € S;
28: Set If’s,zi_s_l’a,g,zﬁl — ]537,175 forall s € S;

29: else

30: Set ps,z,a’;y — Iz =2]- ps’a’g forl<z<Z;+1landall5ecS;
31: end if

32: end for

33: for (s,z,a) € S x [Z; + 1] x Ado

34: Set Vir41(s, z,a) < 0;

35: end for

36: forh=H H—-1,..,1do

37: for (s,z,a) € S x [Z; + 1] x Ado

38: Set

"t (s,2,0) =1[(s,a) € V" N2z < 7],
V(P 20, Vi) 297,11
bL 9 ) = )
n(s,z,a) \/ max{n(s,a),1} * 3max{n(s,a),1}
Qn(s,z,a) < min{r** (s, z,a) + Ps. oViy1 + bn(s, 2,a), Zi},
Vi (s, z) + max Qp(s, z,a).
a

39: end for

40: end for

41: Set TRIGGERED = FALSE
42:  end if

43: end for

44: Return (D, YTot1),

©))

(10)
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Recall ¢; = min{T(%H,%j—j{S} , 01 = 66§ and ; = In(1/6;) < SW(T§H*/:?). Define L =
{[iver,iger, .yiser]T |it, 2, ..., i5 € Z} N[0, Z;]%. For 0 < j < logy(Z;) + 1,we define gi(j)(s,a) be the event where

A QV(PS)a,l‘)Ll ZiLl

(PY) = Pya)z| < 57 5 VEL (14)
"y 4v(PY) 297
(B9 — Py yaf < | HEa D | 2971 -y, g (15)

- 27 3.2

hold, where Ps(iis, is the empirical transition probability computed by the first 2/ samples in the current stage. By Bernstein’s
inequality and empirical Bernstein inequality, we have that P [G; ;(s,a)] > 1 — 4|L£]0; = 1 — 44. Then the good event G; is
defined as Us_yangim(s, a). Via a union bound over all possible (s, a, j), we have that P [G;] > 1 — 452 A(logy(Z;) + 2)4.
In the rest of this section, we will prove conditioned on G;.

We first establish a concentration bound for (Ps , — ]55({1))1) for v € [0, Z;]°. Define Proj,(v) = argmin, e [[v — v'[|;.
Conditioned on G; holds, we have that for any (s, a) and v € [0, Z;]°,

. 2 VPM,P Z;
[(Poa = POl < _\/ WV oo Prol0) | 4 2

/2L1V 20 V(P q,0) /L161 Zit,
+€1+2 +3.2j (16)

2L1V s, a,v 1OZ L1

3. 97 17)
The last inequality holds because max {61, Ne = } < % Similarly, we have
- 4. V v) 29Z'L
( 1 s,a 11
|(Ps,a = Ps; t S (18)

For 1 < k < Ty, we let 7% be shorthand of r*(sF, 2¥, a). We define the optimal Q-function for the extended MDP as

H

S ok (sk ) — <s7z,a>] s,z )

h'=h
Vitk(s,2) = méaqu;’f(&z,a)7 Y(s, z,a).

Zk(& z,a) =supE,

™

By the definition of 7*, it is obvious that Q}* (s, z,a) < Z; for any (s, 2, a, h). Recall that

H H
R; = Z (supE7T Zr,ﬂ — Zré) .
T h=1 h=1

k in staget

So it corresponds to bounding for Algorithm 4] that

H
Regret := Z <V1 51,1 Z ﬁ)

k=1

Define the policy 7% by 7¥(s, 2) = argmax, Q¥ (s, 2,a). It is not hard to verify Q" is optimistic because the size of
support of P(+|s, z, a) is at most S for any (s, z, a).

Lemma 13. Conditioned on G;, Q% (s, z,a) > Q;*(s, z,a) forany (s,z,a) € S x [Z; + 1] x Aand any 1 < k < Ty,

Proof. We will prove by backward induction. Assuming QF, (s, z,a) > Q;¥(s, z,a) for any (s, z,a) and h < b’ < H + 1.
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By the update rule (9) and (T0), we have that

QF (s, z,a) = min{r**'(s, z,a) + P}

= min{r¥(s, z,a) + P"}

> min{r**1(s, z,a) + P&}

$,z,a

$,z,a

$,z,a

Viﬁrl +bk(S,Z,a)7ZZ‘}
Vthl + Ch (57 Z, a) + bﬁ(‘g? Z, a)7 Zz}
Vh+1 + Ch (57 2, Cl) + bﬁ(& Z, a)7 Zt}

> min{Q;¥ (s, 2, a) + Cf (s, 2 a) + b (s, 2, ), Zi},

where (i (s, z,a) = vV}F, ;. So it suffices to verify conditioned on G;, it holds that (s, z,a) + bfi (s, z,a) > 0.

Lemma 14. Conditioned on G;, for any v € [0, Z;]°*%: and any proper (k, s, z, a), it holds that

_pki

QV(Pi’zi,a,U)Ll 10Z;11

AV(Pi,

’U)Ll 29ZiL1

nk(s,a) 3nk(s,a)’

Proof. Direct computation gives that

= PEL

|( s, s,2,a

Let z be the S-dimensional vector such that z; = >, I {Pk 4

5zab I

nk(s,a)

any (s, z,a,s’), there is at most one 2’ such that Ps a2 > 0, we have that x?
x' € [0, Z;]°. Then by (T7), (T8) and the definition of n* (s, a), we have that

5 —

3nk(s,a)

( s,a,s’ Sas/)'H{Pskzas z’>0:| (US,Z_PSk,ﬁav)‘

= ‘Z (Ps,a,s’ 7Ps,a,s’) ZH [Pskzias 2 > O:| . ("US,

8,z

|(P§ziaipekzia
. 2L1V Pska,!E IOZZ‘Ll 4Ll“/ Pskaa 3? 29Zi51
< min )
nk(s,a) 3nk(s,a) nk(s,a) 3nk(s,a)
Noting that
V(P o)

- ZPs,a,s’ Z]I {Pskzias 2 > 0} Ug’,z’ -
Z sas’m r Pk )2

= V(Pska’ )
= V(P,, ).

By (22), we have that

(> Pras >

pki

- Pskzia
L1V , V) 10Z;11 4L1V , V) 297,11
3nk (s,a) Snk (s,a)

The proof is completed.

2
s,z,a,s’,z’ > 0:| (USIVZ/)

19)

(20)

, > O} - Vg » and ' = x — min, x;1. Because for

= YL AP g > 0] 02 and

2L

(22)

(23)
(24)

(25)

(26)
27

(28)

(29)
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By Lemma([T4] we have that

AV(PEL L, VE i 2971
k < $,2,ay V41 ill . 30
‘Ch(svzaa” = \/ n"'(s,a) ++3n’f(s,a) ( )

Combining this with the definition of b} (s, z, a), we conclude that Q% (s, z,a) > Q}*(s, z,a). We finish the proof by noting
that Q’ﬁH_l(s, z,a) = Qﬂﬁrl(s, z,a) = 0 for any (s, z,a). O

By (17) and similar arguments as above, we can bound for any (s, z, a)

Qk(5.2,a) < *(s,z,a) + PEE, VAL +0(s,2,0)

4V( s, z a5 Vh+1) 10Z;1
nk(s,a) 3nk(s,a)

<rk(sza)+PSzth+1+bh(sza)+\/ 31

Now we aim to bound V(P ViF, | by V(PiF Vi ). Because V(p,z) = minyer p(z — A1), we can find )\ eR,

)%, Q s,z,a°?

such that V(Pf}a, ViF ) = P (VE | — A1) Letv = VjF, | — A1, then we have that V(Pk Tk < Pkt

$,z,a s,z,a? SZ(l

Again by Lemma|[T4] we have that

. AV(PEE, 2 .
S0t = PR < Z Bofo 2 10Zin (32)
= nk(s,a) 3nk(s,a)
kI 2 .
<z 2Ps )7 00?11 10Z;11 (33)
nk(s,a) 3n*(s,a)
PRl 1322
< s,2,a Pl ] 34
=T * 3nk(s,a) 34
Then it follow that
. 3 1372,
k,f k ; 3 U1
V( 8,2, Vthl) S §V(Ps z,a) Vh+1) m7 (35)
and

AV(PE 4, VE D Zia V(PELa VE D 2670
bk‘ ) h+1 1 < 4 2,05 Y h41 7 )
n(s:2,0) + \/ nk(s,a) + 3nk(s,a) ~ nk(s,a) + nk(s,a)

Let N} (s, a) denote the visit count of (s, a) before the h-th step in the k-th episode. We define K be the set of indexes of
episodes in which update of empirical transition model does not occur. We further define ho(k) = min{h|NF(s§, af)+1 €
L} for each k € K and B = {(k,h)|k € K, ho(k) +1 < h < H}. In words, ho(k) denotes the time when the first
update of empirical transition model occurs and B consists of (k, h) pairs after such updates. We use I(k, h) as a shorthand
of the indicator I [(k, h) ¢ B].

K,
(P20 Vi) + 28Zin 7.\ By (B1), we have that

nk(s,a) nk(s,a)’

Define 8 (s, z,a) = min{4

Q¥ (s,2,a)I(k,h) < (r (s,2,a) + Pé . aV}fﬂrl + Bl (s, 2, a)) I(k,h+ 1) + ZI[I(k,h) # I(k,h + 1)]
(36)
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holds for any (s, z,a) € S x [Z; + 1] x A. By (36) and the fact V}*(s§, 2F) = Q¥ (s§, 2, al), we obtain that

TO To H

ST oot

k=1 k=1h=1
TO T(] H

<Y VEL DIk 1) =YY i (k k4 1)
k=1 k=1h=1
To

H 0
k
<D D PR L e Wil T b 1)+ 0N B (s 2k ap) Ik b+ 1) + ZIKCL (3T)
k=1h=1 k=1h=1

Here (37) is by the fact that Zk L f JI[I(k,h) # I(k,h+1)] < |KC|. Define M; = ZZO=1 Zthl(Pk v ok —

S Z a

lsﬁ+17nﬁ+l)Vh+l~ I(k,h+1)and M,y = Zk 1Zh L BR(sk, 28 af)I(k, h + 1). We will separately bound M and Mo.
B.1.1. BOUND OF M;

Define V¥ = I(k,h)V}F. By definition of B, I(k,h + 1) is measurable with respect to JFF, where
Fi=o ({sk, 20, al, vl sk hawanicnw<n U{sk, 25, a, vk, SZ/H}lghzgh,l), i.e., all past trajectories before

(s’,i, z,’j, a’fL is executed. Therefore, M could be viewed as a martingale and we then have by Lemma that

To H
M| > ZZ (Pj} Lot Vh+1) L+ 62| < 2(logy(ToH) + 1), (38)
=1 h—1 T h

We define M3 = ZZ"Zl ZhH:1 \% (Pkki o ks Vh+1) and deal with this term in Section |B.1.2]

Shi®FhOh

B.1.2. BOUND OF M>
By the definition of 87 (s, 2, a), we have

To
Z Zﬁh shy2h, ap) (kb + 1)
k=1h=1
To H V(Pki th+1) T H 7.
< 4 ShZhh 1 26— 1
<> 2. nk (s, a) Thh+1)+3, 3 Gnk(s,a) (k1)
k=1h=1 k=1h=1
Lo H V(Pkéi k th+1) o H ZiL
= 4 oho2hoh + 26— (k. b+ 1). (39)

Define [; = |log,(Z;)] + 1. By the update rule, for any we have that for any (s, a) and any 3 < j <;, we have

Ty, H

Z Z]I ((sf,af) = (s,a),n*(s,a) =277 - I(k,h+1)

k_1;0_1H |

< ZZH [(827(12) = (s,a),n"(s,a) = 2]_1] - I(k,h)
k=1h=1

<20 1 (40)
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We then obtain

VL o Vi)

Ty H
SpaZp,a
SoS | e

k
k=1h=1 n (Sh7ah

To H l; v Pk T V’“
< I k kY _ k _ 9i-1 ( s¥Lzr.ak? h+1) 85 A7 "
<33 Y YN[k = o) = 2] gz "

k=1h=1 s,a j=3

:Zli’

V2i—-1 Z ZH Sh7ah = (s, a), nk(s7a) = 2j_1] I(k,h+1)- \/V(Pféiﬁuk’viiil) +8S5AZ;

=3 k=1 h=1
SZ \/Zk 1 h 1 [(3;37‘12) (s,a), nk(57a):2j_l] I(k7h+1)_
2i—1
s,a j=3
Ty H
( D T[(skak) = (s,a),n*(s,a) = 271] V(Pf}?zf’a} Vh+1)> +8SAZ; (42)
k=1h=1 .
To H
5 .
< \|SAL kﬂ];V(PSEiﬁ}aﬁ,Vh’ﬂrl)+8$AZl- 43)

V(P K )
Here (@T) holds by bounding % by Z; for the (k, h) pairs such that n*(sf,a¥) < 4, @2) holds by

Cauchy-Schwartz inequality and [@3)) is by (@0).
On the other hand, in a similar way we have that

ZZ kh“ < SAl; +8SA. (a4

k=1h=1

Recall that M3 = S0, S°7 V(Pskkizk ok V¥ 1). By 37), (39) and (@4} , we obtain that

M, <O (\/SAZ,“M3 + SALZ; + SAZm) (45)

Now we deal with M3 by a recursive-based concentration bound.

- om B
Define F'(m) = Zk 12 e 1(Pk:t - ls’ﬁﬂvz’;«fﬂ) (%) for m > 1. As argued before, V/¥ , is measurable with

s} z} ,a, i

respect to ]—"h. By Lemma foreach 1 < m < |log,(ToH)| + 1, it holds that

. 2m
Vk
P ||F(m)| > 2 QZZV prd (’;1) L+ 60| <2(logy(KH) + 1)6. (46)

sh,zh,ah
k=1h=1
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Direct computation gives that

H To H . )
= ) x: o x: o
Z v (Psh,z,"j ak’ Vh+1) ) - Z <Ps’,j,zf7ak (Vh+1) (Psh,zh ,ak (Vh+1) ) )
k=1h=1 k=1h=1
To H N
_ k.t Tk 2™
- ; };(Psh7zh7ah lsﬁJrl zh+l)(Vh+1)
Ty H » N Ty »
§ m k. , m m
0D (WG 2™ = (PR e RE))™™)) = oAb 1))
k=1h=1 k=1
T, H o Do " "
k;7 ~ m ~ m k ~ m
<SOSR L VTP IS (s 2T = (PR e 0PT))
k=1h=1 k=1h=1
T, H » o Jo
k;7 ~ m m m
< Z Z(Psﬁ’izﬁ’aﬁ - ls’fb+1,z’;+1)(vii€+1)2 +2 HZ? Z Z max{r*(sy, zf', ap) + By (sh, zh, af,), O} (k, b + 1)
k=1h=1 k=1h=1
T, H » L T H )
k, ~ m m m _ m m-+
<D D PR~ N VDT 22T O B (s 2h af) I bt 1) + 27T 2
k=1h=1 k=1h=1
o H 1 1
k, ~. m+ m m+
=SOSR e DT 2 22 (M2 4 T, )
k=1h=1
Therefore, for each m > 1 with probability 1 — 2(log,(ToH) + 1)4, it holds that
|F(m)| < 2y/2F(m+ 1) + 2m+2(Mz/Z; + Tp) (48)

By Lemmawith A\ =ToH, Xg =81, \3 = My/Z; + Ty + | K| and A\ = 61, we have that

P [|F(1)| > max{46:,8\/(Ma/Z; + Tp)t + 6L}] < 2(logy(ToH) + 1) logy (To H)0. (49)
Plugging m = 0 into (@7), we have that
Ms < ZFF(1) 4 2(Z: Mz + Ty Z}).
It then holds that
P [M; > 6(Z:My + ToZ2) + 46 Zi1] < 2(logy(ToH) + 1) logy(To H)S. (50)
By @3) and (50}, with probability 1 — 2(logy(ToH ) + 1) log, (To H)J, it holds that
My <O (\/er SA(u + li)Zi) ;
Mz < 6(Z; My + ToZ7) + 46 Ziu,
which implies that M3 < O (Zn/m + SAlilei).

Combining this with (38), we finally conclude with probability 1 — 2(log, (To H) + 1) logy (To H)d + 4S A(log,(Z;) + 2)4,
it holds that

R, <O (Zi\/SATolz-Ll + SAzilei) (51)
-0 (Zi VSAL (L + SIn(SAH/e))Ty + SAZil; (L + Sln(SAH/e))) . (52)

Here (52) holds because Ty is bounded by poly (S, A, In(H ), 1/€)¢. The proof is completed.
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C. Missing Proofs in Section

C.1. The Good Event G

Recall ¢; = min{z, TOZ’—ZS} , 00 = d¢f and 1y = In(1/6;) < WSIn(TFH*/13). Also recall L =
{[ir€1,i2€1, ...iger) i1, 2, ...,is € Z} N[0, 1]°. Define G to be the event where

Vo € L,V(s,a) € X;,i=1,2,.., K; (53)

. AV(Py o, )1 290,
N; 3N;’

Ve e L,V(s,a) € X;,i=1,2,.., K. (54)

hold.

By Bernstein’s inequality and empirical Bernstein inequality (Lemma , via a union bound over all (s,a) € S x A and
N(s,a) € [KTp), we have that P[G] > 1 — 4S2AKTyH (logy(ToH) + 2)|£|61 > 1 — 4S2AKTyH (logs (To H) + 2)34.
We will continue to prove conditioned on G in the rest of this section. We first establish a concentration bound based on G.

Lemma 15. Conditioned on G, for any v € [0,1]°, any i € [K] and any (s,a) € X, it holds that

A . 2V (Ps. 4, V)t 10¢ 4V If’s_ ,U)L 29¢
|(Ps.q — Ps.o)v] < mln{ ( ]\’2 )a + 3N11'7 ( Nj )a + 3]\/; (55)
Proof. The proof is by Bennet’s inequality and Bernstein inequality in a similar way to that of Lemma 4] O

C.2. Proof of Lemma[d

LemmaEI(Restate) For any policy m and reward function r satisfying Assumption@and Tsenq = 0, define V™ and Vll”r be
the value function under M and M with 7 respectively. We then have

V<V < VT 4K+ 1)%

Proof. For notational convenience, we use B ¢ (Pr aq) and B pqi (P A1) to denote the expectation (probability) under
M and M following 7 respectively.

The left side is obvious because the reward is always positive. Now we prove for the right side. Recall that &, is the set of
trajectories satisfying that Zle T[(sn,an) € Xi] > Z;. Define & = UXT1E; and U be the set of trajectories satisfying that
{8H11 = Send. Defineld = U N EC We claim that P mt [U] < C(K 4+ 1)e. To prove this claim, we define If; be the set
of trajectories satisfying that the state before s.,q is in X;. Because U; only depends on the next states of first Z; visits to
X;, we define 7; be the first time among the Z; visits that the next state of X is Senq (73 = Z; + 1 if no such event occurs),
and ~y; be the number of visits to & in this episode conditioned on the event 7; = Z; 4+ 1. So +; is independent of ;.

Pr ot Uil = Er aqi [T < i

i

N

Proat [vi = J1Br i [ <]

<.
Il
—

N
‘u.

]P)Tr,./\/ﬁ [% = .7]

?

N

<.
Il
Jan

H

1
Z_IEﬁ,M max{hgilll [(sh,an) € Xi], Z;}
< 2e.

<

Define V be the set of trajectories satisfying Sg 11 # Send- For a trajectory I' = (s1, a1, $2,a2, ..., Sg, af, Sg+1) in V, we
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define r(I") = Zle r(sh, ap). By definition, we have that

Vi = r(D)Pr ()

Trey
< > rDPrm(D) +2(K +1)%
reecny
<+ > r@)(Prm(D) = P (1)) + 2(K + 1)
sV M Mt €
reeeny
<VIT+ Y Prm(D) = P (1)) + 2(K +1)?
>V M Mt €
reeny
VI 4P U]+ 2(K + 1) (56)
<V™ 4+ 4(K +1)%. (57)

Here, Inequality (36) is by the fact that Y " .ccoqy Propat = 1 — P gt [U] = Proopgt [E] 2 1 =P gt [U] = P [E] =

> resery Prom(T) = P aqi [U]. The proof is completed. O
C.3. Proof of Lemmal[3]

Lemma(Restate) With probability 1 — 4S? AKToH (logy(ToH) + 2)6, Qp(s,a) > Q;fl*(s, a) for any (s,a, h).

It suffices to show that conditioned on G, Q1 (s,a) > Q} " (s, a) for any (s, a, h). We will prove by backward induction
from h = H + 1. Firstly, the conclusion holds trivially for h = H + 1. Assume Qy(s,a) > Q}:’f (s,a) for any (s,a) and
h+1<h' < H + 1. By the update rule (??) and the fact that QL* < 1, we have that

Qn(s,a) — IL*(s,a)
> min{by(s,a) + p;r’avh+1 - PST,thH + PsT,a(Vthl - VJL% 0}
> min{by(s,a) + PST,QV;Hl — PJ7th+1, 0}

1 ~
> min {bh(s, a) — (1 - > “(Ps,a — Ps,a)Vht1, O}
i(s,a)
. 1 V(P o, Vi) 2911
> b —(1- 2 :
> min § by (s, a) ( Zi(s,a)) N(s,a) 3N(s,a) |’

uV(Pla,Varr)  29u )
N(s,a) 3N (s,a)’

> min{by(s,a) — 2

> 0.

C.4. Proof of Lemmal6l
Lemma [6|(Restate) With probability 1 — 45> AK Ty H (log, (ToH) + 2)6, it holds that

Vi (s1) = V7T (s1) < Vils1) = ViT(s1) < ) wn(s, a,m)Bn(s, a)

s,a,h

V(PI o, Vi)

where wy, (s, a,7) = E. gt [I[(8n,an) = (s,a)]] and By (s, a) := min{6 N T ]\,2(6;1&) , 1}
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Conditioned on G, direct computation gives that

Qn(s,a) — rn(s,a) — Pl Vi1 < bp(s,a) + (PI, — P )Viia

)Z (Ps,a,s’ - Ps,a,s’) : (‘/}L—&-I(S/) - PJ,th-H)

=bp(s,a) + (1 —
' Zi(s,a) o

ZV(PT, ‘/}H_l)l,l 29L1
N(s,a) 3N(s,a)

V(szr,a, Vh+1)L1 2V(P5T7a, Vh+1)L1 13L1
= 3 + *
N(s,a) N(s,a) N(s,a)

S bh(S,a) +

(58)

Define u be the vector such that us = (Vj,1(s’) — P;thH)Z. By the concentration inequality Lemma with probability
1 —4S2AKToH (logy(ToH) + 2)§ it holds that

V(PST,GM Vh+1) < AsT,au2
V(P4 u?)n 10¢4
< Pl u? o 59
= oottt N(s,a) 3N(s,a) (>9)
3 1314
< 2pt 2 60
g+ et + 3N(s,a) (60)
3 13L1
= V(P! V; —_—. 61
2 ( s,a’ h+1)+ 3N(s,a) (61)
Combining (38), (61) and the trivial bound Q,(s,a) < 1, we have that
Qn(s,a) = ra(s,a) = P Va1 < Ba(s, a). (62)
It then follows that
VIT*(Sl) - V1T7r(51) < Vi(s1) = VlTﬂ(sl)
< Bi(s1,a1) + P;fhal(Vz - ‘/21.7‘-)
< (63)

wp (8, a, ™) Br(s,a).

IN .
M

The proof is completed.

C.5. Proof of Lemmal[7]
Lemma(Restate) w! () < OEE) for1 <i< K.
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Proof. Define tz, be Z;-th time such that (sp,, ap) € X; if Zle I[(sh,an) € X;] > Z; and otherwise H + 1. We have

wl (1) = B par lzﬂ[(é’h»ah) € Xi]}

h=1

H
= EW7M]L [min{ZH [(sh,an) € Xi],Z;}

H
+ ]Eme lﬂ lZH [(sh,ah) S Xz} > Z;

H
' <ZH [(sn,an) € Xi] — Z@)

h=1 £ 2
H " -
< Braa min{zl[(sh’ah) € Xi], Zi} | + Er i [H [ZH [(sn,an) € Xi] > Z;| - (ZH [(sh,an) € Xi] — Zi)
h=1 s 2
H A H
<0 (2l> + Z P(tzl = h’)Eﬂ',MT Z H[(sh,ah) c Xt] tZi _ h/]
h=1 W
H
H 1
=0 (2) + D Ptz =H)5
h=1
<0 <§ + ZiKe>
HK
< - .
o)
O]

C.6. Proof of Lemma 3]
Lemma [3] (Restate)

Z wy(s,a,m)Br(s,a) <O Ke\/2 +2 Z Z wp(s,a,7)Br(s,a) + K2

s,a,h s,a,h s,a,h

;
Proof. Recall that (s, a) := min{64/ V(Pé‘]’\‘,’(’:’gl)“ + N%SLZ) ,1}. By the definition of 3} (s, a) and the fact that + +

6SIn(SAH/€) > 1+ S(4In(H) + 3In(Tp/t))) = ¢ + SIn(TgH*/13)11 (assuming S, A, H > 10), we have

Z wr (s, a,m)Pr(s,a)

s,a,h

V(Pla, Vig1)ua 1 i
<0 Z th(s,a,w) WJF Z thsa”N( a) +wge 4 (7)

(s,0)XK41 h (s,a)¢XK41 h

0 Z thsaﬂ % Z thsaw + O(Ke)

(s,a)ex; h ¢ (s,a)eXx; h

o

s
I
—

I A I
wZT(W) . \l th(s, a, )V(Pla, Vig1)r + % + O(Ke)

IN
.MW
Q

s
Il
-

% i

H
e\l Z wp(s,a, W)V(Pia, Vie1) + Ke |, (64)
h=1

IN
.MN
.

s
Il
-
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where the last inequality is by Lemma([7} Note that

H
Z wh(57 a, W)V(Pj,aa Vh-‘rl) = Eﬂ,/\/ﬁ
h=1

M=

(Pl (Vig1)® — (PJ,thH)Q)]

h=1
H
<SEppar [ (Vi(sn)? = (Pl Var)?
h=
s
< 2Eq pmi [Z (r(sh,an) + Bn(sn, ah))]
h=1

<242 Z wp(s,a,m)Pr(s,a).

s,a,h

‘We then have

Z wr (s, a,m)Br(s,a) <O Ke\/2+ 2 Z wi(s,a,7)B(s,a) + K2

s,a,h s,a,h

The proof is completed

D. Other Missing Proofs
D.1. Proof of Proposition|[T]
Recall the definition of good event G in Section ??. We will prove conditioned on G.

With a slight abuse of notation, we use {Qx(s,a)}(s,a,n)esxAx[H] and {Vi ()} (s,n)esx (] to denote respectively the
Q-function and V-function returned by Algorithm [3] Following similar lines in the proof of Lemma [5] we have that
conditioned on G, Q1 (s,a) > Q*(s, a) for any (s,a,h) € S x A x [H]. By (B) and (6)), the Bellman error of the computed
Q@-function is bounded by

Qh(sya) - T(S; a) - F)s,avh—i-l S bh(57 a) + (ps,a - Ps,a)vh+1

[2P; 4 st L ,
< E el . — P,
> bh(sv CL) + - ( N(S, a) + 3N(s7a)> ‘V}L-‘rl(s ) 5,th+1| (65)

25V(Ps,q, Vii1) St
< 9
> bh(s, a) + \/ N(S, a) + 3N(5,a) (66)

<6 StV(Ps.q, Vit1) )
- N(s,a) N(s,a)’

ere olds Asas/f s a.s'| < s’ . On the other hand, 01, (s, a) < 1 implies that Qy(s,a) —
H holds by |P; 4, P q, 2NP(s,a) 3N (s.0) On the other hand , 1 implies th ,

r(s,a) — Ps.oVih+1 < 1. Re-define f,(s, a) = min{6 Sbv(ﬁ‘“’(’s“’;‘gh“) + Ng(f’il) , 1}. It then follows

Qn(s,a) —r(s,a) — Ps.oVht1 < Br(s,a). (67)

Let 7 be the policy such that 7, (s) = argmax, Qr(s,a) for any (s,h) € S x [H] and re-define wy(s,a,m) :=
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Ex am [L[(sh,an) = (s,a)]]. Then we have
Vi(s1) = Vi"(s1)
<Vi(s1) — Vi (s1)
< Bi(s1,a1) + Py o, (V2 = V)

<> wa(s, a,m)Bu(s, a)

s,a,h

§O( Z th(s,a,w) WJF Z thsaﬂ

(s,0)gXK41 h (s,0)¢XK41 h

+ Z th(s, a,m)

(s,a)eEXK41 R

> D wn(s.am) %?thﬁ- > % +O(e)

(s,a)eXx; h (s,a)EX; i

IA
&MN
Q

@
Il
-

IN
AMN
Q

@
Il
-

h=1

-

@
Il
-

O Jth (s,a,m)V(Ps g, Vht1) + ) + O(e)

$thsa7r Psa,Vh_H)JrKe +€).

Note that

H
> wn(s, a,m)V(Ps g, Viga)
h=1

- ETF,M

h=1

M=

(Ps,a(vh+1)2 - (R€7th+1)2)‘|

H
<Erm Z(Vh(sh))2 — (Ps.aVii1)?
e
< 2E; m Z(T(Sh, an) + Bn(sn, ah))]
h=1

<242 Z wr(8s,a,m)Pr(s, a).

s,a,h

By and (70), we have that

Z wp(s,a,m)Pr(s,a) <O | Ke 2+ Z wp(8,a,m)Pr(s,a) + €

s,a,h s,a,h

which implies that

Vi(s1) = Vi (s1) < O wn(s,a,m)Bu(s,a)) < O(Ke + K2e?).

s,a,h

By rescaling €, we finish the proof.

Zh 1whsa7r 1 1
SLthsaw (Ps,a; Vat1) +thsa7r)

(68)

(69)

(70)

(71)

(72)
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