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Abstract

In binary classification problems, mainly two approaches have been proposed; one is loss function
approach and the other is minimum distance approach. The loss function approach is applied to
major learning algorithms such as support vector machine (SVM) and boosting methods. The loss
function represents the penalty of the decision function on the training samples. In the learning
algorithm, the empirical mean of the loss function is minimized to obtain the classifier. Against a
backdrop of the development of mathematical programming, nowadays learning algorithms based
on loss functions are widely applied to real-world data analysis. In addition, statistical properties
of such learning algorithms are well-understood based on a lots of theoretical works. On the other
hand, some learning methods such as v-SVM, mini-max probability machine (MPM) can be for-
mulated as minimum distance problems. In the minimum distance approach, firstly, the so-called
uncertainty set is defined for each binary label based on the training samples. Then, the best sep-
arating hyperplane between the two uncertainty sets is employed as the decision function. This is
regarded as an extension of the maximum-margin approach. The minimum distance approach is
considered to be useful to construct the statistical models with an intuitive geometric interpreta-
tion, and the interpretation is helpful to develop the learning algorithms. However, the statistical
properties of the minimum distance approach have not been intensively studied. In this paper, we
consider the relation between the above two approaches. We point out that the uncertainty set in the
minimum distance approach is described by using the level set of the conjugate of the loss function.
Based on such relation, we study statistical properties of the minimum distance approach.
Keywords: loss function; minimum distance problem; uncertainty set; Legendre transformation;
consistency.

1. Introduction

We study binary classification problems. We define X as the input space and {+1, —1} as the set of
the output binary labels. Suppose that the training samples (z1, Y1), .. ., (Tm, ym) € X x {+1,—1}
are drawn i.i.d. according to a probability distribution P on X x {+1,—1}. The goal is to estimate
a decision function f : X — R, such that the sign of f(x) provides an accurate prediction of the
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unknown label associated with the input x under the probability distribution P. The composite
function of the sign function and the decision function, sign(f(z)), is referred to as classifier.

In binary classification problems, the prediction accuracy of the decision function f is measured
by the 0-1 loss [y f(x) < 0], where [ A] is the indicator function i.e., [ A] equals 1 if A holds and
0 otherwise. The average prediction performance of the decision function f is evaluated by the
expected 0-1 loss, £(f) = E[[yf(x) <0]]. The Bayes risk £* is defined as the minimum value
of the expected 0-1 loss over all the measurable functions on X, i.e., £* = inf{E(f) : f € Lo},
where L is the set of all measurable functions on X’. The Bayes risk is the lowest achievable error
rate under the probability P.

Many learning algorithms have been proposed to attack binary classification problems. Here,
we introduce v-support vector machine (SVM) (Scholkopf et al., 2000) as a popular method for
classification problems. Based on v-SVM, we explain the two aspects in the statistical learning, i.e.,
the loss function approach and the minimum distance approach. Suppose that the input space X is
a subset of the Euclidean space R%. We consider the linear decision function, f(z) = w’x + b,
where the normal vector w € R? and the bias term b € R are to be estimated from the training
samples. In v-SVM, the estimator is given by the optimal solution of the optimization problem,

1 1 &
g}li)’rll) §HwH2 —vp+ p- ;max{p —yi(wlz; +0),0}, weRL beR, peR, (1)

where ||w|| denotes the Euclidean norm of w. In the above, the parameter v € (0, 1) is a prespeci-
fied constant which has the role of the regularization parameter. As Scholkopf et al. (2000) pointed
out, the parameter v controls the number of margin errors and the number of support vectors. In
v-SVM, a variant of the hinge loss, max{p — y;(w”x; +b), 0}, is used. In the original formulation
of ¥-SVM, the non-negativity constraint, p > 0, is introduced for the parameter p. We can confirm
that for v > 0, the optimal value of p in (1) is non-negative, even when the non-negativity constraint
is dropped (Crisp and Burges, 2000).

As pointed out by Crisp and Burges (2000) and Bennett and Bredensteiner (2000), the dual
problem of (1) is given as

inf ||z, — z,| subjectto z, € Uy, z, €U_, ()
Zp,Zn

where U and U_ are the reduced convex hulls of the input vectors, i.e., Uy = {Zze My GG
Yoiem. @ =1, 0<q; < 2 i € My} and My (resp.M_) = {i : y; = +1(resp. — 1),i =
1,...,m}. Given the optimal solutions Z,, 2, for the dual problem (2), the optimal solution of w in
(1) is proportional to Z,, — Z,, with a positive proportional constant. The problem (2) is referred to as
the minimum distance problem. Instead of the reduced convex hulls, the ellipsoidal sets are also used
as U+ (Lanckriet et al., 2003; Nath and Bhattacharyya, 2007). In this paper, the subset U4 is called
uncertainty set. The minimum distance approach using the uncertainty set is considered to be useful
to construct the statistical models with an intuitive geometric interpretation. The interpretation is
helpful to develop the learning algorithms (Mavroforakis and Theodoridis, 2006).

The main purpose of this paper is to study the relation between the loss function approach and
the minimum distance approach. Up to our knowledge, statistical properties of the minimum dis-
tance approach have not been intensively studied. The study of the relation between two approaches
enables us to understand learning algorithms using uncertainty sets. We point out that in general
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the minimum distance problem with a fixed uncertainty set does not provide an accurate decision
function. We need to introduce an uncertainty set having a one-dimensional parameter which spec-
ifies the size of the uncertainty set. In this paper, we present some examples of the parametrized
uncertainty sets. For a wide class of learning algorithms using uncertainty sets, we show that a
revised minimum distance problem with the parametrized uncertainty set recovers the statistical
consistency.

The paper is organizes as follows. In Section 2, we present the relation between loss functions
and uncertainty sets. In Section 3, we propose a kernel-based learning algorithm using uncertainty
sets. Section 4 is devoted to study the statistical properties of the proposed algorithm. Section 5 is
the concluding remarks.

We summarize some notations to be used throughout the paper. For a set S in a linear space, the
convex-hull of S is denoted as conv S or conv(S). For a finite set .S, the cardinality of S is denoted
as |S]. The expectation of the random variable Z is described as E[Z]. The set of all measurable
functions on X is denoted by Lo. The supremum norm of f € Ly is denoted as || f||~. For the
reproducing kernel Hilbert space #, || f||% is the norm of f € H defined from the inner product on
H.

2. Relation between loss functions and uncertainty sets

We study the relation between the loss function and the uncertainty set.

2.1. From loss functions to uncertainty sets

Let/ : R — R be a convex and non-decreasing function. For the training samples, (1, y1), - .., (Zm, Ym),
we propose a learning method in which the linear decision function, f(x) = w”’  + b, is estimated
by solving

: 1 & T - 2 2

inf —2p+ — Zf(p —yi(w  x; + b)) subjectto ||lw|* <A, beR, peR. 3)

w,b,p m

=1

The regularization effect is introduced as the constraint ||w]|?> < A2, where A is the regularization
parameter which may depend on the sample size. The statistical learning using (3) is regarded as
an extension of v-SVM. To see this, we define ¢(z) = max{2z/v,0}. Let @, b, p be an optimal
solution of (1) for a fixed v € (0, 1). By comparing the optimality conditions of (1) and (3), we can
confirm that (3) with A = ||w|| has the same optimal solution as v-SVM.

In a similar way as ¥-SVM, we derive the dual problem of (3), and obtain the uncertainty set
associated with the loss function ¢ in (3). The detailed calculation is presented in Appendix A. We
define the conjugate function of ¢(z) as {*(z) = sup,cr{zz — ¢(2)}, and the constraint o € A
denotes that the vector « satisfies Zie My = Zie a. @i = 1,3 > 0. For each binary label, we
define the parametrized uncertainty set by

1 >k
Ui[c]:{.z aiwi:aEA,m'ZE(mai)gc}CX, cER, )
€My €My
i.e., Uy [c] for y = +1 and U_][c| for y = —1. Then, the dual problem of (3) is represented as
inf ¢, + ¢, + A|zp — zn|| subjectto z, € Uy[cy], zn € U_[cy], ¢p, cn € R (5)

Cp,Cn,Zp,2n
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For all feasible solutions, the uncertainty sets U/ [c,| and U_[c,] are not empty. Let Z,, and z,, be
the optimal solution, then, the optimal solution of w in (3) is equal to W = A(Z, — 2,)/||Zp — Zul|
for 2, # z, and w = O for Z, = Z,,. The relation between the loss function and the uncertainty set
is given by (4). The estimation of the bias term b is considered in Section 3.

Example 1 (Truncated quadratic loss) Now consider {(z) = (max{1+z,0})2 This loss function
is used in Lo-SVM (Scholkopf and Smola, 2001). The conjugate function is {*(a) = —a + o2 /4
for a > 0 and 0*(a) = oo for a < 0. We define &+ and ﬁi as the empirical mean and the
empirical covariance matrix of the samples {x; : i € My}, i.e, &1 = Wﬁ > i, Tiand Sy o=
it iemy (@i — &)(@p — 22)"
that ii is invertible. Then, the uncertainty set corresponding to the truncated quadratic loss is
given as Ui|c] = {Zz’eMi i e € A i, o < 4(c+1)/m} = {z € conv{w; :
i€ My}t (z— :i:i)Tflf(z —&1) < 4(c+ 1)ma/m}. A similar uncertainty set is used in
minimax probability machine (MPM) (Lanckriet et al., 2003) and maximum margin MPM (Nath
and Bhattacharyya, 2007), though the constraint z € conv{x; : i € M4} is not imposed therein.

, where m and m_ are defined as my = |Mi|. Suppose

2.2. From uncertainty sets to loss functions

We derived parametrized uncertainty sets associated with convex loss functions. Inversely, if the

uncertainty set is represented as the form of (4), there exists the corresponding loss function. In

general, however, the problem (5) with general uncertainty set does not lead to the minimization

problem of the expected loss function under the empirical distribution. This section is devoted to

study a way of revising the uncertainty set so as to possess the corresponding loss function.
Suppose that the parametrized uncertainty sets are defined as

sl = { Y awwis L) sef c . ©

€My

where L7 (L) is the conjugate of a convex function L, (L_), and the arguments o, and o are
defined as av+ = (e )iepr. - In Example 1, the function L% (o) = 5 37y, @F — 1is employed
with the constraint o € A. Here, we consider the following optimization problem,

min ¢, + ¢, + A||zp — 2, subjectto ¢, ¢, € R,
Cp,Cn,Zp,2n

zp € Uilep) Nconv{x; :i € My}, z, € U_[cp] Nconv{z; : i € M_}.

In the above problem, the constraint defined from the convex-hulls conv{x; : i € My} is added,
since the uncertainty set (4) has the same constraint. The dual formulation of the above problem is
given as

bingf ¢ —2p+ Ly (&) + L_(€£_) subjectto p — yi(wla; +b) < &,Vi, |w|? < A%, (7)
’UJ, ’P7 pHSn

where £ = (&)iem, and & = (&;)ien_. The dual form implies that L are regarded as the loss
functions for the decision function on training samples. When L. are represented as the empirical
mean of a loss function, we can use the standard theoretical tools to analyze the statistical properties
of the learning algorithm.
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To link the uncertainty set with the empirical loss minimization, we revise the uncertainty sets
U [c] such that the function L7 has the additive form. Let m4 and m_ be my = M|, and we
define m-dimensional vectors 1. = (1,...,1) and 01 = (0,...,0).

For convex functions L% : R™+ — R, we define /* : R — R U {oc} by

®)

Z*(a) _ {Li(:ll-i-) + L*,(%l_) — Li(0+) _ L*,(O_) a>0,

o0, a < 0.

Then, we define the revised uncertainty set U4 [c] by

Ul = { Y miia €A, % > F(aim) < c}. )

€My €My

The dual problem of (5) with U[c] = Us[c] is given as

1 _
inf —2p+ — Z 0(&)  subjectto p—y;(wlx; +b) < &, Vi, |w|? < N2 (10)
w,b,p,§ m

The revision of the uncertainty sets leads to the empirical mean of the revised loss function £. When
we study statistical properties of the estimator given by the optimal solution of (10), we can apply the
standard theoretical tools, since the objective in the primal expression is described by the empirical
mean of the revised loss functions.

We explain the reason why the revised uncertainty set is defined as the form of (9). When the
function L% + L* is described in the additive form, the uncertainty set is kept unchanged by the
revision (8). Indeed, if there exists a closed, convex, proper function ¢ : R — R such that £*(0) =
0, £*(ar) = oo fora < 0and L* (ay )+ L* (=) — L% (04) — L* (0_) = L 3~/ ¢*(cym) hold,
we obtain ¢ = /. See Rockafellar (1970) for the definition of closed, proper function.

We consider the other representation of the uncertainty set. Suppose that the uncertainty set is
defined by Ux[c] = {3 ;cpy, imi + Y ( dieMy o;x;) < c}, where hy are convex functions on
the input space X. Let 4 (resp. p—) be the mean of the input vector  conditioned on the positive
(resp. negative) label. We define /* by

(o) =

. {hma";ww(a”;u_>—hi<o>—h*<o> >0, o

00, a < 0.

and the revised uncertainty set is defined by (9) with the above /*. In Appendix B, we explain the
reason why we employ the formula (11) for the revision of the uncertainty set.
We show an example to illustrate how the revision of the uncertainty set works.

Example 2 We suppose that py are the mean vectors and ¥y are the covariance matrices of
the input vector conditioned on each label. We define the uncertainty set by Ui[c] = {z €
convi{z; : i € My} : (z — )83z — ) < ¢,V € Ar}, where Ay denotes an esti-
mation error of the mean vector p+. For example, for a fixed radius v > 0, Ay is defined as
Ar ={pnc X : (u—p)"S3 (10— pe) < r2). The uncertainty set with estimation error is used
by Lanckriet et al. (2003) in MPM. The above uncertainty sets will be useful, when the probability in

29.5



KANAMORI TAKEDA SUZUKI

the training phase is slightly different from that in the test phase. Brief calculation yields that U [c]
is represented by the level set of the convex function hi (z) = maxueca, (2 — w)TsiNz —p) =

(\/(z — )Yz — py) 4+ )% The revised uncertainty set Uy[c] is defined by the function
0* derived from hi.. We suppose that pu, # 0 and p_ = 0 hold. Let d = \/IJ:EZIIIJ:J,_ and

h = r/d(> 0). Then, the corresponding loss function is given as {(z) = mm—f u(Z), where u(z)
as defined as uw(z) = 0 for = < —2h — 2, u(z) = (5 + 1+ h)?0 for —2h — 2 < 2z < —2h,
u(z) = z+2h + 1 for —2h < z < 2h, and u(z) = §+z(1—h)+(1+h)2f0r2h < z. When
r = 0 holds, ((z) is reduced to the truncated quadratic function in Example 1. For the positive r,
{(2) is linear around z = 0. By introducing the estimation error represented by A, the penalty for
the misclassification is reduced from quadratic to linear around the decision boundary, though the

original uncertainty set Uy [c] does not correspond any loss function.

3. Kernel-based learning algorithm using uncertainty set

Based on the argument in the previous section, we present a kernel variant of the minimum distance
problem using parametrized uncertainty sets. Suppose that training samples (21, 1), - . ., (Tm, Ym) €
X x {+1,—1} are observed, where X" is not necessarily a subset of the Euclidean space. We de-
fine the kernel function k : X2 — R, and let # be the reproducing kernel Hilbert space (RKHS)
endowed with the kernel function k. See the book written by Scholkopf and Smola (2001) for
the details of the kernel methods in machine learning. We consider the estimator of the decision
function with the form of f(z) 4 b, where f € H, b € R.

In Figure 1, we describe the learning algorithm. In the learning algorithm, training samples are
divided into two disjoint subsets, 77 and 75. The main reason that we decompose the set of training
samples into two subsets is to simplify the analysis of the learning algorithm. The training samples
in 17 are used for the estimation of the function part f € H in the decision function. We solve the
problem (12) which is a kernel variant of the problem (5). For the estimation of the bias term, the
empirical 0-1 loss on the data set 75 is minimized with respect to the one-dimensional parameter b.

In the kernel-based algorithm, the parametrized uncertainty set is defined as a convex subset
of the convex-hull of {k(~,x§1)) ;i € My} in H. Moreover, we assume that Uy[c] C Uy[c]
holds for ¢ < ¢ such as (6). When the uncertainty sets involve some parameters to be estimated, a
prior knowledge or additional samples independent of the training samples 77 U 15 is used for the
estimation.

4. Statistical Properties of Kernel-based Learning Algorithm
In this section, we prove that the expected 0-1 loss of the estimator provided in Figure 1 converges to

the Bayes risk £*, when the uncertainty set corresponds to a classification-calibrated loss function.

4.1. Definitions and assumptions

We derive the dual representation of the learning algorithm in Figure 1. For a convex function
£ : R — R, let £* be the conjugate function of £. Suppose that the uncertainty sets are described as
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D=

Inputs: Decompose the trammg samples into two disjoint subsets, 77 = {( 4 ,yl( ) )
1,...,mi}and Ty = {( - ,yl(2)) : i =1,...,ma}. For the set of training samples 77,

let M+ and M_ be the index sets defined by My = {i : yz(l) =41l,i=1,...,m}.
We define the RKHS H with the kernel function k(x,z’). Prepare the parametrized
uncertainty sets Uy [c] in H such that Uy [c] C conv{k(-,xz(l)) : i € My}, Seta
regularization parameter A > 0.

Step 1. Solve the optimization problem,

Cipncfncp + ¢ + Al fp — fullz subject to f, € Uy[cy], fn € U-[cp],cp,cn € R (12)
fpvf”l

Let fp and fn be optlmal solutions of f;, and f;,. Define fby f= A( fp fn) /I fp anH
forfp;éfnandf—Oforfp—fn

Step 2. Solve the one-dimensional optimization problem with respect to the bias term,
mingeg n% 2221[[9(2)( f (xEQ)) + b) < 0], which is defined from the estimator f and

the data set 75. The optimal solution is denoted as b.

Output. The estimator of the decision function is given by f(x) +b.

Figure 1: Kernel-based learning algorithm using uncertainty sets.

the form of

_ Koo 2D . 1 ey
Ui[c]—{ Z k(- z; )GH.aeA,m Z 14 (maz)gc}. (13)

1EMy €My

We can obtain the uncertainty set of the form (13) by applying the revision method proposed in Sec-
tion 2.2. As shown in Appendix C, we find that the dual representation of (12) with the uncertainty
set (13) is given as

1}1111 2,0—1——25,0 yl 51))—|—b)) subjectto f € H,b € R, p € R, || f|I3 < N2 (14)

We define some notations. Let f,g and p be an optimal solution of (14). Note that fis obtained
from the dual problem as shown in Step 1 of Figure 1. For a measurable function f : X — R and a
real number p € R, we define the expected loss R( f, p) and the regularized expected loss R (f, p)
by R(f,p) = =20+ E[l(p — yf(x))], Ra(f,p) = —2p + E[l(p — yf(x))] + ([ fI5, < N?),
where \ is a positive number and 6(A) equals 0 when A is true and oo otherwise. Let R* be
the infimum of R(f,p), ie., R* = inf{R(f,p) : f € Lo, p € R}. For the set of training
samples, T' = {(x1,91), - - -, (¥m, Ym)}, the empirical loss Ry (f, p) and the regularized empirical

loss R, p) are defined by Re(f,p) = ~2p + LY p = yif (22)), and Rya(fop) =
—2p4+ LS Up—yif (x:) + 0(| fl13, < AP, respectlvely For the observed training samples
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T = {(xz(l), y,(l)) 24 =1,...,,m}, clearly the problem (14) is identical to the minimization of

ﬁTl,A(f, p). For the index sets M and M_ in Figure 1, we define my = |My|.
We introduce the following assumptions.

Assumption 1 (universal kernel) The input space X is a compact metric space. The kernel func-
tion k : X? — R is continuous, and satisfies sup,c v \/k(z,2) < K < 0o, where K is a positive
constant. In addition, k is universal, i.e., the RKHS associated with k is dense in the set of all
continuous functions on X with respect to the supremum norm (Steinwart and Christmann, 2008,
Definition 4.52).

Assumption 2 (non-deterministic assumption)  There exists a positive constant € > 0 such that
P{z e X :e < P(+1|z) <1—¢}) > 0 holds, where P(y|z) is the conditional probability of the
label y for given input x.

Assumption 3 (basic assumptions on the loss function) The loss function £ : R — R satisfies the
following conditions.

1. (s a non-decreasing, convex function, and satisfies the non-negativity condition, i.e., {(z) >
0 for all z € R. In addition, {(z) is not a constant function, i.e., lim,_,, ¢(z) = oo holds.

2. Let 04(z) be the subdifferential of the loss function ¢ at z € R (Rockafellar, 1970, Chap. 23).
For any M > 0, there exists zy such that for all z > zy and all g € 0(z), the inequality
g > M holds. In other word, lim,_,~, 0¢(z) = 0o holds.

The hinge loss £(z) = max{z,0} used in ¥-SVM and the logistic loss ¢(z) = log(1 + €*) do not
satisfy the basic assumption above, since the derivative does not go to infinity. On the other hand,
the truncated quadratic loss and the exponential loss meet the basic assumption.

Assumption 4 (modified classification-caliblated loss)
1. ((2) is first order differentiable for = > —{(0)/2, and ¢'(z) > 0 holds for = > —{(0) /2.

2. Let (0, p) be the function defined as (0, p) = E(B) —inf.ep {520(p—2) + 52 p+2)}
for 0 < 0 < 1,p € R. There exist a function v)(0) and a positive real ¢ > 0 such that
the following conditions are satisfied: (a) 1(0) = 0 and ¥(0) > 0 for 0 < § < e. (b)
Y (0) is continuous and strictly increasing function on the interval [0, ). (c) The inequality

0) < _inf (6, p) holds for0 < 6 < e.
vO) < nf w(0,p) holdsfor0 <6 <e

In Section 4.3, we shall give some sufficient conditions for existence of the function @Z in Assump-
tion 4.

In the following, we prove the convergence of the error rate to the Bayes risk £*. The proof
consists of two parts. In Section 4.2, we prove that the expected loss for the estimated decision
function, R(er ?7\, p), converges to the infimum of the expected loss R*. Here, we apply the
technique developed by Steinwart (2005). Then, we prove the convergence of the error rate £ (f—i— b)
to the Bayes risk £*.

In this proof, the concept of the classification-calibrated loss (Bartlett et al., 2006) plays an
important role.
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4.2. Convergence to Bayes Risk

In Appendix D, we prove that limy_, .. inf{Rx(f,p) : f € H, p € R} = R* > —oc holds under
Assumption 1, 2 and 3. We derive an upper bound of the norm of optimal solutions.

Lemma 1 Let A\, be the regularization parameter depending on my. Under Assumption 1, 2 and
3, there are positive constants c,C' and a natural number M such that the optimal solutions f,b
and p satisfy

1712 < Amyy B < Chny, [B] < Cy (15)
with the probability greater than 1 — e~ “™ for m; > M.

Proof We show an idea of the proof. A rigorous proof is shown in Appendix E. Comparing
the objective value RTl (f+ b, p) at the optimal solution ( 7.0, p) and that at a feasible so-
lution (f,b,p) = (0,0, O) we have p > —€( )/2. The optimality condition w.r.t. p leads to
2e L5 00—y (Fa)48) = & S8 05K, )+ 575 034K ).
The inequalities above and the monotonicity of the subdifferential lead to the fact that there exists
a constant z such that |p| < K\, + z and ]/l;| < KA, + Z hold with high probability. Here, Z is
determined from the marginal probability P(Y = +1) and the loss function £. [ |

Let us define the covering number of a metric space.

Definition 2 (covering number) For a metric space G, the covering number of G is defined as
N(G,e) =min{n € N: gi1,...,g, € Gsuchthat G C |J!' | B(gi,e)}, where B(g,€) denotes the
closed ball with center g and radius ¢.

Due to Lemma 1, we see that the optimal solution, (f, b, 7), is included in the set Gy, = {(f, b, p) €
H xR | flle < Mgy b < Oy lpl < Oy} with high probability.  Suppose that the
norm || f|lec + |b] + |p| is introduced on G,,,. We define the function L(x,y; f,b,p) = —2p +
l(p — y(f(x) + b)), and the function set L,,, = {L(z,y; f,b,p) : (f,b,p) € Gn,}. Since ¢ :
R — R is a finite-valued convex function, ¢ is locally Lipschitz continuous. Then, for any sample
size my, there exists a constant k,,, depending on m; such that |[{(z) — £(2')| < Km, |z — 7|
holds for all z and 2’ satisfying |z|, |2'| < (K + 2C)\,,. Then, for any (f,b,p), (f',V',p") €
Gmy» we have |L(z,y; f,b,p) — L(z,y; f, 0, p")| < 2|p— p'| + km, (lp — | + [0 =V + || f -
Flloo) <2+ Emy)(lp= 0|+ 10—+ ||f = f'lloc)- The covering number of L,,, is evaluated
by N (L, .&) < N (G, ﬁ), in which the supremum norm is defined on £,,,. Let the metric
space JF,, be ]:m1 ={f et :|flln < A\n,} endowed with the supremum norm, then, we also

have N(gmla — ) < N( mis 3(2+5,_im ))(60)"”1 (€2+K’"1)) An upper bound of the covering

number of F,, is glven by Cucker and Smale (2002) and Zhou (2002).

Lemma 3 Let by, be by, = 4C A\, +L((K +2C) Ay, ) in which C' is the positive constant defined
in Lemma 1. Under Assumption 1 and 3, the following inequality holds:

P(( sup [R(f +b,p) = RS +0,p)] = )

£,6,0)€EGmy
€ 18C A, (2 + Ky ) \ 2 2m; 2
<N (7, : ! _amet 16
N( 1 9<2+mm1>>< : > e"p{ 92, 1o
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Proof We show an idea of the proof. Note that || f||cc < K Ay, holds for f € H such that || f||y <

Am, - A brief calculation yields that sup ;. ,)e x x {+1,—1} L(z, y; £, b, p)—inf ( yyex < f41,-1) L(x, 95 f,b,p) <
(f:b,0)€Gm4 (f:0,0)E€EGm,
b, - In the same way as the proof of Lemma 3.4 in Steinwart (2005), the upper bound is derived
c 6CAmy (2+Kmq )\ 2
M1 3(2+Kmy) ) ( € ) :

from Hoeffding’s inequality and the inequality N (Grn, , 52— ) < N (F,
mi
|

We present the main theorem of this section.

Theorem 4 We suppose that the regularization parameter X = \p,, satisfies limy,, 00 A, = 00,
and that Assumption 1, 2 and 3 hold. Moreover we assume that (16) converges to zero for any € > 0,
when the sample size mq tends to infinity. Then, R( f + b p) converges to R* in probability in the
large sample limit of the data set T}.

Proof We show a sketch of the proof. A rigorous proof is shown in Appendix F. Now, we have the
convergence infyp , Ry, (f +b,p) = R* and the uniform convergence

sup Ry (f +b,p) = R(f +b,p)| =0
(f:0,0)€Gm,

in probability, when m tends to infinity. We apply the standard argument on the uniform conver-
gence, we obtain the probabilistic convergence of R(f + b, p) to R*. |

We show the order of )\, admitting the assumption in Theorem 4.

Example 3 The Gaussian kernel is universal on X = [0, 1]"™ C R"; see Corollary 4.58 of Steinwart
and Christmann (2008). According to Zhou (2002), the covermg number of the Gaussian RKHS is
log N (Finy, /(18 + 9Ky, ) = O((log()\mlf-@ml)) ) For any £ > 0, (16) is bounded above
by exp{O(—m1 /b2, + (10g(Am,km,))" ™)} For the truncated quadratic loss, we have ky,, <
2((K + 20)Am, + 1) = O(Am,) and by, < ACAp, + ((K + 2C) A, + 1)2 = O(NZ,)). Let
us define \p,, = m§ with 0 < o < 1/4. Then, for any € > 0, (16) converges to zero when my
tends to infinity. In the same way, for the exponential loss we obtain Ky,, = O(e(K +20)>‘m1) and
b, = O(eE+202m1) " Hence, A\, = (logm1)® with 0 < a < 1 ensures the convergence of
(16).

In this section, we prove that the expected 0-1 loss £ (f—i— B) converges to the Bayes risk £* in
the large sample limit. The proof also ensures the convergence of £( f +b) to the Bayes risk. Hence,
if the explicit form of the loss function ¢(z) is obtained from the uncertainty set, solving (14) can
be another promising method for classification problems.

Theorem 5 Suppose that ”R(f—i— /l; p) converges to R* in probability, when the sample size of T},
i.e., my, tends to infinity. For the RKHS H and the loss function {, we assume Assumption I, 3 and
4. Then, &( f + b) converges to E* in probability, when the sample sizes of T and Ts tend to infinity.

A rigorous proof of Theorem 5 is shown in Appendix G. As a result, we find that the prediction
error rate of f + b converges to the Bayes risk under Assumption 1, 2, 3 and 4.
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4.3. Sufficient Conditions of Modified Classification-calibrated Loss

We present some sufficient conditions for existence of the function {Z; in Assumption 4. The proofs
of the following lemmas are presented in Appendix H.

Lemma 6 Suppose that the first condition in Assumption 3 and the first condition in Assumption
4 hold. In addition, suppose that £ is first-order continuously differentiable on R. Let d be d =
sup{z € R : 0/(z) = 0}, where (' is the derivative of {. We assume the following conditions: (a)
d < —0(0)/2; (b) £(z) is second-order continuously differentiable on the open interval (d, 0); (c)
0"(2) > 0 holds on (d,o0); (d) 1/¢'(z) is convex on (d,o0). Then, for any 0 € [0, 1], the function
¥ (0, p) is non-decreasing as the function of p for p > —£(0)/2.

When the conditions in Lemma 6 are satisfied, we can choose 1(6, —£(0)/2) as 1(8) for 0 < 6 < 1,
since (0, —¢(0)/2) is classification-calibrated under the first condition in Assumption 4. The
lemma above works for the truncated quadratic loss £(z) = (max{1 + z,0})? and the exponential
loss ¢(z) = e*. See Example 4 and Example 5. N

We give another sufficient condition for existence of the function ¢ in Assumption 4.

Lemma 7 Suppose that the first condition in Assumption 3 and the first condition in Assumption 4
hold. Let d be d = sup{z € R : 00(z) = {0}}. Suppose that the inequality —£(0)/2 > d holds.
For p > —((0)/2 and z > 0, we define &(z, p) by §(z, p) = {£(p+2) +L(p—2) —2¢(p)}/ (2 (p))
for z > 0and £(z,p) = 0 for z = 0. Suppose that there exists a function £(z) for z > 0 such
that the following conditions hold: (a) £(z) is continuous and strictly increasing on z > 0, and
satisfies £(0) = 0 and lim,_,o. £(2) > 1; (b) SUP,>_g(0)/2 §(2: p) < £(z) holds. Then, there exists

a function v defined in the second condition of Assumption 4.

Note that Lemma 7 does not require the second order differentiability of the loss function.

Example 4 For the truncated quadratic loss ((z) = (max{z + 1,0})2, the first condition in As-
sumption 3 and the first condition in Assumption 4 hold. The inequality —¢(0)/2 = —1/2 >
sup{z : ¥'(z) = 0} = —1 in the sufficient condition of Lemma 6 holds. For z > —1, it is easy to see
that ((z) is second-order differentiable and that {"(z) > 0 holds. In addition, for z > —1, 1/{'(z)
is equal to 1/(2z + 2) which is convex on (—1,00). Therefore, the function () = (0, —1/2)
satisfies the second condition in Assumption 4.

Example 5 For the exponential loss {(z) = e*, we have 1/'(z) = e~ *. Hence, due to Lemma 6,
¥ (0, p) is non-decreasing in p. Indeed, we have (6, p) = (1 — /1 — 62)e”.

Example 6 In Example 2, we presented the uncertainty set with estimation errors. We define £*(a.)
by *(a) = (Jaw — 1| + h)? — (1 + h)? for @ > 0 and £*(a)) = oo for a < 0, where w and h are
positive constants. Then, the revised uncertainty set is described by (*. Here, we suppose w > 1/2.
For the function I* defined above, the corresponding loss function is given as £(z) = u(z/w), where
u(z) is equal to the function uy(z) with hy. = h defined in Example 2. For w > 1/2, we can confirm
that sup{z : {'(z) = 0} < —£(0)/2 holds. Since u(z) is not strictly convex around z = 0, Lemma
6 does not work. Hence, we apply Lemma 7. A simple calculation yields that {'(—£(0)/2) > (4w —
1)/(4w?) > 0 holds for any h > 0. Note that {(z) is differentiable on R. Thus, the monotonicity of

?' for the convex function leads to £(z, p) = ﬁ(f(m—zz—f(p) _Z(p)—i(p—z)) < Z/(p+zg),ng)/(p_z). Since
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the derivative '(2) is Lipschitz continuous and the Lipschitz constant is equal to 1/(2w), we have

U(p+2)—L0(p—2) < z/w. Therefore, the inequality sup,>_g(0y/2 (2 P) < SUP,>_(0) /2 5/7“’) =

(p
Z,(_‘ZZ—/{(;J) 72) < 43)@1 z < 2z holds. We see that £(z) = 2z satisfies the sufficient conditions in Lemma

7. Hence, the loss function corresponding to the revised uncertainty set satisfies the conditions
for statistical consistency, though the original uncertainty set with the estimation error does not
correspond to the empirical mean of a loss function.

5. Conclusion

In this paper, we studied the relation between the loss function approach and the minimum distance
approach in binary classification problems. We proposed the learning algorithm based on the revised
minimum distance problem, and proved the statistical consistency. In our proof, the hinge loss used
in ¥-SVM is excluded, though Steinwart (2003) proved the statistical consistency of v-SVM with
a nice choice of the regularization parameter. A future work is to relax the assumptions of our
theoretical result so as to include the hinge loss function and other popular loss functions such as
the logistic loss. Also, it is important to derive the convergence rate of the proposed learning method.
Developing an optimization algorithm is needed for practical data analysis by the statistical learning
with uncertainty sets.
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Appendix A. Derivation of (5)

We introduce the slack variables &;,i = 1,...,m satisfying the inequalities & > p — y;(w’ x; +
b), i = 1,...,m. The Lagrangian function of the problem (3) is given as

i=1 i=1

where a4, . . ., o, and p are the non-negative Lagrange multipliers. The optimality conditions,
oL oL
=0, =0,
ap ob

and the non-negativity of o; lead to the constraint on Lagrange multipliers, ) M, = Y i Qi
1,; > 0. In the following, the constraints ), My Qi = Y ienm. @i = 1,0; > 0 are denoted by
a € A. We define the conjugate function of ¢(z) as £*(z) = sup,cp{xz — £(2)}. Then, the
min-max theorem yields the dual problem of (3),

sup inf L(w,b,p, &, a,p)
a>0,u>0 w,b,p€

= int sup {13 (a6 + Y el v~ uul ) ac A}

20w g i—1 i—1
= —inf{ ZE* maoy —I—/\H Z oG — Z aiwiH o€ A}
« €My 1EM_
= — inf {cp +cp + /\H Z ;T — Z aia:iH
Hlprcn i€My i€EM_
€A, — Z 0 (ma;) < ¢p, — Z " (may) < cn} 17
IGM+ ZGM,
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By using the uncertainty set (4), the problem (17) is represented as (5). In Appendix C, we present
a rigorous proof that under some assumptions on the loss function ¢, the min-max theorem works in
the above Lagrangian function, i.e., there is no duality gap.

Appendix B. Revision of Uncertainty Sets

We explain a validity of the formula (11). We want to find a function £* (cv) such that 2% (3", M, 6Ti)+
R (X sen i) — hi(0) — h* (0) is close to = >, *(may;) in some sense. We substitute

a; = a/minto K3 (Y s, @ixi). In the large sample limit, h% (e pz, @/m ;) is approximated

by h% (™= ). Suppose that b’ (== py ) + h* (a®=p_) — k% (0) — h* (0) is represented as

L Em 0*(2m) = £*(c). Then, we obtain (11).

Appendix C. Duality between (12) and (14)

Lemma 8 Suppose that my = |M| are positive. Under Assumption 1 and 3, there exists an
optimal solution of (14). Moreover, the dual problem of (14) yields the problem (12) with the
uncertainty set (13).

Proof First, we prove the existence of an optimal solution. According to the standard argument on
the kernel estimator, we can restrict the function part f to be the form of

mi
r) = Zajk:(x,xg-l))
j=1

Then, the problem is reduced to the finite-dimensional problem,

SRS S (L Iy

a,b,p
- (18)
subject to Z aiajk($§1)> 51)) <A
ij=1

Let (o(ax, b, p) be the objective function of (18). Let us define S be the linear subspace in R™

spanned by the column vectors of the gram matrix (k(:cg ) (1) )i j=1- We can impose the constraint
a = (ag,...,qan,) €S, since the orthogonal complement of § does not affect the objective and
the constraints in (18). We see that Assumption 1 and the reproducing property yield the inequality
||y§1) Yo k(s E 1)) loc < KA. Due to this inequality and the assumptions on the function ¢, the

objective function (y(a, b, p) is bounded below by
G(b,p) = —2ﬂ+7f(ﬂ b—KJ) +7€(p+b—fﬂ) (19)

Hence, for any real number c, the inclusion relation

mi
{(ajb, p) : Golabp) <, Y. azak(al, Sl)) <N, ace 3} (20)
ij=1
mi
c{@bn s atp <o Y oo < 2 ac s
i =1
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51)7 §~1)) < M and a € S is restricted

to a compact subset in R™!, since the gram matrix (k’(xg ), gl)))l ' 1s positive definite on the

subspace S. We shall prove that the subset (20) is compact, if they are not empty. We see that the
two sets above are closed subsets, since both (y and (; are continuous. By the variable change from
(b,p) to (ur,u2) = (p—b, p+b), C1(b, p) is transformed to the convex function (a(u1, u2) defined
by

holds. Note that the vector a satisfying > 1"\ ; ciajk(x

Cz(ul,UQ) = —uy + %£<U1 — K)\) — U9 + &é(ug — KA)
mi mi

The function ¢(z) is a non-decreasing and non-negative function, and the subgradient of ¢(z) di-
verges to infinity, when z tends to infinity. Hence, we have

lim —uy + %E(ul — K\ =
|u1|—o00 mq
The same limit holds for —uy + %K(uz — K \). Hence, the level set of (2(uq,us) is closed and
bounded, i.e., compact. As a result, the level set of (;(b, p) is also compact. Therefore, the subset
(20) is also compact in R™1+2_ This implies that (18) has an optimal solution.
Next, we prove the duality between (12) and (14). Since (18) has an optimal solution, the

problem using the slack variables &;,7 = 1,...,mq,
1 &
min —2p + — (&
a,b,p,§ P mi ; (&)
mi -
subject to Z aiajk:(xgl) (1)) < A2 p— yl Zaz (1) , T 1 Y+b) <&, i=1,...,my.
i,j=1

also has an optimal solution and the finite optimal value. In addition, the above problem clearly
satisfies the Slater condition (Bertsekas et al., 2003, Assumption 6.2.4). Indeed, at the feasible so-

Iution, « = 0,b =0,p =0and §; = 1,7 = 1,...,m1, the constraint inequalities are all inactive
for positive A. Hence, Proposition 6.4.3 in Bertsekas et al. (2003) ensures that the min-max theorem
holds, i.e., there is no duality gap. |

Appendix D. Convergence of Expected Loss

Lemma 9 Under Assumption 2 and Assumption 3, we have R* > —o0.

Proof Let S C X bethesubset S = {z € X : e < P(+1|x) <1 — &}, then we have P(S) > 0.
Due to the non-negativity of the loss function ¢, we have

R(f) 2 ~20+ [ { PO — 1) + P-1la)6(p + ) | P(d2)
- /S {—]Dig)prP(Jrllfc)f(p—f(w))+P(—1Ix)€(p+f(fv))}P(d:v)~
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For given 7 satisfying e <7 < 1 — ¢, we define the function £(f, p) by

2
£(f.p) = NG ntp—f)+ @ =n)llp+f), fpeR
We derive a lower bound inf{&(f, p) : f,p € R}. Since ¢(z) is a finite-valued convex function on
R, the subdifferential 9¢(f, p) C R? is given as

06(£.) = { 0. )+ un(-L 1) +0(1 = (1,17 € Db(p — ). v € Dh(p+ )}
Formulas of the subdifferential are presented in Theorem 23.8 and Theorem 23.9 of Rockafellar
(1970). We prove that there exist f* and p* such that (0,0)7 € 9¢(f*, p*) holds. Since the second
condition in Assumption 3 holds for the convex function ¢, the union U,cr0¢(z) includes all the
positive real numbers. Hence, there exist z; and zy satisfying n%@ € 0l(z1) and m €
0l(z2). Then, for f* = (22 — 21)/2, p* = (21 + 22)/2, the null vector is an element of OE(f*, p*).
Since &(f, p) is convex in (f, p), the minimum value of £(f, p) is attained at (f*, p*). Define zy, as
a real number satisfying

g > Vg € 0l(zup)-

1
eP(S)’
Since ¢ < n < 1 — ¢ is assumed, both z; and 2z are less than z,;, due to the monotonicity of the

subdifferential. Then, the inequality

Atz
P(5)

22up
P(5)

§(f.p) 2 +nl(z1) + (1 —n)l(z) > —

holds for all f,p € R and all n such that e < n < 1 — . Hence, for any measurable function
f € Lpand p € R, we have

—22yp

R0 = [ o8

As aresult, we have R* > —2z,, > —o0. ]

P(dx) > — 2zyp.

Lemma 10 Under Assumption 1, 2 and 3, we have
lim inf{Rx(f,p) : f € H, p e R} =R". 21
A—00

Proof Corollary 5.29 of Steinwart and Christmann (2008) ensures that the equality

inf{E[t(p — yf(z))] : f € H} = inf{E[l(p — yf(2))] : f € Lo}

holds for any p € R. Thus, we have inf{R(f,p) : f € H} = inf{R(f,p) : f € Lo} for any
p € R. Then, the equality

inf{R(f,p): f€H, pER} =R"
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holds. Under Assumption 2 and Assumption 3, we have R* > —oo due to Lemma 9. Then, for any
e > 0, there exist A\c > 0, f. € H and p. € R such that || fz|| < Ae and R(fe, pe) < R* + ¢ hold.
For all A > ). we have

inf{R)\(f? /0) cfeM,pe R} < R)\(fsaps) = R(faape) <R* +e.

On the other hand, it is clear that the inequality R* < inf{R,(f, p) : f € H, p € R} holds. Hence,
Eq.(21) holds. |

Appendix E. Proof of Lemma 1

Proof Under Assumption 2, the label probabilities, P(y = +1) and P(y = —1), are positive. We
assume that the inequalities
Lpoy =41y <™ Lpy ooy = (22)
2 N mi ’ 2 n mi
hold. Applying Chernoff bound, we see that there exists a positive constant ¢ > 0 depending only on
the marginal probability of the label such that (22) holds with the probability higher than 1 —e™“".
Lemma 8 in Appendix C ensures that the problem (14) has optimal solutions f b , p. The first
inequality in (15), i.e., ||f||H < Amy» is clearly satisfied. Then, we have ||f||OO < K\, from
the reproducing property of the RKHSs. The definition of the estimator and the non-negativity of ¢
yield that

~ ~

—2p < 2p+fzﬁp iV (FlaY) +)) < 0(0).
Then, we have

R £(0
p= —(2)- (23)

Next, we consider the optimality condition of the problem (14). The Lagrangian of the optimization
problems is given as

1 &
Lfbpii) = =20+ - Lo~ y (M) 4 b)) + | £13, — A2),
=1

where p > 0 is the Lagrange multiplier of the inequality constraint || f||3, < A2, . According to the
calculus of subdifferential introduced in Section 23 of Rockafellar (1970), the derivative of L with
respect to p leads to an optimality condition,

1 <& ~
0 -2+ -3 0l (Flai") + D).
=1
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The monotonicity and non-negativity of the subdifferential and the bound of || f||~ lead to

L o=, ()
2> — op—vy.'b— K\,
— ml ZZ; (p yz 1)

1 ~ 1 - ~
== NG -1 =K )+ — > 005+ — K\,
ml; (P ) ml; (P )

1 & ~
> N0 —-b—KM\p,).
_ml; (» )

In the above expressions, > . O denotes the m.-fold sum of the set 9¢. Let z,, be a real number
satisfying % < 0l(zp), i.e., all elements in 0/(z,) are greater than 37%1 Then, p — b — K\,
should be less than z,. In the same way, for z, satisfying % < 0(zp,), we have ﬁ—l—/b\— KX\, <

zn. Hence, the inequalities

P < KX, + max{zp, 2n},

~ _£(0
|b] < (2) + K\, +max{zp, 2n}

hold, in which p > —£(0)/2 is used in the second inequality. Define Z as a real number such that

- 4 4
"\P(Y = +1)’ P(Y =

_1)} <g, VYgeolz).

Inequalities in (22) lead to

2m1 2m1 < 4 4
max<§ —, — max .
my’ m_ P(Y =41)" P(Y =-1)
Hence, we can choose Z satisfying max{z,, z,} < Z. Suppose that £(0)/2 < K\, + Z holds for

my > M. Then, the inequalities

—~ ~ L0
|P| S K)\ml +Z> ’b’ S %_'_K)\ml +27

hold with the probability higher than 1 — e~ “™ for m; > M. By choosing an appropriate positive
constant C' > 0, we obtain (15). [ |

Appendix F. Proof of Theorem 4

Proof Lemma 10 in Appendix D assures that, for any v > 0, there exists sufficiently large A such
that

|inf{Ry,, (f+b,p): fEH, bpe R} =R <vy
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holds for all m; > M;. Thus, there exist f,, b, and p such that

|R)\m1 (f'y + b“/a pw) - R*| <2y

and || f||l% < Am, hold for m; > Mj. Due to the law of large numbers, the inequality

|7/€T1 (f'y + bwpw) - R(f'y + bwﬂv” <7

holds with high probability, say 1 — d,,,, for m; > M. The boundedness property in Lemma 1
leads to

P((f.5,9) € Gmy) 21— ™
for m; > Mj3. In addition, by the uniform bound shown in Lemma 3, the inequality

sup Ry (f +b,p) = R(f +b,p)] <~
(f?bvp)egml

holds with probability 1 — 47, . Hence, the probability such that the inequality
holds is higher than 1 — e~ — §]  for m; > Ms. Let My be My = max{M;, My, M3}. We

have the inequalities

ﬁTI (.]/C\"’_Zv p) = ﬁTl,Aml (f"’_a p) < 7/2\'T1,>\m1 (fW + b77p7) = 7/éTl(f’Y + b“/ﬂp’Y)'

Then, for any > 0, the following inequalities hold with probability higher than 1 — e~ — ¢, —
6m1 for mq Z Mo,

n(F+5.5) +7

1, (fy + by, py) +
(fv + bwp’y) + 2y
Ay (fy + by, py) + 27
¥+ 4.

R(f+0,p) <

VARVA

A ANIADD

IN

Appendix G. Proof of Theorem 5

Proof For a fixed p such that p > —¢(0)/2, the loss function ¢(p — z) is classification-calibrated
(Bartlett et al., 2006), since ¢'(p) > 0 holds. Hence (0, p) in Assumption 4 satisfies 1/(0, p) = 0,
P(@,p) > 0for 0 < 6 < 1, and (6, p) is continuous and strictly increasing for § € [0, 1]. In
addition, for all f € H and b € R, the inequality

VE+0) =& p) <Eltlp —y(f(2) +0))] = inf Ell(p—y(f(z) +b))]

29.19



KANAMORI TAKEDA SUZUKI

holds for the classification-calibrated loss. Here we used the equality
inf{E[l(p — y(f(x) + b)) : f € H,b € R} = f{E[(p — y(f(x) + )] : f € Lo,b € R},

which is shown in Corollary 5.29 of Steinwart and Christmann (2008). Hence, we have

~

WEF+D) = .0) SE[(P—y(fl@) + D) = inf | B[0P - y(f(z) +b)]

—R(f+b,0)— inf b, 5
R(f+b,p) feggbeRR(f+ P

since p > —/(0)/2 holds due to (23). We assumed that R(f—i— b, p) converges to R* in probability.
Then, for any € > 0, the inequality

R*< inf R(f+b0) <R(f+b7) <R*
< nf (f+0,0) SR(f+b,p) <R +¢

holds with high probability for sufficiently large m;. Thus, ¥ (£ (f—i— A) — &%, p) converges to zero
in probability. The inequality

0 <P(EF+b) — E) <YEF+b) — D)

and the assumption on the function {bv ensure that £ (f+ B) converges to £* in probability, when m
tends to infinity. As a result, for any v > 0,

E(F+b) — £ <~ (24)

holds with probability higher than 1 — d,,, , with respect to the probability distribution of 7', where
Om, ~ satisfies limy,, o0 Oy, 4 = 0 for any v > 0.

Next, we study the relation between f—&—g and f—i— b. The sample size of T5 is mo. For any fixed
f € H, we define the set of 0-1 valued functions, Sy = {[ f(z) + b] : b € R}. The VC-dimension
of Sy equals to one'. Indeed, for two distinct points z,z’ € X such that f(z) > f(z’), the event
such that [ f(z) +b] = 0 and [ f(2’) +b] = 1 is impossible. Hence, for any ¢ > 0 and any
f € H, the inequality

sup [Ep, (f +0) — E(f +b)| < (25)
beR

holds with probability higher than 1 — 5{7’1277 with respect to the joint probability of training sample
T5. Note that 5;;12# depends only on my, v and the VC-dimension of Sy. Thus, 4, is independent

of the choice of f € H. Remember that f—i— b depends only on the data set 77. Due to the law of
large numbers, the inequality

En,(F+D) — E(F+D)| <

holds with probability higher than 1 — §/ with respect to the probability distribution of 75 con-

ma,7y
ditioned on 77 . Since the 0-1 loss is bounded, it is possible to choose 5;,1277 independent of f. From
the uniform convergence property (25), the following inequality also holds

En,(f +) — E(f +D)| < v

1. See Vapnik (1998) for the definition of the VC dimension.
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with probability higher than 1 — 5;;1277 with respect to the probability distribution of 7 conditioned
on the observation of T;. In addition, we have

Er,(f+) < En,(f +D).
Given the training samples 7 satisfying (24), the inequalities
E(f+0) <ER(F+b)+7<En(f+b) +y<Ef+b) +2y < E +3y

hold with probability higher than 1 — ¢/, — §/ _ with respect to the probability distribution of

ma,y ma,y
T5 conditioned on the observation of 7. Hence, as for the conditional probability, we have

PUT : E(f+b) <E +37}HT1) 21 =0, — Oy e
Remember that 51’%2,7 and (%277 do not depend on 7. Hence, as for the joint probability of 77 and
T, we have
P({T17T2 : 5(]?_'_5) <EH+ 37}) > (1 - 5;n2,’7 B 6;;1277)(1 - 5771177)'

The above inequality implies that £ (f+ E) converges to £* in probability, when m; and my tend to
infinity. u

Appendix H. Proofs of Lemma 6 and Lemma 7

First, we show the proof of Lemma 6.
Proof For & = 0 and § = 1, we can directly confirm that the lemma holds. In the following, we
assume 0 < 0 < 1 and p > —£(0)/2. We consider the following optimization problem involved in

¥(0,p),

1
inf ﬂ

1—-6
inf — p—2)+ Tf(p + 2). (26)

The objective function is a finite-valued convex function on R, and diverges to infinity when z tends
to +£oo. Hence, there exists an optimal solution. Let z* € R be an optimal solution of (26). The
optimality condition is given as

1+0)(p—2*)—(1—0)'(p+2*)=0.

We assumed that both 1 + # and 1 — 6 are positive and that p > —¢(0)/2 > d holds. Hence, both
U'(p — z*) and ¢'(p + 2*) should not be zero. Indeed, if one of them is equal to zero, the other is
also zero, and we have p — z* < d and p + 2* < d. These inequalities contradict p > d. Hence, we
have p — z* > dand p+ z* > d, i.e., |2*| < p — d. In addition, we have

1+0 U(p+2¥)

2 U(p+z¥)+0(p—z*)
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Since ¢”(z) > 0 holds on (d, o), the second derivative of the objective in (26) with respect to z
leads to the positivity condition,

L+0)"(p—2)+ (1 =0)"(p+2) >0

for all z such that p — z > d and p + z > d. Therefore, z* is uniquely determined. For a fixed
6 € (0,1), the optimal solution can be described as the function of p, i.e., z* = z(p). By the
implicit function theorem, z(p) is continuously differentiable with respect to p. Then, the derivative
of (0, p) is given as

fpww,p) = aap {ﬁ(p) - 1%05(/) —2(p)) — 1%%(/) + z(p))}

— () - ") (1-Z) - Ll o)) (14 2

2 dp 2 op
TR U'(p+2(p)) o s 02
R PR e A (1 ap)

3 U(p—z(p)) ot s 0z
U(p+=(p)) + 4 (p— Z(p))g o+ 2(0)) (1 " 39)

oy 20(p—z(p)l'(p+ 2(p))
=0 G20+ 0o — ()

The convexity of 1/¢/(z) for z > d leads to

L _ 1 n 1 _p+2(p) +1'(p—2(p))
U(p) = 20(p+2(p))  2U(p—=2(p)  2U(p—=2(p)l'(p+2(p))

Hence, we have

0<

0

—(0,p) >0

o,V (0:0) 2
for p > —£(0)/2 > dand 0 < € < 1. As a result, we see that ¢/(6, p) is non-decreasing as the
function of p. u

Next, we show the proof of Lemma 7.
Proof We use the result of Bartlett et al. (2006). For a fixed p, the function £(z, p) is continuous
for z > 0, and the convexity of ¢ leads to the non-negativity of £(z, p). Moreover, the convexity and
the non-negativity of ¢(z) lead to
lp+2z)—Lp Lp
£(z,p) > ( ,) (p) _ /) T
zt'(p) 2l (p) zl'(p)
for z > 0 and p > —¢(0)/2, where ¢(p) and ¢'(p) are positive for p > —£(0)/2. The above
inequality and the continuity of £(-, p) ensure that there exists z satisfying £(z, p) = 6 for all 6 such
that 0 < 6 < 1. We define the inverse function 5;1 by

v

&, (0) =inf{z >0:¢&(z,p) = 0}
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for 0 < 6 < 1. For a fixed p > —£(0)/2, the loss function £(p — z) is classification-calibrated
(Bartlett et al., 2006). Hence, Lemma 3 in Bartlett et al. (2006) leads to the inequality

w00 2056 (35).

for 0 < 6 < 1. Define ¢! by
E740) =inf{z > 0:£(z) = }.

From the definition of £(z), £~'(6) is well-defined for all 6 € [0,1). Since &(z, p) < £(2) holds,
we have fp_l (6/2) > £71(0/2). In addition, £ (p) is non-decreasing as the function of p. Thus, we

have
oo ()16 ()

forall p > —£(0)/2 and 0 < # < 1. Then, we can choose

so-(49)16 ()

It is straightforward to confirm that the conditions of Assumption 4 are satisfied. |
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