Information-Theoretic Characterization of Sparse Recovery

Supplementary Notes

We use lower-case p(Y|Xg) notation for the conditional outcome distribution given the true subset of
variables averaged over the latent variable 8g. In some cases when we would like to distinguish between the
outcome distribution conditioned on different sets of variables we use p,(-|-) notation, to emphasize that
the conditional distribution is conditioned on the given variables, assuming the true set S is S,,. W.l.o.g. we
assume the true set is S; for below proofs. Define Z = {1,..., ()} as the collection of sets w of size K.

1 Proof of Theorem 2.1

First, note that P(E) < Zf{:l P(E;), for E and E; as defined. If we show separately for each ¢ and any
0 < § <1 that the following bound holds, then the theorem follows:

P(E) < 2_N(E°(5)_5M).

Instead of the above bound, we prove a slightly weaker bound for expositional clarity, which is

_ _ee(PE(F)
P(E;) <2 N<EO(6) " > (2)

Note that the main difference between the above equation and the previous bound is the missing ¢ term
multiplying the binomial expression. The main result follows along the same lines and we refer the reader
to [1] for further details.

To prove this result we denote by A; the set of indices corresponding to sets of K variables that differ
from the true set S; in exactly i variables, i.e.,

A ={weT:|S1eu]=15|=K} (3)
We can establish that,
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Inequality (4) is established separately in the following section. It follows that,
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Inequality (5) follows from the fact that Pr[F;|wy = 1, X gg , YN 9] < 1. Consequently, if U is an upper bound
of this probability then it follows that, Pr[E;|wy = 1, X, YN 6] < U?® for § € [0,1]. Inequality (6) follows
from symmetry, namely, the inner summation is only dependent on the values of X S]»\i ., and not on the items

in the set Sic,. There are exactly (D ;K) possible sets Sic , hence the binomial expression. Note that the
sum over S, cannot be further simplified. This is due to the fact that X fq\i , 1s already specified since we
have conditioned on X é\i . Since X é\i is fixed, the inner sum need not be equal for all sets Si .,,w € A;.
Finally, (7) follows from standard observation that sum of positive numbers raised to d-th power for § < 1
is smaller than the sum of the §-th power of each number.

We now substitute for the conditional error probability derived above and follow the steps below:
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Due to symmetry the summation over sets S;,, does not depend on w. Since there are (Kliz) sets S1,, we
get,
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where the last step follows by letting s = ﬁ and noting that from symmetry X Sj,\i .. Is just a dummy
variable and can be replaced by X é\i _.- This establishes the weaker bound in (2), by letting ' = S} .- and

S =5,
O

Proof of Equation 4

Let {,, w € A; denote the event where w is more likely than 1. Then, from the definition of A;, the 2
encoded messages differ in ¢ variables. Hence

Pr[Eilwo = 1, XY, YY 0] < P(|J )< Y Pl
w€EA; wEA;

Now note that X é\g shares (K — 4) variables with X f;\i . Following the introduced notation, the common
partition is denoted X évl » Which is a NV x (K — i) submatrix. The remaining ¢ rows which are in X é\i
but not in Xé\i are Xé\i’wc. Similarly, XS]Xc,w corresponds to variables in Xé\i but not in Xé\i. In other
words X§ = (X§ . XE ) and X§ = (Xg ,X§. ), where the notation (FN*"1;GN*"2) denotes an

N X (ny +ng) matrix with a submatrix F' in the first n; columns and G in the remaining ny columns. Thus,

P(Cw) = > P(X§|1XE,,0)
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where by exchangeability, we have P(X§ |X,0) = P(XJ, |XJ1,0) = P(X§, |0) PRy 2 1
o o o r
. p(YV|XE )
for all s > 0, since POVXE) > 1.
O

2 Proof of Theorem 2.2

We first derive the sufficiency bound, using the results of Theorem 2.1. To achieve that, we derive a sufficient
condition for the error exponent of the error probability P(E;) in (1) to be positive and to drive the error
probability to zero as D — oo. Specifically,

Nf(8) = NE,(8) — §log (D ; K) (K> — 00 9)
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where
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To establish the sufficiency bound we follow the argument in [4]. Note that f(0) = 0. Since the function
f(0) is differentiable and has a power series expansion, for a sufficiently small §, we get by Taylor series
expansion in the neighborhood § = 0 that,
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which is shown in the next section.
We can further decompose I(X2; Y| XL, 6) using the following chain of equalities:

I(XE;YNIXE,0) + 1(Bs; X5 |1X5, YN, 0) = I(XE; YN, Bs| XE2,0) = I(XE1; Bs10) + [(X51; YN XE2, Bs, 0)
= NI(Xgl;Y|X32,ﬂs,9)7

where the last equality is due to X and Bs being independent and (X, Y ™) pairs being independent over
n given Bg. Therefore we have

oFE, I(X‘ZS\Q;YN|X‘]S\Q,0) I(BS;X‘JS\Q\X‘IS\QYN,H)
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for any constant € > 0. We note that from the Lagrange form of the Taylor Series expansion (an application
of the mean value theorem) we can write F,(d) in terms of its first derivative evaluated at zero and a
remainder term, i.e.,

E,(0) = E,(0) +05(0) + S E(w)

for some 1 € [0, d]. Hence, for the choice of N in (12) and using (11) we have
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where C' = 2I(X51|;E§g\(;(pilz,ﬁs,9) which might depend on K.

A preliminary analysis of the necessary condition that we establish in the next section reveals that
N = Q(Klog D) is necessary, since log (D71K+i) = O(ilog D) and I(Xs1;Y|Xs2,8s,0) < H(Y) = O(1).
Also, I(ﬁg;Xg|X$,YN,9) < H(Bg), which is constant with respect to D since the observation model is
only dependent on K variables, due to the sparsity assumption of the observation model P(Y|X). So we see

that
1(Bs: XBIXEYY,0) (1
N log D

which is always dominated by I(Xs1;Y|Xsz2,8s,8), which we assumed to be w(1/log D). Therefore we can
rewrite (13) as

Nf(5) >N (5 <1 ‘

+ €

- o<1>> I(Xs1:Y| X2, B5.0) — 5201(X51;Y|st,5s,9)> .

Finally, if we choose § < %, where € = T, then f(§) = n for some 1 > 0 which does not depend on D

or N. It follows that N f(§) — oo as D — cc.
We have just shown that for fixed K,
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is sufficient to ensure an arbitrarily small P(FE;). Now note that
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asymptotically as D — oo and K is fixed, for any constant € > 0, which can be incorporated into the previous
e as both are arbitrary. Since the average error probability P(E) < Zfil P(E;), it follows that if

log (D_K'”)
N 1 C
> 09 T(Xer; Y[, 5, 0)

then for any fixed K, limp_, o, P(E) = 0. Consequently, since this is true for any K, limg_,o limp_, o, P(E) =
0.
O

It is important to highlight the main difference between the analysis of the error probability for the
problem considered herein and the channel coding problem. In contrast to channel coding, the codewords of
a candidate set and the true set are not independent since the two sets could be overlapping. To overcome
this difficulty, we separate the error events E;, i = 1,..., K, of misclassifying the true set in i items. Then,
for every ¢ we average over realizations of ensemble of codewords for every candidate set while holding fixed
the partition common to these sets and the true set of variables.

Proof of Equation 10

We have
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where its derivative at 6 = 0 can be written as
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Noting that P(X21|0)P(X2:]0) = P(X%,X%i|0) by the representation theorem and p(YN|XY) =
p(YN XY 0) by the independence of Y and 6 given Xg, above equality simplifies to
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where the second equality follows by noting the first denominator is equal to 1 and by adding and subtracting
log P(X évz |#) inside the parenthesis. The third equality follows from the definition of mutual information.
The final equality follows from the independence of X g1 and Xg2 given 6.



2.1 Necessity bound

The vector of outcomes Y is probabilistically related to the index w € T = {1,2,..., (g)} Suppose K — i
elements of the salient set are revealed to us, denoted by S2. From X and YV we estimate the set index
w. Let the estimate be @ = g(X,Y). Define the probability of error

P, = P(FE) = Pr[w # w].

E is a binary random variable that takes the value 1 in case of an error i.e., if © # w, and 0 otherwise,
then using the chain rule of entropies [2] we have
H(E,w|YN, XV, 8%) = Hw|YN, XN, 8%) + HE|w, YV, XV, 8?)
= HE|YN, XN 8% + Hw|E, YN, XN S%). (14)
The random variable E is fully determined given XV, YV, w and S2. It follows that H(E|w, Y, XV &§?%) =

0. Since E is a binary random variable H(E|YY, XV &§2%) < 1. Consequently, we can bound H (w|E, YN, XV S?)
as follows,

H(w|E, YN XN 8%) = P(E=0)H(w|E=0,YN XV 8+ P(E=1)HW|E =1,Y", XV &§?%

<(1—Pe)0+Pelog(<D_K+Z) —1)
1
DK+©

; (15)

<P, log<

The first inequality follows from the fact that revealing K — ¢ entries, and given that ' = 1, the conditional
entropy can be upper bounded by the logarithm of the number of outcomes. From (14), we obtain the genie
aided Fano’s inequality

(16)

D—-K+1
H(wIYN,XN,SQ)SHPelog( .“)

Note that for the left hand term, we have
H(w[YN, XN, 8%) = Hw|S?) — I(w; YV, XV|S?)
= H(w|S?) — I(w; XN |8?%) — I(w; YV | XN S?)

W H(w|8?) - I(w; YN XN, 82)

Y H(w]s?) - (H(YNxY,8%) - HY N |xV,w)

9 H(w|8?) — (HYN|XN,82,0) - HYN|XY,w,0))
()

> H(w|S?) — (HYN|XY.6) ~ HYN|XE.0))

© H(w|s?) — I(X55 YN XY, 6)

where (a) follows from the fact that X is independent of S2 and w; (b) follows from the fact that conditioning
with respect to w includes conditioning with respect to S2; (c) follows from the independence of Y and 6
given X; (d) follows from the fact that Y~ depends on &2 only through X2; and similarly for the second
term YV depends on w only through X é\i ; the argument for (e) follows by definition.

From (16), it then follows that

D—-K-+1
H(w|S?) — I(X3; YN |X3,60) <1+ P, log ( , “)



and since the set S of K — ¢ variables is revealed, w is uniformly distributed over the set of indices that
correspond to sets of size K containing S2. It follows that

D—-—K-+1 D—-—K-+1
log( Z, Z)_I(Xg;YN|X$,9)g1+Pelog< i Z).

Rewriting the above inequality, we have

I(XN:YNIXD, 0)+1
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log (7;")

Thus, for the probability of error to be asymptotically bounded away from zero, it is necessary that

D—K+i
1og< . “) < I(X5;YNIXE,0) = NI(Xs1;Y | Xs2, Bs,0) — I(Bs; X5 | X252, YN, 6). (18)

Using (11), we can see that
IOg (D—ZI(-F’L)

. XN N N
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is a necessary condition for the number of samples N. Finally, since I(8s; X :19\11 | X ‘Jsvz, Y™N) > 0, the following
expression is a lower bound to the expression above, proving that it is a necessary condition for recovery,

=K I(Xs1, Y [Xg2, 85, 0)

3 Continuous Variables

Even though the results and proof ideas that were used in the above sections are fairly general, the proofs
provided for sufficiency bounds were stated for discrete variables and outcomes. In this section we make the
necessary generalizations to extend these proofs to continuous variable and observation models. We follow
the methodology in [4] and [3].

To simplify the exposition, we consider the extension to continuous variables in the special case of fixed
and known g and i.i.d. variables. Let Q(X) = Hi’;l Q(X;) denote the joint distribution of variables X. The
extensions to random Sg and conditionally i.i.d. variables are straightforward. In this case, I(Xg1;Y|Xs2, 8s)
reduces to I(Xs1;Y|Xs2) and E,(d) reduces to

1+0
Eo(8) = —1log > 3" [ D" Q(Xs)p(Y, Xs2|Xs1) 75 0<6<1 (19)
Y Xg» | Xg1
with 6%;6) = I(Xs1;Xs2,Y) = I[(Xs1;Y[Xg2), since (X, Y (™) pairs are independent across n for

fixed 55.

Assume the continuous joint variable probability density Q(X) with joint cumulative density function F
and the conditional probability density p(Y = y|Xs = z) for the observation model, which is assumed to be
a continuous function of both = and y.

Let X’ € X’N be the random vector and Y’ € ) be the random variable generated by the quantization
of X € XN =R¥ and Y € J = R respectively, where each variable in X is quantized to L values and Y’
quantized to J values. Let F’ be the joint cumulative density function of X’. As before, let S(XN,YN)



be the ML decoder with continuous inputs with probability of making i errors in decoding denoted by
P(E;). Let S(X'V,Y'N) be the ML decoder that quantizes inputs X~ and Y to X’V and Y’V and has a
corresponding probability of error P’(E;). Define

1+0

E,(6,X",Y") = —log Z Z Z Qs )p(y s tga |25y ) 755 ,

ST P
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E,(0,X,Y) log/ /K { Q(zg1)p (y,x32|x51)1+5 dI51:| dx g2 dy,
X 7 X?

where the indexing denotes the random variates which the error exponents are computed with respect to.
Utilizing the results in the proof of Theorem 3.1 for the discrete models, we will show the following for

the continuous model
( l°g(D7K)(i‘))
—N|( Bo(8,X, )6 —2 i)
P(E;) <2 . (20)

OE,(8,X,Y)

The rest of the proof will then follow as in the discrete case, by noting that 53

’5 — I(Xg1; X2, Y),
=0
with the mutual information definition for continuous variables [2].

Our strategy will be the following: we will increase the number of quantization levels for Y and X’

respectively and since discrete result (1) holds for any number of quantization levels, by taking limits we will

be able to show that
< log (D? )( i ))
N| E,(8,X,Y)—6 L

P'(E;) <2 (21)

Since S(XN,YN) is the minimum probability of error decoder, any upper bound for P’(E;) will also be
an upper bound for P(E;), proving (20).

Assume Y is quantized with the quantization boundaries denoted by a1,...,ay_1, with Y’ = q; if
aj—1 < Y < a;. For convenience denote ayp = —oo and a; = oo. Furthermore assume quantization
boundaries are equally spaced, i.e. a; —aj—1 = Ay for 2 < j < J — 1. Now we can write the following
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Let J — oo and for each J choose the sequence of quantization boundaries such that limAj; = 0,
limay_1 = oo, lima; = —oo. Then the last two terms disappear and using the fundamental theorem of
calculus, we obtain
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Although it is not necessary for our proof, it can also be shown that E,(§, X’,Y”) increases for finer
quantizations of Y’, therefore E,(d, X', Y") gives the smallest upper bound over P’(E;) over the quantizations
of Y.

We repeat the same procedure for X. Assume each variable X,, in X is quantized with the quantization
boundaries denoted by by,...,br_1, with X/, = b, if b_1 < X,, < b;. For convenience denote by = —oo
and by, = oco. Furthermore assume quantization boundaries are equally spaced, i.e. b — b1 = Ap for
2 << L—1. Then we can write

146
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where (23) follows with F’(xs1) being the step function which represents the cumulative density function of
the quantized variables X7, .

Let L — oo, for each L choose a set of quantization point such that limAp = 0, limby,_; = oo,
limb; = —oo. Again, the second and third terms disappear and the first sum converges to the integral
over Xs2. Note that p(y,zs2|zs1) is a continuous function of all its variables since it was assumed that
Q(z) and p(y|z) were continuous. Also note that limy_,, F' = F, which implies the weak convergence of
the probability measure of X’ to the probability measure of X. Given these facts, using the portmanteau
theorem we obtain that Ep [p(Y, Xs2|Xs1)] = Er [p(Y, Xs2|Xs1)], which leads to

144
lim E,(6,X',Y) = —log/ / [/ p(y,ac‘gz|ac$1)flrs dF(Qfsl):| dzs2dy = E,(6,X,Y). (24)
yJxK—i X

L—oo

This leads to the following result, completing the proof.

*N<Eo(5’X',Y')*5w> *N<Eo(5,X,Y)*5M>

~ J,L—o

(25)

4 Proof of Theorem 3.1

To derive the upper bound on error probability, we compute E,(d) explicitly and replace it in Theorem 2.1.
First we compute for the easier case, with fixed s = o. In this case, note that (X,Y") pairs are independent
across samples and

140
EO((S) = —10g/P(9)/ / P(X32|9) [/ P(Xslw)p(Y‘Xsl,X‘sﬁ)ﬁ dXSl dst deH, 0 < 1) < 1.
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For the correlated Gaussian variables, this reduces to

B,(5) = 1o [ Nu0.0/N) [ Nai (1 = iy (6 = 1 = p)/)

1446
[/ N (z15ip,i(1 — p)/N)N (y — o(xq +x2);0,1/SNR)$ dxll dwo dy dpu.
XS1

As the first step, we input the Gaussian distributions and take the integral inside the brackets over 1,
which gives us

. s
N(z1;ip,i(1 — p) /NN (y — o(x1 + 22);0,1/SNR) T+ dml} o
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exp | —
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..

By plugging in this expression and integrating over xo, we then have
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Integrating the above expression over y, we are left with

1

i(1—p)SNRo?
L+ Np(1+5)

which no longer depends on p, therefore the expectation over p is equal to the above expression and finally
we have
ic?SNR )

Eo(8) = glog (1 +(1- P)m

for any 0 <6 < 1.

Now we will show a lower bound on the error exponent E,(d) for the case where 8g is random and IID
N(0,0?). In this case, Y (™) are not independent across n. In order to lower bound E,, we first upper bound
the observation probability such that,

1 ﬁ 1 1
p(YN|XH, X% = ( P(BS)P(YN|XéVlaX§V2’ﬂS)dﬁs> S/ P(Bs) ™ P(YN|X§, X &, Bs) T dfs
Bs

Bs

1

which follows from the subadditivity of exponent .

A lower bound on E, is then given by

1
B(0) =~ los 00 [ pe¥) [ [ peen)
N oON YN XéVQ
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Bs M XN
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where M = [ P(Bs)ﬁlé dBs and then by Jensen’s inequality, it follows that

£,(6) >~ log M’ /ﬁ P ( [ro [ [ POl
I

where we also used the independence of (X (n), Y(")) across n given fg.
We start by taking the integral inside the square brackets. For the linear model set-up we have,

1+6 N
P(Xs10)P(Y|Xs1, X2, Bg) 755 dXSI] dXse deH) dBs

s1

(26)
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where A = 1_7”, B = Sllﬁv =axgBo+pul] B —y, D=1+ %&&T and F = %. Then taking
the integral, some terms on the left cancel and we have
L
VSNR\ ™1 C?
P(Xs:|0)P(Y|Xs1, Xs2, Bs) T dXg1 = exp<—>. 27
IR R e e Il e (21)
Writing the second integral that is over Xg2 = x5, we then have
149
/ P(Xg2|0) / P(Xs1|0)P(Y|Xs1, Xg2, Bg) T dXSI] dXs:
X g2 X
SNR 1 T 178, —y)?
=\ 5 ——a N(z; plg i, Al ;) exp (— (@ fot - br-y) ) dx
us m RE—i 2F

SNR 1 1 K‘i/ . el (B + F)’
= X — — X
/|D|(H"S VorA RE—i P 2A 2F7

SNR 1 ( 1

K—i 2
A> /RK_i exp <;(x + (E’G)*IAFBQ)T%(QC + (E/G)lAF/BQ)) exp (fH) da

T /|D|(l+5) 21
where B/ = 1+6’ F = ,ul Bs—y, G=1+ %BQB2T and H = 17%5]2574&152 Again, evaluating the integral,
we obtain
e SNR 1 1 F?
P(Xg2|0) / P(Xs:|0)P(Y|Xs1, Xg2, Bg)TH dxsll dXg = exp <—) .
/x52 o 2r /ot VG 2H
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Integrating the above expression w.r.t. ¥ = y, we see that the result is independent of # = u, and

therefore
_VSNR SNR

[rof [, rsew]] oL

By the matrix determinant lemma, we have |D| =1 + % B1 " B and by the Sherman-Morrison formula,

D™l =1~ M. Similarly, |G| = 1 + A62T62 and G71 = I, — .Y A By plugging in these
I8 B FHB2T B
B|D]|

expressions, we can then see that E' = 3 5 and H = E'|G|. We simplify the above expression to obtain

s1

1+6
P(Xs1|0)P(Y|Xs1, X2, Bg) 75 dXSI] dX g dY df =

S

\/sT VSNR B|D L1 o SNRB B T
1+5 |G| \/m(1+5) +( _P)m )

Note that this expression is analogous to the bound we obtained for the fixed case, since E[BlT B1] = io?.
With the above bound, we will now show a lower bound on E,(§) for § = 1 and o2 = é. We note that
we choose this 02 without loss of generality, since for any value or scaling of ¢ can be incorporated into the
SNR of the problem to obtain an equivalent model, such that SNRo? is fixed. This result can also be shown
without the assumption on ¢2, but the specific bounding methods we use utilize this assumption. To this

effect, we analyze the equivalent problem with parameters SNR' = SNRo287 and o0/? = 8%. Note that with
this choice of 0’2 and §, M = [, P(Bs)2 dBs = 1% = 1. Using (26), we now write,

(28)

2

Bo(1) > 5 logt [ P(5s)? (1 +( p>W>_2 aBs
= —%log/ P(p1)? (1 ( (1—p)SNR2/JB\;Tﬂ1>g d/
_ —%log(ﬂ)%/iexp _Bi;;fl <1+(1—p)81\m2/fv}%>IZY a6,
> L log(Va)? (VBro®) H / [(@)iexp [_Bé;fl (1 e —p)SNR;]'BVlTBlﬂ_g dBy
>

1 1\ BT B SNR'3, " 8 3
_N10g44 l/ <\/87m’2> P [_ 802 <1+(1—p) 2N1 1> dﬂl]

1 2iSNRo? )
=1 1 1—p)——— log 4.
: og( ra- 2 ) o

The first equality follows by taking (5 out of the integral and noting that fRK i 52) dp, = 157 =

1
N
2

We obtain the second equality by expanding P(Bl)i. We upper bound exp [— B§U,2 } by exp [ 8051}7
8 g;é 1} < 1 to obtain the first inequality and the second one follows by the superadditivity

where 0 < exp [—

of exponentiating with —%. Finally, we note that the integral is an expectation w.r.t. 81 ~ N(0,40"%I;) and
obtain the last equality, where we also replace SNR’ and ¢'2.

O

12



5 Proof of Lemma 3.1

Note the following equalities,

I(XSI;Y|X$27557M) = h(Y|X52,ﬂs,’u) - h(YlXSa ﬂSa:u’)
= h (XgiBst + W|Bsr, 1) — h(W)

1 1 1 1
= Eﬁsl,l’« |:2 In (271—6 (Va’r (X;EBSl'ﬂSUM) 6§1ﬁ81 + SM{)>:| — 5]11 (27T6 SNR)

.
= B B In (1 +( _p)@slﬁ;\;smﬂ |

where the second equality follows from the independence of Xg: and Xg2 given u and the last equality
follows from the fact that Var(Xglﬁsl |Bst, 1) = B;E[Uy U;]le = B;ﬁsl 1]§p.

6 Proof of Theorem 3.2

We first show that SNR = log D is a necessary condition. For any D, K or SNR assume N is much larger

such that . . )
Bs1Bs1SNR\ T _ Bsi1BsiSNR] i0°SNR
E{ln(l—%—(l—p)N AE(l—p)T =(1-p) N
Then the necessary condition given by Theorem 3.1 is

log (P75 (%
N > C'max AW AVAYY) ( 11.02)5(1&2

o (l-p)rR
which readily leads to the condition that

log (P=5) (P
SNR > C max M = log D (29)
i (1—p)ioc?

for o constant.
From the upper bound given by Theorem 3.1, the sufficiency bound in Theorem 3.2 is obtained in a
straightforward manner, by looking at conditions where N f(p) goes to infinity. So for each i, we have

Py < - (314022 s imie (717()
then, as log (D,:,K) (If) = O(ilog(D/i)) dominates % log 4 we can see that the following is a sufficient condition
on N for exact support recovery:

2log (P75) (%)
N ]_ 3 .7, .
> (L+¢) max log (1 + (1 — p) 25NRe?)

(30)

Assume SNR > C 1 figp i 7. Also assume N = ) (%), as in the theorem statement. Then, the

bound in (30) becomes
2log (P5) (%)

oo(D /i
max t . = max ilog(D/)

=i log (1 (1= ) B5) ™ =1 g (14207 log(1 + (1 - 0)0) iy )

where we assume o? constant, w.l.o.g., since the scaling of elements of 85 can instead be incorporated into

SNR to obtain an equivalent model as we did in the proof of Theorem 3.1.

13



First, consider the case K = o(D). Then the sufficient condition reduces to
ilog D

N> _nax
LK log (1+2C+ log(1+ (1 — p)o?))

Klog(D/K)

which, for the case i = o(K) is
“log(1+(1-p)o?)’

tlog D
N > —
C% (log(1 + (1 = p)o?))

KlogD Klog(D/K)
log(1+2010g(1+(1 —p)o?)) 10g(1+10g(1+(1— p)o?))’

which is satisfied for chosen N. For i = ©(K), asymptotically, we have

which is also satisfied by .
Second, consider the case K = ©(D). We then have the condition
N> ma tlog(D/1)
Sk log (1 +2C £ log(1+ (1 — p)o?)log D)

Klog(D/K)

K
2) " log(1+ (1= p)a?)

B 2Clog(1+ (1 —p)o

which for i = o(K), is asymptotically equivalent to
ilog D
2C +log(1 + (1 — p)o?)log D
which is satisfied for chosen N. For i = ©(K), asymptotically we have the condition
Klog(D/K)
log (1+1log(1+4 (1 —p)o?)log D)’

which is also satisfied for chosen N.
The necessity bound is obtained by using the derived mutual information expression and looking at the

case 1 = K. From Lemma 3.1, we have
Bl 85:SNR
I(Xs1;Y|Xs2,Bs, 1) < Epg, {log (1+(1 )% ’

which leads to the following necessary condition, as given by Theorem 2.2
lo D—K-ﬁ-i
N= R : ( : )T sNRY |
i=1,..., Eﬁsl |:10g (1 + (1 _ p)leﬁle)]

T T
Note that Ez_, |log [ 1+ (1 p)’(gslﬁfvmﬂ < log <EB51 {1 +(1— p)'ng\;smﬂ) = log (1 +(1—p)ic SNR)

S
due to Jensen’s inequality, therefore the following is also a necessary condition, where we consider only i = K

log (© Klog(D/K
N = = (K)KU2SNR -~ ol /K22SNR : (31)
log (1+ (1 — p)E=2RR)  log (1+ (1— p)i)
) and ¢ = K. It is then clear that

Assume SNR = O(log(D/K)), which is given by (29) for o
QKlog(D/K)) for 02 = O(1).

(31) does not hold for N = o(K log(D/K)), since Klog(D/K) > 1

However for N = Q(K log(D/K)), the condition (31) is
Klog(D

N:Q(
log (1+ (1 p

<(irn
o)

which proves the lower bound in Theorem 3.2
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7 Proof of Theorem 3.3

To show the upper bound on error probability given in Theorem 3.3, we will write P(Y|Zs1,Zs2) and
compute E,(d). For clarity, we consider fixed 83 = o as we did initially did in the proof of Theorem 3.1.
Note that we can write

P(Y|Zsl,Z§2) = P(Y‘Zsl,Zsz,/J/) = /K P(Y|X31,Xs2)P(Xs|Zs,/,L)dXS.
R

The first term is given by N(y — 2" 35;0,1/SNR) as before, for Y = y and X5 = x. Let a = H_—V, then
using the conditional probability of jointly Gaussian random vectors, we have

]__
P(Xs = o125 = 2u) = N (15(1 = @)k + @ L1 = e )

then, considering only sums of Xg and Zg as x and z since Sg = o, as we did in the proof of Theorem 3.1,
the integral is

P(Yy‘ZZkz,,u> /RN(yU:E;O,l/SNR)N<x;(1a)Keraz,l

kes
S LT [ (50 e (052
_ @ [ ( 2G>>(M> "
oV 4B eXp( ((Aa;f)B)> 27T(Aﬁ§+3)
=

~\2r(a+B) 7 <_M)

P a)K> dz

(
1 1—-p)(1—a)Ko?
j\/<yaoza(1a)aKu;0,SNR+( P)(N @) U),
where A = Z2(1-a)K, B= g, C = (1—a)uK+az and G = %. The last equation follows through

the steps used to show (27). For the first equality, we compute and replace the probability distributions
w.r.t. sums x and z. We obtain the third equality by rewriting the terms inside the exponentials to obtain
a square term with x. Then, we take the second exponential outside the integral and compute the integral,
which gives us the fourth equality. Note that G does not affect the integration result. Finally in the last
step we note that the resulting expression is a Gaussian distribution with the given form.

Note that the resulting probability distribution is the same as P(Y|Xg) we used in the proof of Theorem
3.1 except a few differences: o is replaced with ao, ﬁ is replaced with ﬁ + M and lastly
there is an extra (1 — a)uK term. This last term does not affect the resulting lower bound on the error
exponent F,, since it disappears in the integration over Y like the other u terms. We also note that P(Zs1|u)
and P(Zg2|p) terms in the integral (26) are different than P(Xg:i|u) and P(Xgz2|u). To account for this
difference, we need to replace the variance 1_7” with % in the integrations w.r.t. z; and 25 that
follow.

Finally, by doing the necessary replacements outlined above and following the proof of Theorem 3.1, we
obtain the following error exponent for fixed Sg = o

1—p i0?SNR >

1)
Eo(0) = 5 log (”1+ N +0)E
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where £ = 1+ %KSNTM. Then the same analysis in the proof of Theorem 3.1 can be employed for
random (g, to obtain the lower bound,
1—p2ic?SN j
p2ic"SNRY i log 4,
1+v N¢ 4N

E,(1) > —log (1 +

which proves the upper bound on error probability given in Theorem 3.3.

8 Proof of Theorem 3.4

We analyze the upper bound given in Theorem 3.3 to obtain the sufficient condition on N. First, note that
(11—+79V)v < 1, therefore £ <1+ KSNTR"Q
Let SNR = clog(D/K) for now, which is more relaxed than the SNR condition we assume in the theorem
Klog(D/K)
log(1+%02)
assume o2 = O(1) w.l.o.g. since otherwise we can incorporate its scaling into SNR. Then for some constant
C > 0, we have the lower bound

and assume N = ) Then it is easy to see that £ = O(1) for 2 = O(1). As before, we can

1 — p 2cioc?SNR

1 1
> - -
E,(1) 5 log (1 + =0 N ) log 4,

and therefore we have

P(E;) < 27(]\%log(lﬂli%wz%)*i10g4flog(Df-K)(If))

b

for a constant ¢’ > 0.
Following the arguments in the proof of Theorem 3.2, we can see that for N chosen as above, P(E) goes
to zero, proving the theorem.
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