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S1 PROOFS OF RESULTS FROM THE MAIN TEXT

S1.1 Proof of Theorem 1

We require a basic lemma on soft-threhsolding before proceeding with the proof of Theorem 1. Recall the
soft-thresholding function sλ(x) = sign(x){(|x| − λ) ∨ 0} (x ∈ R, λ ≥ 0) and define

r(λ; θ) = Eθ
[
{sλ(x)− θ}2

]
, θ ∈ R, λ ≥ 0

to be the risk of soft-thresholding in the 1-dimensional problem, where x ∼ N(θ, 1). The following result is
essentially contained in (Johnstone, 2013).

Lemma S1. Let 0 < η < 1 and λη = {2 log(η−1)}1/2. Then

r(λη; θ) ≤ η +
[
θ2 ∧ {1 + 2 log(η−1)}

]
≤

{
η + {1 + 2 log(η−1)}1−p/2|θ|p for all 0 < p < 2,

η + {1 + 2 log(η−1)}(θ2 ∧ 1).
(S1)

Proof of Lemma S1. The first inequality in (S1) follows immediately from Equations (8.7) and (8.12) in (John-
stone, 2013). For 0 < p < 2, we have

θ2 ∧ {1 + 2 log(η−1)} = {1 + 2 log(η−1)}
[{

θ2

1 + 2 log(η−1)

}
∧ 1

]
≤ {1 + 2 log(η−1)}1−p/2|θ|p,

which yields the first part of the second inequality in (S1); the second part of the second inequality is obvious.

Returning to the proof of Theorem 1, by (12) in the main text, it suffices to show that if n → ∞ and η → 0,
then

R{θ̂λη ;Btn(η)} . 2η log(η−1). (S2)

Suppose that θ ∈ Btn(η). Then, by Lemma S1,

R(θ̂λη ;θ) =
1

n

n∑
i=1

r(λη; θi) ≤ η + {1 + 2 log(η−1)} 1

n
||θ||2t ≤ 2η{1 + log(η−1)}. (S3)

The (asymptotic) inequality (S2) follows, which proves the theorem.



Supplementary material: Sparsity and the truncated `2-norm

S1.2 Proof of Theorem 2

Suppose that θ ∈ Rn and let ηt(θ) = n−1||θ||2t . Then

R(θ̂λ̂;θ) =
1

n
Eθ

{
||θ̂λ̂ − θ̂ληt(θ)

||2
}

+
1

n
Eθ

{
||θ̂ληt(θ)

− θ||2
}

+
2

n
Eθ

[{
θ̂λ̂ − θ̂ληt(θ)

}> {
θ̂ληt(θ)

− θ
}]

≤ I1(θ) + I2(θ) + 2{I1(θ)I2(θ)}1/2,

where

I1(θ) =
1

n
Eθ

{
||θ̂λ̂ − θ̂ληt(θ)

||2
}
,

I2(θ) =
1

n
Eθ

{
||θ̂ληt(θ)

− θ||2
}
.

By Proposition 1 and Lemma S1,

sup
θ∈Bpn(η)

I2(θ) .

{
2η log(η−1) if p = t,

η{2 log(η−1)}1−p/2 if 0 ≤ p < 2.

Thus, by Theorem 1 and (9)–(10) in the main text, it suffices to prove

sup
θ∈Bpn(η)

I1(θ) = O(η), p ∈ [0, 2) ∪ {t} (S4)

in order to prove Theorem 2.

Focusing on I1(θ), we have the further decomposition,

I1(θ) ≤ J1(θ) + J2(θ) + 2{J1(θ)J2(θ)}1/2, (S5)

where

J1(θ) =
1

n
Eθ

{
||θ̂λ̂ − θ̂λκt(θ)

||2
}
,

J2(θ) =
1

n
Eθ

{
||θ̂ληt(θ)

− θ̂λκt(θ)
||2
}

and κt(θ) = 1−n−1
∑n
i=1 e

−θ2i /4. The quantities J1(θ) and J2(θ) both involve the difference of soft-thresholding
estimators. Consider the following basic property of the soft-thresholding function sλ(x): if 0 ≤ λ, λ′ and x ∈ R,
then |sλ(x) − sλ′(x)| ≤ |λ′ − λ|; if additionally x ≤ λ ∧ λ′, then |sλ(x) − sλ′(x)| = 0. Now define the set
Aθ(ρ) = {i; |θi| ≥ ρ}, for ρ ≥ 0, and let Acθ(ρ) = {1, ..., n} \ Aθ(ρ). Define aθ(ρ) = |Aθ(ρ)| to be the number of
elements in the set Aθ(ρ). Focusing on J2(θ) for the moment, we have

J2(θ) =
1

n

n∑
i=1

Eθ

[
{sληt(θ)

(xi)− sλκt(θ)
(xi)}2

]
=

1

n

∑
i∈Aθ(ρ)

Eθ

[
{sληt(θ)

(xi)− sλκt(θ)
(xi)}2

]
+

1

n

∑
i∈Acθ(ρ)

Eθ

[
{sληt(θ)

(xi)− sλκt(θ)
(xi)}2

]

≤ {ληt(θ) − λκt(θ)}
2

aθ(ρ)

n
+

1

n

∑
i∈Acθ(ρ)

Pθ{|xi| ≥ ληt(θ)}


≤ 2

(
3e+ 1

e− 1

)2
1

log{ηt(θ)−1}

 ηt(θ)

ρ2 ∧ 1
+

1

n

∑
i∈Acθ(ρ)

Pθ{|xi| ≥ ληt(θ)}

 .
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If 0 < ρ < λ and i ∈ Acθ(ρ), then

Pθ{|xi| ≥ λ} ≤
√

2

π

∫ ∞
λ−ρ

e−z
2/2 dz ≤

√
2

π

e−{λ−ρ}
2/2

λ− ρ
. (S6)

Taking λ = ληt(θ) and ρ = log{ληt(θ)}/ληt(θ) above, we obtain

J2(θ) ≤ 2

(
3e+ 1

e− 1

)2
1

log{ηt(θ)−1}

[
λ2ηt(θ)ηt(θ)

log{ληt(θ)}2
+

√
2

π

ηt(θ)ληt(θ)

ληt(θ) − log{ληt(θ)}/ληt(θ)

]
= O{ηt(θ)}. (S7)

It remains to bound J1(θ). The initial steps are similar to those for bounding J2(θ), but now we must account

for the fact that the thresholding level λ̂ is random:

J1(θ) =
1

n

∑
i∈Aθ(ρ)

Eθ

[
{sλ̂(xi)− sλκt(θ)

(xi)}2
]

+
1

n

∑
i∈Acθ(ρ)

Eθ

[
{sλλ̂(xi)− sλκt(θ)

(xi)}2
]

≤ aθ(ρ)

n
Eθ

[
{λ̂− λκt(θ)}

2
]

+
1

n

∑
i∈Acθ(ρ)

Eθ

[
{λ̂− λκt(θ)}

2; |xi| ≥ λ̂ ∧ λκt(θ)
]

≤ ηt(θ)

ρ2 ∧ 1
Eθ

[
{λ̂− λκt(θ)}

2
]

+
1

n

∑
i∈Acθ(ρ)

Eθ

[
{λ̂− λκt(θ)}

2; |xi| ≥ λ̂ ∧ λκt(θ)
]
.

By standard large deviations results,

Eθ

[
{λ̂− λκt(θ)}

2
]
≤ 2

log{κt(θ)−1}
Eθ

[
log{(κ̂t ∨ n−1)/κt(θ)}2

]
= O

[
1

nκt(θ)2 log{κt(θ)−1}

]
.

Thus, it follows that

J1(θ) ≤ 1

n

∑
i∈Acθ(ρ)

Eθ

[
{λ̂− λκt(θ)}

2; |xi| ≥ λ̂ ∧ λκt(θ)
]

+O

[
1

(ρ2 ∧ 1)nκt(θ) log{κt(θ)−1}

]
(S8)

Now fix c1, c2 > 0. Then

Eθ

[
{λ̂− λκt(θ)}

2; |xi| ≥ λ̂ ∧ λκt(θ)
]
≤ Eθ

[
{λ̂− λκt(θ)}

2; |xi| ≥ λ̂ ∧ λκt(θ), κ̂t ≤ κt(θ)− c1
]

+ Eθ

[
{λ̂− λκt(θ)}

2; |xi| ≥ λ̂ ∧ λκt(θ), κt(θ)− c1 < κ̂t ≤ κt(θ)
]

+ Eθ

[
{λ̂− λκt(θ)}

2; |xi| ≥ λ̂ ∧ λκt(θ), κt(θ) < κ̂t ≤ κt(θ) + c2

]
+ Eθ

[
{λ̂− λκt(θ)}

2; |xi| ≥ λ̂ ∧ λκt(θ), κt(θ) + c2 < κ̂t

]
≤ λ2univPθ{κ̂t ≤ κt(θ)− c1}

+ {λκt(θ)−c1 − λκt(θ)}
2Pθ{|xi| ≥ λκt(θ)}

+ {λκt(θ) − λκt(θ)+c2}
2Pθ{|xi| ≥ λκt(θ)+c2}

+ λ2κt(θ)Pθ{κt(θ) + c2 < κ̂t}

≤ λ2univPθ{κ̂t ≤ κt(θ)− c1}

+
2c21

{κt(θ)− c1}2 log{κt(θ)−1}
Pθ{|xi| ≥ λκt(θ)}

+
2c22

κt(θ)2 log{κt(θ)−1}
Pθ{|xi| ≥ λκt(θ)+c2}

+ λ2κt(θ)Pθ{κt(θ) + c2 < κ̂t}.

Now take c1 = c2 = {log(n)/n}1/2 and assume that i ∈ Acθ(ρ), with ρ = log{λκt(θ)+c2}/λκt(θ)+c2 . Then, by
(S6),

Pθ{|xi| ≥ λκt(θ)+c2} = O {ηt(θ)}
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and we conclude that
Eθ

[
{λ̂− λκt(θ)}

2; |xi| ≥ λ̂ ∧ λκt(θ)
]
≤ O{ηt(θ)}

Hence, combining this with (S8) implies
J1(θ) = O{ηt(θ)}. (S9)

Finally, (S5), (S7), and (S9) together imply (S4), which proves the theorem.

S1.3 Proof of Theorem 3

Let

h(x) =

∫ ∞
−∞

φ(x− θ) dπ(θ),

where φ(x) is the standard normal density. By Brown’s identity (Brown, 1971; Bickel, 1981), the Bayes risk r(π)
satisfies

r(π) = 1−
∫ ∞
−∞

{h′(x)}2

h(x)
dx.

Since

h′(x) = −
∫ ∞
−∞

(x− θ)φ(x− θ) dπ(θ)

and ∫ ∞
−∞

∫ ∞
−∞

(x− θ)2φ(x− θ) dπ(θ) dx = 1,

it follows that

r(π) =

∫ ∞
−∞

1

h(x)

[∫ ∞
−∞

φ(x− θ) dπ(θ)

∫ ∞
−∞

(x− θ)2φ(x− θ) dπ(θ)−
{∫ ∞
−∞

(x− θ)φ(x− θ) dπ(θ)

}2
]
dx.

By Jensen’s inequality,∫ ∞
−∞

φ(x− θ) dπ(θ)

∫ ∞
−∞

(x− θ)2φ(x− θ) dπ(θ) ≥
{∫ ∞
−∞

(x− θ)φ(x− θ) dπ(θ)

}2

, x ∈ R.

Thus,

r(π) ≥
√

2π

∫ ∞
−∞

[∫ ∞
−∞

φ(x− θ) dπ(θ)

∫ ∞
−∞

(x− θ)2φ(x− θ) dπ(θ)−
{∫ ∞
−∞

(x− θ)φ(x− θ) dπ(θ)

}2
]
dx

=
√

2π

∫ ∞
−∞

∫ ∞
−∞

∫ ∞
−∞
{(x− θ1)2 − (x− θ1)(x− θ2)}φ(x− θ1)φ(x− θ2) dx dπ(θ1) dπ(θ2).

The inner integral above is∫ ∞
−∞
{(x− θ1)2 − (x− θ1)(x− θ2)}φ(x− θ1)φ(x− θ2) dx =

1

4
√
π

(θ1 − θ2)2e−(θ1−θ2)
2/4,

which implies that

r(π) ≥ 1

2
√

2

∫ ∞
−∞

∫ ∞
−∞

(θ1 − θ2)2e−(θ1−θ2)
2/4 dπ(θ1) dπ(θ2) =

1

2
√

2
E
(
Se−S/4

)
, (S10)

where the random variable S has the same distribution as (θ1 − θ2)2, under the assumption that θ1, θ2 ∼ π are
independent.

Now we work to lower bound E(Se−S/4). Since the function t 7→ te−t/4 is convex on [8,∞), Jensen’s inequality
implies that

E
(
Se−S/4

)
= E

(
Se−S/4

∣∣∣S ≤ 8
)
P (S ≤ 8) + E

(
Se−S/4

∣∣∣S > 8
)
P (S > 8)
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≥ e−2E(S;S ≤ 8) + E(S;S > 8)e−E(S|S>8)/4.

Dividing the analysis into two case, first suppose that E(S;S ≤ 8) ≥ 8P (S > 8). Then

E
(
Se−S/4

)
≥ e−2E(S;S ≤ 8) ≥ 1

2e2
{E(S;S ≤ 8) + 8P (S > 8)} =

1

2e2
E(S ∧ 8).

Furthermore, since π is symmetric,

E(S ∧ 8) =

∫
R2

(θ1 − θ2)2 ∧ 8 dπ(θ1) dπ(θ2)

≥
∫
θ1≥0,θ2≤0

(θ1 − θ2)2 ∧ 8 dπ(θ1) dπ(θ2 +

∫
θ1≤0,θ2≥0

(θ1 − θ2)2 ∧ 8 dπ(θ1) dπ(θ2

≥ 2

∫
θ1≥0,θ2≤0

(θ21 + θ22) ∧ 8 dπ(θ1) dπ(θ2)

≥ 4

∫
θ1≥0,θ2≤0

θ21 ∧ 4 dπ(θ1) dπ(θ2)

≥
∫
R
θ21 ∧ 4 dπ(θ1)

≥
∫
R
θ21 ∧ 1 dπ(θ1)

= ηt(π).

Thus,

E
(
Se−S/4

)
≥ 1

2e2
ηt(π). (S11)

Now suppose that E(S;S ≤ 8) < 8P (S > 8). Then

E(S|S > 8) =
E(S;S > 8)

P (S > 8)
≤ 16E(S)

E(S ∧ 8)
≤ 32η2(π)

ηt(π)
.

We conclude that
E
(
Se−S/4

)
≥ E(S)e−E(S|S>8)/4 ≥ 2η2(π)e−8η2(π)/ηt(π). (S12)

The theorem follows from (S10)–(S12).

S1.4 Proof of Proposition 1

For p = 0, the result follows immediately from (S3), with ηt(θ) in place of η, and the fact that ||θ||2t ≤ ||θ||0.
Suppose that 0 < p < 2 and θ ∈ Bpn(η). Let ηt(θ) = n−1||θ||2t and ηp(θ) = n−1||θ||pp. By Lemma S1,

R{θ̂ληt(θ)
;θ} =

1

n

n∑
i=1

r{ληt(θ), θi}

≤ ηt(θ) +
[
1 + 2 log{ηt(θ)−1}

]
ηt(θ)γp(θ)

≤ η +
[
1 + 2 log{ηt(θ)−1}

]
ηt(θ)γp(θ),

where

γp(θ) =

(
ηp(θ)

[1 + 2 log{ηt(θ)−1}]p/2 ηt(θ)

)
∧ 1.

It is straightforward to check that if η → 0, then

sup
θ∈Bpn(η)

[
1 + 2 log{ηt(θ)−1}

]
ηt(θ)γp(θ) . η{2 log(η−1)}1−p/2.

The proposition follows.
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