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S1 PROOFS OF RESULTS FROM THE MAIN TEXT

S1.1 Proof of Theorem 1

We require a basic lemma on soft-threhsolding before proceeding with the proof of Theorem 1. Recall the
soft-thresholding function sy (x) = sign(x){(Jz| — A) V0} (z € R, A > 0) and define

r(X;0) = Eg [{sx(z) —0}*], 0€R, A>0
to be the risk of soft-thresholding in the 1-dimensional problem, where z ~ N(8,1). The following result is

essentially contained in (Johnstone, 2013).
Lemma S1. Let 0 < n < 1 and \, = {2log(n™")}/2. Then

n+ {1+ 2log(n~H}P/210|P  for all0 < p < 2,

n+{1+2log(n~ 1)} (62 A1). (51

r(Ap;0) <+ [0° A {1+ 2log(n™)}] < {

Proof of Lemma S1. The first inequality in (S1) follows immediately from Equations (8.7) and (8.12) in (John-
stone, 2013). For 0 < p < 2, we have

f (771)} A 1} < {1+ 2log(n 1)} P27,

0 A{1+2log(n™ ")} = {1+ 2log(n~")} [{HZIOg

which yields the first part of the second inequality in (S1); the second part of the second inequality is obvious. [

Returning to the proof of Theorem 1, by (12) in the main text, it suffices to show that if n — co and n — 0,
then

R{6,:B;,(n)} < 2nlog(n™). (S2)
Suppose that @ € B! (n). Then, by Lemma S1,

n

R(82,0) = - " r(hgi65) < -+ {1+ 2logln™)} 111617 < 20{1+ loglr )}, (53)

=1

The (asymptotic) inequality (S2) follows, which proves the theorem.
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S1.2 Proof of Theorem 2

Suppose that 8 € R™ and let 17,(8) = n=1||0||?. Then

N 1 1
R(05:0) = ~Eq {1105 = 0x,,0) I} + ~Eo {1101, — 011"}

)
I (ORI OS)

< 1,(0) + I>(0) + 2{1,(0)15(8)}/2,

where

1 ~ ~

1(6) = —Eo {|165 — 01, |}
1 N

1(6) = ~Eo {1105, — 01}

By Proposition 1 and Lemma S1,

sup I(0) <

2nlog(n1) if p=t,
0By (n)

n{2log(n~")}'-P/2 if0<p<2.
Thus, by Theorem 1 and (9)—(10) in the main text, it suffices to prove

sup I1(0) =O(n), pe0,2)u{t} (S4)
0B ()

in order to prove Theorem 2.

Focusing on I;(0), we have the further decomposition,
11(8) < 11(6) + J2(8) + 2{1(8) J>(0)}'/7, (85)

where
1 e N 2
J1(0) = —Eo {[163 — Ox,,)[I*}
1 R .
=g {1107, — 02,0 I’}

and k(@) =1—n"15" e=%/4. The quantities J;(8) and J»(8) both involve the difference of soft-thresholding
estimators. Consider the following basic property of the soft-thresholding function sy (z): if 0 < A\, X and = € R,
then |sx(z) — sx(z)] < |V — Al; if additionally x < A A X, then |sy(z) — sy ()] = 0. Now define the set
Ag(p) = {i; 6i] > p}, for p > 0, and let Ag(p) = {1,...,n} \ Ag(p). Define ag(p) = |As(p)| to be the number of
elements in the set Ag(p). Focusing on J2(0) for the moment, we have

1 n
= n Z Lo {{s)‘w(e) (xl) ~ SXii (o) (ml)}z}
=1

= Bo (1500000~ r0 @]+ S B (50,0 (@) — 52,0 (00

i€Ag(p) i€Ag(p)

ag(p) , 1
<o) — A} — t= > Po{lwil > Ayy0)}
i€AG(p)
1 n(@) 1

3e+1

<2 1 Poflz:] > A

B <€—1) log{n:(6)~'} p2/\1+n_z o{lail = An.o)}
’LGAg(p)




Lee H. Dicker

If0 < p<Xandie€ A§(p), then

5 26{/\/7}/2
Po{|z;| > 2} < e % /2 dz <\[ .
ol = ah <2 [ 2 (56)

Taking A = A, (e) and p = log{\,,6)}/\,(9) above, we obtain
J2(6) < 2 (36 + 1>2 1 Ani(0)(8) N \/5 1:(0) A, (0)
2 > _
e—1) log{n:(0)=1} |log{\,, (o)} T Ao (0) — 10800 (0) }/ A (0)

It remains to bound J;(@). The initial steps are similar to those for bounding J2(€), but now we must account
for the fact that the thresholding level A is random:

RO =% 3 B [(530) — sr0 @] 1 S Eo [{oa, (1) — x,i0 (20))?]

n
i€Aq(p) i€AG(p)

ag(p) 3 1 < A
LB [ =A@l |+ = X Bo [ =A@} Il = AA A, 0]
i€Ag(p)

o [A Aol = 2 Bo [0 @) lul = 3A Ao
" ieag(n)

=O0{m(0)}. (57

IN

1:(0)

<
~p2Al

By standard large deviations results,

o 14wl < gy o loe e v ) /m O] =0 [ oy

Thus, it follows that

(S8)

o= 71262 o [0 Auio s 512 30wt +0 | G

i€ Ag(p)
Now fix ¢1,co > 0. Then
Eg [{5‘ - )‘Rt(g)}Q; |zi| > AN )‘M(e)} < Ep |:{5‘ - )‘Ht(e)}2; |zi| > AN Aﬂt(9)7 Ry < ry(0) — Cl}
+ Eo [{5\ — w5 |2l = AA Mooy, £e(0) — 1 < iy < Ht(e)]
+ o [{A=Aeo)} |31l = MM (o), 5(8) < o < mu(6) + 2]
+ Ey [{/\ Moy} 2] = AA Ao, £e(0) + 2 < /%t}
< AUIIIVPG{’%t < Kt( ) - Cl}
+ { e (0)—c1 — Ane(0) 2 Poflzil > Aiy(o)}
{0 0) = Ani(@)+en o Pof{|zi] > A 0)4er )
+ )\it(g)Pg{Ht(a) + C2 < /%t}
<)\ Pg{f%tgm(O)—cl}
+ 2¢2
{r+(8) — c1}? log{x+(0) '}

2c2
: Po{|zi] > Ne,(0)4er }

< (0)log (e (0) 1)
+ Ait(e)Pe{Ht(a) +eg < Ry}

univ

Po{|zi| > Ae o)}

Now take ¢; = co = {log(n)/n}/? and assume that i € A§(p), with p = log{ A, (6)4cs }/Aii(6)4c,- Then, by
(S6),
Poflzil = Ax,(0)+e.} = O{n:(6)}
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and we conclude that R .
Bo [{(A =A@} foil = XA A 0| < Ofmi(0)}

Hence, combining this with (S8) implies
J1(8) = O{m(6)}. (S9)
Finally, (S5), (S7), and (S9) together imply (S4), which proves the theorem.
S1.3 Proof of Theorem 3
Let -
)= [ (o) dn(o)

where ¢(x) is the standard normal density. By Brown’s identity (Brown, 1971; Bickel, 1981), the Bayes risk ()

satisfies o (3 )
r(r)=1- L {h((fc))} dzx.
Since -
W)= [ (@ =0)ota—6) dn(0)
and

/O; /O;(ﬂf —0)%¢(z — 0) dn(0) dz = 1,

it follows that

=] i [ | sta-0yinte) [ w-02oto -0y are) - { [ -0 -0 dww)}zl d.

— 00 — 00

By Jensen’s inequality,

o

/_0; bz — 0) dr(0) /_Z(x —0)2(z — 0) dr(0) > {/ (2 — 0)6(z — 0) d7r(6‘)}2 . zeR

—00

Thus,

= e [~ [/_qu(w—e) ix(0) [~ (o~ 0700 - 0) ante) - { |

— 00

oo

2
(z—0)p(xz —0) dw(&)} ] dz

,Woooooox,12fx71xf2 x — 01 x —0y) dx dr(6,) dr(6s).
v [ [Tt 0 - - 00— 0ol — 0600 — 02) o dn(6) (0

The inner integral above is

/ {(z = 01)* — (x — 01)(x — 02)}p(x — 01)p(x — b) dw = ﬁ(al — f)2e (01024,
which implies that
r(r) > % [m /ﬂowl — 0,)2e=O=00*/4 4201 dr(0,) = 2—\1/513 (5e=5/4). (S10)

where the random variable S has the same distribution as (6; — 62)?, under the assumption that 6,60y ~ 7 are
independent.

t/4

—5/4). Since the function t — te~

Now we work to lower bound E(Se is convex on [8, 00), Jensen’s inequality

implies that

E (56—5/4) —E (56-5/4‘ S < 8) P(S<8)+E (Se‘sM‘ 5> s) P(S > 8)
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e 2E(5; S < 8) + E(S; S > Q) F(515>8)/4,

Dividing the analysis into two case, first suppose that E(S;S < 8) > 8P(S > 8). Then

B (5e75) > e ?B(s:S < 8) > @ (B(S:S < 8) + 8P(S > 8)} = 2;E(s A8).

Furthermore, since 7 is symmetric,

E(SA8) = /R (01— 02)2 A8 dr(0r) dr(62)

> / (01— 02)2 A8 dr(8y) dr(6s +/ (01— 02)2 A8 dr(6h) dre(6s
61>0,05<0 61<0,05>0
> 2/ (07 +03) A8 dr(0y) dr(0z)
61>0,02<0
> 4/ 62 A 4 dr(6) dr(63)
6,2>0,02<0
/ 02 N4 dr(6,)
/ 02 A1 dr(6,)
= (7).
Thus,
Se=5/4 ! S11
B (Se51) = —mi(). (s11)

Now suppose that E(S;S < 8) < 8P(S > 8). Then

E(S;5 > 8) < 16E(S) < 3219 (1)
P(S>8) — E(SA8) = m(m)

E(S|S >38) =
We conclude that
B (Se75/1) 2 B(S)e™BEIS> /4 > gy () Sma(m)/m(m), (812)

The theorem follows from (S10)—(S12).

S1.4 Proof of Proposition 1

For p = 0, the result follows immediately from (S3), with 7,(6) in place of , and the fact that ||0]|? < ||0]|o-
Suppose that 0 < p < 2 and 6 € BE(n). Let n,(8) = n~"||0||? and 7,(0) = n~'(|6]5. By Lemma S1,

n

R 1
R{B»x, o0} = - > r{ o), 0i}

=1

< n:(0) + [1+ 21og{n:(6) ' }] 1:(6)7,(0)
<+ [1+2log{n(6)~"}] n:(6)7,(6),

where

)= 1 (6) ) 5
w0 ([1+210g{nt(0)1}]p/2nt(0) :

It is straightforward to check that if 7 — 0, then

seS];l”p( : [1 + 210g{77t(9)*1}] m(0)7,(0) < 77{210g(n*1)}17p/2.

The proposition follows.
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