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Optimality of Thompson Sampling for Gaussian Bandits
Depends on Priors: Supplementary Material

We prove Lemmas 3, 4 and 9 in this supplementary
material.

Before the proof of these lemmas we give a simple
inequality to evaluate the ratio of gamma functions
to evaluate densities of normal, chi-squared and t-
distributions.

Lemma 10. For z > 1/2
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for z > 1/2 from Stirling’s formula (Olver et al., 2010,
Sect. 5.6(i)), we have
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Similarly we have
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which completes the proof. ]

We prove Lemma 3 based on Cramér’s theorem given
below.

Proposition 11 (Dembo & Zeitouni, 1998,
Ex.2.2.38). Let Z1, 2, be ii.d. random wvari-
ables on RY. Then, for Z =n='Y" | Z,, € R? and

any convex set C' € R?,
Pr[Z € C] < exp (—n ingv A*(z)) ,
FAS

where

A*(z) = sup {\- z — log E[e* ]} .
AER?

Proof of Lemma 8. Eq.(8) is straightforward from
Cramér’s theorem with Z,, = X;,, (see also
e.g. Dembo & Zeitouni, 1998, Ex. 2.2.23).

Now we show (9). Let Z, = (ZS),ZT(?%))
(Xim,» X7,,) € R?. Then it is easy to see that the
Fenchel-Legendre transform of the cumulant generat-
ing function of Z; is given by
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Eq. (9) follows from

Pr[S;, > naz]
=Pr[Z® — (Z1)2 > o7

A*(Zu)’Z(z)))

<exp|—n n
(21 2(2)): 2(2) —(z2(1D)2>02
2
o
é eXp <_nh (2>) ’
g;

where the first and the second inequalities follow be-
cause {(z(V), 22 2 — (2(1)2 > 521 is a convex set
and h(z) is increasing in @ > 1, respectively. O

Next we prove Lemma 4 based on Lemma 10.

Proof of Lemma 4. Letting
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This integral is bounded from above by Proof of Lemma 8. Let n; > 0 be arbitrary. Then
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Proof of Lemma 9. First we have
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Finally we prove Lemmas 8 and 9 on the regret bound =0(e?) +0(e7) = O(c7?). O

of Thompson sampling.



