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Appendix A. Derivation of Eq.(11)

Eq.(11) is derived from the calculation of average for
p(xnN) on the shell S of the hypersphere:
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with a volume constant v = 72/2/T' (£ + 1), a vec-
tor w = xyy — X = fiu; + ... + Bpup with eigen-
vector bases of VVp(x), uy,...,up, and correspond-
ing constants to obtain w, f£1,...,08p. Here, Vg(a)
is the infinitesimal volume of hypersphere of radius

r=VE .

The zero-th order expansion, Eq.(3), is the p(x) mul-
tiplied by the volume of the hypersphere shell with
radius d. Thus, Eq.(3) is p(x)DvdP~1 dd. The first
order expansion, Eq.(4), is zero because of the symme-
try. In order to calculate the 2nd expansion, Eq.(5),

we need to calculate several integrations first: for
B =1sinf and df =l cosfdb,
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If we reformulate Eq.(5),
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where ); is the eigenvalue of VVp which corresponds
to u;. Here, the second term Sp(...) vanishes accord-
ing to Eq.(7), and we can use Eq.(6) and (8) to calcu-
late the integration recursively. Now, Eq.(5) becomes

d2
Eq.(5) = ?VQp(x) - DydP~t dd. (12)
If we divide Eq.(12) with the volume of the shell,
D~ydP~1 dd, we get the deviation

2
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Appendix B. Derivation of metric
matrix A in Eq.(28)

The solution of the semidefinite program in Eq.(24)
is not unique. Here, we explain how we chose the
analytic solution in Eq.(24). We first reformulate
the semidefinite program using the eigenvalues of B:
b1,...,bp. The optimal solution A shares the eigen-
vectors with B from the form of the equation Eq.(24).
Then the optimization problem changes to the prob-
lem of finding eigenvalues of A, and the optimization
can be formulated as

2
b,
min <Z 9;> where Hm,- =1, z; >€e>0, (14)

where the eigenvalues can be obtained from lim._,q x.
For simpler analysis, we use the change of variable
u; = log z; to obtain a new objective function:

(Z bie_“i> +C (Z u) (15)
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with Lagrangian multipliers C and ~; fori =1,..., D.
The derivative of this objective function with respect
to u; is zero:
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and the following equation is satisfied for all i:

C = Yj + 2 (Z bi€u1> bjeiuj (19)

Here, we consider the KKT condition for -;, where for
each i, it satisfies either

v =0 or wu;=Iloge (20)

Here, we can find a solution with ; = 0 for all 7, and
we do not have to consider the second condition. If
~v; = 0 for all ¢,

c=2 <Z bie_“'i> bje " for all i (21)

there are two possible equivalencies for this equation,
> b =0 (22)

bje™" = bpe " (23)

Condition 1:

Condition 2:

Condition 1 is equivalent to the equation ), > b=,
and unless all b; have the same sign, there are many
possible solutions. On the other hand, in order for the
condition 2 to be satisfied, either b; > 0 for all i or
b; < 0 for all 7. In this case, we have unique solutions,

if b; > 0 for all 4 (24)
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To obtain a metric that satisfies the boundary condi-
tion between the two situations where Condition 1 and
Condition 2 are satisfied, we can set

b;

T, = O — if b; >0 (26)
(IT;6:)7
T, = —0_% if b; <0, (27)
(IT;00)7
and find C} and C_ that satisfies ), % = 0: from
Dict (HCZ)? — D e (HCb‘) = 0, we can choose

Cy =dy and C_ = d_ where dy and d_ are the num-
ber of positive eigenvalues and negative eigenvalues of
B, respectively. This completes the derivation of the
matrix A.



