FuSSO: Functional Shrinkage and Selection Operator

Supplemental Materials

Lemmata

Lemma 1 Let X be a non-negative r.v. and C be an
measurable event, then E [X|C]P(C) < E [X].

Proof.

E [X] = E[X|C] P(C) + E [X|C]| P(C%) > E [X|C] B(C)
O

Lemma 2: 137 o, (k/n)gi(k/n) = I{l = m}, for

1<im<n-—1.

Proof. See Lemma 1.7 in [11].

Lemma 3: Let H; be the N x M matrix with
m) = ), =

2
HY YN0, ZT).

entries H, (i, 1 *Tf , then its rows

Proof. H( [<p1 ]Tf( ), hence it is clearly
Gaussnan w1th mean 0 Furthermore

E[H HO ] =E[(2 5T (LgTel)]
:A*Tw(-”)( & 45

nz @i ( eI )Pm
=2 (LT Gm)
21 = m),
where the last line follows from Lemma 2. Further-
more, H( NS ~ N(0, %EI) directly follows using Lemma

3 and the fact that §j(-i) are independent over j as well
as 7 indices. O

nl—2a
Lemma 4 P (| H||max > n%) < 20¢pM,n®~"e %
Proof.

IP)(”}IHmax > na) <P (Uijﬂ]‘](Z | > n_a})

<3P <|Hj(7)\ > n_“)
Ty

—pM,,P (;%Z| > n‘“)

,nl
§20§pMnna71/ze 20¢

where Z ~ N(0,1), and the last line follows from a
Gaussian Tail inequality.

Lemma 5 ||} ||max < Con™"+1/2 where Cq € (0, 0)
is a constant depending on Q).
Proof. See Lemma 1.8 in [11].

Lemma 6 [|34]3 < Qs.

Proof.
||5s||2 ZHB ||2 = Z Z 5Jm = Z Z ci.5;
jes jES m=1 JjES m=1
<@s

O

Lemma ~7: 3-2\7'077107C'Ininaé'maxv 0< CN'min < émax <
00, 0 < 0 <1st. if [[H]lmax < % and N > Ny,
n > ng then

Ao (%AFAs) < Crax <00 (34)

Auin (%45 As) = Coin >0 (35)

1-9

Vj e S, 7

(36)

|(% A7 As) (% A5 As) 7| <

Proof. First, note that by the Courant-Fischer-Weyl
min-max principle (e.g. [1]), for symmetric real matri-
ces B, C we have that:

Apmax(B + C) = max 27 (B + C)z

llzll=1

= max z! Bz + 27 Cxz
lz]l=1

< max z? Bz + max 27 Cz
[lz]|=1 [lz]|=1

:Amax(B) + Amax(C)
and,
Amin (B + C) = ”thill .TT(B + C)aj‘

= min 27 Bz + 27 Cxz
[lzll=1

> min 27 Bx + min 2’ Cx
lzll=1 llzll=1

:Amin (B) + Amln(c)
Thus,
Amax (%AEAS)
< Amax(F A5 As) (37)

+ Amax ( ES + HS TAS + AT(ES + HS))) (38)
+ Amax (% (Es + Hs)" (Es + Hyg)) . (39)
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Since the term in (37) is bounded by (16), we need
only show that (38) and (39) are bounded for large
enough N, n. Similarly, we have that:

Amin (%Agi‘is)

Z Amin(%AgAS) (40)
+ Amin (%((Es + Hs)TAS + Ag(Es + Hs))) (41)
+ Amin (%(ES + HS)T(ES + HS)) . (42)

Since the term in (40) is bounded by (17) and (42) is a
positive semi-definite matrices, it suffices to show that

Amin (£ ((Bs + Hs)" Ag + A{(Es + Hg))) > —Crain

for large enough N, n. Note further, that for symmet-
ric matrix B:

Amax(B) < ”mHax |zT Bz| and
1

Amin(B) > — max |27 Bz|.
=l=1
Hence we will use the maximum absolute Rayleigh
quotient (z”Bx) control bounds on the expected
eigenvalues. Note that:

X 2" ((Es + Hs)" As + A§(Es + Hg))z| <

e (s + Hs)z)" (Asz)| + [(Asz)" (Es + Hs)z)]

=2 max \((ES + Hg)z)" (Asz)|

< 2 max I(Es + Hs)x||2]| Asz]2

s (Hrnlax ||Asx2) (F?X |(Es + He)e )

(m%w1||<Es ; HS)JUHoo)

SIS

< 2 (Alrlax(AgAS))

N Crnax <\/N|n|1a>1< (ES + HN & |>

< 2o (e 1B+ 1 el
< QNJTM\/:(CQn_'YH/Q +n7?).
Similarly,

max |z7 (Es + Hs) ' (Es 4+ Hg)x| <

[lz||=1
sM, N (Con™"+1/2 4 n=a)2,

Thus,
Amax (%A% As) < Cona

+ 24/ C’mmsMn(C'Qn_"’“/2 +n"%)

+ M, (Con™7TY/2 4 n=e)?

< ~

and
Amin (%AEAS) > Cmin
-2 C’mastn(CQn77+1/2 +n"?)

Z Cmim

for large enough n, N and appropriate Cinaxcs Conin US-
ing our assumptions. Let ||-|| = ||-||2 below. Hence,

| AT As) (% A5 As) 7|
= (AT As)(F AT As) " (F AT As) (: AT As) |
< |[(FATA)(FATA9) || (FA5A)(FAFA9) 7.

Also,

(AT As) (%A% 45) ™|

+(A;+ Ej+ H)"(As + Es + Hg) (% ASAs) ™!
NAT As(5 A5As) 7

+ || £ AT (Es + Hs)(£ AL As) ™|

+ || 5 (B + Hy) T As(5 A5 As) 7!

+ HHE + H;)"(Es + Hs) (3 A§As) 7|

1

IN

1AT

H H 7% (Eg JrHs)H ||(%A§AS)*1H

+ )| [ as Gazas)
(k45497

+Hf
+||% (B + Hy)"(Bs + Hs)|| ||(

< 1— (S + V Cmax /SMn(CQn—’y-i-l/Q +n—a) (43)

T s Chin

+ Vs /3 (g2 4 n~) (1)

+ Ciin VM, (Con™FY2 4 =02, (45)
Also,

NASAs

=L ATAg — L AL(Es + Hs)
— %+ (Es+Hs)"As — %(Es + Hs)" (Es + Hg).
Thus,
| A5 45) (AT As) 7|
<1+ | % AE(Es + Hs) (A5 As) 7!
+ HN Es+Hs)TAS(%A§AS)_1H

+ || (Bs + Hs)" (Bs + Hs) (3 A5 As) 7|
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<l+ %\/sMn(CQn_WH/Q +n79) (46)

min

v 7Vglf‘ax VM (Con™ Y2 4 ) (47)
1
+ o sMa(Con ™" H/? 072, (48)

By our assumptions all terms in (43)-(48), except 1—_85,
are going to zero. Hence, keeping leading terms, one

may see that
| AT As) (% A5 As) 7|
< 1 —5(5 n O( /?Mn(n_n,-;-lﬂ +n—a)>

Mn(n—7+1/2 + n—a)2>

1-6
/5

for large enough n and appropriate 5. ]

IN

Lemma 8
$3/2

Proof. First note that:

E[IE54(H A5V 1 |B] P(B

I1£58(# AV oo < 15580 (7 AE) oo IV || so-

We have that

oo o0
_ (1) ax (1) px
Vil=12_ D0 amBim| <D0 Y [enfim
jeSm=M,+1 JES m=M,,+1
1 1
o 2 oo 2
()2 *2
(v (S om)
JES \m=M,+1 m=M,+1

1 1
Mzw( > M) >
n m=M, +1 m=M,+1
1 1
2 o0 2
2 *2

m=1
Q
M2
Thus
- 1
I(#A8) o < N(IIAEIIOO + 1ES oo + I1HS lloo)

< Q4 Con 7 T/2 4 pe,

Hence,
E 1S54 A5V 18]
<‘2W(Q+0Qn—v+1/2 )]\3257. (49)
O]
Lemma 9 E[|S5i(4AD)e|<|B]P(B) =

o( mgM@VN)

Proof. Note that given Hg, Z = ESS( AT)e is nor-
mal with mean 0 and co-variance matrix:

&=
M
0 |
ac
2=
o
=
™
3
2|~
e
&2
™
193]
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=
2|~
o
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S
N
=
2|~
N
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N
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0~

Hence, given Hg and B

2

062 Ts—1 O S -t
mZaXVar [Z:] =max —re; Yggei < N (Amin(ZSS’)>

G

ZMM

And so [4],

E [121l|8]

s fe121o]s ]

<E[E [3\/log(sMn)||Var[Z]||oo’B, HS] ‘B}

<E |30, M B
L NCmin
— 30, log(sM,, )
Nlen

Lemma 10 P (man€Sc||lLL§_I||2 >1- g) —0

Proof.

5
P Me=1-<
(gggmgﬂz 2)

=P (maXIIu = (1-8) >
JES

N | S0

)
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<P (grgglluﬂz -(1-6)> Z‘B> (B) + P (B°)

2
< =zE |max — 1—
28 |l

Recall that

i = ijsigé(%Ag(Es + Hs) Z‘ — *ATV

Ui =35

. Let u]
55554 (*MES 1585 - LA
— 7AT(ES + Hg)Bs + N ATV

Note that

a2 <3555 2 (b AZ(Bs + Hs) B3l

+ 5y AZ VIl + asllz)

+ )\NNAT(ES + Hs)Bsll2 + | xox ATV 2.

Given B,

il <2 7 (|| L AL (B + He) B3>

+”A‘NATVHQ+VF)

* AVNAT(ES — Hg)Bsll2 + || )q\lNA;FVHQ
7 6||ANNAT(ES+HS)ﬂS||2

+ 12| Ly ALV

+ 52y AT (Bs + Hs)B5 2 + |55 ATV |l2

=1 -

and so:

B [maclif - (1~ 5[] P

< LIE [H AL (Es + Hg)B5]l2 ‘ ]
+ 5K |15 Lv ALV 2| B] P(B
+E el by AT (Bs + H)53 e 18]
—HE{ max| 25 AT V2| }

First, note that
E |5ty AL (Bs + Hs)S3]] P(B)
E [Il & A5l (Bs + He)B5 2] P(B)

< VCm

AN

=0 <)\1 (5\/]\/[nn7+1/2 +
N

2 [VN|(Bs + Hs) 53l | B(B)

slog(N))) '

E (|l 5y (Es + Hs)" (Es + Hs)5512| B P(B
< YO8 [VsMal(Es + Hs)" (Bs + Hs)55 ] |B]

_ O(\/iMn (3\/M7nn_7+1/2—|— SlOg(N))

ﬁ

Moreover,

N n

(n—'y+1/2 n n—a) )

Thus,
L3R (| xiv AL (Bs + Hs)B5 2| B] B(B)
1 log(N)
= J— 'Y+1/2 -
O <)\N nft AN n >
40 n po2H | sM,, log(N)
)\Nn’y
sMy, log(N)
+O <ANTL’Y+G 1/2 )\Nna+1/2 .
Similarly,

[HA AT (Es + Hs)B5 | 8] P(8

JF
Vi

= O ()ilN (sﬁ /Mnn_ﬂ’+1/2 +

| AT I1LE [I(Es + Hsmgnoo]zs} B(B
slog(N)
n )

E [l (B + H))T(Bs + Hs)B5la 5] P(5

and,

< Y0 (1, + )7 (B + )55 5] B

(n’y+1/2+na>>.
Hence,
E [ty AT (Es + Hs)B52|B] P(B)

O(s M”n*7+1/2+7 slog(N))
N )\N n



FuSSO: Functional Shrinkage and Selection Operator

o (AN:%:.% + ﬁ:ﬁiiﬁm)
Also, E ||| 1y AL V> ‘5}
[n ATV |B| B(B

Q—!—C’ nT2 4o “) QS)

2
M

— 1+n7+1/2+na)>

o
o
(s

’

LIE [|I5xiv A5V |B] P(B :O<ANM§“/2>'

AJTVHQ‘B} P(B)

VM,
Ax

Similarly, E [|| ﬁ

< E {H%AJTVHOO’B} P(B

MM

26 lmalf - (1 )[5| P(5)

( My, *’y+1/2+i slog(N))
)\N n

sM, log(N)
)\1\]774’»/—"_(1_1/2

)\Nna+1/2

where we used that fact that v > 1. Thus, with as-
sumptions (20)-(28), P (maxjescn,ufﬂg >1- %) —
0 O

Thus,

Lemma 11 P (maxjescﬂﬁj — 1 loo > NLM*) — 0
Note that

g
H
. >

<P (max”fb]— — B) P(B)+P(B),
jese

and
2V My, N
; E{%}gllug‘uflmll@}
2v/M,,
=""""F [E {max”ﬂj —,UjHHoo‘&H} ‘B} .
) jese
Let
Zj =x(ay — i)
~ P P 3
=AT(I — Ag(A§As) 1A§)N
Thus, given H, Z; is a zero mean Gaussian ran-

dom variable. Furthermore, given B, maxy, Var[Z;;] <
o?/N.

1 - o :
E (2] Z;] =7 A7 (I — As(A§ A5) T ADE [ee”]
(I — As(figzig)_ljlg)jj
2
g ~ ~ ~ ~ ~
:ﬁA]T(I — Ag(A§As) T Af)
(I - Ag(A§As) T AD)A;
o’ AT i (AT X \—13T
=z (I — As(AgAs) ™ Ag
— As(A§A3)71A§
+ As(Agﬁs)*lﬁgﬁsmggsylgg) A
o’ AT i (AT X \—13T
=Nz (I — Ag(AgAs) ™ Ag
— Ag(AF Ag) T AL + As(AF Ag) AT A
2
g7 ~ ~ o~ ~ -
=5 AT (1- As(AFAg) 1 AL) 4

o2

Uors L oirg arioar
2 (ML - LA ),

2
:UF (ekA A, ek)

2 ~ ~
— ek AT As(A%As) G Ajer

- (5).
vghege 1ihe~ last ~lin~e follows from thg f~act that
AJTAS(AEAS)*lAgAj is PSD and H%AJTAmeaX <
(Q+ Con=7+2 4 n=0)2.

Hence,

So, given B

Var[Z;y]

AiNE {maXHZ HOO‘B H} o(AlN log((pNs)M”)>,



Oliva, P6czos , Verstynen, Singh, Schneider, Yeh, Tseng

Hence,

max
jese

)
1 log((p — s)M,,)
<0 (AN\/M"N> ;

and so P (maxjescﬂﬁj — 1 oo > ﬁ) —0

2\/EE[

i —ufoo]




