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Abstract

We give the first algorithm for Matrix Completion that achieves running time and sample com-
plexity that is polynomial in the rank of the unknown target matrix, linear in the dimension of
the matrix, and logarithmic in the condition number of the matrix. To the best of our knowledge,
all previous algorithms either incurred a quadratic dependence on the condition number of the un-
known matrix or a quadratic dependence on the dimension of the matrix. Our algorithm is based
on a novel extension of Alternating Minimization which we show has theoretical guarantees under
standard assumptions even in the presence of noise.

1. Introduction

Matrix Completion is the problem of recovering an unknown real-valued low-rank matrix from a
possibly noisy subsample of its entries. The problem has received a tremendous amount of attention
in signal processing and machine learning partly due to its wide applicability to recommender sys-
tems. A beautiful line of work showed that a particular convex program—known as nuclear norm
minimization—achieves strong recovery guarantees under certain reasonable feasibility assump-
tions Candes and Recht (2009); Candes and Tao (2010); Recht et al. (2010); Recht (2011). Nuclear
norm minimization boils down to solving a semidefinite program and therefore can be solved in
polynomial time in the dimension of the matrix. Unfortunately, the approach is not immediately
practical due to the large polynomial dependence on the dimension of the matrix. An ongoing re-
search effort aims to design large-scale algorithms for nuclear norm minimization Ji and Ye (2009);
Mazumder et al. (2010); Jaggi and Sulovsky (2010); Avron et al. (2012); Hsieh and Olsen (2014).
Such fast solvers, generally speaking, involve heuristics that improve empirical performance but
may no longer preserve the strong theoretical guarantees of the nuclear norm approach.

A successful scalable algorithmic alternative to Nuclear Norm Minimization is based on Al-
ternating Minimization Bell and Koren (2007); Haldar and Hernando (2009); Koren et al. (2009).
Alternating Minimization aims to recover the unknown low-rank matrix by alternatingly optimizing
over one of two factors in a purported low-rank decomposition. Each update is a simple least squares
regression problem that can be solved very efficiently. As pointed out in Hsieh and Olsen (2014),
even state of the art nuclear norm solvers often cannot compete with Alternating Minimization with
regards to scalability. A shortcoming of Alternating Minimization is that formal guarantees are
less developed than for Nuclear Norm Minimization. Only recently has there been progress in this
direction Keshavan (2012); Jain et al. (2013); Gunasekar et al. (2013); Hardt (2013b).

Unfortunately, despite this recent progress all known convergence bounds for Alternating Min-
imization have at least a quadratic dependence on the condition number of the matrix. Here, the
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condition number refers to the ratio of the first to the k-th singular value of the matrix, where &k
is the target rank of the decomposition. This dependence on the condition number can be a seri-
ous shortcoming. After all, Matrix Completion rests on the assumption that the unknown matrix is
approximately low-rank and hence we should expect its singular values to decay rapidly. Indeed,
strongly decaying singular values are a typical feature of large real-world matrices.

The dependence on the condition number in Alternating Minimization is not a mere artifact of
the analysis. It arises naturally with the use of the Singular Value Decomposition (SVD). Alternating
Minimization is typically intialized with a decomposition based on a truncated SVD of the partial
input matrix. Such an approach must incur a polynomial dependence on the condition number.
Many other approaches also crucially rely on the SVD as a sub-routine, e.g., Jain et al. (2010);
Keshavan et al. (2010a,b), as well as most fast solvers for the nuclear norm. In fact, there appears
to be a kind of dichotomy in the current literature on Matrix Completion: either the algorithm is not
fast and has at least a quadratic dependence on the dimension of the matrix in its running time, or
it is not well-conditioned and has at least a quadratic dependence on the condition number in the
sample complexity. We emphasize that here we focus on formal guarantees rather than observed
empirical performance, which may be better on certain instances.

Main Problem: Is there a sub-quadratic time algorithm for Matrix Completion
with a sub-linear dependence on the condition number?

In fact, eliminating the polynomial dependence on the condition number for Alternating Minimiza-
tion was posed as an open problem by Jain, Netrapalli and Sanghavi Jain et al. (2013).

In this work, we resolve the question in the affirmative. Specifically, we design a new variant
of Alternating Minimization that achieves a logarithmic dependence on the condition number while
retaining the fast running time of the standard Alternating Minimization framework. This is an ex-
ponential improvement in the condition number compared with all subquadratic time algorithms for
Matrix Completion that we are aware of. Our algorithm works even in the noisy Matrix Completion
setting and under standard assumptions—specifically, the same assumptions that support theoretical
results for the nuclear norm. That is, we assume that the first k£ singular vector of the matrix span
an incoherent subspace and that each entry of the matrix is revealed independently with a certain
probability. While strong, these assumptions led to an interesting theory of Matrix Completion and
have become a de facto standard when comparing theoretical guarantees.

1.1. Our Results

For the sake of exposition we begin by explaining our results in the exact Matrix Completion setting,
even though our results here are a direct consequence of our theorem for the noisy case. In the exact
problem the goal is to recover an unknown rank k£ matrix M from a subsample §2 C [n] x [n] of its
entries where each entry is included independently with probability p. We assume that the unknown
matrix M = UAU7 is a symmetric n x n matrix with nonzero singular values o1 > --- > o}, >
0. Following Hardt (2013b), our result generalizes straightforwardly to rectangular matrices. To
state our result we need to define the coherence of the subspace spanned by U. Intuitively, the
coherence controls how large the projection is of any standard basis vector onto the space spanned
by U. Formally, for a n x k matrix U with orthonormal columns, the coherence of U is u(U) =
max;ep,) %llef Ul , where e1, ... , €, is the standard basis of R".
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We show that our algorithm outputs a low-rank factorization XY such that with high proba-
bility || M — XY T |2 < || M]|| provided that the expected size of 2 satisfies

2 _ c 2 71 2 (T
pn —O(nk p(U)* log <ak>log (€)> (1)

Here, the exponent ¢ > 0 is bounded by an absolute constant. While we did not focus on minimizing
the exponent, our results imply that the value of c can be chosen smaller if the singular values of M
are well-separated. The formal statement follows from Theorem 1. Note that the dependence on the
error € is only poly-logarithmic. This linear convergence rate makes near exact recovery feasible
with a small number of steps. We also show that the running time of our algorithm is bounded by
O(poly(k)pn2), which is nearly linear in the number of revealed entries except for a polynomial
overhead in k. For small values of k and u(U), the total running time is nearly linear in n.

Noisy Matrix Completion. We now discuss our more general result that applies to the noisy or
robust Matrix Completion problem. Here, the unknown matrix is only close to low-rank, typically
in Frobenius norm. Our results apply to any matrix of the form

A=M+ N =UAUT + N, )

where M = UAU7T is a matrix of rank k as before and N = (I — UUT)A is the part of A not
captured by the dominant singular vectors. We note that N can be an arbitrary deterministic matrix.
The assumption that we will make is that NV satisfies the following incoherence conditions:

Tarl|2 o~ BN . { 2 2} e [N g
SN < — N d N;i| < ——=. 3
max [lef N||, < T - min { NI, o p and - max [N| < 3)
Recall that e¢; denotes the i-th standard basis vector so that HeiTN H2 is the Euclidean norm of the
i-th row of N. The conditions state no entry of NV should be too large compared to the norm of the
corresponding row in /N, and no row of N should be too large compared to o. Our bounds will be

in terms of a combined coherence parameter p* satisfying

p* > max {u(U), un}. 4)

We show that our algorithm outputs a rank k factorization XY such that with high probability
|A—XYT|| <e||M|+(1+0(1))|N|, where ||-|| denotes the spectral norm. It follows from our
argument that we can have the same guaranteee in Frobenius norm as well. To achieve the above
bound we show in Theorem 1 that it is sufficient to have an expected sample size

pn2 =0 (n . poly(k/»yk)(u*)Qlog (Z;) <log2 (g) + <5’"‘N]\/~|[|ﬁ;> 2)) . )

Here, 7 = 1 — 0}41/0} indicates the separation between the singular values oy, and oy 1. The
theorem is a strict generalization of the noise-free case, which we recover by setting N = 0 and
hence v, = 1. Compared to our noise-free bound above, there are two new parameters that enter the
sample complexity: v and || N||r/e||M || r. To interpret this difference, suppose that that A has a
good low-rank approximation in Frobenius norm and that o and oy are well-sepearted: formally,
IN||F < e||Al|F fore < 1/2and v, = 2(1). Then the bound above implies that our algorithm then
finds a good rank k approximation with at most O(poly (k) log(o1 /o) (p*)?n) samples, recovering
the noise-free bound up to a costant factor.

For an extended discussion of related work see Section 2.1. We proceed in the next section with
a detailed proof overview and a description of our notation.
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2. Overview

As the proof of our main theorem is somewhat complex we will begin with an extensive informal
overview of the argument. In order to understand our main algorithm, it is necessary to understand
the basic Alternating Minimization algorithm first.

Alternating Least Squares. Given a subsample €2 of entries drawn from an unknown matrix A,
Alternating Minimization starts from a poor approximation XYy’ to the target matrix and itera-
tively refines the approximation by fixing one of the factors and minimizing a certain objective over
the other factor. Here, Xy, Yy each have k& columns where £ is the target rank of the factorization.
The least squares objective is the typical choice. In this case, at step £ we solve the optimization
problem )
Xg = arg n}}n Z [A” — (Xi/fjll)zj] .
(4,5)€Q

This optimization step is then repeated with X, fixed in order to determine Y. Since we assume
without loss of generality that A is symmetric these two steps can be combined.Previous work
exploited that Alternating Least Squares update can be interpreted as a noisy power method update
step. That is, Y; = AX, 1+ G, for a noise matrix Gy. In this view, the convergence of the algorithm
can be controlled by ||Gy||, the spectral norm of the noise matrix. To a rough approximation, this
spectral norm initially behaves like O(o1//pn), ignoring factors of k and p(U). Since we would
like to discover singular vectors corresponding to singular values of magnitude oy, we need that
the error term satisfies |G| < oj: otherwise we cannot rule out that the noise term wipes out
any correlation between X and the k-th singular vector. In order to achieve this, we would need to
set pn = O((o1/0k)?) and this is where a quadratic dependence on the condition number arises.
This is not the only reason for this dependence: Alternating Minimization seems to exhibit a linear
convergence rate only once Xy is already “somewhat close” to the desired subspace U. This is why
typically the algorithm is initialized with a truncated SVD of the matrix Po(A) where P is the
projection onto the subsample €2. We again face the issue that || A — Pq(A)|| behaves roughly like
O(o1/4/pn) and so we run into the same problem here as well.

A natural idea to fix these problems is a deflation approach. If it so happens that o1 > oy, then
there must be an r < k such that 0y = o, > 0. In this case, we can try to first run Alternating
Minimization with r vectors instead of k vectors. This results in a rank r factorization XY
We then subtract this matrix off of the original matrix and continue with A’ = A — XY This
approach was in particular suggested by Jain et al. Jain et al. (2013) to eliminate the condition
number dependence. Unfortunately, as we will see next, this approach runs into serious issues.

Why standard deflation does not work. Given any algorithm NOISYMC for noisy matrix com-
pletion, whose performance depends on the condition number of A, we may hope to use NOISYMC
in a black-box way to obtain a deflation-based algorithm which does not depend on the condition
number, as follows. Suppose that we know that the spectrum of A comes in blocks,

01 =02=...=0p >>UT1+1:UT1+2:"':UT2>>UT2+1:"'

and so on. We could imagine running NOISYMC on Pq(A) with target rank r, to obtain an
estimate M/(1). Then we may run No1sYMC again on Po(A — M) = Po(A) — Po(M ™) with
target rank 75 — 71, to obtain M (?), and so on. At the end of the day, we would hope to approximate
A~ MY + M3 4 ... Because we are focusing only on a given “flat” part of the spectrum at a
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time, the dependence of NOISYMC on the condition number should not matter. A major problem
with this approach is that the error builds up rather quickly. More precisely, any matrix completion
algorithm run on A with target rank r; must have error on the order of o, 11 since this is the
spectral norm of the “noise part” that prevents the algorithm from converging further. Therefore,
the matrix A — M () might now have 2r; problematic singular vectors corresponding to relatively
large singular values, namely those vectors arising from the residuals of the first 1 singular vectors,
as well as those arising from the approximation error. This multiplicative blow-up makes it difficult
to ensure convergence.

Soft deflation. The above intuition may make a “deflation”-based argument seem hopeless. We
instead use an approach that looks similar to deflation but makes an important departure from it. In-
tuitively, our algorithm is a single execution of Alternating Minimization. However, we dynamically
grow the number of vectors that Alternating Minimization maintains until we’ve reached k vectors.
At that point we let the algorithm run to convergence. More precisely, the algorithm proceeds in at
most k epochs. Each epoch roughly proceeds as follows:

Inductive Hypothesis: At the beginning of epoch ¢, the algorithm has a rank r;_; factorization
X, 1Y, that has converged to within error o,,_,1/100. At this point, the (r;_; + 1)-th
singular vector prevents further convergence.

Gap finding: What can we say about the matrix A; = A — Xt_lYgl at this point? We know that
the first r;_ singular vectors of A are removed from the top of the spectrum of A;. Moreover,
each of the remaining singular vectors in A is preserverd so long as the corresponding singular
value is greater than o,, ,11/10. This follows from perturbation bounds and we ignore a
polynomial loss in k at this point. Importantly, the top of the spectrum of A; corresponds is
correlated with the next block of singular vectors in A. This motivates the next step in epoch
t, which is to compute the top k — ;1 singular vectors of A; up to an approximation error
of oy, ,+1/10. Among these singular vectors we now identify a gap in singular values, that
is we look for a number d; such that o, |44, < oy, ,4+1/2.

Alternating Least Squares: At this point we have identified a new block of d; singular vectors and
we arrange them into an orthognormal matrix P; € R™*%. We can now argue that the matrix
W = [X;_1|P] is close (in principal angle) to the first , = ;1 + d; singular vectors of A.
What this means is that W is a good initializer for the Alternating Minimization algorithm
which we now run on W until it converges to a rank r; factorization XthT that satisfies the
induction hypothesis of the next epoch.

We call this algorithm SOFTDEFLATE. The crucial difference to the deflation approach is that we
always run Alternating Minimization on a subsampling P (A) of the original matrix A. We only
ever compute a deflated matrix Po(A — XYT) for the purpose of initializing the next epoch of the
algorithm. This prevents the error accumulation present in the basic deflation approach.

This simple description glosses over many details and there are a few challenges to be overcome
in order to make the idea work. For example, we have not said how to determine the appropriate
“gaps” d;. This requires a little bit of care. Indeed, these gaps might be quite small: if the (additive)
gap between o, and 0,41 is on the order of, say, bg%ar, for all » < k, then the condition number
of the matrix may be super-polynomial in k, a price we are not willing to pay. Thus, we need to
be able to identify gaps between o, and 0,1 which are on the order of o, /k. To do this, we must
make sure that our estimates of the singular values of A — X; 1Y,T are sufficiently precise.
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Ensuring Coherence. Another major issue that such an algorithm faces is that of coherence.
As mentioned above, incoherence is a standard (and necessary) requirement of matrix completion
algorithms, and so in order to pursue the strategy outlined above, we need to be sure that the esti-
mates X;_1 stay incoherent. For our first “rough estimation” step, our algorithm carefully truncates
(entrywise) its estimates, in order to preserve the incoherence conditions, without introducing too
much error. We note that we cannot reuse the truncation analysis of Jain et al. Jain et al. (2013)
for this step, as it incurred a dependence on the condition number. Coherence in the Alternating
Minimization step is handled by the algorithm and analysis of Hardt (2013b), upon which we build.

2.1. Further Discussion of Related Work

Our work is most closely related to recent works on convergence bound for Alternating Minimiza-
tion Keshavan (2012); Jain et al. (2013); Gunasekar et al. (2013); Hardt (2013a). Our bounds are in
general incomparable. We achieve an exponential improvement in the condition number compared
to all previous works, while losing polynomial factors in k. Our algorithm and analysis crucially
builds on Hardt (2013b). In particular we use the version and analysis of Alternating Minimiza-
tion derived in that work more or less as a black box. We note that the analyses of Alternating
Minimization in other previous works would not be sufficiently strong to be used in our algorithm.
In particular, the use of noise addition to ensure coherence already gets rid of one source of the
condition number that all previous papers incur.

We are not aware of any fast nuclear norm solver with theoretical guarantees that do not depend
polynomially on the condition number. The work of Keshavan et al. Keshavan et al. (2010a,b) gives
another alternative to nuclear norm minimization that has theoretical guarantees. However, these
bounds have a quartic dependence on the condition number. There are a number of fast algorithms
for matrix completion based on either (Stochastic) Gradient Descent Recht and Ré (2013) or (On-
line) Frank-Wolfe Jaggi and Sulovsky (2010); Hazan and Kale (2012). However, the theoretical
guarantees for these algorithms are typically in terms of the error on the observed entries, rather
than on the error between the recovered matrix and the unknown matrix itself. Further, these algo-
rithms typically have polynomial, rather than logarithmic, dependence on the accuracy parameter €.
Since setting € ~ oy, /0 is required in order to accurately recover the first & singular vectors of A,
a polynomial dependence in € implies a polynomial dependence on the condition number.

2.2. Notation

For a matrix A, ||A|| denotes the spectral norm, and || Al the Frobenius norm. We will also use
| Al = max; ;|A; ;| to mean the entry-wise o, norm. For a vector v, ||v||, denotes the ¢ norm.
Throughout, C', Cy, C1, C, . . . will denote absolute constants, and C' may change from instance to
instance. We also use standard asymptotic notation O(-) and €2(-), and we occasionally use [ < g
(resp. 2) to mean f = O(g) (resp. f = Q(g)) to remove notational clutter. Here, the asymptotics
are taken as k,n — oo. For a matrix X € R™** R(X) denotes the span of the columns of X,
and IIx denotes the orthogonal projection onto R(.X). Similarly, ITx denotes the projection onto
R(X)*. For a set random Q C [n] x [n] and a matrix A € R™ ", we define the (normalized)
projection operator Pq, as

2
n
Q( ) E‘Q’ (§)€Q J€ e]
l?]
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to the be matrix A, restricted to the entries indexed by €2 and renormalized. Our algorithm, and
its proof, will involve choosing a sequence of integers r; < --- < r; < k, which will mark the
significant “gaps” in the spectrum of A. Given such a sequence, we will decompose A as

A=ME) L Ny =MD 4+ M@ .4 MO 4 N, (6)

where M (=) has the spectral decomposition M (<t = U (St)A(St) (U (St))T and A (<) contains the

(<t)

eigenvalues corresponding to singular values o; > - - > o,,. We may decompose M '=" as the sum

of MU) for j = 1...t, where each M) has the spectral decomposition M) = U )Aj (U Y ))T
corresponding to the singular values o;,_, 41, ...,0r;. Similarly, the matrix /V; may be written as
Ny = (Vi)A(>)(Vi)T, and contains the singular values o, 41,...,0,. Eventually, our algorithm
will stop at some maximum ¢ = T, for which r; = k, and we willhave A = M+ N = M (=7) + Np
as in (2). We will use the notation UU(<7) to denote the concatenation U(<7) = [ |U@)|...|U6)].
Observe that this is consistent with the definition of U(<?) above. Additionally, for a matrix X €
Rt we will write X = [X(M|X®)]...|X®)] where X ) contains the 7j_1 +1,...,7; columns
of X, and we will write X (=/) = [X(1|x@)|...|X0)]. Occasionally, we will wish to use notation
like U(=") to denote the first  columns (rather than the first 7, columns). This will be pointed out
when it occurs. For an index r» < n, we quantify the gap between o, and 0,1 by

=1 2L @)
Or
and we will define .
yimmin{a, e bl 2 g b ®)

By definition, we always have v > 1/4k; for some matrices A, it may be much larger, and this will
lead to improved bounds. Our analysis will also depend on the “final” gap quantified by ~;, whether
or not it is larger than 1/4k. To this end, we define

v = min {7, 7} . ©

3. Algorithms and Results

In Algorithm 1 we present our main algorithm SOFTDEFLATE. It uses several subroutines that are
presented in Section 3.1.

3.1. Overview of Subroutines

SOFTDEFLATE uses a number of subroutines that we outline here before explicitly presenting them:

e S-M-ALTLS (Algorithm 2) is the main Alternating Least Squares procedure that was given
and analyzed in Hardt (2013b). We use this algorithm and its analysis. S-M-ALTLS by itself
has a quadratic dependence on the condition number which is why we can only use it as a
subroutine.

e SMOOTHQR (Algorithm 3) is a subroutine of S-M-ALTLS which is used to control the co-
herence of intermediate solutions arising in S-M-ALTLS. Again, we reuse the analysis of
SMOOTHQR from Hardt (2013b). SMOOTHQR orthonormalizes its input matrix after adding
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Input: Target dimension k; Observed set of indices 2 C [n] x [n] of an unknown symmetric
matrix A € R™™ "™ with entries Pn(A); Accuracy parameter ¢; Noise parameter A with
I|A— Ag||lr < A; Coherence parameter p*, satisfying (4), and a parameter yio; Probabilities
po and py, p; fort = 1,. .. k; Number of iterations L; € N, for ¢ = 1,..., k runs of S-M-
ALTLS, and a parameter spax € N for S-M-ALTLS, and a number of iterations L for runs
of SUBSIT.

1 Letp =", (pt + p})-
2 Break € randomly into 2k + 1 sets, g and Q1, Q) ..., Q, Q) so that E|Q| = 2£|Q] and E|QY| =

P
% |2] (See Section D).

3 50 < ||Pay(A)||  // Estimate oy (A)

4 Initialize Xg =Yy =0, =0

sfort=1...kdo

6 Tt < #}; (2/€St_1 + A)

7 T; <+ TRUNCATE (Pq,(A) — Po,(X¢—1Y;,),7:)  // TRUNCATE(M, c) truncates M so that
|M;;| < ¢

8 ﬁt, o < SuBsIt(T;,k —r.—1,L)  // Estimate the top k — r,_1 spectrum of 7}.

9 If 71 < 10esg then return X;_1,Y; 1
10 d; < min {Z <k-—riq: 0i+1(1~}) < (1 — ﬁ) Uz(ﬁ)} U{k—rr—1}

1 T4 T + dg /I T is an estimate of the next “gap” in the spectrum of A
12 St = 04, /I s¢isan estimate of o, (A)

. \ (<dy _
13 Q: + (Ut> // Keep the first d; columns of U

14 @t < TRUNCATE <@tB, 8 “*long(m> /I where B € R™*"™ is a random orthonormal matrix.

15 Wi < QR([X;—1 | Q,])  // Wy is arough estimate of U(<")

16 | pg (\//To+(t—1)\/ﬂ)2
17 | (X4, Y;) < S-M-ALTLS(A, ), Ry = Wy, L = Ly, Smax = Smaxs k = 74, = €50k, =
pt) /Xy is a good estimate of U(S?)
18 If r, > k then return( X, Y})
19 end

Output: Pair of matrices (X,Y).

Algorithm 1: SOFTDEFLATE: Approximates an approximately low-rank matrix from a few entries.
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a Gaussian noise matrix. This step allows tight control of the coherence of the resulting ma-
trix. We defer the description of SMOOTHQR to Section B where we need it for the first
time.

e SUBSIT is a standard textbook version of the Subspace Iteration algorithm (Power Method).
We use this algorithm as a fast way to approximate the top singular vectors of a matrix arising
in SOFTDEFLATE. We use only standard properties of SUBSIT in our analysis. For this reason
we defer the description and analysis of SUBSIT to Section E.3.

Input: Number of iterations L. € N, parameter spax € N, target dimension k, observed set of
indices 2 C [n] x [n] of an unknown symmetric matrix A € R"*" with entries Pn(A),
initial orthonormal matrix Ry € R™** and parameters C, j

Break () randomly into sets €21, ..., Q;, with equal expected sizes. (See Section D).
for { =11t Ldo

Break 2y randomly into subsets Q@l), . Q@T) with equal expected sizes.

for s = 1 to spax do

Sés) <« argmingegnxk || Po, (A — Rg_lsT)H?

end

Sp medianS(Slgs)) /I The median is applied entry-wise.

Ry <~ SMOOTHQR(Sy, ¢, )
end

Output: Pair of matrices (Ry—1, Sr)
Algorithm 2: S-M-ALTLS(Pn(A),Q, Ro, L, Smax, k, ¢, ) (Smoothed-Median-Alternating Least
Squares)

3.2. Statement of the main theorem

Our main theorem is that, when the number of samples is poly(k)n, SOFTDEFLATE returns a good
estimate of A, with at most logarithmic dependence on the condition number.

Theorem 1 There is a constant C so that the following holds. Let A € R™*", k < n, and write
A = M+ N, where M is the best rank-k approximation to A. Let v,~v* be as in (8), (9). Choose pa-

2
rameters for Algorithm I so that € > 0; p* satisfies (4); po > # (M* (k: + (m) > + log(n)> ;

E01
ko .
A > ||N|ps Ly > %log (ﬁ) ,and L > Ck"/? log(n); and symax > Clog(n). There is a

choice of py, p; (given in the proof below) so that

i o AN
= / < [ I - * 2
p E pet+ E pp < 0(7*)371 log (/c p— 501> <1 + <5 \MH) ) (o + 'k log(n))log(n)

so that the following holds. Suppose that each element of [n] x [n] is included in Q) independently
with probability p. Then the matrices X,Y returned by SOFTDEFLATE satisfy with probability at
least1 —1/n, ||[A — XY7T| < (14 0(1))||IN| + €| M]|.
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Remark 2 (Error guarantee) The guarantee of ||[A — XYT|| < (1+ o(1)) || N +¢ || M]| is what
naturally falls out of our analysis: the natural value for the o(1) term is polynomially small in k.
It is not hard to see in the proof that we may make this term as small as we like, say, (1 + «) || N,
by paying a logarithmic penalty log(1/«) in the choice of p. It is also not hard to see that we may
have a similar conclusion for the Frobenius norm.

Remark 3 (Obtaining the parameters) As written, then algorithm requires the user to know sev-
eral parameters which depend on the unknown matrix A. For some parameters, these require-
ments are innocuous. For example, to obtain pg or Ly, the user is required to have a bound on
log(oy,/0r,+1). Clearly, a bound on the condition number of A will suffice, but more importantly,
the estimates sy which appear in Algorithm I may be used as proxies for o,,, and so the parameters
p} can actually be determined relatively precisely on the fly. For other parameters, like u* or k, we
assume that the user has a good estimate from other sources. While this is standard in the Matrix
Completion literature, we acknowledge that these values may be difficult to come by.

3.3. Running Time

The running time of SOFTDEFLATE is linear in n, polynomial in &, and logarithmic in the condition
number o1 /0 of A. Indeed, the outer loop performs at most & epochs, and the nontrivial oper-
ations in each epoch are S-M-ALTLS, QR, and SUBSIT. All of the other operations (truncation,
concatenation) are done on matrices which are either n x k (requiring at most nk operations) or on
the subsampled matrices P, (A), requiring on the order of pn? operations.

Running SUBSIT requires I, = O(k"/? log(n)) iterations; each iteration includes multiplication
by a sparse matrix, followed by QR. The matrix multiplication takes time on the order of

pin? = npoly(k) log(n) <1 + A) ,
E01
the number of nonzero entries of A, and QR takes time O(k?n). Each time S-M-ALTLS is run,
it takes L iterations, and we will show (following the analysis of Hardt (2013b)) that it requires
poly(k)nlog(n)log(n/e) operations per iteration. Thus, given the choice of L; in Theorem 1, the
total running time of SOFTDEFLATE on the order of

9] <n - poly (k) - <1 + A) -log (01>> ,
€01 o + €01

where the O hides logarithmic factors in n.

4. Proof of Main Theorem

In this section, we prove Theorem 1. The proof proceeds by maintaining a few inductive hypotheses,
given below, at each epoch. When the algorithm terminates, we will show that the fact that these hy-
potheses still hold imply the desired results. Suppose that at the beginning of step ¢ of Algorithm 1,
we have identified some indices 71, . . ., 7:—1, and recovered estimates X;_1, Y;_; which capture the
singular values o071, ..., 0y, , and the corresponding singular vectors. The goals of the current step
of Algorithm 1 are then to (a) identify the next index r; which exhibits a large “gap” in the spectrum,

10
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and (b) estimate the singular values o,, ,+1,...,0y, and the corresponding singular vectors. Let-
ting r4 be the index obtained by Algorithm 1, we will decompose A = M (<D 4Ny = MED 4N,
as in (6). As in Section D, we treat the ; and €} as independent random sets, with each entry in-
cluded with probability p; or p;, respectively. We will keep track of the principal angles between
the subspaces ’R(((Sj )Xt,l)) and R(((Sj U )). More precisely, for matrices A, B € R"*"7 with
orthogonal columns, we define sin 6(A, B) := ||(AL)"B||.

We will maintain the following inductive hypotheses. At the beginning of epoch ¢ of SOFTDE-
FLATE, we assert

) . 1
op,sin 0( X, (S, US)) < o (0ry 41+ || M]|) Vi<t—1 (H1)

and
Or, 41 e || M|

Cok?
for some sufficiently large constant C determined by the proof. We also maintain that the current

estimate X;_1 is incoherent:
ku—
1/ Fpt—1 (H3)
n

for a constant C5. Above, equation (H3) defines 1;—1. Observe that when ¢ = 1, everything in sight
is zero and the hypotheses (H1), (H2),(H3) are satisfied. Finally, we assume that the estimate s;_
of o, ;41 1s good.

HM<<“ - XHYILH < (H2)

k
ma)}( Hez‘TXt—l“Q < \/; (\/lTO(l + 05/]‘?)t_1 + (t —1)16+/p* log(n)>

i€n

1
50-7},1-"-1 S St—1 S 20"!’,571-’-1 (H4)
The base case for (H4) is handled by the choice of sg in Algorithm 1. Indeed, Lemma 21 in the

appendix implies that as long as

w* log(n) (\/E + %)2

po = . ; 10)

then with probability 1 — 1/poly(n),
1
201 < [1Poy(A)] < 201,

and so (H4) is satisfied. Now, suppose that the inductive hypotheses (H1), (H2), (H3), and (H4)
hold. We break up the inner loop of SOFTDEFLATE into two main steps. In the first step, lines 6 to
15 in Algorithm 1, the goal is to obtain an estimate r; of the next “gap,” as well as an estimate W,
of the subspace U(<Y). We analyze this step in Lemma 4 below.

Lemma 4 There exists a constants C, C so that the following holds. Suppose that

C(u*)? log(n) <k2 + (]AW>Q>

2
neg

Dt =

)

where ey < m. Further assume that the inductive hypotheses (HI), (H2), (H3), and (H4) hold.

Then with probability at least 1 — 1/n? over the choice of ) and the randomness in SUBSIT, one
of the following statements must hold:

11
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(a) Algorithm I terminates at line 9, and returns X;_1,Y;—1 so that ||[A — X, Y,' ||| < Ce || M|

(b) Algorithm I does not terminate at line 9, and the following conditions hold. First, The error
level € has not yet been reached:

M|l < or, i1 (11)

Second, the index ry recovered obeys

o Oryp 141
ﬂ§1_7 and Zrnatl oo (12)
Or, Or,

Third, the matrix W, has orthonormal columns, and satisfies

1 k
sin (W, USY) < Z and max He?WtHQ < ﬁ, 13)

where p; is defined as in (H3). Fourth, the estimate s; satisfies (H4).

The proof of Lemma 4 is given in Section A. In the second part of SOFTDEFLATE, lines 16 to
17 in Algorithm 1, we run S-M-ALTLS, initialized with the subspace W, returned by the first part
of the algorithm. Lemma 5 below shows that S-M-ALTLS improves the estimate 1, to the desired
accuracy, so that we may move on to the next iteration of SOFTDEFLATE.

Lemma S Assume that the conclusion (b) of Lemma 4 holds, as well as the inductive hypotheses
(HI1), (H2), (H3), and (H4) . There is a constant C' so that the following holds. Let v* be as in (9).
Suppose that

2
C EAAN 2 C LtSmax - ke log(n) <k+ (sll%) )
% /
e = wlk+ <> +log(n) | and p, >

€0y (v*)?n

where L; > 'TC* log (%) and syax > C'log(n). Then after Ly steps of S-M-ALTLS with

the initial matrix Wy, and parameters ji;, €, with probability at least 1 — 1/n?, over the choice of
)}, the inductive hypotheses (H1), (H2), and (H3) hold for t.

The proof of Lemma 5 is addressed in Section B. Theorem 1 now follows using 4 and 5. First, we
choose i as in the statement of Theorem 1. Because py > po forallt = 1,..., 7, this implies
that y; satisfies the requirements of Lemma 5. Then, the hypotheses of Lemma 5 are implied by the
conclusions of the favorable case of Lemma 4. Now, a union bound over at most & epochs of SOFT-
DEFLATE ensures that with probability at least 1 — 2k/»2 > 1 —1/n, the conclusions of both lemmas
hold every round that their hypotheses hold. If SOFTDEFLATE terminates with the guarantees (a) of
Lemma 4, then HA — XrY}E H < Ce||M]| . On the other hand, if (b) holds, then Lemma 4 implies
(H4) and the hypotheses of Lemma 5, and then Lemma 5 implies that with probability 1 — 1/n?,
the remaining inductive hypotheses (H1), (H2), and (H3) for the next round. Thus, if the situation
(a) above never occurs, then the hypotheses (and the conclusions) of Lemma 5 hold until SOFTDE-

A= XY <IN (1+ s ) + C= M)
Finally, the bound on p follows by adding the bound on py in (10) with the bounds on p; and pj from
Lemmas 4 and 5. This completes the proof of Theorem 1.

FLATE terminates because r; = k. In either case,

12
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Appendix A. Proof of Lemma 4

In this section, we prove Lemma 4, which shows that either Algorithm 1 hits the precision parameter
€ and returns, or else produces an estimate W; for U (<1 that is close enough to run S-M-ALTLS
on. There are several rounds of approximations between the beginning of iteration ¢ and the output
W;. For the reader’s convenience, we include an informal synopsis of the notation in Figure 1. We
will first argue that the matrix N;_; is close to the truncated, subsampled, noisy estimate 7;.

Lemma 6 Let 1} be as in Algorithm 1, and choose any constant Cy > 0. Suppose that the inductive
hypotheses (H2) and (H4) hold. Suppose that p; is as in the statement of Lemma 4. Then, for a
sufficiently large choice of Cy in the hypothesis (H2) (depending only on C1), with probability at
least 1 — 1/n2,
Ory_141 T € HMH

201 k5/2

1T: — Nl <

14
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Use 7; to
estimate the
next gap r,
~ and take the top
Ifopi 11
truncate, o118 sma ] dy vectors of rotate,

subsample SUBSIT ~ U, - truncate —
A—Xt_l)/;g’{l T Uty(&h"%&k*”‘t) Qt

Ny Return!

~
~

actual spectrum’ 71 (T0),-- -5 on—r, (T) W :

singular
vectors

o
(ol x])) 40 ~

W

Figure 1: Schematic of the first part of SOFTDEFLATE. The top line indicates how W; is formed from the
matrix 7;. We will show that @t approximates U (®), the next chunk of singular vectors in N;_1, and this will
imply by induction that W, approximates U(=*). The second line in the figure indicates some notation which
will be useful for our analysis, but which is not used by the algorithm.

Proof Write
A= XYy = Ney o+ (M9 = Xy YT ) = Noy o+ By = Ni
Let 7 denote the TRUNCATE operator. As in Algorithm 1, consider

T = T(Po,(Ni1), ) = Po, (T(NC1 i) )

where as in Line 6, 7, = T‘L‘T:t (2ks;—1 + A) . Above, use used that the sampling operation Py, and

the truncate operator 7 commute after adjusting for the normalization factor p, Lin the definition
of Pp,. Because N;_; is incoherent, each of its entries is small. More precisely, by the incoherence
implication (37) along with the guarantee (H4) on s;_1, we have

*

| Ni—1]l o < % (kor,_ 141+ A) < — (2ksi—1 + A) = py7r.

/J/*
n
Thus, each entry of N;_; = N;_1 + E;_; is the sum of something smaller than p;7; from N;_1,
and an error term from FE;_1, and so truncating entrywise to p;7¢ can only remove mass from the
contribution of E;_;. This implies that for all 7, j,

‘Nt—l — T (Ne—1,pem)| < |Er—1]
j

. %,J 7
l, 7-]

and so using (H2),

— — Or. +e||M V2(o,, +e||M
HNt—]_ _T(Nt—]_,ptTt)HF S ”Et—]_HF S /Qk( t 1+Cl'0k3 || ||) — ( té;’;5/2 || ||)

(14)
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Above, we used the fact that F;_1 = M (<Y — X;_;V;”, has rank at most 2k, and hence || E;_1 || » <

V2k ||Ey—1||. Next, we bound the difference between 7; and T(]Vt\_/h p¢7¢). Lemma 21 in the
appendix bounds the effect of subsampling in operator norm. It implies that with probability 1 —
1/poly(n) over the choice of ;, we have

| T per) = | = || TN pim) = Pa(T (N, piem)|

—_ 2 —
max; ||l T (Ne—1, pi7e) H2 log(n) HT(Nt,l,ptTt) H log(n)
+ o

S
Pt Dbt
< n(pste)? log(n) N (pe7t) log(n)
Pt Pt
log(n log(n N
() st v,
pn ptn
using the fact that
DTt = % (2ksi—1+ A) < % (4k0rt,1+1 + A)

by (H4). Thus, our choice of p; implies that

| TN pm) = T3 < 20 (0 + M) (1)

Together with (14) we conclude that

|Ne—1 — T3] < HNt—l - Nt—lH + HNt—l - T(Nt—luth)H + HT(Nt—lath) - TtH

2\@(0—%71%*1 +e€ ||M||)

<o (v i1 +e M) + Cok?/2

The choice of ¢ and a sufficient choice of Cj (depending only on C7) completes the proof. |

Suppose for the rest of the proof that the conclusion of Lemma 6 holds. The first thing SOFT-
DEFLATE does after computing T3 is to obtain estimates U, and O1,...,0k_r, for the top singular
values and vectors of T;. These estimates are recovered by SUBSIT in Line 8 of Algorithm 1. We
first wish to show that the estimated singular values are close to the actual singular values of 7.
For this, we will invoke Theorem 19 in the appendix, which implies that as long as the number of
iterations L of SUBSIT satisfies

L > Ck?log(n),

for a sufficiently large constant C, then with probability 1 — 1/poly(n), we have

I 73]
20 k52

oy (Th) = 75 < for all j. (16)

Above, we took a union bound over all j. Again, we condition on this event occuring. Thus, with

our choice of L, the estimates 7 are indeed close to the singular values o;(7};), which by Lemma 6
are with high probability close to the singular values o, 1; of N;_1 itself.

16
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Before we consider the next step (to @t) in Figure 1, consider the case when Algorithm 1 returns
atline 9. Then 1 < 10esp < 20e07, and so using (16) above we find that || 73| < 21e0y. Then by
Lemma 6,

o Ori_1+1 + €01
Orett = [Nl S T+ [Neex = Tl < 2120 + =5 = —

Thus, for sufficiently large C, we conclude o,, ,11 < 22¢0. In this case, we are done:

14 = Xeoa VT | < || MO = Xoa | 4+ Ve

Or, 41 +e||M
< Tt 1+COk3 H H +0—rt,1+1

< 23601.

and case (a) of the conclusion holds, as long as Lemma 6 does.
On the other hand, suppose that Algorithm 1 does not return at line 9 (and continue to assume
that Lemma 6 holds). As above, (16) implies that since o1 > 10, we must have

5801
T EE——
201k5/2
Then by Lemma 6,
S beoq Or,_1+1 T €01
Ory_141 = 1 - 5/2 ;
which implies that
€01 < Opp_q+1- (17)

This establishes the conclusion (11). With (17), Lemma 6 and (16) together imply that

Ory_1+1

Clk5/2 ’

Vr <mn, ‘U'r - &r—rtfl‘ < HNt—l - EH + ’U'r’—rtfl(Tt) - E'r—m,l‘ < (18)

Above, we use Lemma 16 in the appendix in the first inequality.
We now show that the choice of d; in Line 10 of Algorithm 1 accurately identifies a “gap” in
the spectrum.

Lemma 7 Suppose that the hypotheses and conclusions of Lemma 6 hold, and in particular that
(18) holds. Then the value ry = ri_1 + d; obtained in Line 10 of Algorithm 1 satisfies:
Ory+1

—— <1—7 and
Or, Or,

Ory_1+1
rt—1+ <e

Proof Let d; be the “correct” choice of d;; that is, df be the smallest positive integer d < k — 71
so that
1— Ori_1+d+1 >1— l,
Ory_1+d k
or let di = d — r;_; if such an index does not exist. Write 7} = r._; + d;. By definition, because

dyf is the smallest such d (or smaller than any such d in the case that r; = k), we have

. 1\%
U““g(uk) <e. (19)

O p*
Tt

17
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Thus, (18) reads
Ory_1+1 80’7‘;5k

C’lk5/2 — Clk,5/2‘

|05 = ory44l < (20)

Suppose that, for some j < dj, we have

Ori_14j+1 >1_ i
Ora+j 4k
Then, using (20),
. EO'T* ) N e
Ojt1 Ory_14+j+1 — CIT;/Q Ory_1+j5+1 (1 C1k5/2> 1
5 = v = .y © T
j Ore1+j T Gpare Ori_1+j (1 + W)

assuming C is sufficiently large. In Algorithm 1, we choose d; in Line 10 so that there is no j < d
with ~
Gitt o9 _ L
o; 2k
Thus, if there were a big gap, the algorithm would have found it: more precisely, using the definition
of v, we have

Ori+1 1
<l——<1—n.
Or, 4k — 7

This establishes the first conclusion of the lemma. Now, a similar analysis as above shows that if
for any j < dj we have

Ori_1+j+1 <1-— l
— )
Ori_1+4j
then ~
gt o L
5]' B 2k’

assuming C1 is sufficiently large. That is, our algorithm will always find a small gap, if it exists. In
particular, if r; < k, we have
oritt o1
o k
and hence d; < dj. On the other hand, if r; = k, then we must have d; = di. In either case,
dy < dj, and so

d*
Ory_1+1 < Ory_1+1 < (1+1) ¢ <e.
Or, Oz k

This completes the proof of Lemma 7. |

Now, we are in a position to verify the inductive hypothesis (H4) for the next round, in the favorable
case that Lemma 6 holds. By definition, we have s; = d4,, and (18), followed by Lemma 7 implies

that
Ory_14+1 €0y,

C1k2 - Clk5/2.

’0-7‘,5 - St’ S
In particular,

-2 Vo << (140 -2
Towr) ==\t e ) o
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establishing (H4) for s;.

Now that we know that the “gap” structure of the singular values of NV;_; is reflected by the
estimates o, we will show that the top. singular vectors are also well-approximated by the estimates
ét. Recall from Algorithm 1 that Qt € R™ % denotes the first d; columns of Ut, which are
estimates of the top singular vectors of 7;. Let (1 denote the (actual) top d; singular vectors of 7.
We will first show that Q; is close to U®), and then that Q; is also close to Qt

Lemma 8 Suppose that the conclusions of Lemma 6 and Lemma 7 hold, and that (17) holds. Then
de
- Cl k3/2

Proof We will use a sin 6 theorem (Theorem 17, due to Wedin, in the appendix) to control the
perturbation of the subspaces. Theorem 17 implies

Sine( 7Qt)

T, — Ny_
Sine( ,Qt) < IT: — Ni—a |l Theorem 17
|O-dt (Tt) O-Tt+1|
_ 2eoy, By Lemmas 6 and 7, and (17)
—_— y ,
Clk5/2 |Udt (Tt) - O-T'H-l‘
2
. eor, By (18) and Lemma 7
k572 (UH (1 _ ﬁ) - O'rt-i-l)
. eor, By Lemma 7
C1k5/2 <U7‘t (1 B %) —on(l- 7)>
< 4de
= Clk‘3/2 '

Now, we show that (); is close to @t.

Lemma 9 Suppose that the conclusions of Lemma 6 and Lemma 7 hold, and that (17) holds. Then
with probability 1 — 1/n?,
1

poly(n)’
Proof By (16), Lemma 6, and Lemma 7, a similar computation as in the proof of Lemma 8 shows

that
O-dt+1(ﬂ) < <5dt+1> (1_|_ 8e >
oq,(Ty) — \ o4, Ck5/2

<(1-L)(14+-%
=" w Cik5?
1

using the choice of d; in the second-to-last line. Thus, by Theorem 19 in the appendix, and the
choice of L 2 klog(n) in SUBSIT, we have with probability 1 — 1/poly(n) that

sin(Qy, Q1) <

sin 0(Qy, Q¢) < poly(n) <1 - 2k> = poly(n)”
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Together, Lemmas 8 and 9 imply that, when Lemma 6 and the favorable case for SUBSIT hold,

8e

i ® 0 _oC
sin (U, Qy) < G

Finally, this implies, via Lemma 18 in the appendix, that there is some unitary matrix O € RF**

so that
e

oo -G < o

and using the fact that U (®) and @t have rank at most k, we have that

164/2¢
Cik

oo, <

As in Algorithm 1, let B be a random orthogonal matrix, and let @t be the truncation

n

Q; = TRUNCATE (@tB, 8 Mloy(n)) .

The reason for the random rotation is that while U®O is reasonably incoherent (because U ®) 1s),
UMOB is, with high probability, even more incoherent. More precisely, as in Hardt (2013b), we

have
IP{HU(”OBHOO > 8«/“*1(;?(")} < % 22)

where the probability is over the choice of B. Suppose that the favorable case in (22) occurs, so
that HU OBH < 8y/u*log(n)/n. In the Frobenius norm, Q, is the projection of Qt onto the

(entrywise) o.-ball of radius 8+/p*log(n)/n in R™*% Thus,
-], <|x-an]
HQt @B, = @B,
for any X in this scaled ¢,-ball, and in particular
Q.- QuB|| <|lvoB - q.B|
HQt @ F~ @ F
Thus, (21) implies that
0005 -y, < [v005 - @5 + @5 - @i
H Qy P Q1 » + 1| Q¢ Q¢ P

<2|vv0s-gis], =200 -a, < T

(23)

Next, we consider the matrix W; = QR([X;_1|@,]). Because X;_1 has orthonormal columns, this
matrix has the form W; = [X;_{|P;], where P; € R™*% has orthonormal columns, P; | X; i,
and

R(P) = R(I - X;-1X[21)Qy) = R(Zy),

20
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where we define Z; := (I — X;_1X/ ;)Q; to be the projection of @, onto R(X;_1), . Because Q,
is close to U OB, and X;_1 is close to U(<Y, Z, is close to U®OB. More precisely,

HZt - U@OBH < H(I ~ X XP ), - U(t)OB)H n HXHXtT, 1U(t)OBH by the triangle inequality

< H@ _ U(t)oBHF +sin 0(X;_1, U<D)

_ 322 o1+ €[ M]]
— by (23) and (H2
< ok +k4< o y (23) and (H2)
32x/7€ 207, 441
— | —— by (17
=0k +k4< e y (7
44/2
< 64v/2e for sufficiently large k.
Cik

Further, the Gram-Schmidt process gives a decomposition
P, tR = Zt7
where the triangular matrix R has the same spectrum as Z;. In particular,

1 1

Ril = < <2
H H Omin(Zt) — HU(t)H — 6407\1/26 o

for sufficiently large C. Thus,
sin6(UE, p) = (=) R
_ H U(St) Ty Ril”
=] Gy TZtH
<005 2|y - vvos)
ZQH(Uf (2, — UDOB) H

- 128+/2¢
- Cik ’

where above we used that (U (<t))TU (1) = 0. Next,

(24)

max [|e; P[], < max [|e] Z|, | R

<2 ([, + max e X1 X712

<9 (max e Qul, + max [ X |, (|| X 000B| + |xE w008 _Qt)H)>
K3 T

<3 (maxHethHﬁmaXHeiT Xl (32200 + oo - @)

/k:,u log /k:,ut 1 < 32 e)
k4 Cik )’
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where we have used the definition of @t, the incoherence of X;_;, and the computations above in
the final line. Thus,

k C _
ma el <% (16vTogm + T 05)

for some constant C5. Thus, when the conclusions of Lemma 6 hold, P; is both close to U ®) and
incoherent. By induction, the same is true for W;. Indeed, if ¢t = 1, then P, = W, and we are done.
If ¢t > 2, then we have

sin O(Wy, US)) < sin0(X;_1, US4 sin (P, UD).
Then, the inductive hypothesis (H1) and our conclusion (24) imply that
sin O(W;, U(<D) < %
for suitably large Cy, C1. Finally, (25), along with the inductive hypothesis (H3) implies that

I I

sﬁ(m(u%)HGm)g@.

We remark that this last computation is the only reason we need sin 6( Py, U)) < 1/k, rather than
bounded by 1/4; eventually, we will iterate and have

max HeiTWt < max Hez'TXt—luz + max HeiTPt
7 3 K3

oN\T
Vir < Vo <1 + ;) + 16T/ p* log(n) < €% \/lo + 16T/ pu* log(n),

and we need that (1 + %)T < €% is bounded by a constant (rather than exponential in T').

Finally, we have shown that with probability 1 — 1/n? (that is, in the case that Lemma 6 holds
and SUBSIT works), all of the conclusions of Lemma 4 hold as well. This completes the proof of
Lemma 4.

Appendix B. Proof of Lemma 5

In the proof of Lemma 5 we will need an explicit description of the subroutine SMOOTHQR that we
include in Algorithm 3.

Input: Matrix S € R™**, parameters p, { > 0.

X < QR(S),H + 0 o « C||S||/n. while u(R) > pando < ||S| do
| R+ QR(S+ H) where H ~ N(0,0?/n) o« 20

end

Output: Matrix R
Algorithm 3: SMOOTHQR (5, ¢, i) (Smooth Orthonormalization)
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To prove Lemma 5, we will induct on the iteration ¢ in S-M-ALTLS (Algorithm 2). Let Ry
denote the approximation in iteration ¢. Thus, Ry = X;_;. Above, we are suppressing the depen-
dence of Ry on the epoch number ¢, and in general, for this section we will drop the subscripts ¢
when there is no ambiguity. We’ll use the shorthand

@% — H(Rg(gj), U(Sj))
and
Ez = (I — RS)(R,MNTYU=I),

so that HEZ H = sin(@%).Recall the definition (9) that v* = min {7, v} . Notice that this choice

ensures that v* < -+, for all choices of j, including the case of j = ¢, in the final epoch of
SOFTDEFLATE, when r; = k.
We will maintain the following inductive hypothesis:

j 2 r T M .
oy, tan ©; < max {( e}j t> exp(—vy*¢/2), W} =1 Vi<t d1)

Above, the tangent of the principal angle obeys

J
|72

4 2
L

whenever HEL1 H < 1/4. We will also maintain the inductive hypothesis

mZaXHeiTRgH2 <4/ % J2)

To establish the base case of (J1) for j = ¢, we have

HE%H Stan@% = §2HE571

I 6)

Ory

oy, sin (W, USD) < -

by conclusion (13) of Lemma 4, and hence by (26),

20,
oy, tan (W, USY) < Zt.

If ¢t = 1, then W, = Ry, and we are done with the base case for (J1); if ¢ > 2, then for j <t — 1,
we have

Ry = x, (59),
Thus, for 7 <t — 1, (J1) is implied by (26) again, along with the fact that
eoy, +¢ || M|| < 2eoy,
k4 -kt

which is the (outer) inductive hypothesis (H1), followed by the conclusions (11) and (12) from
Lemma 4. This establishes the base case for (J1). The base case for (J2) follows from the conclusion
(13) of Lemma 4 directly.

) ) 1
o, 8in 0(X; S USD)) < o (07141 +e|M]) <
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Input: Number of iterations L € N, symmetric matrix A € R™*", initial matrix Ry € R"*".
for /=1,...,Ldo
Sg < ARE—I + ég
Rg < QR(S@)
end
Output: Pair of matrices (Ry, Sr.)
Algorithm 4: NSI(A, Ry, L) (Noisy Subspace Iteration)

Having established (J1), (J2) for £ = 0, we now suppose that they hold for ¢ — 1 and consider
step £. Notice that, by running SMOOTHQR with parameter ;1 = i, we automatically ensure (J2)
for the next round of induction, and so our next goal is to establish (J1). For this, we need to go
deeper into the workings of S-M-ALTLS. The analysis of S-M-ALTLS in Hardt (2013b) is based
on an analysis of NSI, given in Algorithm 4. We may view S-M-ALTLS as a special case of
NSI. More precisely, let H, be the noise matrix added from SMOOTHQR in the £’th iteration of
S-M-ALTLS, and define Gés) to be

S . 2
GE ) = argmingepnx- PQES) (A— Rg_ls'T)HF — ARy_4, 27

and let
Gy = mediang (Ggs) ).

Then we may write Ry, the £’th iterate in S-M-ALTLS, as
Ry = SMOOTHQR(ARg_l + Gg) = QR(ARg_l + Gy + Hg) =: QR(ARg_l + ég) .

That is, Ry is also the £’th iterate in NSI, when the noise matrices are ég = Gy + Hy. We will take
this view going forward, and analyze S-M-ALTLS as a special case of NSI. We have the following
theorem, which is given in (Hardt, 2013b, Lemma 3.4).

Theorem 10 Let ée = Gy + Hy be as above. Let j < t and suppose that HEZ—l H < i and that

~ Or - Vr

G H < Zuln,
H =32
Then the next iterate Ry of NSI satisfies

8l

tan (U= Ry_1) < max tan O(US) Ry_)) exp(—r,/2)

Or;Vrj

To use Theorem 10, we must understand the noise matrices ég = Gy + Hy. We begin with G/.

Lemma 11 (Noise term G, in NSI) There is a constant C' so that the following holds. Fix { and
suppose that (J2) holds for £ — 1: that is, 1(Ry—1) < pu. Let 0 < § < 1/2, and suppose that the
samples QU for S-M-ALTLS are sampled independently with probability

kst log(n)

p; > CLi5max 2n s
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where Ly is the number of iterations of S-M-ALTLS, and Symax > C'log(n) is the number of trials
each iteration of S-M-ALTLS performs before taking a median. Then with probability at least
1 — 1/n® over the choice of 2}, the noise matrix G satisfies

1Gelle < 6 1M+ 3 2| 219, ) = e
j=1
and for all i € [n],

leF Gl < 5 HeTNtHﬁZHEi 1

v, ) =

The proof of Lemma 11 is similar to the analysis in Hardt (2013b). For completeness, we include

w1 <6 E:W%4H@@mﬂ+w@mﬁy+A gé@¢h%4+v%mﬁy+A)
;

We will choose

v i d L ElM]
— 2
0 460003]€4 { \f A ’ ( 8)

for a constant C5 to be chosen sufficiently large. Observe that with this choice of 4, the requirement
on p; in Lemma 11 is implied by the requirement on p} in the statement in Lemma 5. Then the
choice of § implies

v* *4eC *
e+ o e M) < gl < S

1Gellp < wer <

< T C @

Now, we turn to the noise term H, added by SMOOTHQR. For a matrix G € R™** (not neces-
sarily orthonormal), we will define

p(A) = Emax”e GH2

zE
Our analysis of Hy relies on the following lemma from Hardt (2013b).

Lemma 12 (Lemma 5.4 in Hardt (2013b)) Let 7 > 0 and suppose that ry = o(n/log(n)). There
is an absolute constant C' so that the following claim holds. Let G € R"*"™, and let R € R™"*"™ be
an orthonormal matrix, and let v € R so that v > max ||G|| , || NpR||. Assume that

(<t) 2
oz o)+ S (p(G)+u(U)\\(U Rl +p<NtR>+10g(n)>.

T Z
Then, for every ( < Tv satisfying log(n/¢) < n, we have with probability at least 1 — 1/n* that

the algorithm SMOOTHQR (AR + G, (, ut) terminates in log(n/() iterations, and the output R’
satisfies (R') < py. Further, the final noise matrix H added by SMOOTHQR satisfies | H|| < Tv.
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We will apply Lemma 12 to our situation.

Lemma 13 (Noise term H, in NSI added by SMOOTHQR) Suppose that k = o(n/log(n)). There
is a constant Cy so that the following holds. Suppose that

G2 (. K ||N||F>2
we> — k+< +log(n) | .
Rk ( ( ]
Suppose that the favorable conclusion of Lemma 11 occurs. Choose ( = esok™>, as in Algorithm

1. Then, with probability at least 1 — 1/n* over the randomness of SMOOTHQR, the output Ry of
SMOOTHQR (ARy_1 + Gy, (, put) satisfies

,U'(Rf) S Ht,
and the number of iterations is O(log(n/(e ||M||))). Further, the noise matrix Hy satisfies

Y1
[ Hell < :

Proof We apply Lemma 12 with G = Gy, R = Ry_1, and v = vy, and

*

v

=& (30)

.
First, we observe that the choice of ( = esok™® < ¢||M||v*k~* < Tv,_; indeed satisfies the

requirements of Lemma 12. Next, we verify that max{||G¢|| , || N:R¢—1]|} < v¢—1. Indeed, from
(29),

*

[Gell < wp—1 < (7731/@_1 <.

Further, we have
INtRe—1|| < o7, sin 0(USD, Ry_1) < vpy

by the inductive hypothesis (J1) for j = t.
Next, we compute the parameters that show up in Lemma 12. From Lemma 11, we have

n i 2
p(Gy) < - max (wé_)l)

and )
w0 [U06|” < 16 < et
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We also have

pwmhn:%mmwammlm

: (
— | max
Tt 7
2
< Tﬁ ( k#(U)UTt HEE—lH i | UN ”NHF>
t n n

k N
<o ( 2 1|+ WV IE HF>

IN

2
eiTU(t:'“)Hz o, H(U(t‘k))TRg_lHQ + max [ ||, ||Rg_1||2>

Tt

2 2
o (M VI

where we have used the inductive hypothesis (J1) in the final line. Then, the requirement of Lemma
12 on i reads
N2
., C vy A <ng—)1> + w2 ( Vi + ”N”F>
ez ot + & . +log(n)
T Véfl

We have, for all i,
o, PNl + i || L | T M@
Wt N+ b || B [ 200
A%+ Z;Zl HEZ_IH o/ 5
INelp + S || | 110
_ Nl T+ S [ B MO R

||Nt||F+Ej 1 HEﬁ 1” [ MO 5

:\/f(\/EjLA).
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We may simplify and bound the requirement on i as

7 max; (w? ’ +utw? ot (Eu2 4 [
" C T 1\ %p— Hwy_q I e ) "
2+ 2 + log(n)
T Vi

O3 o (k INI2
L [mmasi (@) 00 e erer, e (B )
St 5 s +
T Ciwi_y

2 2 2
Ciwy Vi1

using vp—1 > Cswe—1 /7", by (29)

k+A2 w0 %2 2 2
C wONT () ko IV
< 9u* ~ Tt Tl s F 1
<200+ ( 2 + 3 LR ey ot + log(n)

by the bound on wéi_)l Jwy, above

C'u* [k |IN|7 C21

< ( :;2 ( + | 5 ”F> 3( Zg)gn) by the definition of 7 and gathering terms
Y Tt Vi_q Y
Cop* [k KS|IN|%\ . C31 M

< 2*,u2 — I HI; 3 oggn) by the fact that v, > ell ”4
(v)2 \rt &2 ||M| (v*) 2eCok

for some constant C5, which was the requirement in the statement of the lemma. Thus, as long as
the hypotheses of the current lemma hold, Lemma 12 implies that with probability at least 1 —1/n?,

Y1

Hyl| <7vpmq =
IHell < 7y = T2

This completes the proof of Lemma 13. |

Thus, using the inductive hypothesis (J2), Lemmas 11 and 13 imply that as long as the requirements
on p; and i in the statements of those lemmas are satisfied (which they are, by the choices in
Lemma 5), with probability at least 1 — 2/n* the noise matrices G/ satisfy

Y1 < 2% v
Cs — C3 7

|G| < Gl + 1Al < e +

using (29) in the final inequality. Now, we wish to apply Theorem 10. The hypothesis (J1), along
with the conclusion (11) from Lemma 4, immediately implies that

1
t 4
I8l < ¢

for all j < ¢, and so in particular the first requirement of Theorem 10 is satisfied. To satisfy the
second requirement of Theorem 10, we must show that

HéZH < U’I‘j/}/?“j /327
for which it suffices to show that

29* v

o=t < oy 32 31
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From the definition of 141, and the fact that v* < ~,,, we see that (31) is satisfied for a sufficiently
large choice of C3. Then Theorem 10 implies that with probability at least 1 — 2/n?, for any fixed
7, we have

sled

o, tan @% < 0,; max ,tan @%71 exp(—r;/2)

Or;Yr;

1 _ *
< max {6561’77 Vo1 exp(—%j/2)} by (J1) and (29)

3Vr;

< v exp(—7"/2)
<

provided Cj is suitably large. A union bound over all j establishes (J1) for the next iteration of
S-M-ALTLS. After another union bound over

C oy
L= g <k:>
o Orit1 + € | M]|

steps of S-M-ALTLS, for some constant C' depending on Cy, we conclude that with probability at
least 1 — 1/n?, for all j,

) <5 < <j <4 O-’r‘t+1+€||M||
o, SIHQ(Re_l(_J), U(_J)) < oy, tan H(Rz_1(—]), U(—])) < T 2eCokt

To establish the second conclusion, we note that we have already conditioned on the event that (29)
holds, and so we have

HM(St) - XthTH = HHXNt + 1y, MY + Xy (AX, — Y;)TH

< TN + ||, M9+ XA = Y2

t
< 0p1sin (X, USD) + ey 0, sin0(X, ), US)) + |G |

j=1
o +el||M * .

< ke Tt+21600k‘l I + QeCZCgkA (041 + € || M) by (29) and the definition of vy,
_ oner e M

B Cok:?’

Above, we used the inequality
HHXLM@ H — [, 0| <3 HHXLM(” H <o HHXLU(J)H
j= j=1 j=1

t t
<Y on i [Ty US| <3 ey sino(x <0, U,
Jj=1 Jj=1

using (12) in the final inequality. Finally, the third conclusion, that (H3) holds, follows from the
definition of SMOOTHQR.
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Appendix C. Proof of Lemma 11

In this section, we prove Lemma 11, which bounds the noise matrices G, and which we needed in
the proof of Lemma 5. The proof of Lemma 11 is similar to the analysis in Hardt (2013b), Lemmas
4.2 and 4.3. For completeness, we include the details here. As per Section D, we assume that sets

(s)
¢

QE,S) are independent random sets, which include each index independently with probability

/

/ Py
p = )
Smax Lt

Consider each noise matrix Ggs), as in (27). In Lemma 4.2 in Hardt (2013b), an explicit expression

for Gés) is derived:

Proposition 14 Let Gés) be as in (27). Then we have
G = (@M + (@G,

where
el (GPM = el My(I = Ry R )PP R 1 (BE) ™
and
T (GO = T (NtPi(s)Rg_l(Bi(s))’l - Nth_l) .
Above, Pi(s) is the projection onto the coordinates j so that (i, j) € Qés), and
B = R, PRy
We first bound the expression for (Gés))M in terms of the decomposition in Proposition 14. Let
D] = (I - R Rl )UY.
Thus, DZ—1 is similar to Eg_l, and more precisely we have
o < et
To see (32), observe that (dropping the ¢ subscripts for readability)
HE]H = max eI Fly
l[zll=1,llyll;=1
7 [ (RUFENT (<) ‘ (RUHENT ()
- T (D Tp@ | Y
z,y (R)TUSD) | (R)TUU
> max \T(R)TUWY
2 0o BT
=2

First, we observe that with very high probability, B™ is close to the identity.

(2
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Claim 1 There is a constant C so that the following holds. Suppose that p’ > Ckyylog(n)/(né?).
Then
P{Amm(BgS)) <1-6/2 or Amax(BY) > 1+ 5/2} <1/nS.

Proof We write

n
1
B = R PRy = 3 6 (R o) (€] o),
r=1
where &, is 1 with probability p’ and 0 otherwise. We apply the Matrix Chernoff bound (Lemma
22); we have

and )\min(EBi(s) ) = /\maX(EBZ.(S)) = 1. Then Lemma 22 implies that

e Rl _

v - almost surely,
p np

(R el RmH <

P {)\min(Bi(s)) <1-6/20r Anax(B) > 1+ 5/2} < nexp(—62p'n/ (Spk))-+n exp(—62p'n/ (12uk)).

The claim follows from the choice of p’. [ |

Next, we will bound the other part of the expression for (Gf))M in Proposition 14.

Claim 2 There is a constant C so that the following holds. Suppose that p' > %. Then for each
S,

5 (< 1
P |eZ M1 — Ry 1 Re )T PO R, H >0 —
e; My(I = Re1Re—1)" P Ren || 2 Z 50

Fu ] ) <
7j=1

Proof We compute the expectation of

el My(I — Rg_le_l)TPi(s)Rg_l H2 and use Markov’s in-
equality. For the proof of this claim, let Y = M;(I — Ry_1RL ).

2
By PO R | = Bl Y PO R RE POY T

— IYE (P}S)Rg_lRLP}S)) YTe;
T T 1 : T 2 T
=e Y <R5_1R€1 + (p’ — 1> diag, (Her Rg_1H2>> Y'e;

1 n
JerRenlly + (5 1) SolleF R i
r=1

n

1
_ (p/ _ 1) STl Reaf? ()2
r=1

2 (1 ik
e (5-4) (2

_ el
- 400
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using the fact that Y Ry_1 = 0, and finally our choice of p’ (with an appropriately large constant C).
Now, using (32),

t t

1= 0 gt o < 5o o < 3 e
j=1 j=1

Along with Markov’s inequality, this completes the proof. |

Finally, we control the term (Gés) .

Claim 3 There is a constant C' so that the following holds. Suppose that p' > Cklog(n)u:/(5%n)
for a constant C. Then for each s < T,

g

Proof Using Proposition 14,

1
< —.
— 15

s )
T@, 2 5 It

1
T (G = T (Nt PYR, (B§S)) - Nth1>

1

= (NPO Ry, — Nth,lBi(s)) (B)!

-1

(eF NP = DRey + eI NiRes (1 = BE)) (BY)
= (y1 +12) (Bz‘(S))_l :

We have already bounded H (B-(S) )t H with high probability in Claim 1, when the bound on p’ holds,

(2
and so we now bound ||y ||, and ||y2||, with decent probability. As we did in Claim 2, we compute
the expectation of ||y, ||§ and use Markov’s inequality.

2
Ellynll3 = E [ Ne (P = 1) B

= eI NiE [(PY = DR 1R (P = 1) N e,

1
— TN, (p, - 1) diag, (|[ef Rer[[5) N e:

n

1
= (2 =1) S 0 e e

r=1

ek 2
< (25 et ;-

Thus, by Markov’s inequality, we have

ik 1
P{Hyluz > 20 an, He;fzvtug} <55
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Next, we turn our attention to the second term ||y2||,. We have

et i) (1= B0 |, < I Mreal |1 - 5

’I s)) H < g, with our choice of

By Claim 1, we established that with probability 1 — 1/n°
p'. Thus, with probability at least 1 — 1/n°

1)
ly2lly < 6|ef NeRe—a]|, < B el N, -

Altogether, we conclude that with probability at least 1 — 1/20 — 2/n>, we have

TGN, < Ul + el [ (B < 72575

(]

e Nell, < 8 [[ed N

as long as 6 < 1/2. This proves the claim. |

Putting Claims 1, 2 and 3 together, along with the choice of p; = L;smaxp’, we conclude that,

for each s € [T] and for any 6 < 1/2,

t
o { et > o (s Sl o) < o
This implies that
He;fFGgHz = |leF median, GES)H2 = ‘‘medians(eiTGés))H2
is small with exponentially large probability. Indeed, by Lemma 23,
[eFully > 57 (el + 32 || B2 ) b < expl—eoma)
(1-4/2)

for some constant c. By the choice of spay, the failure probability is at most 1/ n%, and a union

bound over all 7 shows that, with probability at least 1 — 1/n?,

|eFGl, <5 I|6TNtH2+ZH 0| &) =2, N

This was the second claim in Lemma 11. Now, we show that in the favorable case that (34) holds
so does the first claim of Lemma 11, and this will complete the proof of the lemma. Suppose that

33



HARDT WOOTTERS

(34) holds. Then

1Gellp = | Y leF Gl
\ =1

2

IN

N HeTNtHﬁZHeTM”HzHE@ A

=1

<o | S lermi o | S (S leraro, 52

i=1 i=1 \j=1

<o INp 10 |3 Et: Jer a0, |7 |

i=1 \ j=1

Notice that, for any real numbers (a; ;), % € [n], j € [t], and for any real number b;, j € [t], we have

2\ 1/2
t
Z Zaw = H Hg— max ZTAb: max (ZTAej)bj
i=1 \ j=1 llzll,=1 ||zH2:1j:1
t ‘ t t n 1/2
<2 max((z0) " Aej)b; = 3 [l deslly by = 3 (Za?g) by
j=1 "~ j=1 j=1 \i=1

Thus, we may bound the second term above by

| A

¢ n 2 1/2 A
S (fernof)  fe|
S N

j=1

Altogether, we conclude that, in the favorable case the (34) holds,

n t
S llerme], | H
i=1 \j=1

t
IGellp <8 (1Nl + 3 [ MO |[BL| ] = wer.
j=1
as desired. This completes the proof of Lemma 11.

Appendix D. Dividing up ¢

In the Matrix Completion literature, the most common assumption on the distribution of the set {2
of observed entries is that each index (4, 7) is included independently with some probability p. Call
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this distribution D(p). In order for our results to be comparable with existing results, this is the
model we adopt as well. However, for our analysis, it is much more convenient to imagine that 2
is the union of several subsets 2, so that the €2; themselves follow the distribution D(p;) (for some
probability p;, where >, p; = p), and so that all of the {2, are independent. Algorithmically, the
easiest thing to do to obtain subsets {2; from {2 is to partition {2 into random subsets of equal size.
However, if we do this, the subsets 2; will not follow the right distribution; in particular they will not
be independent. For theoretical completeness, we show in this section how to split up the set € in
the correct way. More precisely, given p; and p so that ) _, p; = p, we show how to break Q2 ~ D(p)
into (possibly overlapping) subsets €2, so that the (2, are independent and each €, ~ D(p;).

Algorithm 5 contains the details. Observe that the first thing that Algorithm 5 does is throw
away samples from €). Thus, while this step is convenient for the analysis, and we include it for
theoretical completeness, in practice it may be uneccessary—especially if the assumption on the
distribution of 2 is an approximation to begin with.

Input: Parameters pi,...,pr, and a set @ C [n] x [n] so that each index (¢, j) is included in
independently with probability p = ), py.
Output: Subset 4,...,Q7 C € so that each index (7, j) is included in €2, independently with
probability p,, and so that all of the ¢ are independent.
Choose

L
p=1- H(l — Dp)-
/=1

Observe that p’ < p.

Let Q' be a set that includes each element of €2 independently with probability p’/p.

return SUBSAMPLE( p1,...,pr, [n] X [n], Q)
Algorithm 5: SpLiTUP: Split a set of indices {2 (as in the input to Algorithm 1) into subsets
Qq, ..., whose distributions are convenient for our analysis.

The correctness of Algorithm 5 follows from the following lemma, about the properties of
Algorithm 6.

Lemma 15 Pick p1,...,p; € [0,1], and suppose that Q C U includes each w € U indepen-
dently with probability pl — HeL:1(1 — pe). Then the sets Q1,...,Qy returned by Algorithm 6
are distributed as follows. Each §y is independent, and includes each u € U independently with
probability py.

Proof Let D denote the distribution we would like to show that that €}, follow; so we want to
show that the sets returned by Algorithm 6 are distributed according to D.  Let P4 {-} denote
the probability of an event occuring in Algorithm 6, and let and Pp {-} denote the probability of
an event occuring under the target distribution D. Let N, be the random variable that counts the
number of times u occurs between {21, ..., {2,. Then observe that by definition,

g =Pp {Nu = T|Nu > 1},
and

p=Pp{N, >1}.
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Input: Parameters p1,...,pr, a universe I/, and a set 2 C U, so that each element u € U is
included independently with probability p = 1 — Hle (1 — py).
Output: Set (), ..., C U, sothat each entry is included in 2, idependendently with probability
py¢, and so that 21, ...,y are independent.
Forr € {1,...,L}, let

qr:; > (Hm> [T —po)

Scu,|S|=r \LeS (¢S

Then 3% ¢, = 1.
Initialize L empty sets €21, ...,Qp.
for u € 2 do
Draw r € {1, ..., L} with probability g,.
Draw a random set 7" C [L] of size 7.
Add u to 2y foreach / € T'.
end
return q,...,Q;
Algorithm 6: SUBSAMPLE: Divide a random set € into L subsets 21, ...,

We aim to show P4 {-} = Pp {-}. First, fix u € U, and fix any set S C [L], and consider the event
E(u,S)= (Ve S,uecQ)NNMES,udgQy).

We compute P4 {E(u, S)}.

L
Psa{E(u,S)} =Pa{u e} Z ¢rP 4 {The random set 1" of size r is precisely S}
r=1
L

=Pp{N, > 1} Z Pp {N, = r|N, > 1} P{ A random subset of [L] size r is precisely S}

r=1

L
= Z Pp {N, = r} P{A random subset of [L] of size r is precisely S}

r

I
—

I
M=

PD {Nu = 7’} PD {E(u, S)‘N = 7’}

ﬁ
Il
i

D {E(u, S)} .

Next, we observe that for any fixed S, the events {E(u, S)}, o, are independent under the distribu-
tion induced by Algorithm 6. This follows from the fact that in all of the random steps (including
the generation of {2 and within Algorithm 6), the u € U are treated independently. Notice that these
events are also independent under D by definition.
Now, for any instantiation ' = (], ..., Q) ) of the random variables (€,...,€z), consider
the event
E(Q) =V,Q,= Q).
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‘We have

PA{E(Q)} =Pa4{Vu, E(u,{€ : ue Q})}

= H Pa{E(u,{¢ : weQ})} byindependence in Alg. 6
uel

= H Pp {E(u,{¢ : ueQ})} by the above derivation
uel
=Pp{E(Q)} by independence under D

Thus the probability of any outcome €2’ is the same under D and under Algorithm 6, and this com-
pletes the proof of the lemma. |

Appendix E. Useful statements

In this appendix, we collect a few useful statements upon which we rely.

E.1. Coherence bounds

First, we record some consequences of the bound (4) on the coherence of A. We always have
T T, 'k ptINllp _ op”
14lloe < 1M loo+[[Nllog < max |e; UAGU™ €[ +|[Nllo < 1= =+=—"—= <~ = (ko1 + 4),

n n
(35)

T | "
mZaxHei AH2 < o (\/Eal + A) . (36)

It will also be useful to notice that since HeiTU >0 H2 < HeiTU ‘

and similarly

99 (4) implies that for all ¢,

INeloo < | MOO)| 1IN < & (Roran + 4). 37)

*
n
E.2. Perturbation statements

Next, we will use the following lemma about perturbations of singular values, due to Weyl.

Lemma 16 Let N, E € R™ ", and let N=N + E. Let 04 > 092> 20y denote the singular
values of N, and similarly let o; denote the singular values of N. Then for all i, |o; — 7;| < || E|| .

In order to compare the singular vectors of a matrix A with those of a perturbed version A, we
will find the following theorem helpful. We recall that for subspaces U, V', sin 0(U, V') refers to the
sine of the principal angle between U and V. (See Stewart and Sun (1990) for more on principal
angles).

Theorem 17 (Thm. 4.4 in Stewart and Sun (1990)) Suppose that A has the singular value de-
composition

et ) )
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andlet A=A+ Ebea perturbed matrix with SVD
5, pr
V*gT

b))

A= 0 O

Let

R:A‘Z—ﬁlil and S:ATﬁl—Vlil.
Suppose there are numbers «, 0 > 0 so that omin(i) > o+ 6 and opmax(32) < a. Then,
max {|[ ], S]]}

o

We will also use the fact that if the angle between (the subspaces spanned by) two matrices is
small, then there is some unitary transformation so that the two matrices are close.

max {sin ©(Uy, V1),sin O(Us, V2)} <

Lemma 18 Let U,V € R™* have orthonormal columns, and suppose that sin (U, V) < ¢ for
some € < 1/2. Then there is some unitary matrix Q € RF¥** so that ||[UQ — V|| < 2e.

Proof We have V = IIyV + Iy, V = U(UTV) + Iy, V. Since sinf(U,V) < &, we have
|TIy, V| < e, and 03 (UTV) = cos@(U,V) > /1 —£2. Thus, we can write UTV = Q + F,
where ||E|| <1 —+/1 — 2. The claim follows from the triangle inequality. [

E.3. Subspace Iteration

Our algorithm uses the following standard version of the well-known Subspace Iteration algorithm—
also known as Power Method.

Algorithm 7: SUBSIT (A, k, L) (Subspace Iteration)
Input: Matrix A, target rank k, number of iterations L

So € R™* « random matrix with orthogonal rows for ¢ =1,...,L do
‘ Rz — ASz_l Sg — QR(R@)
end
for i=1,...,kdo
| 02« (RL)TATA(RL); 1/ (Ry); is the i-th column of Ry,
end
return (R;,5) Output: A matrix R € R"** approximating the top k singular vectors of A, and

estimates o1, ..., 0 of the singular values.

We have the following theorem about the convergence of SUBSIT.

Theorem 19 Let A € R™™"™ be any matrix, with singular values 01 > o9 > --- > oy. Let Ry, €
R™¥k be the matrix with orthonormal columns returned after L iterations of SUBSIT (Algorithm
7) with target rank k. for some suitably small parameter -y < 1. Then the values 5; = (R;)T AR;
satisfy

lo; — 03] < oy (1 —(1- 7)’“) + 2no1 (1 — )"
In particular, if v = o(1/k) and if L = C'log(n)/~ then with probability 1 — 1/poly(n),

~ g1
‘Ui - 0’1" S ; + ok~ S o1ky.
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Proof Letr; <19 < --- < rybe the indices r < k so that 0,41 /0, < 1 — . Notice that we may
assume without loss of generality that ; = k. Indeed, the result of running SUBSIT with target rank
k is the same as the result of running SUBSIT with a larger rank and restricting to the first £ columns
of Ry. Write A = 5 j Ul )EjV(j ), where X; contains the singular values 0,41, ...,0r,,,. Then
using (Stewart, 2001, Chapter 6, Thm 1.1) and deviation bounds for the principal angle between a
random subspace and fixed subspace, we have

Pr {sin@ (U(j),R(Lj)> <Cnf(1 —fy)L} >1-1/n°.

Here, ¢’ can be made any constant by increasing ¢ and C' is an absolute constant. Fix i and let
x; = (Rp); denote the i — th column of Ry. Suppose that i € {r; +1,...,7;41}. Then, the
estimates g; satisfy

;= 2T AT Az; = HAU)% z

+ 2[4,
s#£]
The second term satisfies

o

2
, < U% sin? G(U(s),Rf)) < 0%712(1 - 7)2L-
i

The first term has ) )
sl < o
, S

Ti+1
and

“A(j)xi z > cos? 0 (U(s),Rf)>  Omin(AD)) > (1- n?(1— 7)2L) o2

Tj

By definition, as there are no significant gaps between o, +1 and o, we have

Tt > (1=,
Orjt

and so this completes the proof after collecting terms. |

E.4. Matrix concentration inequalities

We will repeatedly use the Matrix Bernstein and Matrix Chernoff inequalities; we use the versions
from Tropp (2012):

Lemma 20 [Matrix Bernstein Tropp (2012)] Consider a finite sequence { Z}.} of independent, ran-
dom, d x d matrices. Assume that each matrix satisfies

EXy =0, | X«|l < R almost surely.

0'2 = max{

Define

Z EX,XT
k

Z EXT X,
k

9

} |
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Then, for all t > 0,

—t2/2
P Xl >ty <2d —— |-
=== (75
One corollary of Lemma 20 is the following lemma about the concentration of the matrix
Pqo(A).

Lemma 21 Suppose that A € R"*"™ and let Q) C [n] X [n]| be a random subset where each entry is
included independently with probability p. Then

—u?/2
<% — 1) <maxi HelTAH; + 3 HAHOO)

Proof Let &;; be independent Bernoulli-p random variables, which are 1 if (¢, j) € €2 and 0 other-
wise. ¢
PQ(A) — A= (z] — 1> Am’@ier,

which is a sum of independent random matrices. Using the Matrix Bernstein inequality, Lemma 20,
we conclude that

B{|[Pa(A) — A] > u} < 2nexp

_u2
P {]|Pa(A) — Al| > u} < 2nexp (/2) ,

o2+ Ru/3
where
oo (84 0) s = (2 1) maxiag
o2 = LA seieseje; || = | ——1)max|A;

i \P R P i 2
and

<£Z] — 1> Ai,jez'@? <R= <1 - 1> Al

p p

almost surely. This concludes the proof. |

Finally, we will use the Matrix Chernoff inequality.

Lemma 22 [Matrix Chernoff Tropp (2012)] Consider a finite sequence { X} of independent, self-
adjoint, d x d matrices. Assume that each X}, satisfies

X =0, Amax(Xk) < R almost surely.

Hmin ‘= Amin (‘ ) ) Hmax = Amax (‘ ) .

Then for § € (0,1),
P {)\min (Z Xk> < (1 - 5)Mmin} < deXp(_52,Umin/2R)

k

Define

Z EX,
k

Z EX,
k
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and

P {/\max (Z Xk) > (1 + 5)Mmax} < deXp(_52Nmax/3R)'

k

E.5. Medians of vectors

For v € R¥, let median(v) be the entry-wise median.

Lemma 23 Suppose that v'®), for s = 1,...,T are i.i.d. random vectors, so that for all s,
7

P {Hmedian(v(s))Hz > 4a} < exp(—QT)).

)

2
2>oz} <1/5.

Then

Proof Let S C [T] be the set of s so that Hv(s) H; < «. By a Chernoff bound,

T
3T T
PlS|<— =P 1 — 7 < —Q(T)).
{’ | < 1 } {;1 0@ |2 >a > 4} < exp(—Q(T))
Suppose that the likely event occurs, so |S| > 3T /4. For j € [k], let
S; = {s €S (UJ(.S))2 > medians((vj(s))Q)} .

Because |S| > 31'/4, we have |S;| > T'/4. Then

e 672 = 3 i, ((577) <3~ gy 307

=

This completes the proof.
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