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Abstract

Ordinal embedding refers to the following problem: all we know about an unknown set of points
T1,..., T, € R? are ordinal constraints of the form ||z; — ;|| < ||z — 2;||; the task is to construct
arealization yy, . ..,y, € R? that preserves these ordinal constraints. It has been conjectured since
the 1960ies that upon knowledge of all ordinal constraints a large but finite set of points can be
approximately reconstructed up to a similarity transformation. The main result of our paper is a
formal proof of this conjecture.
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1. Introduction

We consider the problem of ordinal embedding, also called ordinal scaling, non-metric multidimen-
sional scaling, monotonic embedding, or isotonic embedding. Consider a set z1, ..., Z, in some
metric space (X, dist), but assume that the distances between these points are unknown. All we get
to see are ordinal relationships, namely whether dist(z;, z;) < dist(xy, z;) or vice versa. The goal
of ordinal embedding is to construct y1, . . ., y, € R? such that all ordinal constraints are preserved
(throughout the paper, || - || denotes the Euclidean norm):

dist(z;, x5) < dist(xg, 1) = |lvi — y;ll < llye — wil|-

The problem of ordinal embedding has first been studied in the psychometric community by
Shepard (1962a,b) and Kruskal (1964a,b), see also the monograph Borg and Groenen (2005). Lately
it has drawn quite some attention in the machine learning community (Quist and Yona, 2004; Ros-
ales and Fung, 2006; Agarwal et al., 2007; Shaw and Jebara, 2009; McFee and Lanckriet, 2009;
Jamieson and Nowak, 2011a; McFee and Lanckriet, 2011; Tamuz et al., 2011; Ailon, 2012), also
in its special case of ranking (Ouyang and Gray, 2008; McFee and Lanckriet, 2010; Jamieson and
Nowak, 2011b; Lan et al., 2012; Wauthier et al., 2013). Even though ordinal embedding dates
back to the 1960ies and is widely used in practice, surprisingly little is known about its theoreti-
cal properties. Particularly striking, one of the most elementary properties, namely the uniqueness
of ordinal embeddings, has never been established in a finite sample setting. It is widely believed
that, upon knowledge of all ordinal relationships, a point set x1, . . ., x, € R% can be approximately
reconstructed up to a similarity transformation if n is “large enough” (p. 294 of Shepard, 1966;
Section 2.2 of Borg and Groenen, 2005; Section 4.13.2 of Dattorro, 2005). Numerous simulation
experiments have been published as supporting evidence (Shepard, 1966; Young, 1970; Sherman,
1972). The main result of our paper is a formal proof that this uniqueness conjecture is indeed true:
Consider a sequence of points (,),cn that are dense in some “nice” set K C R?. Let (VLA Tids
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be any ordinal embedding of x1, ..., x,. Then, as n — oo, the set of embedded points always con-
verges to the set of original points, up to similarity transformations such as rotations, translations,
rescalings, or reflections. This even holds if we only know about “local ordinal relationships”, that
is distance comparisons between points in small subregions.

Our proofs are elementary in the sense that we do not apply any heavy mathematical machinery.
However, details are delicate and require a careful treatment.

2. Setup, definitions and notation

We start this section with the definition of the two central notions in our paper, ordinal embeddings
and isotonic functions. We will see below that these two notions are closely related.

Definition 1 (Ordinal embedding) Consider two sets X, = {z1,...,2,} € R% and ), =
{y1,...,yn} C R<. YV, is an ordinal embedding of X,, iffor all 1 < i,j,k,l <n,

i — 25| < llox — il = llyi — 5l < lye —will- )]

Yy is a weak ordinal embedding of X, if (1) holds for all 1 < i,5, k.l < nwithi = k. V,isa
strong ordinal embedding of &, if (1) holds for all 1 < i, j, k,l < n, and additionally | z; — z;|| =
lze — 2l = llvi — y;ll = llye — wull for all 1 <4, j, k, 1 < n.

Definition 2 (Isotonic functions) Ler Q C R? and f : Q — R% be an arbitrary function. f is a
similarity if there is A > 0 such that for all z,y € Q we have || f(z) — f(y)|| = Az —yl|. fis
isotonic or an isotony if for all x,y, z,w € €,

[z =yl <llz = wl = f(z) = I < [If(z) = fw)]l

f is weakly isotonic if this property only holds for x,y, z,w € Q with x = z. f is strongly isotonic
if it is isotonic and additionally satisfies ||x —y|| = ||z—w| = || f(z)— fW)|| = || f(2) — f(w)|| for
all x,y, z,w € Q. We say that f is locally a similarity / (weakly / strongly) isotonic if for each point
x € §Q there exists a neighborhood U (z) in Q) such that f ‘U(m) has the corresponding property. If
we want to emphasize that a function f : Q — R® has a property not only locally but on all of §,
we sometimes say that f is globally a similarity / (weakly / strongly) isotonic.

Let us mention some obvious but important observations. Similarities f : R? — R? are nothing
else than the well-known similarity transformations, given by f(z) = AOz + b for some orthogonal
matrix O and an offset b € R, For general €, they are simply given by the restrictions of similarity
transformations to §2 (see Lemma A in Appendix A). Obviously, we have

similarity = strongly isotonic = isotonic = weakly isotonic,

but for general ) none of the converses are true. Any weakly isotonic function is injective. If f
is a similarity or a strong isotony, so is f~!, but this does not necessarily hold for isotonies. A
composition of similarities / (weak / strong) isotonies is again a similarity / (weak / strong) isotony.

Obviously, y1,...,ys is a (weak / strong) ordinal embedding of x1, ..., x, if and only if the
mapping f : {z1,..., 2} = {y1,...,yn} given by f(z;) = y; is (weakly / strongly) isotonic. The
uniqueness question for ordinal embedding can thus be formalized as follows: if f is a (weakly /
strongly) isotonic mapping between two finite point sets, can it be approximated by a similarity? It
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is well-known that any strongly isotonic function f : R* — R? defined on the full domain R? is a
similarity transformation. One can see this by exploiting properties of sphere-preserving mappings
in Euclidean geometry (see McKemie and Viisild (1999) and also the argumentation in Shepard,
1966), by an elegant argument related to positive definite functions (Schoenberg, 1938), and also by
the Beckman-Quarles theorem (Beckman and Quarles, 1953). The key question of this paper is in
what sense such a property already holds for functions defined on a finite set.

Let us conclude this section with some standard notation for the rest of the paper. For any subset
A C R? we denote its linear hull by [4] = {3° , Nja; : n € N,a; € A, \; € R} and its affine
hull by H(A) = {327 Nia; :n € Nya; € A, N € RS\ =1} Forz € RYand 7 > 0 the
open ball with center z and radius r is U,(z) = {x € R? : ||z — 2|| < r} and the closed ball is
U,(z) = {x € R : ||z — z|| < r}. For a vector-valued function f : X — R%and j = 1,...,d
we write f7 for the jth component of f. For two functions f : X; — R%and g : Xy — R?
and an arbitrary subset X C X; N X5 we denote the supremum norm between f and g on X by
If = 9lloo(x) = sup,ex [[f(z) — g(z)||. At some points we will speak of a cross-polytope. By this
we mean the image T'(C') of the d-dimensional standard cross-polytope C', which is given by the
convex hull of all permutations of (£1/0/0/ ... /0) € R, under some similarity transformation 7.

3. Main results

In this section we present our main results. The proofs of the theorems are deferred to Sections 4
and 5. Our key question is to what extent an isotonic function f is uniquely determined, up to a
similarity transformation. Our first result concerns the infinite case. We show that if f is defined on
a dense subset of some “nice” set G and f is locally isotonic, then it is actually a similarity.

Theorem 3 (Isotonic on a dense set implies similarity) Ler G C R? be an open and connected
domain and Q C G a dense subset. Let f : Q — R? be a locally isotonic function. Then there exists
a unique extension of f to a similarity transformation F : R* — R%.

The next theorem deals with the finite case and is the main result of this paper. We consider
X, = {x1,...,2,} € R? and an isotonic mapping ¢, : X, — @n(X,) — hence @, (&,) =
{on(x1), ..., pn(x,)} is an ordinal embedding of X,,. We prove that ,, can be approximated by a
similarity transformation, up to arbitrary precision as n — oo.

Theorem 4 (Isotonic on a finite set implies approximate similarity)

1. Global Version: Let K = U,(z) C R? be a closed and bounded ball (for some arbitrary r > 0,
z € RY). Let (2,)nen be a sequence of points x,, € K such that {x,, : n € N} is dense in K. Let
0 < R < oo and (pn)neN be a sequence of isotonic functions @y, : {x1,...,x,} — Ugr(0) C
RY. Then there exists a sequence (Sy,)nen of similarity transformations S, : R¢ — R? such that

|Sn — SOnHoo({asl,...,xn}) —0 as n— oo. )

2. Local Version: More generally, let K = Ule K; C R be a finite union of closed and bounded
balls such that Ule K? is connected. Let (x,)neN be a sequence of points x,, € K such that
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{zn, : n € N} is dense in K. Let 0 < R < o0 and (¢n)neN be a sequence of functions
on {x1,..., 20} = Ur(0) C R? such that

Vie{l,....k}: onl{z,. 2ninkK, IS isotonic.
Then there exists a sequence (Sy,)neN of similarity transformations Sy, : R4 — R with (2).

Our proofs show that we can replace the set K in Part 1 of Theorem 4 by a cross-polytope or
any convex set “between a cross-polytope and a ball”. Consequently, we can replace K in Part 2 by
any finite union of such sets if we additionally assume that all these sets satisfy K; C K?. Note that
the assumption that all functions ¢,, map to the same bounded ball U (0) is necessary. Otherwise
we could blow up the configuration of the image points by a larger and larger constant and prevent
the approximation error ||.S;, — ¢y, ||c from converging.

4. Proof of Theorem 3 (the infinite case)

The proof of Theorem 3 consists of a number of steps, which we formulate as separate lemmas.

Lemma 5 (Isotonic implies continuous) Ler Q C R and f : Q — R? be a locally isotonic func-
tion. Then f is continuous. If we additionally assume <) to be a set with at least one limit point
which is contained in it and f to be globally isotonic, then f is even uniformly continuous.

Proof (sketch) Since continuity is a local property, it suffices to show that for any point x € )
there is a neigborhood U () in € such that f|;(,) is continuous. Hence, w.l.o.g. we may assume f
to be globally isotonic. The key observation is that if f was discontinuous at one point, the distance
between different points in f(£2) would be bounded from below by a positive constant. In case that
() is uncountable, this immediately contradicts the separability of R, In general, a compactness
argument leads to the desired contradiction. In case €2 has a limit point which is contained in it,
denote one such point by xg and let € > 0 be arbitrary. We already know that f is continuous, and
hence there exists § > 0 such that || f(z) — f(zo)|| < e forall z € Q with ||z — || < d. Letz’ € Q
with 0 < ||z’ — z¢|| = &' < 0 (since x¢ is a limit point, there is such a point 2’). For all z,y € Q
with [z —y|| < 6" wehave [z —yl| < [+’ —zo and hence || f(x) - f(y)[| < [If(z")=f(zo)| <. W

The next lemma shows that if Q C R? is a ball and f:9— R% is weakly isotonic, then it is
even strongly isotonic, at least on a slightly smaller ball.

Lemma 6 (Weakly isotonic implies strongly isotonic on balls) Let Q = U.(z) C R and f :
Q — R be weakly isotonic. Then f o 14(2) is strongly isotonic.

Proof (sketch) In order to prove that fly_,(.) is isotonic, we have to show that || f(z) — f(y)[| <
| f(v) = f(w)]| for all z,y,v,w € U,(2) with ||z — y|| < [lv — w|]. The idea is to use in-
termediate points uy,...,u, € € such that ||z —y|| < |y —w] < |Jur —we < ... <
|un—1 — unl|| < ||un — | < |Jv —wl||. Since f is assumed to be weakly isotonic, it follows
that [1£() — F@I < 1£) — F@nll < @) = fu)ll < - < |fun) — Flu)l <
[f(un) = f)|| < | f(v) = f(w)]|. Using continuity we can show that f[;;_,(.) is even strongly
isotonic. u
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The following proposition already shows that for functions defined on all points of an open and
connected domain, all the properties we defined in Definition 2 are equivalent. The key ingredient
in the proof is that the midpoint of a line segment between two points in €2 is mapped by an isotony
to the midpoint of the line segment between the corresponding image points.

Proposition 7 (Weakly isotonic implies similarity) Ler Q C R? be an open and connected do-
main and f : Q — R® be a locally weakly isotonic function. Then f is globally a similarity.

Proof (details can be found in Appendix B) First we consider a globally strongly isotonic function
f:Q = U.(2) — RY. This allows us to define a function y : [0, diam Q] — [0, diam f(£2)] by
w(lle —yll) = ||f(x) — f(y)|| for all z,y € €. In order to show that f is a similarity, we have
to show that p is linear. By showing that the midpoint of a line segment between two points in
) is mapped by f to the midpoint of the line segment between the corresponding image points,
we iteratively obtain ,u(% diam Q) = % diam f(2),i € N, j € {0,...,2'} (see Appendix B for
details). By Lemma 5, f is continuous and so is y, implying that p(¢) = ¢ - (diam f(£2)/ diam 2).

Now assume that €2 is open and connected and f : Q — R%is a locally weakly isotonic function.
By Lemma 6, f is locally strongly isotonic. Hence, given x € {2 we can choose €(x) > 0 such that
Ue(z)(z) C © and that f\m Uy () — R? is globally strongly isotonic. It follows from the

above that f |m is a similarity and hence f : Q — R is locally a similarity. By Lemma B (see
Appendix A), f is even globally a similarity. |

Finally, a continuous extension of an isotonic mapping is isotonic too. The proof is elementary.

Lemma 8 (Continuous extension inherits isotony) Let (2 C R? such that K = Q is convex. Let
f : Q — R% be isotonic and F : K — R? be a continuous extension of f. Then F is isotonic.

Now, we have collected all ingredients to prove Theorem 3.

Proof of Theorem 3 (sketch) In case that f is globally isotonic and Q = G is convex, we consider
the unique continuous extension F' of f to Q. This is possible since f is uniformly continuous by
Lemma 5. By Lemma 8, F is isotonic. According to Proposition 7, F|g is even a similarity. By
Lemma A (see Appendix A), F'|; can be uniquely extended to a similarity F : R? — RY. For
the general case we restrict f to several intersections of {2 and small balls. Considering one such a
restriction, we are in the situation of the previous case and obtain a unique extension. We can show
that all these extensions have to coincide similarly to the proof of Lemma B from Appendix A. H

5. Proof of Theorem 4 (the finite case)

Case d = 1. The case d = 1 is particularly simple: it is easy to see that any weakly isotonic
function f : Q — R (with Q C R) is either strictly increasing or decreasing. The following lemma
is the main step of the proof in the one-dimensional case. It considers points that approximate a
grid, and proves that this property remains intact after an isotonic mapping. See Figure 1 for an
illustration.

Lemma 9 (Isotonic maps approximately preserve a grid) Let N € N. For some ¢ < 1/2?N+1
setepy =128, 2 <k < N,and 6 = 1/2. Fork € {1,...,N}andi € {1,3,...,2F — 1} set
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Figure 1: The idea of Lemma 9 is to place points in small intervals close to the grid points /2" (yfC , on
the left side, % ; on the right side) in such a way that the ordinal constraints between all these points are
sufficient to determine the grid cells they belong to, independent of their exact location within the intervals.

Th,; = i/2" and let yfm-, Yr; be arbitrary elements of (g — ek — 0,2k — k) and (T ; + €, Thi +
e +0), respectively. Let ¢ : {0,1} U{y"; :m € {l,r},k < N,i € {1,3,.. L2813 = [0,1]
be a weakly isotonic function with ¢(0) = 0 and ¢(1) = 1. Then it holds that

1 .
it — e(yis)| < ovr ME {l,r},k < N,ie{l1,3,...,28 - 1}. (3)

Proof (details can be found in Appendix B) By induction over N we prove
; oN=kj 1 2N—k; . oN=kj oN=kj 11
@(yk,z) € 9N ' 9N ’ Sp(yk,z) € 9N 9N )

forall k < N, i € {1,3,...,2% — 1}, which immediately implies (3). The basis is clear (see
Figure 1(a)): Due to ¢(0) = 0 and (1) = 1, ¢ is strictly increasing and hence 0 = ¢(0) <
go(yll,l) < ¢(y11) < (1) = 1. Since |yl11 - 0] < ]yil — 1] and ¢ is weakly isotonic, we
have |<p(yﬁ71) —¢(0)] < ]ap(yllyl) — ©(1)] and thus can conclude that <p(y§71) € (0,1/2). In the
same way we obtain go(yil) € (1/2,1). We demonstrate the inductive step by proving that the
statement also holds for N = 2 (see Figure 1(b)): We already know that cp(ylm) € (0,1/2) and
¢(y11) € (1/2,1). Furthermore, due to ¢ being strictly increasing, we have 0 < go(yél) <
e(ys1) < ¢Wi1) < ¢yi1) < (¥hs) < ¥(¥53) < 1. The choice of (cx)1<k<n and § guar-
antees that |y5; — 0] < |yby — yi | and [y5, — yi4| < |yb; — 0] leading to | (yh,) — O] <
o(ys,1) — ¢ (¥i1)] and [o(y5 1) — (5 )| < [(y51) — O] This yields 2(y5 1) < @ (yi,1) < 1/2
and 1/2 < ¢(yi 1) < 2¢(y5;) and thus p(yh ) € (0,1/4) and (y3 1), (¥1 1) € (1/4,1/2). In
the same way we can show that ¢(y3 5) € (3/4,1) and go(yég), oY1) € (1/2,3/4). [

Now it is straightforward to prove Theorem 4 for the case d = 1 (Proposition 10 implies Part 1
of Theorem 4; the proof of Part 2 is the same as for the case d > 2, which follows later on).

Proposition 10 (Statement for d = 1) Let I = [a,b] (for some —c0 < a < b < 00) and let
(zn)neN be a sequence of points x,, € I such that {x,, : n € N} isdense inI. Let 0 < R < o0
and (o )neN be a sequence of weakly isotonic functions oy, : {x1,...,x,} — [=R, R]. Then there
exists a sequence (Sy)neN of similarity transformations Sy, : R — R with (2).

Proof (sketch) By appropriately rescaling the domain and the image of ¢,, we may assume that
I = ]0,1] and that ,, maps to [0, 1] with ¢, (0) = 0, p,(1) = 1. We use Lemma 9 in order
to show that ¢,, for large values of n can be approximated by the identity: Choose N € N such
that 1/2" is sufficiently small. Since {z, : n € N} is dense in I, there exists Ny € N such
that in each of the intervals (xy; — e — d, x5 ; — €x) and (zy; + g, Tk, + € + 0) as defined in
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Lemma 9 (for the chosen N) there lies an element of {x1,...,zn,}. If n > Ny, y € {z1,..., 20},
and y is one of these elements, we immediately obtain |y — ¢, (y)| < 1/2V according to (3). If
y is not one of these elements, we can use the monotonicity of ¢,, to infer that |y —p,, (y)| is small. Bl

Case d > 2. The case d > 2 is harder to deal with. Our basic idea is to show that an
isotonic mapping ¢, : {Z1,...,7,} — RY, up to some rescaling, is an £(n)-nearisometry, that is
(py, satisfies

[z =yl = e(n) <llgn(@) —en(W)ll < llz =yl +e(n), =y c{zr,... ;). @)

Then, by a theorem of Alestalo et al. (2001), ¢,, can be approximated by an isometry up to an error
depending (essentially) only on £(n) and going to zero as e(n) — 0.

For proving that ¢,, is an £(n)-nearisometry we observe the following: since ¢,, is isotonic, it
is sufficient to prove (4) only for some pairs x, y such that ||z — y|| is roughly uniformly distributed
in [0, diam{z1, ..., x,}|. Hence, we would like to consider points close to a straight line and argue
in a way similar to Lemma 9 that their relative positions along the line are almost preserved by an
isotonic mapping. Yet the problem is that, in general, there is no guarantee that the points are still
close to a straight line after applying an isotony. However, assuming that there are points located
close to the vertices of a cross-polytope and that these are “fixed” points (this is Assumption (*) in
the following lemma), we can show that this is indeed the case and Lemma 9 can be generalized
in the following sense. Here we just provide a sketch of the lemma (see also Figure 2 for an
explanation). A detailed version can be found in Appendix C.

Lemma 11 (Under Assumption (x) isotonic mappings preserve an approximately straight line)

Letd > 2. Let N € N such that
T4 +1) 1 \d 1
w=24 2 S —
( i (2N—1> 2(d — 1)
be fixed. Let US, U, 178‘" U;

Tos=1,...,dand U} , UL, Ur ., k < Nyi € {1,3,...,2F —
1},5 € {2,...,d}, be open balls with some certain properties (see Appendix C for details). Let
X+, X7 €RY s =1,...,d, be arbitrary elements of U} and U, respectively, z, € R be an

ul

arbitrary element of U,z » and yé o Yri € R be arbitrary elements of U, ,é ; and Uy ,, respectively.
Let o : {X{" X7, ..., X], X7 U{z], k< Nyie{1,3,...,28—1},je{2,... . d}u{yy:
m e {l,r},k < N,ie{1,3,...,28 —1}} — R? be an isotonic function and assume that

p(XH eUS, ¢X,)eU,, s=1,...,d (%)

Set v(—1) = (1) = &1 and v(0) = é1 + %5 (w + p) (where & is the radius of the balls U, Uo
and p a small number depending on size and location of the balls U}, U, , s = 2,...,d), and define
for2 <k<Nandic{1,3,...,2" — 1} the positive expression v(—1 + i /2F~1) recursively by

(rrgm) =3 () 2 (B ) - D).
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X+ e Ut -3 +3
P €5 {p:lp—e(XDI < lp =X}
P(X3) € Uy
(=1/0) . o
\@ ;2)‘@6 Uz, Z € 012,1 o o(Xi) e [71+
© op, L ©,0 > -
X[ €Uy /@*E Yia €UL 5 X eUuf p > s
v € UL, [ (=10
o(X;) € U7 L
Xy €Uy P(Xy) €Uy
(a) ()

Figure 2: Explanation of Lemma 11 (for d = 2) We consider an isotonic map ¢ defined on the following
point set (see 2(a)): (1) X f‘ , X, X ;‘ , X5 are located in small balls around the vertices of a cross-polytope
and assumed to be “fixed” under ¢ (this is Assumption (x)). (ii) The points yﬁc i» Yy ; approximate a grid as
in Lemma 9 on the line segment between X; and X" and are closer to X, than to X". (iii) The points
Z}%@ are close to the points yfw. and y;. ; but are closer to X2+ than to X, . Since ¢ is isotonic, the points
©(y.+), ey ;) are closer to (X5 ) than to p(X;") and hence w*(yj, ;), ©*(y}, ;) < p whereas for the points
¢(2; ;) itis the other way round such that * (27 ;) > —p (see 2(b)). However, yi; (m € {I,7}) and 27 ; are
close to each other and so are ¢ (yy";) and ¢(2; ;). We can conclude that all points ¢(y;”;) are close to the
first coordinate axis. This allows us to estimate the location of ¢ (y;";) along similar lines as in Lemma 9.

Let N* < N such that N* - 2V < 5 Then we have

1
(d+1)(wtp+dn)’
9 =0 (i) | < A(@ka) +w+ (d = D(w+p) <3dviw, m e {I,r}, )
where v, ; = —1 + 2,f—'_l,foralll <k<N*andic{l1,3,...,28 —1}.

Proof (sketch) We prove that forall 1 < k < N*andi € {1,3,...,2F — 1},

d—
)

O(Yps) € (@hi —Y(Trs) —w, Tri +7(@ri)) X (—p—w,p
i1 ©)

l
k,
P(Wii) € (@ri = Y(@hi), o + (@) +w) X (=p—w,p)

It is elementary to show that v(z;;) < 1(d — 1)v/3w, k < N*, and because of y} , € (w4; —
w, Tpi) X (—w, 0Lyl € (Ths, T +w) X (—w,0)97 L this immediately yields (5).

All points yf€ P T/ zii lie in the convex hull of the points X1+, X7, ,X;, X, - Since ¢ is
isotonic and satisfies Assumption (%), one can roughly estimate that

ek W), p(2h,) € [-3,3]" (7
The idea for proving ¢/ (y} .), ¢’ (Yri) € (=p—w,p), j € {2,...,d}, is the following: Let j be
fixed. Eorm e{l,r}, k < {1,...,N},ie€{1,3,...,2" —1} we have i — X5 < ||y,TZ—X]+H
and |21, — X;°|| < |2}, — X;|| Since ¢ is isotonic, it follows that lo(ygy) — (XN <
le(yi) — o(X;0)I and [lo(2] ;) — (X < lle(z];) — ¢(X; )| Because of (x) and (7), we

can conclude that o/ (y54) < pand I (z,]“) > —p (see Figure 2(b)). The distance between any
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two points zil il,ziQ i, 18 larger than the distance between any two points zi . yf“- (or zi PR T/
respectively), that is form € {I,7},k € {1,...,N},i € {1,3,...,2F — 1} it holds that

Hziz—yﬂH <min{Hu—vH TuFvE {z}%% k< N,ie {1,3,...,2%—1}}}. (8)

Letm € {I,r}, ko < N,ig € {1,3,...,2% —1} be arbitrary and write r = ||<p(zio7i0)—<p(yzg7i0)||.

Due to (8) and ¢ being isotonic, all points @(zi ;) are located at distance larger than r to each other
which implies that the intersection of two balls (whether open or closed) with radius /2 and centers
@(zil ;,) and go(zi2 +,)» Tespectively, is empty. Recall (7). Due to () and, again, ¢ being isotonic,

we clearly have r < 3. Hence, with each point go(zi ;) at least a fraction of 1/ 24 of the volume of

the ball UT/Q(gp(zi’i)) is contained in [—3, 3]¢ too. We can infer that
0 <t

or equivalently » < w. Hence, we have |<pj(zi0 i)~ 7Y (Yroi0)| < ||<,0(ziO i) — PWhe i)l < wand
finally obtain gpj(yfCO i) g@j(y,’;o i) € (—p —w, p). Similar to (8), we also have

||yf”—y,:l|| <min{||u—v|| TuFVE {ziz ck<N,ie {1,3,...,2’;—1}}},

and with the same argument as above obtain |0' (y}, ;) — ' (v )| < w, k < N,i € {1,3,...,2F -
1}. Now, (6) can be shown by induction over k. |

The following lemma shows that the Assumption (x), which says that points close to the vertices
of a cross-polytope are mapped approximately to themselves, can be taken as satisfied if the isotonic
function acts on sufficiently many points. See Figure 3 for an explanation. Again, here we just
provide a sketch of the lemma and the detailed version is in Appendix C.

Lemma 12 (Assumption () can be taken as satisfied) Let d > 2. Let N' € N such that

1
rd+1)\? 1
w' =32 (21_ ) y
T2 N’

is sufficiently small and r < 1 and u, 6, > 0 be appropriately chosen real numbers (see Appendix
C for details). Define points A, B € R* and Z7,Z+ € R%, s € {2,...,d}, by

A=(-1/0/.../0), B=(1/0/.../0), Z; =(0/—1r/0/0/...),
Zy =(0/r/0/0/...), Zi =(0/0/—r/0/...), Zi=(0/0/r/0/...), and so forth.

Fors€{2,...,d}andv € {-1,1}4set E;,, = Z 4w, Ef, = Zf +pvandlete,,, ef, € R be

5,09 ©s,v

arbitrary elements of U-(Ey,)) and U-(E{,), respectively. Fori € {1,...,2N' — 1} let z; € R? be
an arbitrary element of Us((—1+ 5 /0/ ... J0)). Let ¢ : {A, BYU{e;, el s €{2,....d},v €

5,01 ©sv
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€§L,(1/—1/1) e U (E;(l/_m)) Figure 3: Explanation of Lemma 12 We
P consider an isotonic mapping ¢ defined on
s ." A the following point set: (i) A and B are op-
posite vertices of a cross-polytope. (ii) The
Z points e;v,e;tv are located in small balls
around the vertices of hypercubes placed
O ‘ 2 around the remaining vertices of the cross-
'. polytope.  (iii) Numerous points x; are
a located in small balls which are placed
Zy > zy equidistantly between A and B. This yields
ordinal constraints sufficient to show that all
o0 points e_,,, ejﬂj are “fixed” under ¢ up to
.” some similarity transformation. The figure
Zy shows the setting of Lemma 12 for d = 3.

1 € Us((~1+ 12/0/0)

Sy

&}

{(—1,1}} U {x; i =1,...,2N' — 1} — R? be an isotonic function with ||o(A) — o(B)|| = 2.
Then there exist a constant C' (depending only on d) and an isometry S : R* — R® such that

A= S5(p(A)ll < CVAW), [B=S(p(B)) <CvAW),
125" = S(e(eg))ll < CVAW), mef{-+}sel{2,...,d}

wherev = (1/1/1/ ... /1) and A(w') only depends on w' and d and satisfies A(w') — 0asw’ — 0.

Proof (sketch) With an argument similar to the one subsequent to (8) in the proof of Lemma 11
we can show that all points py, ps in the domain of ¢ and with ||p; — pa|| < ||A — x1|| must satisfy
le(p1) —@(p2)|l < w'/2. The parameters y, 6 and ¢ are chosen in such a way that ||l —eT", || <

S,U1 S,V2
A — x| forany m € {—,+}, s € {2,...,d} and for all v1,vy € {—1,1}%. Using this and the
y g
assumption of ¢ being isotonic, we can show that
2—w' <|pf—ps <2, s=1,...,d,
lps = poll =o' <lpd —pill <lpd —poll +o's s#s €{1,....d}, ©)
lps = poll =o' <lpy =il <lps —poll+o's s#s €{1,....d},

S

where pf = ©(B), p; = ¢(A) and pf = ¢(ef,), p; = p(e;,) for s = 2,...,d. For example,
let us prove ||p; — py || —w' < ||py —p3 || < |lpy — p3 || + «': Elementary calculations show that
[A—eg, |l <lA—e,lland [A—e5 o]l < [|[A— eyl witho® = (=1/—-1/—1/.../—1). We
infer [y — py || < llpy — p} 1l and [lpy — pl(ef,)ll < Iy — @(ez,)]| and thus obtain

lpy = P31 < llpy — @leg o)l + llelese) = p3ll < llpy — leqpe)ll + llo(es o) — P3|
<llpy —p2 I+ lIpz — leqpe)ll + lples o) —p3 | < llpy —p2 [l + "

From (9) we can infer that

(pd —ps . ph —po) <100/, s#s e€{l,...,d}. (10)

10
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Furthermore, we can show that || (p + p5) — (ph +p,)|. s # ' € {1,...,d}, is small (provided

w' is small), that is

20w’ + 8158 (4d)4-1

2 — W — 20 (4q)d—1

2
!\(p§+p;)—(p§+p;)\\2§d< ) s#sef{l,...,d. (1)

This is done by first applying the Gram-Schmidt process to the vectors (pf — p; ), s = 1,...,d.
By doing so we obtain an orthonormal basis of R? whose elements (appropriately rescaled) differ
from the vectors (p;” — p; ) only up to some small error (depending on w’). Considering the Fourier
coefficients of (p} + p; ) — (pl, + p_,) with respect to this orthonormal basis then leads to (11) .

Now, setting Z; = A, Z = B, we consider the mapping f : {Z,Z{,...,Z;,Z]} —
{py,pf,....p;,p)} givenby f(Z") = pm form € {—, +}, s € {1,...,d}. Using (10) and (11)
it is straightforward to show that f is a 21/ A(w’)-nearisometry, that is it holds that

lz =yl = 2V AW) < |f(@) = fWI <l =yl + 2V AW), @yl 2y ,..., 2,2}

According to Alestalo et al. (2001), Theorem 3.3, there exists a constant C’ (depending only on d
— can be chosen independently of the parameters 7, 1, 6, £) and an isometry 7' : RY — R? such that
|T(z) — f(2)|| <2C"\/AW),z € {Z; . Z},....,Z;,Z]}. Setting S = T~' and C = 2C’ the
statement of Lemma 12 follows immediately. |

Now we can prove Theorem 4 for d > 2.

Proof of Part 1 of Theorem 4 (sketch) By Lemma C (see Appendix A) it is sufficient to prove
that for every £y > 0 there exists N(gg) € N such that for all n > N(gg) there is a similarity
transformation S(n, o) : R — R? with ||, — S(n,€0)loc({ar,..zn}) < €0-

In a nutshell, the basic idea is the following: Assume K is a ball with diameter only slightly
larger than two and containing all the balls of Lemma 11. If n € N is sufficiently large, in each of
these balls there is an element of {1, ...,2,}. Assume for the moment that (,, satisfies Assump-
tion (x) of Lemma 11. Then from (5) we obtain an estimate for the expression ||¢, () — ¢n(y)||
for roughly uniformly distributed values of ||z — y|| in [0,2] ~ [0, diam{z1, ..., z,}]. Since @, is
isotonic, this gives an estimate for ||y, () — @, (y)|| forall z,y € {x1,...,z,} which is sufficient
to show that ¢,, is an e-nearisometry for some small . Hence, we can uniformly approximate ¢,
by an isometry according to Alestalo et al. (2001). It remains to be argued why Assumption (x) of
Lemma 11 indeed can be taken as satisfied. However, this is the statement of Lemma 12.

A bit more precisely, the main steps of the proof can be summarized as follows:

1. Since {x, : n € N} is dense in K, we can choose Ny € N so large that there are points
za,xp € {1,..., 2N, } and a similarity transform 7" : R¢ — R? with the following properties:

* T(za) = (=1/0/0/.../0), T(xp) = (1/0/0/ ... /0)
* U1(0) C T(K), diam T(K) is “sufficiently small”

e Vy e T(K) : Upy(y) N {T(x1),...,T(zn,)} # 0 where o > 0 is smaller than the minimal
radius of the finitely many open balls considered in Step 3 and smaller than dy from Step 6.

In the following, we consider ,, for a fixed n > Nj,.

11
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2. Let U : R — R? be a similarity transformation with |U (¢, (2.4)) — U(pn(z))|| = 2. For its
scale factor A(U) we have

. (12)

_ UGpn(xa) =Ulpn(p)ll o 2 1
2R R’

MO = o)) — sl -

3. (a) We choose N € N such that w = w(N) as in Lemma 11 is “sufficiently small” and N*
from Lemma 11 can be chosen “sufficiently large”. We choose all parameters of Lemma 11
(see the detailed version in Appendix C) except the vectors r, ©* appropriately — assuming
that we will choose r, 7 with » = 7 > 1/2 (in every component) afterwards.

(b) We choose N’ € N such that ' = &'(N’) as in Lemma 12 satisfies C'\/A(w') < &,
1 =1,...,d (with @; from (a)). We choose all parameters of Lemma 12 (see the detailed
version in Appendix C) appropriately and such that

* U.(E;,) CUa(Z7),U(Ef,) C U, (ZF) (with o from (), s € {2,...,d},
» all corresponding balls are contained in U; (0).
(c) Denoting the parameter r from (b) by r/, we use r’ to define r from Lemma 11 as r =

(1/r'/r'/.../r") and set 7 = r. Hence, we have chosen all parameters of Lemma 11.

4. We consider the map U o @, o T~! : {T'(x1),...,T(x,)} — R% According to Step 1, in every
open ball of Lemma 12 there is an element of {T'(x1),...,T(z,)}. We denote these elements
as in Lemma 12 (A = T(x4), B = T(xp)). According to Lemma 12 there exists an isometry
S : R — R? such that

|A—=S(Uow,oT 1 (A)| <CVAW) <y, |[B—-SUowp,oT (B))| < au,

127" = S(Uo@noT Hel ) < CVAW) < ds, me{— +},se€{2,...,d}
5. We consider the map S o U o ¢, o T~% : {T(21),...,T(x,)} — R% According to Step 1,
in every open ball of Lemma 11 there is an element of {T'(z1),...,T(x,)}. We denote these

elements as in Lemma 11 (X; = A = T(z4), X{" = B = T(xp), X" = €,)). According to
Step 4, Assumption (x) of Lemma 11 is satisfied. Hence, we have

lyri = SoUowpy OT_l(yZ?i)H <3dvw, me{l,r},k<N*ie{l,3,...,28-1},
where w = w(N) from Step 3(a).

6. We show that f = S o U o ¢, o T~! is an e-nearisometry for some small ¢ (depending on w and
1/2N7), that is f satisfies

le =yl —e <|[lf(x) = fWI <Nz =yl +& 2y e{T(x),....T(xa)}. (13)

For elements z,y with ||z — y|| < (2V" — 2)/2V" 1 it s straightforward to show the inequality
(13) by approximating ||z — y|| by ||Z — g|| with elements 7,7 € {y;"; : m € {l,r},k < N*,i €
{1,3,...,2% — 1}} and using that f is isotonic.

For elements z,y with (2V" —2)/2V" =1 < ||z — y|| < diam T'(K) we approximate ||z — y|| =
|lz—2'||+||=" =y || +]|y =yl by ||x—x®||+]||z*—y®|+||y* —y| where each summand is smaller

12
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than (2V" — 2)/2V"~1 by approximating 2’ = 2+ 3 (y—2),y' = 2+ 3 (y—=2) by elements 2° €
Us, (2'),y* € Us,(y') (for some “sufficiently small” §p) with 2%, y* € {T(z1),...,T(zn)}.
Since K is assumed to be convex, so is T'(K) and hence z’,y’ € T(K). According to Step 1
there exist such elements x%, y*. Using that diam 7'(K) is small (see Step 1), then it is easy to
show that ||z — y|| —e < [[f(z) = fF(W)Il < [l -yl +&.

7. According to Alestalo et al. (2001) (Theorem 2.2 or Theorem 3.3) there exists an isometry S’ :
R? — R? such that S’ uniformly approximates SolJ 0,07~ up to some small error (depending
on ¢). Since A\(U) is bounded from below by (12), U~ 0 S~! 0 §" o T is a good approximation
of ©y,. |

Proof of Part 2 of Theorem 4 (details can be found in Appendix B) W.l.0.g. we may assume
that K = UY_ K; such that K) N KJy # 0,4 = 1,...,k — 1. Forevery i € {1,...,k},
{xn, : n € N} N K is dense in K; because of K; C K. Hence, there exists a sequence (S},),en Of
similarity transformations such that || S? — Onlfar,.anink; loo({er,..anyni;) — 0. We prove that

155 = @nl(ay,.an K100k ) los({or,enn(kio .ok, = 0, G =1,...,k,

by induction over j. The key observation for the inductive step is the following: If S is a good
approximation to ¢y, for points in K7 U...U K;_; and S, for points in K, the similarities Sl and
S}, differ only slightly for points in (K; U ... U K;_1)N K. Since K is bounded, S} () cannot be
too different from S, () for any point z € K. [ |

6. Discussion

The main result of our paper is to establish the uniqueness of ordinal embedding, upon knowledge
of all pairwise constraints in local regions. This result closes a long-standing gap in the literature on
ordinal embedding. However, there are a number of interesting and important follow-up questions
that are still open: (1) Our current Theorem 4 states the convergence of isotonic embeddings but
does not give any error rates. It would be desirable to have a statement such as “if the points have
been sampled from some nice probability density, then with high probability an embedding of n
points has error at most €”. However, it seems difficult to get such a statement, our current proof
techniques are not powerful enough to obtain strong bounds. (2) It also seems plausible that ordinal
embedding is still possible in a noisy scenario where either the distance measurements are noisy
or some of the constraints ||z; — x;|| < ||z — 2;|| have been flipped. (3) In this paper we have
shown that already mere local ordinal information guarantees a unique embedding. However, it
seems quite reasonable that even fewer ordinal relationships might be sufficient for reconstructing a
given set of points (in a similar spirit as turning partial orders to total orders). We also do not know
whether it is sufficient in Theorem 4 to assume the functions ¢, to be only weakly isotonic (for
d > 2 — compare with Proposition 10 for d = 1). So finally, what is the minimal amount of ordinal
information that is necessary for reconstructing a given set of points up to a given precision?
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Appendix A. Additional lemmas

Lemma A (Extending a similarity) Ler Q C R% and f : Q — R be a similarity. Then there exists
an affine and surjective similarity F : R® — RY (that is F is a similarity transformation) such that
F(z) = f(x), € Q. The function F is uniquely determined by f if and only if H(Q) = R

Proof Let A > 0 such that || f(z) — f(y)l| = Alz — yll. z,y € Q. We may assume that A = 1
since otherwise we can set f = (1/A)f and F = AF if F' is an extension of f. In the following we
distinguish three cases:

* 0eQand f(0) =
This implies that || f(z)|| = ||z||, = € €2, and because of

I () = £(@))? = Iz — 2"||?
= 1F@)II° = 2(f (@), f(2)) + [F@)]? = l|l2]|* = 2(z, 2") + [|2]]%,

we can conclude that (f(z), f(2')) = (x,2'), z, 2’ € Q.
Letzy,...,x, € Qformabasis of [Q]. f x € Qandz = )" | ¢;x;, then

n 2 2

Hf(x) =) cif(x)

n

> cif (wi)

= [If(2)|* -2 <f(f€), > Cif(wi)> +

i=1 i=1 i=1
HxH —2201 T, T —I—Zchc] Ti, Tj)
=1 j=1
n n
= Z Z CiCj<l’i, in> -2 Z Z CiCj<l‘i, ZL’j> + Z Z CiCj<:L‘Z', IL‘J’>
i=1 j=1 i=1 j=1 i=1 j=1
=0,
hence f(z) = > ¢; f(x;). Thus, by setting
n n
F@) = éaf(x) for 3= &€ Q)
i=1 i=1

we can define a linear map f’ from [©2] to R? which coincides with f on (2.

Obviously, f/ is a linear isometry from [Q2] onto f/([Q2]). If [2] # R?, we can choose an orthonor-
mal basis of [2]- and one of f/([Q2])*. These comprise the same number of basis vectors since
[] and f’([Q2]) have the same dimension. Let f” be a linear mapping from [Q]* to f/([Q])*
which maps the orthonormal basis of [€2] onto the one of f/([Q])*. Then f” is a linear isometry
from [Q] onto f/([])* and F = f' @ f” a linear isometry from R? onto R%.

Concerning the uniqueness: Clearly, if [Q] # R?, we can choose different orthonormal bases of
[Q]* and f/([Q2])*, respectively — or different mappings between them. On the other hand, if
[Q] = R, any linear extension of f to R? is uniquely determined by f(z1),..., f(x,). Since
0 € Q, we have H(2) = [Q], and because of f(0) = 0, any affine extension of f is linear.
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« 0 Qbut £(0) £0

Define f : Q — R? by f'(z) = f(z) — f(0), = € Q. We can apply the previous case to f’
and obtain a linear and isometric extension F’ of f’. Setting F = F’ + f(0) gives the desired
extension of f. Obviously, F' is uniquely determined if and only if F” is uniquely determined. As
we have seen, this is the case if and only if () = R%.

* 0 ¢ Q (in fact, one could deal with the second case in the same way as with this case, and so one
could merge them into one case “0 ¢ €, or 0 € Q but f(0) # 07)

Let 2’ € Qbe fixed. Set ' = Q—2’ and define f' : ' — Réby f'(z—2') = f(x)—f(2'), v € Q.
Then it holds that 0 € €/, f’(0) = 0 and f’ is isometric on €. Let F” be the linear and isometric
extension of f’ to R? according to the first case. Define F : R? = Reby F = F' — F'(2/)+ f(z').
Since

F(z) = F'(x) = F'(a') + f(a) = F'(x = 2') + f(2") = f'(z — 2) + f(2)
= f(x) = f(&) + f() = f (=)
for x € €, this gives an affine, surjective and isometric extension of f to R%. In order to prove the

assertion concerning uniqueness of F it suffices to note that #(Q) = R? if and only if [2'] = R?
and that F is unique if and only if F” is unique.

Lemma B (Local similarity implies global similarity) Let Q@ C R? be an open and connected
domain and f : Q — R be locally a similarity. Then f is globally a similarity.

Proof For z € ) we can choose ¢, > 0 and A\, > 0 such that U._(z) C  and

1f(uw) = FIl = Asllu = ol| Vu,v € Ue,(2)

since {2 is open and f is locally a similarity. Fix an arbitrary element zy € (2 and consider the
mapping f |U5m0 (o) © Usyy (T0) — R? which is a similarity. By Lemma A there exists a unique
extension F, : R? — R? which is a similarity. We will show that f = I |q.

Let y # xo be an arbitrary element of €. Tt is well known that an open and connected subset
of R? is path-connected, hence there exists a continuous path ¢ : [0,1] — Q with ¢(0) = g

and ¢(1) = y. Its image ¢([0, 1]) is compact. Hence, we can choose 1, ...,z, € ¢([0,1]) with
xp = y such that it is covered by the open balls U, (z;), i =0,...,n. W.lLo.g. we may assume
that

Vi=1,...,n3w; € p([0,1]) CQ:w; € Ue,  (wi-1) NUe,, ().

We will prove by induction that f|y. () = Fuolu., (z,) fori = 0,...,n. This implies f(y) =
F,,(y), and since y € € was chosen arbitrarily, we can conclude that f = F |q.

The basis (¢ = 0) is clear by construction of Fy,,. For the inductive step from¢ —1toilete > 0
such that

Ue(w;) C Ugmi_l (xi_l) N Ugmi (:BZ)

17
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Note that it immediately follows that A\;, = A;,. By Lemma A there exists a unique extension
of f|y.(w,) to a similarity defined on R¢ (which is obviously given by Fy,). There also exists
a unique extension of fly;. (,,). However, these extensions have to coincide and thus we have

H0e, @) = Faolue,, @) n

Lemma C (A diagonal argument) Ler X be an arbitrary set and (Ap)nen, An C X, be a se-
quence of subsets of X. Let (pn)nen be a sequence of functions py, : Ay — RY. Assume that for
every € > 0 there exists N () € N such that for all | > N (¢) there is a function S(l,¢) : X — R?
with

1 = S(Le)lloo(ay) <&
Then there exists a sequence of functions (Sy)nen, Sn : X — R, with
lon — Snlloo(a,) =0 asn — oo,
where every Sy, equals a function S(l,,, €p).

Proof We can choose a strictly decreasing sequence of positive reals (&,,),cn converging to zero
and a strictly increasing sequence of natural numbers (V,,),en such that for every [ > N,, there is
a function S(I,e,) : X — R? with |j¢; — S(lsen)lloo(a,) < €n- Leteg > 0and lp > N(eg) be
arbitrary. Set Sy, = S(lo,e0) for k < Ny and Sy, = S(k,ey,) for N,, < k < Ny41. In order to show
that ||¢n, — Snlloo(a,) — 0, let § > 0 be arbitrary. Let ng € N such that €, < 6. If m > Ny, then
we have N < m < Nj for some 1 > ng, and it holds that

”Som - SmHoo(Am) = H(Pm - S(magﬁ)Hoo(Am) <& <ény < 0.

Appendix B. Detailed proofs of Proposition 7, Lemma 9 and Part 2 of Theorem 4

Proof Proposition 7 Here we want to prove the statement for the case that Q = U,.(z) is a closed
and bounded ball (for some arbitrary ~ > 0, z € R%) and f : Q — R? is globally strongly isotonic.
How to derive the general result from this special case is shown in Section 4.

Consider the set f(2). Since f is continuous by Lemma 5 and €2 is compact, so is f(€2). In
particular, f(£2) is bounded, that is diam f(£2) < co. We can define a function g : [0, diam ] —
[0, diam f(€2)] as follows:

Va,y € Q: || f(z) = FW)ll = pllle = yll).

Since f is strongly isotonic, p is indeed well-defined. Note that p is definitely defined on the whole
interval [0, diam 2] since 2 naturally contains a line segment of length diam 2. In order to show
that f is a similarity, we have to show that 1 is linear (that is given by u(t) = At, t € [0, diam Q],
for some A > 0).
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It follows from f being strongly isotonic that p is strictly increasing. Obviously, we have
1(0) = 0. Due to the compactness of 2 and f(€2) and f being strongly isotonic, we can conclude
that p(diam Q) = diam f(92).

Choose points z( and yp on the boundary of Q with ||zg — yo|| = diam Q (thus z( and yg are
elements of a straight line going through z). We can write p(t) as

MﬂZHﬂm%—me+tm_x°>, t € [0, diam Q).

Iy0 — ol

This shows that 4 is continuous.

Let m = (x0 + yo)/2 be the midpoint of the line segment between x( and yo (in fact, m = 2).
We want to show that f(m) = (f(xo) + f(y0))/2. If d = 1, this immediately follows from f

being strongly isotonic. In general, set 79 = 29 — yp and let R = [ro] be the linear hull of 7.
Let {e1,...,e4_1} be an orthonormal basis of R-. We can choose ¢ > 0 such that all points
pj =m+ee;andp;, =m —ee;, 1 =1,...,d— 1, are elements of 2 (in fact, we can choose any

e <) Setpar =z and p; = Yyo.
Now we have

lm —pi | = lm—p;ll, i=0,...,d—1,

and
lpf —pil =llpf —pill, i#j€{0,...,d—1},
lp; =il =lp; —pill. i#5€{0,....d—1}.

Since f is strongly isotonic, it follows that

1f(m) = f) = Lf(m) = fo ), i=0,....,d~1,

and

1F ) = FEO = 11F () = Fo)ll, i#5€{0,....d—1},
1f(y) = F = 11f;) = fF)l, i#5€{0,...,d—1}.
This implies

Ff) + f(py)

() = 100 50m) = (F01) = ), 1P

>,i—0r”ﬂ—1, (14)

and

+ _
<f(j)‘*ﬂpi%f@§)>==<f@ﬁ)—zﬂpi%f“%)_%f@%)

2

oo
(0 = 10 1)) = (50) = o), TPDT TR i e ona- ),

5)

>7 Z#]G{()a?d_l}a

We show that under the conditions (15) the point f(m) = (f(pd) + f(py))/2 = (f(x0) +
f(yo))/2 is the unique solution to (14):
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1. f(m) = (f(pg) + f(py))/2 is a solution to (14): Choose j = 0 (i € {1,...,d — 1}
arbitrary) in (15). Add the first line in (15) to the second and divide by two. Hence, f(m) =
(f(pd) + f(py))/2 is a solution to (14) fori = 1,...,d — 1 and obviously also for i = 0.

2. there is a unique solution to (14): (14) is a linear system involving d equations for the d
unknown coordinates of f(m). It suffices to show that the vectors f(p;) — f(p;), i =
0,...,d — 1, are linearly independent. Subtracting the two lines of (15) yields

(F@H) = P F0)) = F@7)) =0, i#j€{0,....d—1}.
We see that the vectors (f(p;) — f(p;)),i=0,...,d — 1, even form an orthogonal system.

Hence, we have f(m) = (f(zo0)+f(yo))/2 and can conclude that i (diam §2/2) = diam f(£2)/2.

By repeating this procedure (once starting with o = xg, yo = m, once starting with zg = m,
Yo = Yyo) we see that

1 1
K <4 diam Q) =1 diam f(£2) and p <i diam Q) = %diam f(2)
and in general
z (Qj diamQ) = %diamf(ﬁ), ieN,je{o,...,2'}

Note that €2 being a ball allows us to find a proper € in each iteration step. By continuity, this shows

diam f(Q)
t) =t ————.
uit) diam
|
Proof of Lemma 9 We want to prove Lemma 9 in the following slightly more general form:
Let N € N and (er)1<k<nN, (0k)1<k<n be finite sequences of positive real numbers satisfying
€k < €k+1, Ok = O0kt1 Ek > €j +5j, j<k, en+d0ny+ max (€j —I—(Sj) <55 (16)
]:177N_1 2

Fork € {1,...,N}andi € {1,3,...,2% — 1} set 21, = i/2" and let 4. ., v} . be arbitrary
elements of (v, ; — €k — Ok, T — €k) and (T ; + €k, T i + € + Ok), respectively.

Letp : {0, 1}U{y;"; :m e {l,r}, k < N,i€{L,3,... ,28 —1}} — [0, 1] be a weakly isotonic
function with ©(0) = 0 and (1) = 1. Then it holds for k < N andi € {1,3,...,2% — 1} that

oN—k; 1 9N-k; oN—k; oN—kj 4 1
!
So(yk,z) € < oN » 9N ) ) Qo(ylz,z) € < 9N 9N ) ) (17)
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and hence

1
it — e(yis)| < ov: ME {l,r},k < N,ie{l1,3,...,28 - 1}. (18)

Due to (16) we have

; 2N=kj 1 2Nk . 2N=kj oN=kj 11
Yk, © 9N ’ 9N v Yka © 9N 9N ’

and thus (18) follows from (17). We prove (17) by induction over IN. Note that ¢ is strictly increas-
ing due to p(0) = 0 and ¢(1) = 1.

For the basis let N = 1. Then we have yll’l € (0,1/2) and y7; € (1/2,1) implying that
|0 — ylll| < |1- y§1| and [0 — y7 ;| > |1 — y |- Since ¢ is weakly isotonic, ¢(0) = 0 and
p(1) = 1, it follows that [0 — ¢ (4 1)| < |1 —(yi1)and [0 — ¢ (y7 )| > [1 — @(y]1)| and hence

p(yi) € (0,;>, pyl1) € <;1)

Assume that the statement holds for N and we want to infer that it also holds for NV + 1. If the
assumptions of the lemma are satisfied for N + 1, (ex)1<r<n, (0k)1<k<n and
‘P‘{O,l}u{y;’l.:me{lm},kng,ie{173,...,2’“—1}} satisfy the assumptions with /V, and hence the induction

hypothesis yields for k < N and i € {1,3,...,2F — 1}
. oN=kj 1 2N—k; . 2N=kj oN=kj 11
W(yk,z) S N ' 9N ) @(ykﬂ) € 9N 9N :

First, consider yﬂv 411 and ¥y ¢ ;- Due to (16) we have

1
W+€N+1+5N+1 <2W—6N—5N

and hence
l l
0 <yni11 <Unt11 <Yni <Yn1-
We have
! 1
Yv11 =0l < Sxgg —enva
and

! ! 1 1 1
|yN,1—yN+1,1|>2W—5N—5N— oN+1 — EN+1 :W+€N+1—€N—5N-
Because of ey + 0n < 2en1 according to (16), this yields

! I I
lYn+11 =0l < |lyni1 — Uns1al
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implying that
lo(yhii1) =0 < lo(yh ) — (W)l

and

290(y§v+1,1) < 90(y§v,1),

respectively. Due to the induction hypothesis we finally obtain

l 1, 11 1
O(Yns11) < §<P(Z/N,1> < 59N — 9N+1
and hence
1

90(y§V+1,1) € <07 2N+1> :
We have

. 1

[Yn+11 — O[> ONTT +EN+1

and

T T ]‘ 5 1 _ ]- 6
implying that (due to (16))

lyn1 = Yn+11l < [Yni11 — 0l

It follows that

v < 5 PU) < PWh)
Because of
Ynt11 < yé\f,la
we have
e(Uh+1.1) < elyva) < ZLN = %
and hence

. 12
P(Yns11) € ONT1 9N+T ) -

We also obtain
! 1 2
e(yna) € ONT12 9N T | -
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In the same manner one can show (17) for yﬁVH ON+1_1s y’"NJrl oN+1_1 and y}"v ON_1-

Now, leti € {3,5,...,2V*! — 3} be arbitrary. Consider the reduced fractions 2”]\7—+11 = ;Tll and

i+l jo WithlSlﬁ,kQSNandjl6{1737"'72k1_1}7j2€{1’3""72k2_1}' Due to

2N+ ™ 9kp

(16) we have

l r l T l T
Yerin < Ykvgr < YN+1i S YN+ < Ykogo < Ykajo-
We have to show (17) for y121,j1’ yfw_l’i, Yn1,; and y;@,jy

We have
! 1 i i—1 1
‘ykl:jl B yN—i—l,i’ < 9N+ EN+1 — N+ €k — Oky | = ONFT EN41+ Eky + Ok,
and

) ) 1+ 1 1 1
|yk2,j2 —YN+14l > ON+1 Eky — Oky — ONFI EN+1 | = ONF1 Eky T EN+1 — Oky-

Since 0y, + O, + €k; + €k, < 2641 according to (16), this yields
! ! l l
Wy gr — YN+l < Wkoiy — YNl
and hence

l l [ [
oWk 1) — PUNL1L)| <10 (Why jy) — PWUN1,0)]-

Using the induction hypothesis we can conclude that

l CWhy o) T 9Why ) 1 (i+1  i—1\ i
(P(yN-i-l,i) < 2 < 5 ON+1 + ON+1 - ON+1"
The induction hypothesis also yields

1—1
$Whi i) > oNFT

and hence we have
, i—1 1 ! 1—1 1
Yk j1) € ONT1' oNTT ) P(Yny1,) € ONT12 9N | -

We have

) 1 —1 1
>W+€N+l_ W‘*‘gkl +5k1 :W+5N+1—5k1_5k17

1+1 ) 1
Yka s — UN41,] < oN+1 T ekt Oky — <2N+1 + €N+1) = GNT1 T EN+L T ek F Oks

T T
|yk1,j1 “YNt1,
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and hence (due to (16))
’yl,';g,jg - yTN+1,Z| < ‘yzl,jl - y}nv+1,l’

In the same manner as above we can conclude that

(34 ) e _ b i+l (gt ) e _b i+l
P YN+, oN+1 N1 |+ PWkajo oN+1’9N+1 ) -

Remark 13

* The assumptions (16) on the sequences (c)1<x<n and (0r)1<k<N are equivalent to €, > 0,
0 > 0,0, > 011, €+ 0k < €prrandeny + 0y +en—1 +0n_1 < 1/2N.

* Sequences (Ek)lgkg ~N and (8i)1<k<nN satisfying these assumptions always exist. For example,
we can choose ¢, = €128~ and 6, = e1/2 withey < 1/22NJrl as in Section 5.

Proof of Part 2 of Theorem 4 Since UY_| K? is assumed to be connected, we can write K as
K = U¥ | K!with K! € {K}, ..., Ky} and such that K/° N K[ ,°#0,i=1,...,k — 1. Hence,
w.l.o.g. we may assume that K = UleKi such that K7 N K7, # 0,i=1,...,k—1.

For every i € {1,...,k} it holds that {z,, : n € N} N Kj is dense in K because of K; C K7,
and hence there exists a sequence (S?),eN of similarity transformations such that

155 = @nlgan,...anyni ooz, anini) — O- (19)

We prove that

||S7lz - Son|{a:l,...,:vn}ﬂ(KlL_J...UKj) |’oo({acl,...,a:n}ﬂ(Klu...UKj)) — Oa ] = 1a ceey ka (20)

by induction over j. The basis is clear. For the inductive step assume that (20) holds for some j < k.
We have to infer that it also holds for j + 1. So let £ > 0 be arbitrary.

Since K7 N K3, | # 0, we can choose N € N such that {®1,..., 25} contains d + 1 affinely
independent points of K; N K 1. Denote these points by w1, us,. .., ug41. Any point u € R can
be written as u = Zfill Ai(u)u; for some (unique) coefficients \;(u) € R with Zfill Ai(u) = 1.
However, since K is bounded, there exists C' > 0 such that [\;(u)| < C,u e K,i € {1,...,d+1}.

Choose ¢ > 0 such that 2(d + 1)Cé + £ < €. Choose Ny € N such that
1S5, — nl{er, . entn(EK0..UK) loo({e1,enn(F. UK ) < & 1> Ni,
which is possible by the induction hypothesis. Choose Ny € N such that
1S5+ — Pnl{er,..entnKjpilloo{er,zn}ni ) <& 12> Na,

which is possible because of (19). For n > max{ﬁ, Ni,No}and x € {z1,...,z,} N (K1 U... U
K1) we then have:
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e« ifx € K1 U...UKj, then clearly | S} (2) — pn(2)|| << e
» ifz € K1, then ||} (@) — pu(2)|| < |ISh(x) = S5 (@) + S5 () — pn(@)l| < S (2) —
S (@) + &
. _ dtl - A1y _ F
Since x =) ;7 Ajuy with Y 77 Ay =Tand [N < C,i=1,...,d+ 1, we have

d+1 d+1
I1Sh(x) — S5 @) | = |1 XS (i) = Y AiSi (ui)
n .I') n x | i0n uz) = Us
=1 =1
d+1

< Z X[ (us) — S5+ (ug) |
=1

< 1y _ i+l
< @+1)C_max |5} = SI (w)).

Since ||} (ui) =S5 (ui) || < 1153 (ui) = @n (i) [+l pn (i) =S5 (wi) || < 28 fori € {1,...,d+
1}, this yields

155(2) = n(@)]| <2(d+1)CE+& <e.

|
Appendix C. Detailed versions of Lemma 11 and Lemma 12
Lemma 11 Letd > 2. Let N € N such that
d i !
rs+1 1 d 1
w=24 <2 a ) < N ) < —/——
o 2N ] 2(d — 1)
be fixed. Let r,7,c,& € RY, let i > 0 and let (¢1,)1<p<n, (O1)1<k<N be real sequences with
r,7>0, a,a>0, e >0, o >0,
a<r, a<r, Ektl > €k, Opr1 < O,
r =7 =1, 01 < p, 6 <eq,
T‘jgl, ’I:jgl, i=2,....,d, 041+(51+du<81, 1)
f <w, maxsi_ 4@ <3, dey + 401 +dp < %Na
p = MmaxX;j—a . d % < w, Ekr1 > € + 261 + dp + o,

dpr; — 4o 1+(d—1)2—4rjaj—4rj51—4aj61—a]2.>0, j=2,...,d,

and such that all the balls U ,l” U ,:Z and U ,g » Which we define below, lie in the convex hull of the
points Xf, X, Xj, X defined in the next paragraph.
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Define the points m¥,m; ,m$,m; €R% s=1,...,d, by

m1 —( 1/0/0/0/...), my = (=r1/0/0/0/...),
= (71/0/0/0/...), my = (=71/0/0/0/...),
= (0/r2/0/0/...), mz_ = (0/=r2/0/0/...),
77%3 = (0/72/0/0/...) = (0/ =72/0/0/...),

and so forth.

9

9

9

Let X}, X7 €RY s=1,...,d, be arbitrary elements of U,,(m7) and U, (m]), respectively.

Forke{l,...,N},ie{1,3,...,2" —~1}and j € {2,...,d} set
1 .
thi= 1+ g O = (wki/ —p/ /= /u) A/ —n/.. ) —p) ERY,
jth entry

Ui = (zhi—en/ — 1/ —p/ .../ —p) ERY, i, = (vpi+en/ —pu/—p/.../ —p) €RY
and define the open balls
Ulgz = Us, (Oi,i)’ U]lﬂ,i = Uy, (Ugm)a UI:,'L' = U5k(u7l;,i)'

Let zk i be an arbitrary element of U,g and yk P Y i be arbitrary elements of U ki and U], i respec-
tively.

Let o : {X{", X7 ,... . X7, X;}U{sl, k< Njie{1,3,...20-1},je{2. .. d}u
{y?l :m e {l,r}, k< N,iec{1,3,...,28 —1}} = R? be an isotonic function and assume that

o(XT) e Us,(mY), @(X7)€eUs(my), s=1,....d (%)

Set v(—1) = 7(1) = a1 and v(0) = &1 + 4 (w + p), and define for k € {2,...,N} and
i€{1,3,...,2% — 1} the positive expression v(—1 + i /2"~ 1) recursively by

( 1+2k'1>=;< ( 1+ f)ﬂ( 1+;:}>+(d—1)(w+2p)).

Let N* < N such that N* - 2V < Then we have

1
5(d+1)(w+p+a1)”

Yk i) € (Thi — Y(Thi) — w, 2k + Y(zh4)) X (—p — w, p)*

OWhi) € (@rg — V(Tri)s Ty + V(Trig) +w) X (=p —w,p

)

)d—l

and hence

lwits = o (i) || < Y(@ra) +w + (d = 1)(w + p) < 3dvw, m e {l,r},

foralll <k < N*andic {1,3,...,2F —1}.
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Remark 14 It is straightforward to see that for any N € N there exist v, 7,a, & € R%, a positive
constant 1 and sequences (¢)1<k<N, (0r)1<k<n satisfying (21) and which have the property that
the balls U}C » U, and U,gi lie in the convex hull ofor, X, ,Xd+, X, for any choice of these

points within the balls U, (m]) and U, (my ), respectively. At the same time, we can choose all
components g, (g to be strictly positive.

Lemma 12 Letd > 2. Let N’ € N such that

1
rE+1n\* 1
w':32<(2d )> <1
T2

and all denominators of fractions in

2
1 200 + 835 (4d) % 20w’ + 815% (4d)41
AW) = 7d ( P BT 2Vd s
47\ 2 —w — 0 (4q) — ! — 10de (4q)
are larger than one be fixed.
Let r < 1 and 1,9, > 0 be real numbers such that
1 - 25 3 / 2N’ —1
>§ r>1—AW)/2, V1+1r2>V2—\AW), 2(r+p)—2ec> I + 9,

1 1
2r 4 p) + 2 < 2, 0 < o V24 pVd+e < 2, 5+2u\/g+2€<ﬁ,

V(L= )2+ (—po —mr)2 + (d - 2)p2 + e <

VA4 )+ (- —mr)? + (d = 2)p — &
forv,m e {—1,+1},

V(1= po)2 4+ (r—p2+(d=2p2 +e < V(=1 = pd)? + (r+p)? + (d—2)p? —¢
forv e {—1,+1},

d—2
(r+up(®—0))2+(r—2u?2+ Z/ﬂ(vk —v,)2 42 <
k=1

d—2
(r+ p(® = )2+ (r +20)% + Y (v — v},)? — 26
k=1

for 0,0 v, v, € {—1,+1} (k= -2).
(22)
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Define points A, B € R and Z7,ZF ¢ R%, s € {2,...,d}, by

A=(-1/0/.../0), B=(1/0/.../0), Zy =(0/—r/0/0/...),
Z5=(0/r/0/0/...), Zi =(0/0/—r/0/...), Zi=(0/0/r/0/...), and so forth.

Fors € {2,...,d}andv € {-1,1}¢set E;,, = Z] +w, Ef, = ZJ + yw and let ez, e, € R?

s,07 “s,v

be arbitrary elements of U.(E_,) and U.(E{,), respectively. Fori € {1,...,2N" =1} let z; € R
be an arbitrary element of Us((—1 + 7 /0/ ... /0)).

Letp : {A,B}U{e, el :se€{2,...,d},ve {(-1, 13 u{z;:i=1,...,2N'—1} - R?
be an isotonic function with ||¢(A) — @(B)|| = 2. Then there exist a constant C' (depending only
on d) and an isometry S : R* — R? such that

A= S(p(A)ll < CVAW), [[B=S(p(B)) <CvAW),
125" = S(e(eg)ll < CVAW), mef{-+}sef{2,....d}

where v = (1/1/1/.../1).

Remark 15 For any N’ € N there exist real numbers r < 1 and i, 6,¢ > 0 satisfying (22). We can
even choose them in such a way that all the considered open balls are contained in Uy (0).
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