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Abstract

We study algorithms for online linear optimization in Hilbert spaces, focusing on the case where the
player is unconstrained. We develop a novel characterization of a large class of minimax algorithms,
recovering, and even improving, several previous results as immediate corollaries. Moreover, using

our tools, we develop an algorithm that provides a regret bound of O (U \/ T log( UVT log2 T+ 1)) ,
where U is the Ly norm of an arbitrary comparator and both 7" and U are unknown to the player.
This bound is optimal up to /Toglog T terms. When T is known, we derive an algorithm with an
optimal regret bound (up to constant factors). For both the known and unknown 7T case, a Normal
approximation to the conditional value of the game proves to be the key analysis tool.

Keywords: Online learning, minimax analysis, online convex optimization

1. Introduction

The online learning framework provides a scalable and flexible approach for modeling a wide
range of prediction problems, including classification, regression, ranking, and portfolio manage-
ment. Online algorithms work in rounds, where at each round a new instance is given and the
algorithm makes a prediction. Then the environment reveals the label of the instance, and the learn-
ing algorithm updates its internal hypothesis. The aim of the learner is to minimize the cumulative
loss it suffers due to its prediction error.

Research in this area has mainly focused on designing new prediction strategies and proving the-
oretical guarantees for them. However, recently, minimax analysis has been proposed as a general
tool to design optimal prediction strategies (Rakhlin et al., 2012, 2013; McMahan and Abernethy,
2013). The problem is cast as a sequential multi-stage zero-sum game between the player (the
learner) and an adversary (the environment), providing the optimal strategies for both. In some
cases the value of the game can be calculated exactly in an efficient way (Abernethy et al., 2008a),
in others upper bounds on the value of the game (often based on the sequential Rademacher com-
plexity) are used to construct efficient algorithms with theoretical guarantees (Rakhlin et al., 2012).

While most of the work in this area has focused on the setting where the player is constrained to
a bounded convex set (Abernethy et al., 2008a) (with the notable exception of McMahan and Aber-
nethy (2013)), in this work we are interested in the general setting of unconstrained online learning
with linear losses in Hilbert spaces. In Section 4, extending the work of McMahan and Abernethy
(2013), we provide novel and general sufficient conditions to be able to compute the exact minimax
strategy for both the player and the adversary, as well as the value of the game. In particular, we

© 2014 H.B. McMahan & F. Orabona.



MCMAHAN ORABONA

show that under these conditions the optimal play of the adversary is always orthogonal or always
parallel to the sum of his previous plays, while the optimal play of the player is always parallel. On
the other hand, for some cases where the exact minimax strategy is hard to characterize, we intro-
duce a new relaxation procedure based on a Normal approximation. In the particular application of
interest, we show the relaxation is strong enough to yield an optimal regret bound, up to constant
factors.

In Section 5, we use our new tools to recover and extend previous results on minimax strategies
for linear online learning, including results for bounded domains. In fact, we show how to obtain
a family of minimax strategies that smoothly interpolates between the minimax algorithm for a
bounded feasible set and a minimax optimal algorithm in fact equivalent to unconstrained gradient
descent. We emphasize that all the algorithms from this family are exactly minimax optimal,' in a
sense we will make precise in the next section. Moreover, if you are allowed to play outside of the
comparator set, we show that some members of this family have a non-vacuous regret bound for the
unconstrained setting, while remaining optimal for the constrained one.

When studying unconstrained problems, a natural question is how small we can make the de-
pendence of the regret bound on U, the Ly norm of an arbitrary comparator point, while still main-
taining a v/T dependency on the time horizon. The best algorithm from the above family achieves
Regret(U) < $(U?+1)V/T. Streeter and McMahan (2012) and Orabona (2013) show it is possible
to reduce the dependence on U to O(U log UT'). In order to improve on this, in Section 6 we apply
our techniques to analyze a strategy, based on a Normal potential function, that gives a regret bound

of O(U \/ Tlog(UVT1log? T + 1)) where U is the Lo norm of a comparator, and both 7" and U

are unknown. This bound is optimal up to y/loglog’l’ terms. Moreover, when 7" is known, we
propose an algorithm based on a similar potential function that is optimal up to constant terms. This
solves the open problem posed in those papers, matching the lower bound for this problem. Table 1
summarizes the regret bounds we prove, along with those for related algorithms.

Our analysis tools for both known-7" and unknown horizon algorithms rest heavily on the re-
lationship between the reward (negative loss) achieved by the algorithm, potential functions that
provide a benchmark for the amount of reward the algorithm should have, the regret of the algo-
rithm with respect to a post-hoc comparator u, and the conditional value of the game. These are
familiar concepts from the literature, but we summarize these relationships and provide some mod-
est generalizations in Section 3.

2. Notation and Problem Formulation

Let H be a Hilbert space with inner product (-,-). The associated norm is denoted by | - ||, i.e.
llz|| = \/(x,z). Given a closed and convex function f with domain S C H, we will denote its
Fenchel conjugate by f* : H — R where f*(u) = sup,cg({v,u) — f(v)).

We consider a version of online linear optimization, a standard game for studying repeated
decision making. On each of a sequence of rounds, a player chooses an action wy; € H, an adversary
chooses a linear cost function g, € G C H, and the player suffers loss (w, g¢). For any sequence of

1. In this work, we use the term “minimax” to refer to the exact minimax solution to the zero sum game, as opposed to
algorithms that only achieve the minimax optimal rate up to say constant factors.
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Regret bounds for known-T" algorithms

(A) Minimax Regret VT foru € W, O(T) otherwise ~ Abernethy et al. (2008a)

(B) OGD, fixed n %(1 + UT E.g., Shalev-Shwartz (2012)

(©) pg-Algorithm (% + %Uq ) VT Cor. 9, which also covers (A) and (B)
(D) Reward Doubling O(UVT log(d(U + 1)T)) Streeter and McMahan (2012)

(E) Normal Potential, e = 1 O(U+/Tlog (U T+ 1)) Theorem 11

(F)  Normal Potential, e = /T O ((U + 1)/T log(U + 1)) Theorem 11

Regret bounds for adaptive algorithms for unknown 7'

(G) Adaptive FTRL/RDA (143U )T Shalev-Shwartz (2007); Xiao (2009)
(H) Dim. Free Exp. Grad. O(U\/Tlog(UT +1)) Orabona (2013)

(D  AdaptiveNormal o* (U +/T log (U T+ 1)) Theorem 12

Table 1: Here U = ||u]| is the norm of a comparator, with U unknown to the algorithm. We let W =
{w : ||w|| < 1}; the adversary plays gradients with [|¢g;]| < 1. (A) is minimax optimal
for regret against points in WV, and always plays points from WV. The other algorithms are
unconstrained. Even though (A) is minimax optimal for regret, other algorithms (e.g. (B))
offer strictly better bounds for arbitrary U. (C) corresponds to a family of minimax optimal
algorithms where % + % =1, p = 2 yields (B) and as p — 1 the algorithm becomes (A);
Corollary 9 covers (A) exactly. Only (D) has a dependence on d, the dimension of 4. The
O* in (I) hides an additional log?(T + 1) term inside the log.

plays wi,...wr and g1, . . ., g7, we define the regret against a comparator « in the standard way:
T
Regret(u) = Z(gt,wt —u) .
t=1

This setting is general enough to cover the cases of online learning in, for example, R<, in the vector
space of matrices, and in a RKHS. We also define the reward of the algorithm, which is the earnings
(or negative losses) of the player throughout the game:

T
Reward = Z(—gt, wy)
t=1
We write 6; = —g1.¢, where we use the compressed summation notation g1.; = ZST:1 Js-

The Minimax View It will be useful to consider a full game-theoretic characterization of the
above interaction when the number of rounds 7" is known to both players. This approach that has
received significant recent interest (Abernethy et al., 2008a, 2007; Abernethy and Warmuth, 2010;
Abernethy et al., 2008b; Streeter and McMahan, 2012).
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In the constrained setting, where the comparator vector u € W, we have that the value of the
game, that is the regret when both the player and the adversary play optimally, is

Vv

min max--- min max [ sup E Wy — U gt
w1 EH g1€G wrE€H greg uew i—

T
= min max--- min max (Z<wt,gt) + sup (u, 9T>>

w1 EH g1€G wr€H greg 1 weEW

T
= min max--- min max Z (we, gt) + B(6r)
wi€H g1€G  wr€H greG P

where
B(6) = sup (w,0) . (D
weWw

Following McMahan and Abernethy (2013), we generalize the game in terms of a generic con-
vex benchmark function B : H — R, instead of using the definition (1). This allows us to analyze
the constrained and unconstrained setting in a unified way. Hence, the value of the game is the
difference between the benchmark reward B(67) and the actual reward achieved by the player (un-
der optimal play by both parties). Intuitively, viewing the units of loss/reward as dollars, V' is the
amount of starting capital we need (equivalently, the amount we need to borrow) to ensure we end
the game with B(67) dollars. The motivation for defining the game in terms of an arbitrary B is
made clear in the next section: It will allow us to derive Regret bounds in terms of the Fenchel
conjugate of B.

We define inductively the conditional value of the game after g1, . . ., g; have been played by

V() = min max ((g, w) + Vi41(60: — g)) with Vr(0r) = B(0r) .
weH geG
Thus, we can view the notation V' for the value of the game as shorthand for 4(0). Under minimax
play by both players, unrolling the previous equality, we have 3" _, (g5, ws) + Vi(—g1.4) = V, or

fort =T,
T

Reward = Z (—gt,wy) = B(Op) — V. (2)
t=1
We also have that, given the conditional value of the game, a minimax-optimal strategy is

w1 = argminmax (g, w) + Vir1(0r — g) . 3)
w Y

McMahan and Abernethy (2013, Cor. 2) showed that in the unconstrained case, V; is a smoothed
version of B, where the smoothing comes from an expectation over future plays of the adversary. In
this work, we show that in some cases (Theorem 4) we can find a closed form for V; in terms of B,
and in fact the solution to (3) will simply be the gradient of V%, or equivalently, an FTRL algorithm
with regularizer V;*. On the other hand, to derive our main results, we face a case (Theorem 6)
where V; is generally not expressible in closed form, and the resulting algorithm does not look
like FTRL. We solve the first problem by using a Normal approximation to the adversary’s future
moves, and we solve the second by showing (3) can still be solved in closed form with respect to
this approximation to V;.
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3. Potential Functions and the Duality of Reward and Regret

In the present section we will review some existing results in online learning theory as well as pro-
vide a number of mild generalizations for our purposes. Potential functions play a major role in
the design and analysis of online learning algorithms (Cesa-Bianchi and Lugosi, 2006). We will
use ¢ : H — R to describe the potential, and the key assumptions are that ¢ should depend solely
on the cumulative gradients g;.7 and that ¢ is convex in this argument.” Since our aim is adap-
tive algorithms, we often look at a sequence of changing potential functions ¢y, ..., gr, each of
which takes as argument —g;.; and is convex. These functions have appeared with different inter-
pretations in many papers, with different emphasis. They can be viewed as 1) the conjugate of an
(implicit) time-varying regularizer in a Mirror Descent or Follow-the-Regularized-Leader (FTRL)
algorithm (Cesa-Bianchi and Lugosi, 2006; Shalev-Shwartz, 2007; Rakhlin, 2009), 2) as proxy for
the conditional value of the game in a minimax setting (Rakhlin et al., 2012), or 3) a potential giv-
ing a bound on the amount of reward we want the algorithm to have obtained at the end of round
t (Streeter and McMahan, 2012; McMahan and Abernethy, 2013).

These views are of course closely connected, but can lead to somewhat different analysis tech-
niques. Following the last view, suppose we interpret ¢.(6;) as the desired reward at the end of
round ¢, given the adversary has played 6; = —gy.+ so far. Then, if we can bound our actual final
reward in terms of g7 (f7), we also immediately get a regret bound stated in terms of the Fenchel
conjugate g7. Generalizing Streeter and McMahan (2012, Thm. 1), we have the following result
(all omitted proofs can be found in the Appendix).

Theorem 1 Let ¥ : H — R be a convex function. An algorithm for the player guarantees
Reward > ¥(—gy.7) — € for any ¢1,..., 97 ()
for a constant € € R if and only if it guarantees
Regret(u) < U*(u) + € forallu € ‘H . ®)

First we consider the minimax setting, where we define the game in terms of a convex benchmark
B. Then, (2) gives us an immediate lower bound on the reward of the minimax strategy for the
player (against any adversary), and so applying Theorem 1 with ¥ = B gives

Yu € H, Regret(u) < B*(u) + V. (6)

The fundamental point, of which we will make much use, is this: even if one only cares about the
traditional definition of regret, the study of the minimax game defined in terms of a general compara-
tor benchmark B may be interesting, as the minimax algorithm for the player may then give novel
bounds on regret. Note when B is defined as in (1), the theorem implies Vu € W, Regret(u) < V.
More generally, even for non-minimax algorithms, Theorem 1 states that understanding the reward
(equivalently, loss) of an algorithm as a function of the sum of gradients chosen by the adversary is
both necessary and sufficient for understanding the regret of the algorithm.

Now we consider the potential function view. The following general bound for any sequence
of plays w; against gradients g;, for an arbitrary sequence of potential functions ¢, has been used

2. It is sometimes possible to generalize to potentials q:(g1, . . . , g¢) that are functions of each gradient individually.
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numerous times (see Orabona (2013, Lemma 1) and references therein). The claim is that

T
Regret(u) < ¢7(u) + ) (@t(0) — ae-1(0e-1) + (we, g¢)) @)
t=1
where we take 6y = 0, and assume go(0) = 0. In fact, this statement is essentially equivalent to the
argument of (4) and (5). For intuition, we can view ¢;(6;) as the amount of money we wish to have
available at the end of round ¢. Suppose at the end of each round ¢, we borrow an additional sum ¢,
as needed to ensure we actually have ¢;(6;) on hand. Then, based on this invariant, the amount of
reward we actually have after playing on round ¢ is q;—1(6;—1) + (w¢, —g¢), the money we had at
the beginning of the round, plus the reward we get for playing w;. Thus, the additional amount we
need to borrow at the end of round ¢ in order to maintain the invariant is exactly

e(Oi—1,90) = @) — (q—1(0i—1) + (we, —g1)), 3
——
Reward desired Reward achieved

recalling 8; = 6;_1 — g;. Thus, if we can find bounds €, such that for all ¢, §;_1, and g € G,
é > e(0i—1,91) )

we can re-state (7) as exactly (5) with ¥ = g7 and € = é;.7. Further, solving (8) for the per-round
reward (wy, —g¢), summing from ¢ = 1 to 7" and canceling telescoping terms gives exactly (4). Not
surprisingly, both Theorem 1 and (7) can be proved in terms of the Fenchel-Young inequality.

When T is known, and the ¢; are chosen carefully, it is possible to obtain €, = 0. On the other
hand, when 7" is unknown to the players, typically we will need bounds é; > 0. For example, in
both Streeter and McMahan (2012, Thm. 6) and Orabona (2013), the key is showing the sum of
these é; terms is always bounded by a constant. For completeness, we also state standard results
where we interpret ¢; as a regularizer.

The conjugate regularizer and Bregman divergences The updates of many algorithms are
based on a time-varying version of the FTRL strategy,

wiy1 = Vi (0) = argmin (g1.¢, w) + ¢; (w), (10)

where we view ¢/ as a time-varying regularizer (see Orabona et al. (2013) and references therein).
Regret bounds can be easily obtained using (7) when the regularizers ¢; (w) are increasing with ¢,
and they are strongly convex w.r.t. a norm || - ||, using the fact that the potential functions ¢; will
be strongly smooth. Then strong smoothness and particular choice of w; implies

1
Ge-1(00) < qr1(0-1) — (wr g0) + 5 onll, (1n
which leads to the bound
1 1
€t(0r,9¢) = @ (0r) — qe—1(01—1) + (we, g) < @ (0r) — qe—1(04) + ngtHQ < §H9tH27

where the last inequality follows from the fact that if f(x) < g(x), then f*(y) > ¢*(y) (immediate
from the definition of the conjugate).

When the regularizer ¢* is fixed, that is, ¢; = ¢ for all ¢ for some convex function ¢, we get the
approach pioneered by Grove et al. (2001) and Kivinen and Warmuth (2001):

et(0r, 9t) = q(0) — q(01-1) + (we, g1) = q(0;) — (q(Or—1) + (Vq(0r-1), 9¢)) = Dy (01, 0;-1),

where D, is the Bregman Divergence with respect to ¢, and we predict with w; = Vg(6;—1).
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Admissible relaxations and potentials We extend the notion of relaxations of the conditional
value of the game of Rakhlin et al. (2012) to the present setting. We say v; with corresponding
strategy wy is a relaxation of V; if

Ve, vp(0) > B(6) and (12)
vte{0,....,T-1},g€G,0 € H, ve(0) + €41 > (g9, wey1) +ver1(0 — g), (13)

for constants €; > 0. This definition matches Eq. (4) of Rakhlin et al. (2012) if we force all ¢, = 0,
but if we allow some slack é;, (13) corresponds exactly to (8) and (9).

Note that (13) is invariant to adding a constant to all v;. In particular, given an admissible v, we
can define q;(6) = v¢(0) —vp(0) so ¢:(0) = 0 and g satisfies (9) with the same €, values for which v;
satisfies (13). Or we could define go(0) = 0 and ¢;(0) = v4(0) for ¢ > 1, and take €; < €; + vo(0)
(or any other way of distributing the vo(0) into the €). Generally, when 7" is known we will find
working with admissible relaxations v; to be most useful, while for unknown horizons 7', potential
functions with ¢o(0) = 0 will be more natural.

For our admissible relaxations, we have a result that closely mirrors Theorem 1:

Corollary 2 Let vy, ...,vr be an admissible relaxation for a benchmark B. Then, for any se-
quence g1, . . ., gr, for any w; chosen so (13) and (12) are satisfied, we have

Reward > B(01) — vo(0) — é1.1 and Regret(u) < B*(u) + vo(0) + é1.7 .

Proof For the first statement, re-arranging and summing (13) shows Reward; > v;(6;) —€1.t—v0(0)
and so final Reward > B(0) — vo(0) — é1.7; the second result then follows from Theorem 1. W

The regret bound corresponds to (6); in particular, if we take v; to be the conditional value of the
game, then (12) and (13) hold with equality with all €, = 0. Note if we define B as in (1), the regret
guarantee becomes Vu € W, Regret(u) < vg(0) + €1.7, analogous to (Rakhlin et al., 2012, Prop.
1) when él:T =0.

Deriving algorithms Consider an admissible relaxation v;. Given the form of the regret bounds
we have proved, a natural strategy is to choose w;1 so as to minimize é;1, that is,

wy1 = argminmax vei1(0r — g) — ve(6:) + (g, w) = argmin max (g, w) +vi11(0r — g), (14)
w geg w geg

following Rakhlin et al. (2012, Eq. (5)), Rakhlin et al. (2013), and Streeter and McMahan (2012,

Eq. (8)). We see that v 1 is standing in for the conditional value of the game in (3). Since additive

constants do not impact the argmin, we could also replace v; with a potential q;, say q.(6) =

ve(0) — vp(0).

4. Minimax Analysis Approaches for Known-Horizon Games

In general, the problem of calculating the conditional value of a game V;(#) is hard. And even for
a known potential, deriving an optimal solution via (14) is also in general a hard problem. When
the player is unconstrained, we can simplify the computation of V; and the derivation of optimal
strategies. For example, following ideas from McMahan and Abernethy (2013),

0,) = E 0, — — q:(0
et(6:) peA(g%?ip[g]zo gNP[Qt—H( ¢ — 9)] — at(0r),
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where A(G) is the set of probability distributions on G. McMahan and Abernethy (2013) shows that
in some cases is possible to easily calculate this maximum, in particular when G = [~G, G]? and
g decomposes on a per-coordinate spaces (that is, when the problem is essentially d independent,
one-dimensional problems).

In this section we will state two quite general cases where we can obtain the exact value of the
game, even though the problem does not decompose on a per coordinate basis. Note that in both
cases the optimal strategy for w;; will be in the direction of ;.

We study the game when the horizon T is known, with a benchmark function of the form
B(0) = £(]|0]|) for an increasing convex function f : [0, +00] — R (which ensures B is convex).
Note this form for B is particularly natural given our desire to prove results that hold for general
Hilbert spaces. We will then be able to derive regret bounds using Theorem 1, and the following
technical lemma:

Lemma 3 Let B(0) = f(||0]) for f: R — (—o0,+oc] even. Then, B*(u) = f*(||ul]).

Recall that f is even if f(x) = f(—=x). Our key tool will be a careful study of the one-round version
of this game. For this section, we let A : R — R be an even convex function that is increasing on
[0,00], G ={g: |lg]| < G}, and d the dimension of H. We consider the one-round game

H = minmax (w, g) + h(||0 — ¢||) , (15)
w  geg

where 6 € H is a fixed parameter. For results regarding this game, we let H(w, g) = <}U,9> +
h(]|0 — gl|), w* = arg min,, maxyeg H(w, g), and g* = arg max g H(w*, g). Also, let § = HLH
if [|0]] # 0, and O otherwise.

4.1. The case of the orthogonal adversary

Let B(6) = f(||0]) for an increasing convex function f : [0,00] — R, and define fi(x) =
f(/x%2 + G*(T —t)). Note that f;(]|6]|) can be viewed as a smoothed version of B(f), since
V0|2 + C is a smoothed version of ||6]| for a constant C' > 0. Moreover, fo(||0]]) = B(9).

Our first key result is the following:

Theorem 4 Let the adversary play from G = {g : ||g|| < G} and assume all the f; satisfy

minmax {w,g) + frr (10— gl) = frr (VIOPP+GZ) - (16)

w

Then the value of the game is f(GV/T), the conditional value is V;(0) = f:(||0]) = fer1(V/0]2 + G2),
and the optimal strategy can be found using (14) on V,.

Further, a sufficient condition for (16) is that d > 1, f is twice differentiable, and f"(x) <
f'(z)/x, for all z > 0. In this case we also have that the minimax optimal strategy is

— 0, F' (V162 + GA(T — 1))
VIGP+GAT —t)

wir1 = VVi(0) A7

In this case, the minimax optimal strategy (20) is equivalent to the FTRL strategy in (10) with the
time varying regularizer V;*(w). The key lemma needed for the proof is the following:
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Lemma 5 Consider the game of (15). Then, if d > 1, h is twice differentiable, and h" (z) < h/g(f)
forx > 0, we have:

0
_ 22 * ' 2 2
H=h (x/HGH +G ) and — w* = T sh (\/HQH +G ) :

Any g* such that (8, g*) = 0 and ||g*|| = G is a minimax play for the adversary.

We defer the proofs to the Appendix (of the proofs in the appendix, the proof of Lemmas 5 and 8
are perhaps the most important and instructive). Since the best response of the adversary is always
to play a g* orthogonal to 6, we call this the case of the orthogonal adversary.

4.2. The case of the parallel adversary, and Normal approximations

We analyze a second case where (15) has closed-form solution, and hence derive a class of games
where we can cleanly state the value of the game and the minimax optimal strategy. The results
of McMahan and Abernethy (2013) can be viewed as a special case of the results in this section.
First, we introduce some notation. We write 7 = 1" — ¢t when T and ¢ are clear from context. We
write r ~ {—1, 1} to indicate r is a Rademacher random variable, and r, ~ {—1,1}7 to indicate
r, is the sum of 7 I[ID Rademacher random variables. Let o = /7 /2. We write ¢ for a random
variable with distribution N (0, %), and similarly define ¢, ~ N (0, (T — t)o?). Then, define

fle)= E [f(z+rG)]  and  fi(x)= E [f(z+éG)], (8

ref—1,1}7 4, ~N(0,702)

and note B(0) = f7(||0]|) = fr(||0]]) since ¢o and r are always zero. These functions are exactly
smoothed version of the function f used to define B. With these definitions, we can now state:

Theorem 6 Let B(0) = f(||0]|) for an increasing convex function f : [0,00] — R, and let the
adversary play from G = {g : ||g|| < G}. Assume f; and f; as in (18) for all t. If all the f; satisfy

i 6—gl)= E 0| +rG 19
winmex (w,g) + fra (10 —gl) = B . [fua (l6]l+76)], (19)

then Vi(0) = f1(||0||) is exactly the conditional value of the game, and (14) gives the minimax

optimal strategy:

_ 3l (101 +G) — fira (9] = G)
2G ’
Similarly, suppose the f; satisfy the equality (19) (with f; replacing f;). Then q(0) = ft(||9||) is an
admissible relaxation of V;, satisfying (13) with €, = 0, using wy41 based on (14). Further, a suffi-

cient condition for (19) is that d = 1, or d > 1, the f (or ft, respectively) are twice differentiable,
and satisfy and f]'(x) > fl(x)/z for all > 0.

Wit (20)

Contrary to the case of the orthogonal adversary, the strategy in (20) cannot easily be interpreted as
an FTRL algorithm. The proof is based on two lemmas. The first provides the key tool in supporting
the Normal relaxation:

Lemma7 Let f : R — R be a convex function and 0% = /2. Then,

L fl9)] < ¢~NI(E0,02)[f(¢)] :
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Proof First observe that E[(¢ — 1)1{¢ > 0}] = 0 and E[(¢ + 1)1{¢ < 0}] = 0 by our choice of
o. We will use two lower bounds on the function f, which follow from convexity:

f@) = fO+fW@—-1) and  flz) > f(-1)+f(-D@+1).

Writing out the value of E[f(¢)] explicitly we have

Elf()] = E[f(¢#)1{o <0} +E[f(¢)1{¢ > 0}]
> E[(f(=1)+ f(=1)(¢+1)1{s <O} +E[(f(1) + f'(1)(¢ — 1))1{¢ > 0}]
= JEDEIA ) Bi6 4 1106 < 0l + S0l - D19 < 0)).
The latter two terms vanish, giving the stated inequality. |

The second lemma is used to prove the sufficient condition by solving the one-round game;
again, the proof is deferred to the Appendix. Note that functions of the form h(z) = g(2?), with ¢
convex always satisfies the conditions of the following Lemma.

Lemma 8 Consider the game of (15). Then, if d = 1, or if d > 1, h is twice differentiable, and
h"(z) > #forw > 0, then

RO+ @ +hel-G) L (6l +G) — R (6] - G)

H
2 2G

Any g* that satisfies |(0, g*)| = G||0|| and ||g*|| =G is a minimax play for the adversary.

The adversary can always play ¢* = G ﬁ when 6§ # 0, and so we describe this as the case of
the parallel adversary. In fact, inductively this means that all the adversary’s plays g; can be on the
same line, providing intuition for the fact that this lemma also applies in the 1-dimensional case.

Theorem 6 provides a recipe to produce suitable relaxations ¢; which may, in certain cases,
exhibit nice closed form solutions. The interpretation here is that a “Gaussian adversary” is stronger
than one playing from the set [—1, 1] which leads to IID Rademacher behavior, and this allows us
to generate such potential functions via Gaussian smoothing. In this view, note that our choice of
o? gives E4|¢[] = 1.

5. A Power Family of Minimax Algorithms

We analyze a family of algorithms based on potentials B(0) = f(||0]|) where f(z) = %\x]p for
parameters W > 0 and p € [1, 2], when the dimension is at least two. This is reminiscent of p-
norm algorithms (Gentile, 2003), but the connection is superficial—the norm we use to measure 6
is always the norm of our Hilbert space. Our main result is:

Corollary9 Let d > 1 and W > 0, and let f and B be defined as above. Define fi(x) =

% (22 +(T-1)G)" /2 Then, ft(||0||) is the conditional value of the game, and the optimal strategy
is as in Theorem 4. If p € (1,2], letting ¢ > 2 such that 1/p + 1/q = 1, we have a bound

1
Wa-1g

w
Regret(u) < [l + ?(Gﬁ)p < <% + %”qu> GVT,

10
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where the second inequality comes by taking W = (G\/T)lfp. For all u, the bound (% +
%HUH‘I)G\/T is minimized by taking p = 2. For p = 1, we have

Vu: ||ul| < W, Regret(u) < WGVT .

Proof Let f(z) = YW |z|P for p € [1,2], Then, f”(x) < f'(x)/x, in fact basic calculations show

2
! fﬁf”(?,c/)w = 1% > 1 when p < 2. Hence, we can apply Theorem 4, proving the claim on the f;. The
regret bounds can then be derived from Corollary 2, which gives Regret(u) < f*(u) 4+ f(GVT),

noting f*(u) = %|%|q when p > 1. The fact that p = 2 is an optimal choice in the first bound

follows from the fact that d% (1% + %||u||q) < 0forp € (1,2] with ¢ = 2. [

The p = 1 case in fact exactly recaptures the result of Abernethy et al. (2008a) for linear
functions, extending it also to spaces of dimension equal to two. The optimal update is w41 =
Vf:(10:]) = W6 //]64]]2 + G*(T — t). In addition to providing a regret bound for the compara-
tor set W = {u : ||u|| < W}, the algorithm will in fact only play points from this set.

For p = ¢ = 2, writing W = 7, we have

1
Regret(u) < %Hqu + gG2T7

for any u. In this case we see W = 7 is behaving not like the radius of a comparator set, but
rather as a learning rate. In fact, we have w1 = VVi(6;) = nf = —ngi.¢, and so we see this
minimax-optimal algorithm is in fact constant-step-size gradient descent. Taking n = G%/T yields

2(|lul[* + 1)GV/T. This result complements McMahan and Abernethy (2013, Thm. 7), which
covers the d = 1 case, or d > 1 when the adversary plays from G = [—1, 1]%.

Comparing the p = 1 and p > 1 algorithms reveals an interesting fact. For simplicity, take G =
1. Then, the p = 1 algorithm with W = 1 is exactly the minimax optimal algorithm for minimizing
regret against comparators in the Lo ball (for d > 1): the value of this game is /7" and we can
do no better (even by playing outside of the comparator set). However, picking p > 1 gives us
algorithms that will play outside of the comparator set. While they cannot do better than /T, taking
G = 1 and ||u|| = 1 shows that all algorithms in this family in fact achieve Regret(u) < /T when
|lu|| < 1, matching the exact minimax optimal value. Further, the algorithms with p > 1 provide
much stronger guarantees, since they also give non-vacuous guarantees for ||u| > 1, and tighter
bounds when ||u|| < 1. This suggests that the p = 2 algorithm will be the most useful algorithm
in practice, something that indeed has been observed empirically (given the prevalence of gradient
descent in real applications). This result also clearly demonstrates the value of studying minimax-
optimal algorithms for different choices of the benchmark B, as this can produce algorithms that are
no worse and in some cases significantly better than minimax algorithms defined in terms of regret
minimization directly (i.e., via (1)).

The key difference in these algorithms is not how they play against a minimax optimal adver-
sary for the regret game, but how they play against non-worst-case adversaries. In fact, a sim-
ple induction based on Lemma 5 shows that any minimax-optimal adversary will play so that
V0|2 + G2(T —t) = GV/T. Against such an adversary, the p = 1 algorithm is identical to
the p = 2 algorithm with learning rate 7 = —~. In fact, using the choice of T from Corollary 9,

GVT®
all of these algorithms play identically against a minimax adversary for the regret game.

11
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6. Tight Bounds for Unconstrained Learning

In this section we analyze algorithms based on benchmarks and potentials of the form exp(||6]|?/t),
and show they lead to a minimal dependence on ||u|| in the corresponding regret bounds for a given
upper bound on regret against the origin (equal to the loss of the algorithm).

First, we derive a lower bound for the known 7" game. Using Lemma 14 in the Appendix, we can
show that the B(#) = exp(]|#||?/T) benchmark approximately corresponds to a regularizer of the

form ||ul| \/ T'log(V/T||u| 4 1); there is actually some technical challenge here, as the conjugate
B* cannot be computed in closed form—the given regularizer is an upper bound. This kind of
regularizer is particularly interesting because it is related to parameter-free sub-gradient descent
algorithms (Orabona, 2013); a similar potential function was used for a parameter-free algorithm
by (Chaudhuri et al., 2009). The lower bound for this game was proven in Streeter and McMahan
(2012) for 1-dimensional spaces, and Orabona (2013) extended it to Hilbert spaces and improved
the leading constant. We report it here for completeness.

Theorem 10 Fix a non-trivial Hilbert space H and a specific online learning algorithm. If the
algorithm guarantees a zero regret against the competitor with zero norm, then there exists a se-
quence of T cost vectors in H, such that the regret against any other competitor is Q(T). On the
other hand, if the algorithm guarantees a regret at most of € > 0 against the competitor with zero
norm, then, for any 0 < n < 1, there exists a Ty and a sequence of T' > Ty unitary norm vectors
gt € H, and a vector u € H such that

: VT
Regret(u) > (1 — U)‘“H\/; TlOgn”S‘e -2

6.1. Deriving a known-7" algorithm with minimax rates via the Normal approximation
Consider the game with fixed known 7', an adversary that plays from G = {g € H | ||g|]| < G}, and

_ 1>
B(#) = eexp 5T |

for constants ¢ > 1 and € > 0. We will show that we are in the case of the parallel adversary,
Section 4.2. Both computing the f; based on Rademacher expectations and evaluating the sufficient
condition for those f; appear quite difficult, so we turn to the Normal approximation. We then have

filz)=E [eexp <W>] — ¢ (1 _ 7rC¥2(T—t)>

[N

.’132
; 2at 24T P <2aT —rG2(T — t)> ’

where we have computed the expectation in a closed form for the second equality. One can quickly
verify that it satisfies the hypothesis of Theorem 6 for a > G?m/2, hence ¢;(8) = £;(||0||) will be
an admissible relaxation. Thus, by Corollary 2, we immediately have

N|=

o\ —
Regret(u) < B*(0r) + € <1 — 7T2G> ,
a

and so by Lemma 14 in the Appendix, we can state the following Theorem, that matches the lower
bound up to a constant multiplicative factor.

12
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Theorem 11 Let a > G27/2, and G = {g : ||g|| < G}. Denote by 6 = ”g%” if ||6]| # 0, and O
otherwise. Fix the number of rounds T of the game, and consider the strategy

U16:]1+G)? U16:11-G)?
o é €Xp (ZanﬂtGQ(Tftfl)> — ©Xp (2aT77rtGQ(Tft71))
Wit = 7G2(T—1—1) '
2G4/ 1 — e

Then, for any sequence of linear costs { gt}thl, and any u € ‘H, we have

1
JaT 2\ 73
Regret(u) < ||u||,|2aT log <aT|]uH + 1) +e <<1 _ TG > - 1) .
€

2a

6.2. AdaptiveNormal: an adaptive algorithm for unknown 7'

Our techniques suggest the following recipe for developing adaptive algorithms: analyze the known
T case, define a potential ¢;(0) ~ V(6), and then analyze the incrementally-optimal algorithm for
this potential (14) via Theorem 1. We follow this recipe in the current section. Again consider the
game where an adversary that plays from G = {g € H | ||g|| < G'}. Define the function f; as
x
fi(z) = Brexp (Tat) )

where a > %, and the 5; is a decreasing sequence that will be specified in the following. From

this, we define the potential ¢;(#) = £;(||0||?). Suppose we play the incrementally-optimal algorithm
of (14). Using Lemma 8 we can write the minimax value for the one-round game,

@0)=_E a1 +76))] - a(6)

< E 0:]| + oG] — q:(6;) . Lemma 7.
< ¢NN(0702)[ft+1((” il +¢G)7)] — a:(6r)
Using Lemma 17 in the Appendix and our hypothesis on a, we have that the RHS of this inequality

is maximized for ||6;|| = 0. Hence, using the inequality va + b < \/a + ﬁ, Va,b > 0, we get

G2 Bt G2 G2 By
< — < = < .
(6:) —Bt“\/“r 2 (t+1) — 7G? <3 2a(t+1)—7G? = 4dat

Thus, choosing 3; = ¢/log?(t 4 1), for example, is sufficient to prove that e;. is bounded by

e%fQ (Baxley, 1992). Hence, again using Corollary 2 and Lemma 14 in the Appendix, we can state
the following Theorem.

Theorem 12 Ler a > 3G?n/4, and G = {g : ||g|| < G}. Denote by 6 = ﬁ if |0]] # 0, and O
otherwise. Consider the strategy

wer1 = ey <exp (W) — exp (W)) (2G log?(t + 2))‘1

Then, for any sequence of linear costs { gt}?zl, and any v € H, we have

VaT ||u|log®(T + 1 2
Regret(u) < ||ul|, | 2aT log ( oT||u]| log™(T + 1) + 1) +e (f - 1> .

€

13
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Appendix A. Proofs
A.1. Proof of Theorem 1

Proof Suppose the algorithm provides the reward guarantee (4). First, note that for any comparator
u, by definition we have

Regret(u) = — Reward —(g1.7, u) . (21)
Then, applying the definitions of Reward, Regret, and the Fenchel conjugate, we have
Regret(u) = 67 - u — Reward By (21)
<Or-u—qr(0r)+ér By assumption (4)

S m(;cmx (9 N R qT(Q) + él:T)

= q}(u) + él:T .

For the other direction, assuming (5), we have for any comparator u,

Reward = 07 - u — Regret(u) By (21)
= max (0 - v — Regret(v))
v
> max (6 - v — gp(v) — é1.7) By assumption (5)
v
=qr(0) — év.T .
Alternatively, one can prove this from the Fenchel-Young inequality. |

A.2. Proof of Lemma 3
Proof We have B*(u) = supy (u, 0) — f(||0]]). If ||u|| = 0, the stated equality is correct, in fact

B*(u) = sup —f([|0]]) = sup — f(a) = sup — f(a) = f7(0) .
% a>0 a€eR
Hence we can assume ||u|| # 0, and by inspection we can take § = au/||u||, with & > 0, and so

B*(u) = sup alul| — f(a) = sup allul| = fla) = f*(Jul]) -

a>0 a€cR

A.3. Proof of Theorem 4

Proof First we show that if f satisfies the condition on the derivatives, the same conditions is
satisfied by f, for all t. We have that all the f; have the form h(z) = f(vz? + a), where a >

0. Hence we have to prove that &) < 1. We have that h'(z) = 2 W24 and 1/ (z) =

' (z) Va?+a
22 (VaT+a)+ = f'(Va+a)
ac2-|—za : » 80
ah’(z)  2?f'(Va? +a)Va? +a a x? a

= 4 < 4 =1,
W(z) (V2 +a)(z? +a) 24+a " 224+a 2°+4a

15
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where in the inequality we used the hypothesis on the derivatives of f.
We show V; has the stated form by induction from 7" down to 0. The base case for t = T is
immediate. For the induction step, we have

Ve() = minmax (w, g) + Vi+1(8 — g) Defn.
= minmax (w, g) + fr+1 (|16 — gl) (TH)
= fr (W) Assumption (16)
= (VIOIP+ &[T =) .

The sufficient condition for (16) follow immediately from Lemma 5. |

A.4. Proof of Theorem 6

Proof First, we need to show the functions f; and ft of (18) are even. Let r be a random variable
draw from any symmetric distribution. Then, we have

fi(@) = E[f(|z +r))] = E[f(| =2 = r])] = E[f(| =2 +r[)] = fi(-=),

where we have used the fact that | - | is even and the symmetry of r.
We show f;(]|€]|) = Vi(#) inductively from ¢ = 7" down to ¢ = 0. The base case 7" = t follows
from the definition of f;. Then, suppose the result holds for ¢t + 1. We have

V() = min max (w,g) + Viz1(0 — g) Defn.
w ge
= minmax (w, g) + fr+1([16 — gl) IH
w  geG
= E [fia(]|0] +rG)] Lemma 8
re~{—1,1}
= E E 6 G+rr1G
o B [FIOl+7rG + 71 G)]
= f(llol),

where the last two lines follow from the definition of f; and f; 1. The case for fy is similar, using
the hypothesis of the Theorem we have

m&nrggg (g, w) + ft+1(”9 —gll) = Em{—1,1}[ft+1(||9\| +7G)] < EmN(O,a?)[ftH(”eH + ¢G)]
= fu(llo]),

where in the inequality we used Lemma 7, and in the second equality the definition of ft. Hence,
qt(0) = f:(]|0]) satisfy (13) with €, = 0. Finally, the sufficient conditions come immediately from
Lemma 8. |
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A.S. Analysis of the one-round game: Proofs of Lemmas S and 8

In the process of proving these lemmas, we also show the following general lower bound:

Lemma 13 Under the same definitions as in Lemma 5, if d > 1, we have

th(W).

We now proceed with the proofs. The d = 1 case for Lemma 8 was was proved in McMahan
and Abernethy (2013).

Before proving the other results, we simplify a bit the formulation of the minimax problem. For
the other results, the maximization wrt g of a convex function is always attained when ||g|| = G.
Moreover, in the case of ||f|| = 0 the other results are true, in fact

min max (w, g) + h(||f — g||) = min
w  geg w

e, (w, g) + h(llgl}) = min Gllwl| + A(G) = M(G) .

Hence, without loss of generality, in the following we can write w = aﬁ + w, where (w, ) = 0.

It is easy to see that in all the cases the optimal choice of g turns out to be g = ”BH%H + vy, where
~ > 0. With these settings, the minimax problem is equivalent to

minmax (w,g) + k(|0 — gl) = min __max aB o]+ h(/OP = 256] + G

a
aw B24[|b]|?y2 =G>

By inspection, the player can always choose 1 = 0 so 7y|[1||? = 0. Hence we have a simplified and
equivalent form of our optimization problem

i (][0 — g||) = mi h(V]02 = 28[0| + G2) . (22
minmax (w, g) + ([0 — gll) = min max, of + (V1012 —28]i6]] + G?) (22)

For Lemma 13, it is enough to set 5 = 0 in (22).
For Lemma 5, we upper bound the minimum wrt to « with the specific choice of . In particular,

we set o = %h’ (x/ 110112 + G2> in (22), and get

. BloNr (V110112 + G?) 3 3
minma (w,g) +h(|0 ~ gl)) < ma T +h(\/110]> = 28(10]| + G?) .

The derivative of argument of the max wrt 3 is

loiw (VIeIZ+G2)  lolw’ (/T617 = 230101 + )
VIO + 62 VIeE =281+ &7

We have that if 3 = 0 the first derivative is 0. Using the hypothesis on the first and second derivative
of h, we have that the second term in (23) increases in 3. Hence 8 = 0 is the maximum. Comparing
the obtained upper bound with the lower bound in Lemma 13, we get the stated equality.

For Lemma 8, the second derivative wrt 3 of the argument of the minimax problem in (22) is

(23)

_11oln" 0 2_93/l9 h 0 2 _93ll@ ¢
[ (V1161 + G2 — 28101 + 1 (V6] + G2 = 28116 ) =G
6] + G2 — 28||9]|

—lel
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that is non negative, for our hypothesis on the derivatives of h. Hence, the argument of the minimax
problem is convex wrt 3, hence the maximum is achieved at the boundary of the domains, that is
B? = G?. So, we have

min max (w, g) + h(||§ - gll) = max (~Ga + h([|6]| + G), Ge + h([[|6]] - GI)) -
w g

The argmin of this quantity wrt to « is obtained when the the two terms in the max are equal, so we
obtained the stated equality.

A.6. Lemma 14
Lemma 14 Define f(0) = Bexp ‘5 HGH , for a, 8 > 0. Then

w)ﬁ”w|vgabg<vﬁng+l)/$

Proof From the definition of Fenchel dual, we have
() = max(6, w) ~ [(6) < (6, w) ~ 5 .
where 0* = arg max, (0, w) — f(0). We now use the fact that 6* satisfies w = V f(0*), that is
*||2
oD (1212

in other words we have that 6* and w are in the same direction. Hence we can set 8* = qw, so that
f*(w) < q||wl|]* — B. We now need to look for ¢ > 0, solving

2 2 2 2
98 oo (1P _ ) Il Ba
2 2 le

(0% « «

2 log & — 2 log Vvalwl|

& q= |7 log
[w|* ™ g8 [[w]]? B,/2log 2

Using the elementary inequality log x < %x% ,Vm > 0, we have

1

&= 2a logg< 2mao <a>m
Jwl> = gB ~ ellw|* \gB

m+1 m
2m+1 2maom 2m 2m+l  mg1 1
m < _— < <2> a2m+1I8 2m-+1
e||w][25m ef|lwl|
2 # " 22%
¢Q>CWU C;ﬁwmlza2<ewwﬁ>m.
Pq 2m Bq 2m B
Hence we have
< |2 Valwl

ul? Vg+ﬂ% /o ell/e
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2
We set m such that \/ﬁw = /e, thatis § (”w%ﬁ) = m. Hence we have log /5% ”w%‘/a =
lwlva
3 and \/ng = 1, and obtain
2
al|lw al|w
F(w) < ]| 2alog \/(\fg”) f1]-pe< ||w!\/2alog (@” " 1) 5.
|
A.7. Lemma 17

Lemma 15 Let f(x) = bexp( 2) — exp (%2) Ifa >¢c>0b2>0, and bec < a, then the
0

x°
a
function f(z) is decreasing for x > 0.

Proof The proof is immediate from the study of the first derivative. |

3
Lemma 16 Let f(t) = (a(% V)t:;%, witha > 3/2b > 0. Then f(t) < 1 foranyt > 0.
a(t+1)—

Proof The sign of the first derivative of the function has the same sign of
(2a—3b)(t+ 1)+,

hence from the hypothesis on a and b the function is strictly increasing. Moreover the asymptote
for ¢ — oo is 1, hence we have the stated upper bound. |

Lemma 17 Let fi(x) = By exp (ﬁ) Bea1 < By, V. If a > 3”4GQ, then

arginax ¢NNI(EO702)[ft+1(x + ¢G)] — fi(x) =0,

2 _ 1w

where o 5

Proof We have

B a(t+1) x?
¢NNI%O7U2)[ft+1(UC +¢G)] = 5t+1\/a i+ 1) = o022 P <2 1) = 02G2]> ;

so we have to study the max of

a(t+1) z? x?
been\| S5 1) = 022 O (2 a(t+1)— a2G2])  Prexp (m) '
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The function is even, so we have a maximum in zero iff the function is decreasing for z > 0.
Observe that, from Lemma 16, for any ¢ > 0

a(t+1) at <1
a(t+1)—02G?a(t+1)— 2G> —

Hence, using Lemma 15, we obtain that the stated result. |
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