Predictive Inverse Optimal Control for Linear-Quadratic-Gaussian Systems

Proofs

Lemma 1. The constrained optimization of (19) is equivalent to:

argmax H(Ovr||Zyr, Xior) (34)
{f(d1.7||Z1.7,%1.7)}
where: f(t1.||Z1.7, X1.7) = H S| Gre—1, Z1:0, X1:0)s (35)
t=1
Vee{l---T} Uy € Z/_il:tazl:t S gl:tvilzt S /?Lui/u € fl:t,
such that f(ﬁt|ﬁ1:t—lvzlzt7i1:t) > 0,/ . f(ﬁt|ﬁ1:t—lyzlzt7i1:t) =1, (36)
Uy €Uy
f(ﬁt‘ﬁl:tfla il:t,ilzt) = f(ﬁt|ﬁ1:t71721:tvill:t)‘ (37)

Proof of Lemma 1. The previously developed theory of maximum causal entropy [28] shows the causally condi-
tioned probability distribution defined according to affine constraint (15),(16) and (18) are equivalent to it defined
by the decomposition into a product of conditional probabilities (35),(36). Then, we show partial observability
constraint (17) implies (37).
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Vui.r € Ur.r, X7, X7 € X117, Z1.7 € 2107

T
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It is possible, f(?_h\gh 3_51) e f(ﬁt\ﬁlzt—h Zl:t,ilzt) s f('IIT|ﬁ1:T—17 Z1.7, il:T)
= f(ﬁl\z_"hfl) T f(ﬁt‘ﬁlztfla Zl:taill;t) T f(ﬁT|ﬁ1:T717ZI:T;i1:T)

Thus, f(@|d14—1,Z1:4,X1:4) = [(@e|Q14-1, Z1:4, X]p)-

It is easy to show (37) implies (17). O

Lemma 2. The constrained optimization defined in Lemma 1 is equivalent to:

argmax H(I_jl;THZl;T) (38)
{f(ﬁlzTHzltT)}

— = - 12 =
Vi1 € U, Z1.7, 2.7 € 2.1,

farlar 20, [ | di =1, (39)
ﬁll:TeullT
Vr e {l,---,T} such that Z1., = 7} ..,
/ fUr||Zir) diryir = / f@vr||Zy7) dis g1y (40)
Urp1.7€Ur 1T Urp1.7€Ur 41T
Proof of Lemma 2.
vt € {17 e 7T}7ﬁ1:t S Z/_ilzhzltt € Zl:tailtt S fl:t,ia;t S ‘)Erltta

FU@|Ur—1, Z1:t, X1:t) = f(@|Ur4—1, 214, X)) = F(U|T10-1,Z1:t)

T T
Then, [ [ f(@|te1, 710, %) = [ [ £@lGire1,Z10) = f(rr]|Z1r)

t=1 t=1

Similar to the proof of Lemma 1, the causally conditioned probability distribution defined by a product of
conditional probabilities are equivalent to the affine constraint (39), (40).
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To show the object function (38) is equivalent to (19), we first show

f(ﬂzl:Tv il:T| ‘ﬁlzT—l)
X1.7E€EX.T

B Jzineiin H;F:1 f(Z, @e|Z1p—1, K11, Urie—1) Hz;l flie|G1—1, Z1:4, R1:t)
B [T, (it Z1)

_ J2rwein, FlLT, 21y, K17 _ f(Uvr, Zir)

ML f@ien g TI f(@le 7

_ Hthl J (U G1—1,Z1:¢) H;F:l f(Z|Z1:4—1, U1—1)

T = S
Ht:l f(ut|111:t—1, Zl:t)

f(z?t|zlit—1a 1_1’1:1&—1) = f(zl:THﬁl:T—l)

=

t

1

Then, H(Uy.r||Zy.7,X1.7)

- f(ﬁl:T||leTa il:T)f(Zl:Tail:T”ﬁl:T—l) 10g f(ﬁl:THzl:Tv il:T)
di.r,Z1.7,X1.T

= f(dvrl|Zir) log f(dv.r||Zir) | f(Zrr, Xir||Uir—1)
ﬁl:T)Zl:T il:T

=/ f£ﬁ1:T||Zl:T) log f(td1.7||Z1.7) f(Z1.7|[U1.r—1)
ui.r,21:17

= H(Uy.p||Zy.7)

Lemma 3. Suppose the constrained optimization problem in Lemma 2 has the following additional constraint:

(F : ULT X élzT - RN,EG RN)

Ef(d,.r.z1.7) [F(ﬁLT,ZLT) =c
Then the solution to this optimization problem has the form:
Fil -1, ) = Q)Y G i)
where Q) and V' functions take the following recursive form:

ATF(ﬁlzTy Z’l:T), t= Ta

Q(ﬁlz 721: ) - — — o 5
o EV (Ui, Zigsr) Ui, Z1g), t<T

Ut

V(U1:—1,Z1,¢) = softmax Q(Uy., Z1:¢) £ 1og/ QU g,
Ut

Proof of Lemma 3. We first show for any joint distribution g(d;.r,Z1.7), the following equation holds:

Eg [— log fA(ﬁl:THZl:T)} :[ f(Z2)V(21) - Eqg [/\TF(fIl:T,ZLT)

(41)
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T
Eq Z*Ing(ﬁﬂﬁl:t—th:t)
t=1
T—1 T
=By |-N"F(Orr, Zor) = > Q(Ur, Z1a) + > V(Urip1, Za)
t=1 t=1
T—1
=E, |[-AF(Orr,Z1.7)| — i, 7
= &y 1.7, 417 g(u1T,Z1T Z fZt+1|u1t7Z1t)V(u1:t7Z1:t+1)
dy.7,Z1.7 t—=1 Zig1

T
+/ U7, Z1.7) V(Ui:t—1,Z1:¢)
ui:.T, Z1.7 t=1

[ N'F(Uyr, Zy, T Z / (Ur:t, Z1441)V (Urets Z1:041)
Ui:t,

Z1t+1

T
+/g(u1T7le >V (i1, 714)

ui:7,21:7 t=1

which implies equation (42).
For any arbitrary causally conditional probability distribution g(dy.r||Z1.7) satisfies with expectation constraint
(41), we show:
Hy(Uvr||Zyr) < Hp(Urr||Zy:r)
Ey {— log 9(61:T||21:T)}

— — ﬁ : Z: Z': ﬁ T— £/ = —
= _/g(u1:T7Z1:T)10g <gA( _,1 T”f T)f(ﬁl TH 41 L 1) f(ul;T||Z1:T)>

Ui.7,21.7 f(ul:T‘|Z1:T)f(ZI:T||u1:T71)

—Dgr, (g(ﬁl:TaZl:T)||f(ﬁ1:Tazl:T)> - /9(111 T Z1: T) log f(ul T||Z1 T)

ui.7,21:T7

IN

- / g(iir o) log f(uer][Z0r)

1:T,21:T

[ f(Z2)V(z1) — By {)\TF(ﬁlm ZI:T)}
fE)V(R) - E; |:)\TF(61:T, ZI:T):|
= Hf([_jl:THZl:T)

Dy, is the Kullback-Leibler divergence which is non-negative[8]. Thus, fA(ﬁt\filzt,l, Z1.t) is the solution to the
optimization problem in Lemma 2 incorporates with expectation constraint (41). O

Proof of Theorem 1. We first incorporate the expectation constraint (20) into the constrained optimization prob-
lem defined in Lemma 2

T+1
v W
Ef(ﬁlzT;ZI:T+l7il:T+1) [Z XtXt ]

t=1
T+1
- 1_l’l:T ZI:T7i1:T Zl:T-‘rlail:T-‘rl 1_l)lzT ftft
Syl ) |[d1:7) 7
di.7,Z1.741,X1:741 t=1
T - - fil:T+1,2T+1 f(Z17r 41, %4 |[Urr) Zt 11 it
= f@avr||Z1r) f(Z1r|[dir—1)
di.7,Z1.7 f(ZI'THul'T 1)
T 1
ffil:T+1,ZT+1 f(zl T+1 Xl T+1||U1 T) + XtXT

=E¢z Z
f :T»21:
(Ur:r,2Z1:7) [ (Zl;THUl:T—l)
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According to Lemma 3, the solution to the constrained problem defined in Lemma 2 incorporates with the
expected constraint (41) takes the following recursive form:

le:T+1,5T+1 fErri,%ur||Ger) S0 #ZT M, R
Q(d1:,Z1:t) = Gl o P=4
]E[V(Ulzh Zl:t+1)|u1:t7 Zl:t]; t < T

V(ﬁl:t—lazl:t) = SOft_,InaXQ(ﬁlztazl:t) £ log/ eQ(ﬁl:t’ilzt)dﬁt
Uy 7

Ut

Sz, [(Zrr Xir|[r—1)E [X%+1MﬁT+1\XT7 ﬁT}
f(Zv7|[Urr-1)
We define it Q’(d1.7,Z1.7)
Jor . fErr, Rirl[lnr-1) X, M,

_|_ X1:T — —
f(ZI:THul:Tfl)

Q(ﬁl:T, Z’1:T) =

This is a constant term with respect to @r,we define it Wi
Q'(dy.r,Z1.7) =
fil:T f(Zrr, Rer||Ur—1) f(@17| X, Z1.7)E {i%+1MXT+1‘XT7 UT}
f(Zvr|[Grr—1) f(Urr||Z17)
fiﬂl f(@rgr, Urr, Zyr) T Mg
f(drr,Z1.1)

. . L
=K [XT+1MXT+1|UI:T7 Zl:T}

Let V' (171, Z1.r) = log / Q (@yr, Zur)
U

Q(Uy.r—1,Z1.7-1) = / f(Zr|dir—1,Z1r—1) (Wr + V' (d1.7-1,Z1.7))
Zr
ngyil:T f(ZI:T7 il:THﬁl:T—l)f(ﬁl:T—l||)_('1:T—17 Zl;T_l)f%MfT
f(Zrr—1||drr—2) f(Grr—1||Z1.7-1)

+E {V,(ﬁl:T—la ZI:T)|ﬁ1:T—17 Zl:T—1:| + Wr_q

=E [XZTFMXT + V' (Upr_1, Z'1:T)|131:T71,Z#1:T71} +Wr_q

We define it Ql(ﬁl:T—lyzlzT—l)
And let V' (dy.7_2,Z1.7-1) = 103;/ Q' (U111, Z1.7-1)
Ur_1
For t <T — 1, the argument to Q'(Ui.¢,Z1:¢), V' (U1:¢—1,Z1:¢) is similar. We redefine Q(t1.¢,Z1.4) = Q' (U1.¢, Z1:¢)
and V(ty.4—1,Z1.¢) = V'(U1.4—1, Z1.+) which gives the recursive form in Theorem 1. O

Lemma 4. The distribution of belief state Xt|bt ~ N(ip,,Xp,) is recursively defined as following and %y, is
independent of by.

fin, = i+ 35 CT(S, + CsL 7)1 (Z, — Cji) (43)
Sy, = Ba, — 28 CT(%, + €T cT)lesy, (44)
i, = BU + Afip, + (Sq + AD], AT)"CT

(Zo + C(Zq+ ASTATYTCT)"Y(Zy11 — C(BU, + Afly,)) (45)

Shiy = Sa+ AT AT — (2, 4+ AL ATTCT
(Zo+C(Zq+ AL ATTCT)'C(S4 + ASE, AT) (46)
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Proof of Lemma /. Since Zl|fl ~ N(CZ,%,) and X, ~ N(ii,X4,), applying Gaussian transformation tech-
niques, it is easy to show that the distribution of initial belief state X1]b; (that is X1|z}) is a Gaussian distribution
with mean (43) and variance (44).

Note that f(fft+1‘fft7 'L_l,'t, bt) = f(ft+1|ft7 'L_l:t) Xt+1|ft, ﬁt ~ N(Aft + B'L_l:t, Ed)

F(@ i, br) = f(@elbe)  Xelbr ~ N(fiv,, Ss,)
Then Xy41|d, by ~ N(B, + Afiy,, Sq + ASE AT)
Furthermore f(Z1|@i1, @, 0e) = f(Zea|Ti1)  Ziga|Toor ~ N(Cppr, Do)

Thus, it’s easy to show the distribution of XHM Zt+1|ﬁt, by) is:

Bil, + Aji, S.+ AST AT (Sq+ AST ATYTCT
N - i AT A ST A T\T (~T
C(Bii, + Afin,) " C(Sq+ ASTAT) %, + C(S, + AST AT)TC

Finally, J(@q1lbeyr) = f(@eqrlZipr, e, b)) = f(Zegr, Ziga|tis, by)/ f(Zes1]tis, b)) which gives the distribution of
X¢41|bey1 with mean (45) and variance (46). O

Proof of Theorem 2.

E[X7  MX 1 [T, Z14) = E[XT,  MX 11|y, by
= (Bily + Afip,) "M(Bii; + Afip,) + tr(M(2q + AS AT))

T
- {Bt} [B A}TM [B A] [Et} + constant
Mo, b,

Thus Q (1.7, Z1.1) = Q(iir, fiv,) = X[ MX,11id;,b,] gives Wi
V(tir—1,Z1.7) = V(iisy) =V (Zp, Ur_1, fir—1) = log/ QT fioy)

ur

= [jg; (W — W%(U,M)W;l W w,u)) oy + constant

wu)
- T -
2T cT
= ’l:l;T_l P? (WT(P’#") — W%:(U’#)W;(IU)U)WT(U,#))PT ?T—l + constant
H’bT—l ILLbT—l

which gives Dp.
Thus E[V (U1, Zyp1) s, Za:t] = B[V (Zoyr, Uy, fiy, )|, fin,]

- 1T - -
u = = u u
o (G ||

t b, Mo,

—

U Uy

T
Ut
. + |2 Diitunn " | + constant
[“bt” [,ub,} r s n) [“bt}

L 4T
U
= [ﬁbt } Dij1(up,-)Cna + CEADtH(z,uu)

+E [ZtTHDtH(z,z)ZtH

U,
+ CEADt—&-l(u,u)CBA + Dt-‘rl(u,u.,up) |:ﬁbt :|
t

Qi fiv,) = E[X{, \MXy 11 + V(Zy11, Up, fi, ) |14, Z1.¢] which gives Wy (26)
The quadratic form of V(Z, W;—1, fi—1) is similar to V (Zp, dr—_1, fir—1)
which gives D, (27)
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Proof of Theorem 3. It’s easy to check the initial setting Wp = [B A]T M [B A] matches (5). For general
case, we plug D¢, 1(27) into Wy (26) and check with Wy 1) first. To simplify proof, let’s define

T —1
bt = W) — Wt(U,u)Wt(U»U)Wt(U’“)'

Then from (26),(27)

W,=[B A]"M[B A]+[B-EiCB A-E,,CA]" ¢,,,E;  [CB CA]+
[CB CA]"EL ¢111 [B-E1CB A—E, ,CA]+
[CB CA]"EL ¢ 1Eiy1 [CB CA]+
[B-E.1CB A—-ECA] ¢4 [B—E;1CB A—E, CA]

W) =B "MB + (B —E¢;1CB)" ¢, 1E¢;1CB + (E;11CB)" ¢11(B — E;11CB)+
(E11CB)"¢111E;11CB + (B — E;11CB)" ¢ 11(B — E;1CB)
=B"MB +B%¢,.,B
That is BTF, ;B = BTMB + BT¢,, B. (47)

By plugging out ¢¢41, the equation(47) matches equation(5). Wy .y, Weu,0), Wy, ) follow similar argument.
O]



