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Proofs

Lemma 1. The constrained optimization of (19) is equivalent to:

argmax
{f(�u1:T ||�z1:T ,�x1:T )}

H(�U1:T ||�Z1:T , �X1:T ) (34)

where: f(�u1:t||�z1:T , �x1:T ) =

T�

t=1

f(�ut|�u1:t−1,�z1:t, �x1:t); (35)

∀t ∈ {1 · · ·T}, �u1:t ∈ �U1:t,�z1:t ∈ �Z1:t, �x1:t ∈ �X1:t, �x
�
1:t ∈ �X1:t,

such that f(�ut|�u1:t−1,�z1:t, �x1:t) ≥ 0,

�

�ut∈�Ut

f(�ut|�u1:t−1,�z1:t, �x1:t) = 1, (36)

f(�ut|�u1:t−1,�z1:t, �x1:t) = f(�ut|�u1:t−1,�z1:t, �x
�
1:t). (37)

Proof of Lemma 1. The previously developed theory of maximum causal entropy [28] shows the causally condi-
tioned probability distribution defined according to affine constraint (15),(16) and (18) are equivalent to it defined
by the decomposition into a product of conditional probabilities (35),(36). Then, we show partial observability
constraint (17) implies (37).

∀�u1:T ∈ �U1:T , �x1:T ,x
�
1:T ∈ �X1:T ,�z1:T ∈ �Z1:T ,

T�

t=1

f(�ut|�u1:t−1,�z1:t, �x1:t) =
T�

t=1

f(�ut|�u1:t−1,�z1:t, �x
�
1:t)

It is possible, f(�u1|�z1, �x1) · · · f(�ut|�u1:t−1,�z1:t, �x1:t) · · · f(�uT |�u1:T−1,�z1:T , �x1:T )

= f(�u1|�z1, �x1) · · · f(�ut|�u1:t−1,�z1:t, �x
�
1:t) · · · f(�uT |�u1:T−1,�z1:T , �x1:T )

Thus, f(�ut|�u1:t−1,�z1:t, �x1:t) = f(�ut|�u1:t−1,�z1:t, �x
�
1:t).

It is easy to show (37) implies (17).

Lemma 2. The constrained optimization defined in Lemma 1 is equivalent to:

argmax
{f(�u1:T ||�z1:T )}

H(�U1:T ||�Z1:T ) (38)

∀�u1:T ∈ �U1:T ,�z1:T , z
�
1:T ∈ �Z1:T ,

f(�u1:T ||�z1:T ≥ 0,

�

�u�
1:T∈�U1:T

f(�u�
1:T ||�z1:T ) d�u�

1:T = 1, (39)

∀τ ∈ {1, · · · , T} such that �z1:τ = �z�1:τ ,�

�uτ+1:T∈�Uτ+1:T

f(�u1:T ||�z1:T ) d�uτ+1:T =

�

�uτ+1:T∈�Uτ+1:T

f(�u1:T ||�z�1:T ) d�uτ+1:T . (40)

Proof of Lemma 2.

∀t ∈ {1, · · · , T}, �u1:t ∈ �U1:t,�z1:t ∈ �Z1:t, �x1:t ∈ �X1:t, �x
�
1:t ∈ �X1:t,

f(�ut|�u1:t−1,�z1:t, �x1:t) = f(�ut|�u1:t−1,�z1:t, �x
�
1:t) = f(�ut|�u1:t−1,�z1:t)

Then,

T�

t=1

f(�ut|�u1:t−1,�z1:t, �x1:t) =

T�

t=1

f(�ut|�u1:t−1,�z1:t) = f(�u1:T ||�z1:T )

Similar to the proof of Lemma 1, the causally conditioned probability distribution defined by a product of
conditional probabilities are equivalent to the affine constraint (39), (40).
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To show the object function (38) is equivalent to (19), we first show

�

�x1:T∈ �X1:T

f(�z1:T , �x1:T ||�u1:T−1)

=

�
�x1:T∈ �X1:T

�T
t=1 f(�zt, �xt|�z1:t−1, �x1:t−1, �u1:t−1)

�T
t=1 f(�ut|�u1:t−1,�z1:t, �x1:t)

�T
t=1 f(�ut|�u1:t−1,�z1:t)

=

�
�x1:T∈ �X1:T

f(�u1:T ,�z1:T , �x1:T )
�T

t=1 f(�ut|�u1:t−1,�z1:t)
=

f(�u1:T ,�z1:T )�T
t=1 f(�ut|�u1:t−1,�z1:t)

=

�T
t=1 f(�ut|�u1:t−1,�z1:t)

�T
t=1 f(�zt|�z1:t−1, �u1:t−1)�T

t=1 f(�ut|�u1:t−1,�z1:t)

=

T�

t=1

f(�zt|�z1:t−1, �u1:t−1) = f(�z1:T ||�u1:T−1)

Then, H(�U1:T ||�Z1:T , �X1:T )

=

�

�u1:T ,�z1:T ,�x1:T

f(�u1:T ||�z1:T , �x1:T )f(�z1:T , �x1:T ||�u1:T−1) log f(�u1:T ||�z1:T , �x1:T )

=

�

�u1:T ,�z1:T

f(�u1:T ||�z1:T ) log f(�u1:T ||�z1:T )
�

�x1:T

f(�z1:T , �x1:T ||�u1:T−1)

=

�

�u1:T ,�z1:T

f(�u1:T ||�z1:T ) log f(�u1:T ||�z1:T )f(�z1:T ||�u1:T−1)

= H(�U1:T ||�Z1:T )

Lemma 3. Suppose the constrained optimization problem in Lemma 2 has the following additional constraint:
(F : �U1:T × �Z1:T → RN ,�c ∈ RN )

Ef(�u1:T ,�z1:T )

�
F (�U1:T , �Z1:T )

�
= �c (41)

Then the solution to this optimization problem has the form:

f̂(�ut|�u1:t−1,�z1:t) = eQ(�u1:t,�z1:t)−V (�u1:t−1,�z1:t)

where Q and V functions take the following recursive form:

Q(�u1:t,�z1:t) =

�
λTF (�u1:T ,�z1:T ), t = T ;

E[V (�U1:t, �Z1:t+1)|�u1:t,�z1:t], t < T

V (�u1:t−1,�z1:t) = softmax
�ut

Q(�u1:t,�z1:t) � log

�

�ut

eQ(�u1:t,�z1:t)d�ut

Proof of Lemma 3. We first show for any joint distribution g(�u1:T ,�z1:T ), the following equation holds:

Eg

�
− log f̂(�U1:T ||�Z1:T )

�
=

�

�z1

f(�z1)V (�z1)− Eg

�
λTF (�U1:T , �Z1:T )

�
(42)
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Eg

�
T�

t=1

− log f̂(�Ut|�U1:t−1, �Z1:t)

�

= Eg

�
−λTF (�U1:T , �Z1:T )−

T−1�

t=1

Q(�U1:t, �Z1:t) +

T�

t=1

V (�U1:t−1, �Z1:t)

�

= Eg

�
−λTF (�U1:T , �Z1:T )

�
−
�

�u1:T ,�z1:T

g(�u1:T ,�z1:T )

T−1�

t=1

�

�zt+1

f(�zt+1|�u1:t,�z1:t)V (�u1:t,�z1:t+1)

+

�

�u1:T ,�z1:T

g(�u1:T ,�z1:T )

T�

t=1

V (�u1:t−1,�z1:t)

= Eg

�
−λTF (�U1:T , �Z1:T )

�
−
T−1�

t=1

�

�u1:t,�z1:t+1

g(�u1:t,�z1:t+1)V (�u1:t,�z1:t+1)

+

�

�u1:T ,�z1:T

g(�u1:T ,�z1:T )

T�

t=1

V (�u1:t−1,�z1:t)

which implies equation (42).

For any arbitrary causally conditional probability distribution g(�u1:T ||�z1:T ) satisfies with expectation constraint
(41), we show:

Hg(�U1:T ||�Z1:T ) ≤ Hf̂ (
�U1:T ||�Z1:T )

Eg

�
− log g(�U1:T ||�Z1:T )

�

= −
�

�u1:T ,�z1:T

g(�u1:T ,�z1:T ) log

�
g(�u1:T ||�z1:T )f(�z1:T ||�u1:T−1)

f̂(�u1:T ||�z1:T )f(�z1:T ||�u1:T−1)
f̂(�u1:T ||�z1:T )

�

= −DKL

�
g(�u1:T ,�z1:T )||f̂(�u1:T ,�z1:T )

�
−
�

�u1:T ,�z1:T

g(�u1:T ,�z1:T ) log f̂(�u1:T ||�z1:T )

≤ −
�

�u1:T ,�z1:T

g(�u1:T ,�z1:T ) log f̂(�u1:T ||�z1:T )

=

�

�z1

f(�z1)V (�z1)− Eg

�
λTF (�U1:T , �Z1:T )

�

=

�

�z1

f(�z1)V (�z1)− Ef̂

�
λTF (�U1:T , �Z1:T )

�

= Hf̂ (
�U1:T ||�Z1:T )

DKL is the Kullback-Leibler divergence which is non-negative[8]. Thus, f̂(�ut|�u1:t−1,�z1:t) is the solution to the
optimization problem in Lemma 2 incorporates with expectation constraint (41).

Proof of Theorem 1. We first incorporate the expectation constraint (20) into the constrained optimization prob-
lem defined in Lemma 2

Ef(�u1:T ,�z1:T+1,�x1:T+1)

�
T+1�

t=1

�Xt
�XT

t

�

=

�

�u1:T ,�z1:T+1,�x1:T+1

f(�u1:T ||�z1:T , �x1:T )f(�z1:T+1, �x1:T+1||�u1:T )

T+1�

t=1

�xt�x
T
t

=

�

�u1:T ,�z1:T

f(�u1:T ||�z1:T )f(�z1:T ||�u1:T−1)

�
�x1:T+1,�zT+1

f(�z1:T+1, �x1:T+1||�u1:T )
�T+1

t=1 �xt�x
T
t

f(�z1:T ||�u1:T−1)

= Ef(�u1:T ,�z1:T )

��
�X1:T+1, �ZT+1

f(�Z1:T+1, �X1:T+1||�U1:T )
�T+1

t=1
�Xt

�XT
t

f(�Z1:T ||�U1:T−1)

�
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According to Lemma 3, the solution to the constrained problem defined in Lemma 2 incorporates with the
expected constraint (41) takes the following recursive form:

Q(�u1:t,�z1:t) =





�
�x1:T+1,�zT+1

f(�z1:T+1,�x1:T+1||�u1:T )
�T+1

t=1 �xT
t M�xt

f(�z1:T ||�u1:T−1)
, t = T ;

E[V (�U1:t, �Z1:t+1)|�u1:t,�z1:t], t < T

V (�u1:t−1,�z1:t) = softmax
�ut

Q(�u1:t,�z1:t) � log

�

�ut

eQ(�u1:t,�z1:t)d�ut

Q(�u1:T ,�z1:T ) =

�
�x1:T

f(�z1:T , �x1:T ||�u1:T−1)E
�
�XT

T+1M
�XT+1|�XT , �uT

�

f(�z1:T ||�u1:T−1)� �� �
We define it Q�(�u1:T ,�z1:T )

+

�
�x1:T

f(�z1:T , �x1:T ||�u1:T−1)
�T

t=1 �x
T
t M�xt

f(�z1:T ||�u1:T−1)� �� �
This is a constant term with respect to �uT ,we define it WT

Q�(�u1:T ,�z1:T ) =
�
�x1:T

f(�z1:T , �x1:T ||�u1:T−1)f(�u1:T ||�x1:T ,�z1:T )E
�
�XT

T+1M
�XT+1|�XT , �uT

�

f(�z1:T ||�u1:T−1)f(�u1:T ||�z1:T )

=

�
�xT+1

f(�xT+1, �u1:T ,�z1:T )�x
T
T+1M�xT+1

f(�u1:T ,�z1:T )

= E
�
�XT

T+1M
�XT+1|�u1:T ,�z1:T

�

Let V �(�u1:T−1,�z1:T ) = log

�

�uT

Q�(�u1:T ,�z1:T )

Q(�u1:T−1,�z1:T−1) =

�

�zT

f(�zT |�u1:T−1,�z1:T−1)(WT + V �(�u1:T−1,�z1:T ))

=

�
�zT ,�x1:T

f(�z1:T , �x1:T ||�u1:T−1)f(�u1:T−1||�x1:T−1,�z1:T−1)�x
T
TM�xT

f(�z1:T−1||�u1:T−2)f(�u1:T−1||�z1:T−1)

+ E
�
V �(�U1:T−1, �Z1:T )|�u1:T−1,�z1:T−1

�
+WT−1

= E
�
�XT

TM
�XT + V �(�U1:T−1, �Z1:T )|�u1:T−1,�z1:T−1

�

� �� �
We define it Q�(�u1:T−1,�z1:T−1)

+WT−1

And let V �(�u1:T−2,�z1:T−1) = log

�

�uT−1

Q�(�u1:T−1,�z1:T−1)

For t < T − 1, the argument to Q�(�u1:t,�z1:t), V
�(�u1:t−1,�z1:t) is similar. We redefine Q(�u1:t,�z1:t) = Q�(�u1:t,�z1:t)

and V (�u1:t−1,�z1:t) = V �(�u1:t−1,�z1:t) which gives the recursive form in Theorem 1.

Lemma 4. The distribution of belief state �Xt|bt ∼ N(�µbt ,Σbt) is recursively defined as following and Σbt is
independent of bt.

�µb1 = �µ+ ΣT
d1
CT (Σo +CΣT

d1
CT )−1(�Z1 −C�µ) (43)

Σb1 = Σd1
− ΣT

d1
CT (Σo +CΣT

d1
CT )−1CΣd1

(44)

�µbt+1
= B�Ut +A�µbt + (Σd +AΣT

btA
T )TCT

(Σo +C(Σd +AΣT
btA

T )TCT )−1(�Zt+1 −C(B�Ut +A�µbt)) (45)

Σbt+1
= Σd +AΣT

btA
T − (Σd +AΣT

btA
T )TCT

(Σo +C(Σd +AΣT
btA

T )TCT )−1C(Σd +AΣT
btA

T ) (46)
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Proof of Lemma 4. Since �Z1|�x1 ∼ N(C�x1,Σo) and �X1 ∼ N(�µ,Σd1), applying Gaussian transformation tech-

niques, it is easy to show that the distribution of initial belief state �X1|b1 (that is �X1|�z1) is a Gaussian distribution
with mean (43) and variance (44).

Note that f(�xt+1|�xt, �ut, bt) = f(�xt+1|�xt, �ut) �Xt+1|�xt, �ut ∼ N(A�xt +B�ut,Σd)

f(�xt|�ut, bt) = f(�xt|bt) �Xt|bt ∼ N(�µbt ,Σbt)

Then �Xt+1|�ut, bt ∼ N(B�ut +A�µbt ,Σd +AΣT
btA

T )

Furthermore f(�zt+1|�xt+1, �ut, bt) = f(�zt+1|�xt+1) �Zt+1|�xt+1 ∼ N(C�xt+1,Σo)

Thus, it’s easy to show the distribution of �Xt+1, �Zt+1|�ut, bt) is:

N

�
B�ut +A�µbt

C(B�ut +A�µbt)
,

Σd +AΣT
bt
AT (Σd +AΣT

bt
AT )TCT

C(Σd +AΣT
bt
AT ) Σo +C(Σd +AΣT

bt
AT )TCT

�

Finally, f(�xt+1|bt+1) = f(�xt+1|�zt+1, �ut, bt) = f(�xt+1, �zt+1|�ut, bt)/f(�zt+1|�ut, bt) which gives the distribution of
�Xt+1|bt+1 with mean (45) and variance (46).

Proof of Theorem 2.

E[�XT
t+1M

�Xt+1|�u1:t,�z1:t] = E[�XT
t+1M

�Xt+1|�ut, bt]

= (B�ut +A�µbt)
TM(B�ut +A�µbt) + tr(M(Σd +AΣT

btA
T ))

=

�
�ut

�µbt

�T �
B A

�T
M
�
B A

� � �ut

�µbt

�
+ constant

Thus Q(�u1:T ,�z1:T ) = Q(�uT , �µbT ) = E[�XT
t+1M

�Xt+1|�ut, bt] gives WT .

V (�u1:T−1,�z1:T ) = V (�µbT ) = V (�zT , �uT−1, �µT−1) = log

�

�uT

eQ(�uT ,�µbT
)

= �µT
bT (WT (µ,µ) −WT

T (U,µ)W
−1
T (U,U)WT (U,µ))�µbT + constant

=




�zT
�uT−1

�µbT−1



T

PT
T (WT (µ,µ) −WT

T (U,µ)W
−1
T (U,U)WT (U,µ))PT




�zT
�uT−1

�µbT−1


+ constant

which gives DT .

Thus E[V (�U1:t, �Z1:t+1)|�u1:t,�z1:t] = E[V (�Zt+1, �Ut, �µbt)|�ut, �µbt ]

= E

��
�ut

�µbt

�T
Dt+1(uµ,z)

�Zt+1 + �ZT
t+1Dt+1(z,uµ)

�
�ut

�µbt

� ����
�
�ut

�µbt

��

+ E
�
�ZT
t+1Dt+1(z,z)

�Zt+1

����
�
�ut

�µbt

��
+

�
�ut

�µbt

�T
Dt+1(uµ,uµ)

�
�ut

�µbt

�
+ constant

=

�
�ut

�µbt

�T
Dt+1(uµ,z)CBA +CT

BADt+1(z,uµ)

+CT
BADt+1(u,u)CBA +Dt+1(uµ,uµ)

�
�ut

�µbt

�

Q(�ut, �µbt) = E[�XT
t+1M

�Xt+1 + V (�Zt+1, �Ut, �µbt)|�u1:t,�z1:t] which gives Wt(26)

The quadratic form of V (�zt, �ut−1, �µt−1) is similar to V (�zT , �uT−1, �µT−1)

which gives Dt(27)
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Proof of Theorem 3. It’s easy to check the initial setting WT =
�
B A

�T
M
�
B A

�
matches (5). For general

case, we plug Dt+1(27) into Wt (26) and check with Wt(U,U) first. To simplify proof, let’s define

φt = Wt(µ,µ) −WT
t(U,µ)W

−1
t(U,U)Wt(U,µ).

Then from (26),(27)

Wt =
�
B A

�T
M
�
B A

�
+
�
B−Et+1CB A−Et+1CA

�T
φt+1Et+1

�
CB CA

�
+

�
CB CA

�T
ET

t+1φt+1

�
B−Et+1CB A−Et+1CA

�
+

�
CB CA

�T
ET

t+1φt+1Et+1

�
CB CA

�
+

�
B−Et+1CB A−Et+1CA

�T
φt+1

�
B−Et+1CB A−Et+1CA

�

Wt(U,U) = BTMB+ (B−Et+1CB)Tφt+1Et+1CB+ (Et+1CB)Tφt+1(B−Et+1CB)+

(Et+1CB)Tφt+1Et+1CB+ (B−Et+1CB)Tφt+1(B−Et+1CB)

= BTMB+BTφt+1B

That is BTFt+1B = BTMB+BTφt+1B. (47)

By plugging out φt+1, the equation(47) matches equation(5). Wt(U,µ), Wt(µ,U), Wt(µ,µ) follow similar argument.


