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Abstract

This technical report provides supplementary material for the paper “Exact Bayesian
Learning of Ancestor Relations in Bayesian Networks”. Here we extend our algorithm
to compute the exact posterior of any s ~» p ~» t relation, i.e., a directed path from s to ¢
via p, in O(n7"~2) time and O(4"~2) space.

1. Computing Posteriors of s ~» p ~~ t Relations

1.1 Algorithm

The problem is to evaluate whether there is a directed path from s to ¢ via p. Similarly, we
would like to compute the joint probability P(s ~» p ~» t, D) by

P(s~p~t,D)= > [[Bi(Paf). (1)

G:spteG eV

For any T, R, S such that pe TC RC S CV,se€ R—T, let Gs,(S5, R, T) denote the
set of all possible DAGs over S such that R are the set of all descendants of s (including s)
and T are the set of all descendants of p (including p) in Gg. That is, Gs € G, ,(S, R, T) if
and only if deg,(s) = R and deg4(p) = T. We then define

Hasnn = Y IR0 o
Gs€Gs,p(S,R,T) i€S
Then we have
Lemma 1
P(s~p~1,D) = > Hyp(V, R, T). (3)

T,R:{pt}CTCRCV,s€R—T

Proof . Let Gsoopost = {G : s ~ p ~» t € G}, namely the set of all possible DAGs over V
that contains a s ~» p ~» t. Then we have Gs..pt = Ur pefpicrcrev,seR—19sp (Vs R, T).
Further, for any T7 # Tb or Ry # R, we have G ,(V, R1,T1) N Gs,(V, R2,T2) = (0. This
means Gs ,(V,R,T) for all T, R such that p e T C R CV, s € R—T form a partition of
the set Ggopnt. Thus,
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P(s~p~t,D) = Y []Bi(Paf)= > > I Biraf)
GEGssp—mt i€V T,R:{p,t} CTCRCV G€Gs,p(V,R,T) i€V
seR-T (4)
= > H,,(V,R,T).
T,R:{p,t}CTCRCV,seR—T
]

If we have all Hy ,(S, R, T') computed, we can compute Eq. (4) in ZTLR|:1 [(&i’g) ZI%‘;; ('ﬁ:;’)] =

O(3"73) time.
Now we can show that H,,(S,R,T) for all T, R, S such that p e T C RC S CV
and s € R — T can be computed recursively. These Hy ,(S, R,T')’s can be divided into two

cases: T'= {p} and T # {p}.

//S\\
Q =
e

Figure 1: Case 1: T' = {p}.

[~

Case 1: T = {p}.

In this case, p is a sink in Gg (see Figure 1) and its parent set must include a least one
node in R — {p} to make it a descendant of s. For nodes in S — {p}, we have summation
over G4(S — {p}, R — {p}), i.e., the set of DAGs over S — {p} s.t. R — {p} are the set of
descendants of s in Gg_py. Then we have

G —P
HSJJ(S’ R> {p}) = [ Z Bp(Pap)][ Z H Bl(PCLZ S—{ })]
PapCS—{p} Gs_(p}€Gs(S—{p},R—{p}) i€S—{p}
PapNR—{p}#0
=[ > ByPay)— Y By(Pa,)lH,(S —{p}, R~ {p}) (5)
Pa,CS—{p} Pap,CS—R

= [Ap(S —{p}) — Ap(S — R)]H,(S — {p}, R — {p})
= [AA(S — {p}, {p}) — AA(S = R, {pH)]Hs(S — {p}, R — {p}).

Case 2: T # {p}.
For any W C S — {s,p}, let G5, (S, R, T, W) denote the set of DAGs in G; (S, R,T)
such that all nodes in W are (must be) sinks. ! Then we define

1. Again, W may not include all the sinks in Gs. Some nodes in S — W could be sinks.
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Fs,p(S, R,T, W) = Z HBi(PaiGS)- (6)
Gs€Gs p(S,R,T,W)i€S

Similarly, by weighted inclusion-exclusion principle,

|5]—2
Hyp(S,R,T) = > (-1 > > [1B:(Pa)
k=1 WCS—{s,p},|W|=k Gs€Gs p(S,R,T,W) i€S (7)
|5|-2
= > (- > F.,(S, R, T, W).
k=1 WCS—{s,p},|W|=k

Fs (S, R, T,W) and H,,(S, R, T) can be computed recursively. There are three sub-cases
(see Figure 2).

(a) WNR=10 b)) WNR#Dand WNT =10 () WNT #0

Figure 2: Three different cases when computing F; (S, R, T, W).

Sub-case 1: WNR = 0.
We can compute the summation for W and S — W separately (see Figure 2(a)). We
have

Fop(S, R, T, W) (8)
Gg_
=11 > Bi(Pay)] > I Bi(Pa;* ™)
JEW Pa,;C(S—R-W) Gs_wEGs p(S—W,R,T)i€S—W

= H Aj(S—R-W)H;,(S—W,R,T) =AA(S —R—-W,W)H ,(S—W,R-W, T —W)
JEW
(because R — W = R and T'— W =T in this case).

Sub-case 2: WNR# () and WNT = (.

In this case, nodes in W — R, W N R, and S — W should be handled separately (see
Figure 2(b)). Nodes in W — R can only select parents from S— R—W. Any node in WNR
can select parents from S — W — T'. In addition, at least one node from R — T — W must
be included in its parent set to guarantee that it is a descendant of s. For nodes in S — W,
we have summation over Gy ,(S — W, R — W, T'). Then we have
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Fop(S,R,T,W) =[ [] > BiPayll [] > Bj(Paj)] 9)

JEW—R Pa;C(S—R—W) JEWNR Pa;C(S—W-T)

Pa;N(R—-T—-W)#0
L > I mea)

Gs_we eS—-W
Gs,p(S—W,R—W.,T)

1 As—R-1){ T A(S—W—T) = A(S — W — R)|  Hyp(S — W.R—W,T)
JEW—R JEWNR
=AAS -W =R W -R){ [ [4;(S=W —=T)—A;(S—W - R)]

JEWNR
H,,(S—W,R—W, T —W) (because T'— W = () in this case).

Sub-case 3: WNT # 0.

In this case, nodes in W — R, WN(R—-T), WNT, and S — W should be handled
separately (see Figure 2(c)). Nodes in W — R can only select parents from S— R—W. Any
node in W N (R — T) can select parents from S — W — T. In addition, at least one node
from R — T — W must be included in its parent set to guarantee that it is a descendant
of s. Nodes in W NT can select parents from S — W and at least one node as its parent
from T'— W to make it a descendant of p. For nodes in § — W, we have summation over

Gsp(S —W,R—W,T —W). Then we have

Fs (S, R, T,W)
= II > BiPayll ] > Bj(Paj)]
JEW—R Pa;C(S—R-W) JEWN(R-T) Pa;C(S—W—T)

Pa;N(R—T—-W)#0

T Z B;(Pay)]| 3 [T BiPags—™)]

jewnT Pa;C Gs_w€ i€eS—-W
Pa;n (T W);ﬁ@ Gs,p(S—W,R—W,T-W)

11 &@RIW{ 11 Wwwn@wwm@ (10)

JEW-R JEWN(R-T)

{ [T 145 -w) Aj<SWT>1}Hs,p<SW,va,TW>
jewnr

AA(SWR,WR){ 11 [Aj(SWT)Aj(SWR)]}
JEWN(R-T)

{ I (45 —w)—A;(s - WT)]} H, (S —W,R—-W,T —W).
jEWNT
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For ease of exposition, for all S, R, T, W such that {p} CTCRCSCV,s€ R—-T
and W C S — {s, p}, define function A, (S, R,T, W) as follows:

EWnNR =0, (11)
A p(S,R, T,W) = AA(S — R— W, W);
EWNR £0and WNT =0,

Asp(S,RT, W) = AA(S =W = RW - R)S [] [A;(S =W —T) = 4;(S = W — R)] p;
JEWNR
IEWNT #0,

Asp(S,R, T,W) = AA(S — W — R,W — R) { I 1Es-w-17) Aj(SWR)]}
JEWN(R-T)

{ 11 [Aj(SW)Aj(SWT)]}.

JEWNT
Now F; (S, R,T, W) can be neatly written as
Fup(S,R,T,W) = Ay (S, R, T, W)Hs (S — W, R — W,T — W). (12)

Then we have a recursive formula for computing Hy (S, R, T),

5|2
H,p(S,R,T) = > (—1)FH! > Asp(S, R, T,W)H, ,(S — W,R— W, T —W).
k=1 WCS—{s,p},|W|=k

(13)

And finally, we arrive the following recursive scheme for computing H, ,(S, R, T') for all
T, R, Ssuchthatpe TCRCSCVandse R—1T.

Theorem 2

Hy (S, R, {p}) = [AA(S — {p},{p}) — AA(S — R, {p})|Hs(S — {p}, R — {p})
forall {s,p} CTRCSCV,

5|2
H,p(S,R,T) = > (—1)kH! > Asp(S, R, T,W)H,,(S — W,R—W, T — W)
k=1 WCS—{s,p},|W|=k

forallT,R,S st {p} CTCRCSCV andse R—T.
(14)

Note that all Hs(S — {p}, R — {p})’s can be computed recursively using Theorem 2.
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1.2 Time and Space Complexity

Computing H, (S, R, {p}) and H (S, R,T) dominates the total computation time. Given
all Hy(S — {p}, R — {p})’s pre-computed, H,(S, R, {p}) for all {s,p} CRC S CV can be

: S - o\ ,
computed in } s (|S| %) Z}R‘|=2 (||1€€||—§) = O(3"72) time. All other Hy,(S, R, T)’s can be
computed in

S| |R[-1

'§=:3 (’g’__z) R%s <”SJ’:2> |T§::2 Cg;ﬁ) S22 (15)
_%:3( ) g; (‘;’,:3)15\-25|+|R—4 :é::?) <‘"S )[ysy olSI=2  3I8]-2
_h«; (Jsps) lsvo=] <nr

Thus, the total computation time is O(n7"~2). The space complexity is dominated by
H, (S, R, T), which is

S| |R[-1

pa( (R bl ] b i
- oy [ & N PR
PR Pl e Rt

Thus, the total space requirement is O(4"~2 + 3"). Thus, we have the following theorem.

Theorem 3 The posterior probability of any s ~» p ~» t relation can be computed in
O(n72) time and O(4"~2 + 3") space.



