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Abstract

Topic models have achieved significant suc-
cesses in analyzing large-scale text corpus.
In practical applications, we are always con-
fronted with the challenge of model selection,
i.e., how to appropriately set the number of
topics. Following the recent advances in topic
models via tensor decomposition, we make a
first attempt to provide theoretical analysis
on model selection in latent Dirichlet alloca-
tion. With mild conditions, we derive the
upper bound and lower bound on the num-
ber of topics given a text collection of finite
size. Experimental results demonstrate that
our bounds are correct and tight. Further-
more, using Gaussian mizture model as an
example, we show that our methodology can
be easily generalized to model selection anal-
ysis in other latent models.

1 Introduction

Recently topic models, such as latent Dirichlet alloca-
tion (LDA) [BNJO03] and its variants [TJBBO06], have
been proven extremely successful in modeling large,
complex text corpus. These models assume that the
words in a document are generated from a mixture
of latent topics represented by multinomial distribu-
tions. Therefore, the major inference problem be-
comes recovering latent topics from text corpus. Pop-
ular inference algorithms for LDA include variational
inference [BNJ03, TKW07, WPB11, HBWP13], sam-
pling methods [GS04, PNIT08], and the recent devel-
opment via tensor decomposition [AGM12, AFH'12,
AGH™12|. However, all of them require that the num-
ber of topics K is given as input.
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It is known that model selection, i.e., choosing the
appropriate number of topics K plays a vital role in
successfully applying LDA models [TMN*14, KRS14].
For example, [TMNT14] has shown that choosing K
too large leads to severe deterioration in the learn-
ing rate; [KRS14] points out that incorrect number
of mixture components can result in unbounded error
when estimating parameters of mixture model with
spectral method. Moreover, as K increases, the com-
putational cost of inference for the LDA model grows
significantly.

Unfortunately it is extremely challenging to choose
the right number of topics for the LDA model.
The traditional method for Bayesian models selec-
tion, marginal model likelihood, is generally in-
tractable for LDA model. In practice, [Tad12] approx-
imates the marginal likelihood via Laplace’s method,
while [AEFT10, GS04] computes the likelihood via
MCMC. Moreover, [Tadl2] provides another model
selection method by analysis of residuals. However,
it only provides rough measures for evidence in fa-
vor of a larger K. Other model selection criteria,
such as AIC [Aka74], BIC [ST78] and cross valida-
tion can be applied. Though achieving practical suc-
cess [AEFT10], they only have asymptotic consistency.
Moreover, they require multiple runs of the learning
algorithm with different K, which limits the practical-
ity of the approaches to large-scale datasets. On the
other hand, Bayesian nonparametrics, such as Hier-
archical Dirichlet Processes (HDP)[TJBBO06], provide
alternatives to select K in a principled way. However,
it has been shown in a recent paper [MH13] that HDP
is inconsistent for estimating the number of topics of
LDA model even with infinite amount of data.

In this paper, we provide theoretical analysis on the
number of topics for latent topic models. By the re-
sults from Anandkumar et al. [AGH" 12|, the second-
order moment of LDA follows a special structure as
the summation over the outer product of the topic vec-
tors. We show that a spectral decomposition on the

“Dehua Cheng and Xinran He contributed equally to
this article.



Model Selection for Topic Models via Spectral Decomposition

second-order empirical moment with proper threshold-
ing on the singular values can lead to the correct num-
ber of topics. With mild assumptions, we show that
our thresholding provides both the lower bound and
the upper bound on number of topics K in the LDA
model. To the best of our knowledge, this is the first
work to utilize such connection explicitly to analyze
the number of topics with provable guarantee. More-
over, we show that our methodology can be gener-
alized naturally to analyzing the number of mixture
components in other mixture models, for example the
Gaussian Mizture Model (GMM).

Our main contributions are:

(1) We analyze the empirical second-order moment
of LDA model and derive an upper bound on its
variance in terms of the corpus statistics, i.e., the
number of documents, the length of each docu-
ment and the number of unique words. Essen-
tially, our results provide an informative and com-
putable guideline to the convergence of second-
order moment, which can be of its own prac-
tical value, e.g., determining the correct down-
sampling rate on a large-scale dataset.

We analyze the spectral structure of the expected
second-order moment of LDA model. That is, we
provide the spectral information on the covariance
of Dirichlet design matrix.

Based on the results on empirical and expected
second-order moment of LDA model, we derived
three inequalities involving the number of topics
K, which in turn provide both upper and lower
bounds on K without unknown parameters or
constants. We also present the simulation study
for our theoretical results.

We show that our results and techniques can be
generalized to other mixture models, where the
results on Gaussian mizture models is presented
as an example.

The rest of the paper is organized as follows: In sec-
tion 2, we present our main result on how to analyze
the number of topics in the LDA model. We carry
out experiments on the synthetic datasets with differ-
ent settings to demonstrate the validity and tightness
of our bounds in section 3. We conclude the paper
and show how our methodology generalizes to other
mixture models in section 4.
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2 Analyze the Number of Topics in
LDA

Latent Dirichlet Allocation [BNJ03] (LDA) is a pow-
erful generative model for topic modeling. It has
been applied to a variety of applications and also
serves as building blocks in other powerful mod-
els. Most existing methods follow the Bayesian in-
ference principle to estimate the parameters of the
model [BNJ03, TKW07, GS04, PNIT08]. Recently,
method of moments has been explored, leading to a
series of interesting work and insight into the LDA
model from a traditional yet brand new perspective.
It has been shown in [AFH'12, AGH"12] that the la-
tent topics can be directly derived from the properly
constructed third-order moment (which can be directly
estimated from the data) by orthogonal tensor decom-
position. Following this line of work, we observe that
the low-order moments are also useful for discovering
the number of topics in the LDA model, due to their
close connection. In this section, we will investigate
the structure of both empirical and expected second-
order moment, and show that they lead to both upper
and lower bound on the number of topics.

2.1 Notation and Problem Formulation

We first introduce the notation for our later discussion.
As introduced in [BNJO03], the full generative process
for the d-th document in the LDA model is described
as follows:

1. Generate the topic mixing hy ~ Dir(a).
2. For each word [ = 1,..., L in document d:

(a) Generate a topic zgy ~ Multi(hg), where
Multi(h,) denotes the multinomial distribu-
tion.

(b) Generate a word x4 ~ Multi(p,,,), where
Wz, is the multinomial parameter associated
with topic zgs.

The notation is summarized in Table 1. xg4¢ is repre-
sented by natural basis e,, meaning that the /-th word
in d-th document is the v-th word in the dictionary.

In [AGH™12], the authors proposed the method of mo-
ment for the LDA model, where the empirical first-
order moment M; is defined as

M, = e Xt

)

and the empirical second-order moment M5 as
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Table 1: Notation for LDA

Notation Definition

D (d) Number(index) of documents

L (¢) Number(index) of words in a document

V (v) Number(index) of unique words

K (k) Number(index) of latent topics

iy Multinomial parameters for the k-th topic
p=A{p1,...,ux}  Collection of all topics

wa = {Xa}r | Collection of all words in d-th document
X0 {-th word in d-th document

hy Topic mixing for d-th document

Zde Topic assignment for word x4y
a=(ai,...,ax)’ Hyperparameter for document topic distribution
B=(p,...,By)"  Hyperparameter for generating topics

where g = 22{21 aj and the outer product x ® x :=
xx | for any column vector x. Then we define the first-
order and second-order moments as the expectation of
the empirical moments, i.e., M; = E[Ml] and My =
E[M_] respectively. Furthermore, it has been shown
in [AGH"12] that My equals the weighted sum of the
outer products of the topic parameter p, i.e.,

K
v
My =S — %% .
2 ’;(aoJrl)aouk@uk

It implies that the rank of My is exactly the num-
ber of topics K. Another interesting observation from
this derivation is that since My is the summation of K
rank-1 matrices and all the topics p are linearly inde-
pendent almost surely under our full generative model,
we have the K-th largest singular value ox(Ms) > 0
and K+1-th largest singular value ox41(Ms) = 0.
Therefore, the number of non-zero singular values of
M, is exactly the number of topics, which provides a
way to estimate K under the noiseless scenario. How-
ever, in practice, we only have access to the estimated
M, as an approximation to the true second-order mo-
ment Ms. As a result, the rank of M, may not be K
and 0K+1(M2) may be larger than zero. To overcome
this obstacle, we need to study (1) the spectral struc-
ture of My, and (2) the relationship between My and
its estimator 1\7[2.

2.2 Solution Outline

The second-order moment My can be estimated di-
rectly from the observations, without inferring the
topic mixing and estimating parameters. Our idea fol-
lows that when the sample size becomes large enough,
M, can approximate My well enough, i.e., 0K+1(M2)
is very close to zero while o (My) is bounded away
from zero. Then, by picking a proper threshold 6 sat-
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isfying O’K+1(M2) <0< O'K(MQ), we can obtain the
value of K by simply counting the number of singu-
lar values of M, greater than 6. In order to justify
our idea, we need to achieve two subtasks: (1) exam-
ine the convergence rate of the singular values of M,
when increasing the number of observations; (2) inves-
tigate how the spectral structure of My is related to
the model parameters, thus providing a lower bound
for o (Ms).

We will provide details of our theoretical results on
these two subtasks in the following sections.

2.3 Convergence of M,

Without loss of generality, we assume that both hy
and py are generated from symmetrical Dirichlet dis-
tribution, namely ap = afor k=1,..., K and 8, =
forv=1,..., V. We also assume that all documents
have the same length L for simplicity. Since M, is an
unbiased estimator of M by definition, we can bound
the difference between the singular values of M, and
M, by bounding their variance as follows:

Theorem 2.1. For the LDA model, with probability
at least 1 — &, we have

|0:(Ms) — 03(My)| < 6m, 1 <i <V
where R 7\/}7& 2+ & +0(e), € represents
higher-order terms.

Especially, when i > K + 1, we have

o;(Mz) < Or. (1)
Proof. Let R = My — My and ||R||2,||R||p be the
spectral and Frobenius norm of R, respectively. We

denote A\;(IM) as the i-th largest eigenvalue of matrix
M. We establish the result through the following chain
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of inequalities:

N (1) N
leaX ‘O’i(Mg) — Ji(Mg)‘ S mfxx|Az(M2) — )\Z(Mg)|

(2
<[IR][2

3
<[[R[[r.

Inequality (1) follows the semi-definiteness of matrix
M, and the symmetry of matrix M,. The detailed
proof is deferred to Lemma A.1 in Appendix. (2) and
(3) are well-known results on matrix norm and matrix
perturbation theory [HJ]. And in Lemma 2.2, we pro-
vide essential upper bound on the Frobenius norm of
matrix R. Because Rank(My) < K, i.e., 0;(Mz) =0
for i > K + 1, the second statement holds true. O

Lemma 2.2. For the LDA model, with probability at
least 1 — 6, we have ||R||r < r.

Proof. We first compute the expectation E[||R||Z] and
then use Markov inequality to complete the proof. The
square of Frobenius norm is ||R||Z = D R?;. Since
we have E[R;;|u] = 0, so Var[R;j|u] = E[R?

k) =
ij
E?[Rij|n] = E[R7;|p]. The expectation of |[R|[f can
be calculated as

E[|[R[F] =E[E[|R][}|]]

=E[_ Var[R;j|pu] + Z Var[Ra|pl).
1#]

The remaining task is to calculate the conditional vari-
ance of R;; and R;;, where we provide the result in
Lemma 2.3.

Then by Markov inequality, for any ¢ > 0, we have
Pr(|[R|[f >t x E[||R[[F]) < 1/t

By setting t = 1/4, with probability at least 1 — 4§, we
have that
1 2 2
Rl £ —1\/—= + — + O(¢) = or.-
|| ||F—m\/L2+V2+ (6) R
O

Lemma 2.3. For the LDA model, the following holds

E[Var(Rylul] € 5o + 5o + 0, Vi)
and
E[VarRy|p)] < ! + = 2 + O(e), Vi,
DL?V ' DV*

for i,5 = 1,2,...,
terms.

V' and € represents higher-order
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Because we only need an upper bound on the variance,
we make a few relaxations and introduce O(-) notation
to simplify the expression, i.e., we only keep the domi-
nant terms and absorb the rest into O(e). To be rigor-
ous, we have the following assumptions on the scale of
each statistics or parameters: L = O(D), V = O(D),
L=0(V), K=0(L), K =901), a =06(1), and
B = ©(1). The calculation of the variance is provided
in Appendix D.

It is interesting to examine the role of D, L, and V
in dr. Or decreases to 0 as D — +oo. Even if there
are only two words in each document, M, would still
converge to My. This observation agrees with the dis-
cussion in [AGH"12]. L and V have similar influence
over 0r, which is limited by each other.

To apply the results above, we simply ignore the
higher-order terms. However, because ¢ will increase
as a, 8, or K decreases, one should pay extra attention
when the statistics D, L, V are far from the asymptotic
region. As shown in our simulated studies, our bound
yields convincing results when D, L, V' are on the scale
of hundreds or above, which is more than common in
real-world applications.

2.4 Spectral Structure of My

The spectral structure of My depends on K,V and
pi, o, k=1,2,... K. We use the following theorem
to characterize the spectral structure of M.

Theorem 2.4. Assume that omin = ming{ag},
Qmax = maxg{ag}, and B, = B,Yv=1,...,V and

1
2\ 2
) K

— 09 — 03, we have

(2)

5 <log(K/53)K (8 + 2log (K/2))
v

(1) With probability at least 1 — 01

01(My) <o7
Omax (1+0)V(B+ KpB?)

~ag(ag +1) max {0+, VB —+/2V3 IOg(K/CSl)}T

(2) With probability at least 1 — §, — 62 — 3, we have

O'K(MQ) > 0K (3)

Qi (1-38)VB
ao(ag +1) (VB +2VVBlog(K/d1))*

Proof We have My = mszzl ppy @ P =
aoa ) OAOT, where O = (p1,..., px) sa V x K

matrix and A = diag(ozl7 ..., ak) is a diagonal matrix.
The first K singular values of M5 are also the first K
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singular values of mA%OTOA%. And we have

o1(A20T0OA?) < 01(A)o (0T 0),
and

ok (AT0TOAZ2) > ok (A)og (0T O).

To estimate the singular value of OTO, we need to
utilize that fact that gy ~ Dir(3). The random vari-
ables in the same column of O are dependent with each
other, which keeps us from applying powerful results
from random matrix theory. To decouple the depen-
dency, we design a diagonal matrix A, whose diago-
nal elements are drawn from Gamma(V 3, 1) indepen-
dently. Therefore, O = OA is a matrix with indepen-
dent elements, i.e., each element is an i.i.d. random
variable following Gamma([3, 1).

We denote each row of O as r,,v = 1,...,V, then
070 = ZXZI r/r,. In order to apply matrix Cher-
noff bound [Trol2], we need to bound the spectral
norm of v, r,, i.e., max,{oy(r, r,)}. Becauser, r, is a
rank 1 matrix, we have o;(r,r,) = r,r] . By Lemma
C.3 (see Appendix) and the union bound, with prob-

ability greater than 1 — KVe~ 2 min{3vB} we have

R= max {o1(c[r,)} < K(8+ep/2)?

ceey

We also have o1(E[OTO]) = VAB(1 + KfB) and
ox(E[OTO]) = VB. Applying the matrix Chernoff
bound to O T O, with probability greater than

’
6—6

(1 _ 5/)1—6/

‘1

1— KVe 7 min{5VA _ g l

we have
ox(07T0) > (1 -4V
And with probability greater than

e
(149

1— KVQ_% min{%,\/g} _K )1+5/

we have

51(070) < (1+8)VA(1+ KB).
By definition, for ¢ = 1,..., K, it follows

Ui(Mg)

vs
] K(fte181/2)2

VB
& 1 K(B+c181/2)2

)

)
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Therefore, we have

01(Mz) <

and

Qmin

O’K(Mg) >

01(07T0)
- 040(040 + 1) A)

o

Since 01(A) and ox(A) are the maximum and
minimum of a set of random variables following
Gamma(V 3,1), we can bound them by Lemma C.4
with coefficient co. By setting the coefficients ¢1, ca, 6’
carefully, we conclude the Theorem 2.4. We pro-

vide the details on the coefficients setting in Appendix
Al O

With certain assumptions on apax and iy, we can
fully utilize the bounds above. If we assume that o =
O(% >, o) = O(1), Vk, then fmin = (%) and ag =
O(K). Therefore, ok decreases rapidly as K increases,
where o (Ms) o 75 approximately. This fact leads
to increasing difficulty in distinguishing the topics with
small singular values from noise. Note that &7 also
decreases with a slower rate as K increases.

2.5 Implications on the Number of Topics

The convergence of M, and the spectral structure of
M, provide us the upper bounds and the lower bounds
on the singular values of the empirical second-order
moments M,. We can discover the number of topics by
the following steps to select the appropriate threshold
0:

First, by setting 8 > dgr, thresholding provides a lower
bound on K, since with high probability, every spuri-
ous topic has singular value smaller than ég.!

Secondly, if we set § < ox — 0r, thresholding provides
a upper bound on K, since with high probability, every
true topic has singular value greater than the thresh-
old. However, the above threshold is not computable,
because that ok depends on the true number of topics
K.

Instead, we can directly utilize the upper bound &7 on
o1(M3) to provide an upper bound for the number of
topics. We have o (1\7[2) < 71+ O0r as shown in Theo-
rem 2.4. The left hand side, 1 (My), is determined by
the observed corpus, and the right hand side 57+ d0g is
a function on the the number of topics. When &7 + dr
decreases as the the number of topics K increases (see

1Strictly speaking, there is no one-to-one correspon-
dence between topics and the singular values of the second-
order moments. Here we refer to the correspondence in
terms of the total number of topics.
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Figure 1:
(a-c). ok and o7 are illustrated in Figure (d-f).

discussion in Section 2.4), solving the inequality for K
provides an upper bound on K.

3 Experimental Results

We validate our theoretical results by conducting ex-
periments on the synthetic datasets generated accord-
ing to the LDA model. For each experiment setting,
we report the results by averaging over five random
runs.

In the first set of experiments, we test the convergence
of the second-order moment M, in terms of dg. The
parameter setting is as follows: K = 10, Vk,ap = 1
and Yv, 8, = 0.1. We vary the dictionary size V', doc-
ument length L, or document number D while keeping
the other two fixed. The detailed settings are summa-
rized as belows:

(a) Fix D = 2000 and V = 1000, vary length of doc-
ument L from 50 to 3200.

(b) Fix L =500 and V' = 1000, vary number of doc-
uments D from 100 to 12800.

(¢) Fix L =500 and D = 2000, vary size of dictionary
V from 100 to 3000.

Figure 1 (a-c) shows the matrix norms on R = My —
M, and the K-th and (K +1)-th largest singular values

#Topic

()
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1500 2000

dictionary size

(f)

500

Experimental results on synthetic data under LDA model. Results on dgr are illustrated in Figure

of M. The results completely agree with our theoret-
ical analysis as expected, where dr serves as an accu-
rate upper bound on the Frobenius norm of M, — M,.
When the amount of data is large enough, the red line
goes below the purple line, which indicates that with
enough data, thresholding with ég provides a tight
lower bound on the number of topics.

In the second experiment, we evaluate our bounds on
the spectral structure of My in Theorem 2.4. Simi-
larly, we vary K, 3, or V while keeping the other two
parameters fixed. The detailed settings are as follows:

(d) Fix ax = 1, V = 1000, and K = 10, vary S,
from 0.01 to 5.

B

(e) Fix ax =1, V =1000, and 3, = 0.1, vary number
of topics K from 5 to 100.

(f) Fix ax, =1, K =10, and B, = 0.1, vary the size
of dictionary V' from 200 to 3000.

The results in Figure 1 (d-f) match well with our the-
oretical analysis.

In the last experiment, we calculate the upper and
lower bound on K when varying the number of doc-
uments or the length of documents. The results are
presented in Figure 2. As we can see, the lower bound
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Topic Number bound versus #documents

K
—+— Upper Bound
—+— Lower Bound

Topic Number bound versus #documents

Topic Number bound versus document length

K
—+— Upper Bound
—+— Lower Bound

K
—+— Upper Bound
—+— Lower Bound

L L L L L L
v 6000 8000 10000 12000 2000 4000

#documents

(a)K =10, L = 500, varying D

L L
2000 4000

L
6000

#documents

(b)K =20, L = 500, varying D

L L L L
1500 2000 2500 3000

document length

(¢)K =10, D = 2000, varying L

L L L L L
8000 10000 12000 500 1000

Figure 2: The upper and lower bound on number of topics for LDA based on discussion in section 2.5.

indeed converges to the true number of topics. How-
ever, the upper bound converges to a value other than
the ground truth. This is due to the fact that the up-
per bound involves both &7 and dr, whereas 1 does
not change as the size of dataset increases. The exper-
iment results demonstrate that our theoretical upper
and lower bound on K can effectively narrow down the
range of possible K.

4 Discussion and Conclusions

So far we have shown that for the LDA model, by in-
vestigating the convergence of the empirical moments
1\7[2 and the spectral structure of the expected moment
M, the singular values of the empirical moment pro-
vide useful information on the number of topics. The
convergence rate dg provides upper bounds for the sin-
gular value of spurious topics which leads to the lower
bound on K by thresholding. Moreover, solving in-
equality on the first singular value o (Mg) provides an
upper bound on the number of topics K. This line of
research provides an interesting direction for analyzing
other types of mixture models as explored in [HK13].
Here we formalize our methodology and present an
example on Gaussian Mixture Models (GMM). As our
purpose is methodology demonstration, we omit the
comparison with the excellent existing works on GMM,
such as [SR09].

4.1 Generalization

The methodology can be easily generalized to other
mixture models whose empirical low-order moments
have the same structures as the weighted sum of the
outer products of mixture components. In order to
derive the convergence bound dr, the variance of R;;
need to be computed for the model at hand. Moreover,
we need to explore the spectral structure of the true
moment to provide upper and lower bound on the first
and the K-th singular values respectively. Then by
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combining the new convergence results and the knowl-
edge on spectral structure, similar upper and lower
bound on the number of mixture components can be
derived. As an example, we next show how to bound
the number of mixture components for the Gaussian
Mizture Model [Bis06] with spherical mixture compo-
nents.

GMM is one of the most popular mixture models due
to its simplicity and effectiveness. It models the data
points as the mixture of several multivariate Gaussian
components. The generative process of GMM is sum-
marized as follows: for a dataset {x;}X, generated
from spherical Gaussian mixtures with K components,
we assume that

hi NMulti(wl, wa, .. .
Xi NN(IJ‘hiaU2I)7
i=1,2,...,N

,UJK),

where (wq,ws,...,wk) is the pmf for each mixture
component, h; is the component assignment for the
i-th data point, and AN (u,0?I) is a m-dimensional
spherical Gaussian distribution with M > K. We
also assume p; ~ N(0,0721) and (wy,wa, ..., wk) ~
Dir(ay, o, ...,ax) to complete the generative pro-
cess. Note that we assume the following parameters
are known: 0,0, 0, k=1,2,..., K.

The problem on how to correctly choosing the number
of mixture components has been extensively studied.
Besides traditional methods such as cross validation,
AIC and BIC [LV10], other methods such as penal-
ized likelihood method [THK13] and variational ap-
proach [CBO01] are also proposed to solve the problem.
Similar to the LDA model, we show that analyzing the
empirical moments provides an alternative approach to
bound the number of mixture components.

We define the empirical second-order moment as M, =
% Zf\il x;®x;—0>I and the second-order moment M
as the expectation of the empirical moment, namely
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M, = ]E[MQ] Then by similar analysis, we have the
following theorem for bounding the number of mixture
components in spherical GMM:

Theorem 4.1. Let ap = a, Vk, then

(1) Let K; be the number of singular values of M,
such that o0(Ms) > dr, where

om m+1
R= sV k T T
then with probability at least 1 — §, we have

K > K.

(2) Let K,, be the mazimal integer such that

0‘1(M2)
< T (ot 21og(Ku/01)) (VM + VEL 1)
T Ky max{0;,a —+/2alog(1/6)/K,}

Then with probability at least 1 — 6, — 02, we have

K < K,.

The proof for Theorem 4.1 is similar to that for LDA
model by providing convergence rate dg on the singu-
lar values of My and bounds on the singular values of
M. The detailed proof is in Appendix B due to space
limit.

4.2 Conclusion

In this paper, we provide theoretical analysis on model
selection for LDA model. Specifically, we present both
upper and lower bound on the number of topics K
based on the connection between second-order mo-
ments and latent topics. The upper bound is ob-
tained by bounding the difference between the esti-
mated second-order moment Mg and the true moment
M,. The lower bound is obtained via analyzing the
largest singular value of M. Furthermore, our anal-
ysis can be easily generalized to other latent models,
such as Gaussian mixture models.

The major limitation of our approach is that all our
analysis assumes that the data are generated exactly
according to the model. As a result, the current
methodology may fail when applying to real world
dataset due to model misspecification or lacking of low
rank structure in the moments.

For future work, we would like to explore the practi-
cality of our analysis to real applications. In addition,
we will examine several ways to improve the theoreti-
cal results. For example, if we can bound the higher-
order moments of M, —M,, we can improve the results

R-
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by replacing Markov inequality with tighter inequali-
ties. Moreover, we could bound the spectral norm of
M, — M, directly instead of bounding its Frobenius
norm, which will yield tighter bounds.
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