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SUPPLEMENTARY MATERIAL

Proof of Lemma 1. For any u; € X, it holds that
(wr —ut, Vi) = (Bg — T4, Vi — My) + (w4 — B¢, M) + (B — ug, Vi) - (15)
First, observe that for any primal-dual norm pair we have
(Tt = 84, Vi = My) < ||lwe — 2| [[Ve = M|, -
Any update of the form a* = arg min,ecx (a,z) + Dr(a,c) satisfies for any d € X,
(a* —d,z) < Dgr(d,c) — Dr(d,a”) — Dr(a*,c) .

This entails

. 1 o . . .
<$t - ﬂft7Mt> < U{DR(xtaxt—l) - DR(IEt,Cﬂt) - DR(xtamt—l)}
t
and
. 1 . . A
(T —ug, Vi) < " Dr(ug, —1) — Dr(us, &) — Dr(ZT¢, T4—1) ¢ -
¢
Combining the preceding relations and returning to (15), we obtain
1 . . . .
<$t - Utavt> < U{D”R(Ut,xtl) - DR(Ut»xt) - DR(xtaxt) - DR(xtvxtl)}
t
+ IV = Myl e — 24|
1 . . 1. 1.
< {Dn(ut,m) D (i) — » i — ol — S e — ] }
Up 2 2

+IVe = Me|, |lze — 2], (16)

where in the last step we appealed to strong convexity: D (z,y) > % |z — sz for any z,y € &. Using the simple

inequality ab < % + 12’—; for any p > 0 to split the product term, we get

1 . . 1. 1.
(o0 =09 < T{ D) = D) = 3 s 0l = 5 houos =l }

Ui

+@||Vt—MtH3+ e — &)1,

2 2041

Applying the bound

1 .12 1 12 9 ( 1 1)
zp—&y]|” — oy — 2" < Ro | — — — ),
2ms 11 e =&l 2m e =&l TN 1 M
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and summing over t € [T] yields ,

2

T
1 o 2 Rmax
E Ty — ug, Vi) < E Lgl Ve — Mt”i + E U{D’R(utamtl) - DR(Ut>$t)} + —
t=1 t=1 't

t=1 Nr+1

~

1 1
<3 MG, - M? 4 R ( + )
— 2 m o N1

+2T: {Dn(ut,fct_l) B Dn(ut_l,it_l)}

—o Ug Mt—1

IN
M=
——

~+
I|
no

Dr(ue, &¢-1) Dr(up—1,2-1) n Dr(up—1,84-1) DR(ut—l,fﬂt—l)}
Ui Mt Tt Ne—1

T 2
Nt41 o 2R: ..
+ E 5 HVt_MtH*JrTT >
t=1

M’ﬂ

T
Ut — Up—
B g, - a4 Y Tt

t=1
T
. 1 1 2R?2
+ ZIDR(utflaxtfl) ( - ) + —
—a Nt Mi—1 nr+1
7 o —wisll
t+1 2 t — Ut—1 max
< Ve = M| + ;
; 2 Z NT+1
where we used the Lipschitz continuity of Dx in the penultlmate step. Now let us set
. L (YEZIV: =M - S IV, - MIE)
’r]t = = ) N
VI Ve~ M+ ZL 9.~ M Ve = il

and || Vo — M||” =1 to have

T L T t t—1
D (o —un Vo) S 5D 09 [ DIV = MllY = | D IVs = M1
t=1 s=0 s=0

t=1

2M1 YT (V- My BR2 1+ S0, [V — My

I ZHUt—Ut 1l + 7

T
<2 1+Z\\Vt—Mt||i

(L ’YZt 1||ut—ut 1+4Rmax)

L
t=1
Appealing to convexity of {f;}7_,, and replacing C7 (3) and D7 (4) in above, completes the proof . ]
Proof of Lemma 2. We define
T
Ur 2 {ul, cnur € X ’yz e — up—s|| < L? — 4Rr2mx} (17)

t=1
and

*

(ui,...,uy) £ argmin,,  ,.cu, Z fi(ug).
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Our choice of L > 2R,,x guarantees that any sequence of fixed comparators u; = u for ¢ € [T | belongs to Ur, and

hence, (uj, ..., u}.) exists. Noting that (u], ..., u}.) is an element of Ur, —uj_4 H+4Rmax < L2

We now apply Lemma 1 to {u}}L | to bound the dynamic regret for arbitrary comparator sequence {u;}’_; as
follows,

T
Regf(u1, .., u Z {ft z¢) — felug }+Z {ft ug) — fi( Ut)}

= t=1

<4\/1+DTL+Z{]‘} up) — fi uf)}
<41+ DrL+1 {72||ut — || > L7 — 4anax} (Z {ft(uf) —ft(ut)}> ., (18)
t=1

t=1
where the last step follows from the fact that

T T
DR =Y filw) <0 it (u, . ur) € U
t=1 t=1

Given the definition of R2

max?

by strong convexity of Dr (1, y), we get that ||z — y|| < v/2Rmax, for any z,y € X.
This entails that once we divide the horizon into B number of batches and use a single, fixed point as a comparator

along each batch, we have

T
> e = wi—i || € BV2Rimax, (19)
t=1
2
since there are at most B number of changes in the comparator sequence along the horizon. Now let B = %

and for ease of notation, assume that 7" is divisible by B. Noting that f;(z}) < f:(u:), we use an argument similar

to that of [14] to get for any fixed ¢; € [(i — 1)(T/B) + 1,i(T/B)],

T

) {ft<u:;> - ft<ut>} -y {ftw:) - ft(xi‘)} 0)

t=1 t=1
B i(T/B)

> {htn) - i)

i=1t=(i—1)(T/B)+1

B i(T/B)
<> Z {ft(a?Z) - ft(sci‘)} 1)
i=1t=(i—1)(T/B)+1

< (3 : ; 22
(B) Zte[(z 1)(T/B)+1 io(T/B)] {ft(xti) - ft(wt)}- (22)

4 RIIlaX
m in (19) implies that the comparator

Note that z3, is fixed for each batch . Substituting our choice of B =
sequence u; = w71 {% +1<t< %} belongs to Uy, and (21) follows by optimality of (uf,...,u%). We
now claim that for any ¢t € [(i — 1)(T/B) + 1,i(T/B)], we have,

(T/B)

flzp) = fie) <2 >0 sup|fi(@) = foa(a)]. (23)

s=(i—1)(T/B)+1%€¥
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Assuming otherwise, there must exist a #; € [(i — 1)(T/B) + 1,i(T/B)] such that

i(T/B)

fr(ag,) = fi,(25) > 2 > sup | fy(z) = fe-1(2)],

' t=(i—1)(T/B)+1%E*
which results in
i(T/B)
fla) < f@)+ S suplfile) — fia(@)
t=(i—1)(T/B)+1 €%
i(T/B)

<fu@i)— Y. suplfu(a) — fia(@)] < fula)),

t=(i—1)(T/B)+1 €%
The preceding relation for ¢ = ¢; violates the optimality of x;,, which is a contradiction. Therefore, Equation (23)

holds for any ¢ € [(i — 1)(T/B) + 1,¢(T/B)] Combining (20), (22) and (23) we have

zT:{ft (ui) — fe Ut)}

t=1

i(T/B)

Z 3 sup | f(z) — fi-1(z)|

i=1 t=(i—1)(T/B)+1 ¥
_ 2T“/T QWIRmaxTVT

| /\

= . 24
B AR, e
Using the above in Equation (18) we conclude the following upper bound
T
4YRpax TV,
Reng(ul, ...,’U,T) S 4\/ 1 + DTL + 1 {’yz ||Ut - Ut_1|| > L2 4R12nax} %]%QT’
thereby completing the proof. |

Proof of Proposition 5. Assume that the player I uses the prescribed strategy. This corresponds to using the
optimistic mirror descent update with R(z) = > | x;log(x;) as the function that is strongly convex w.r.t. [|-||;.
Correspondingly, V; = f,' A; and M; = f,” ; A; ;. Following the line of proof in Lemma 1, in particular, using

Equation 16 for the specific case with D as KL divergence, we get that for any ¢ and any u; € A,

i 1 . 1. 2
ft Ay — ff Aguy < n{zut log( t[lgz]) — 5 l2 *l’tH? 9 Ty ItHl}
1=1 -

+ ||ftTAt - ftT_lAt—1||oo lze — &4l
1 (<& . #4[4] 1. s 1. 2
< 25 wiitton (L) - J e~ - 5 sty —
AT A= £ A e — 2, + 1maxlo B
¢ ¢ =1 1loo t tih t 1€ [n] QA?;[Z] ’
0

Now let us bound for some ¢ the term, log (;ZM ) Notice that if Z;[i] < #}[i] then the term is anyway bounded by
ot

0. Now assume 3[i] > #}[i]. Letting 8 = 1/T?, since #,[i] = (1 —T~2)&[i] +1/(nT?), we can have &;[i] > 2}[i]

only when #,[i] > 1/n. Hence,
e (51) = (i i) < 7o
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Using this we can conclude that :

1 .. #[i 1. 1
f Ay — £ Ay < { Zut[l] log ( A/t[ ]‘ ) = 5 Il — ||} - B

N 2
Te—1 _ItHl

21
T2 0,

N 2
Ti-1 _xtHl

+Z’|ftTAt fia Al llee — 2l + TQZ

t=1

AT A= £ A e — &l +

Summing over ¢ € [T] we obtain that :

T T
?M—fﬂw»szl{&t s (7055) ~ 5 o -l 5

=1t

Note that 771,5 <0 (\/T) and so assuming 7 is large enough, > T 1=1 7, < 1 and so,
T

T n
S (7 Aum £ ) < 3 S Sl (57 [g])—ém—xtl?—;
t=1 _

o 2
Ti-1 _xt||1

+Z|\fJAt—fLAt,1|\wllxt—oz~t||1+1. (25)

t=1

Now note that we can rewrite the first sum in the above bound and get :

N s S e e By
Zzut[l]log<fﬁ’ [ﬂ)gz T M1 " g’71

t—1 t=2

<i21 1<utu—utn:u>log(m)

S peitos () (5 -5 <

t=2 i—=1 e Th—1

1

Since by definition of #,_,, we are mixing in 1/7 of the uniform distribution we have that for any 4, &;_, [i] > Ty

and, since 7);’s are non-increasing, we continue bounding above as

Z Zut ( Egz]><1°gT2 Zw+logT2 i( ! )+10g<T2n>

=1 i =2 ¢ t=2 Mi—1 n
) [lees—1 —ut|| 1 log(T2n)
< tos(rm) (o B ) e
77T T m

T
< log(T”n) (Z e utnl >,
77T
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using the above in Equation 25 we get

T
Z ftTAtxt - ftTAtUt

t=1
Dl — e, 1= 1 2
glog(TQH)Zufiz ||~Tt*xt||1**2 xtH1+1
t=2 i =1 Mt =11
a log(T2n)
+ 25 A= A Al = aelly + ==
t=1

log(T?n) (Cr(uy,...,ur)+2) o<1 s 11 . 2
< T —52*”%—%”1—52* Ty — @]

=1t =1t
T
+Z||ft—|—At—ft—|;1At71||ooth_it”l‘ (26)
t=1
Notice that our choice of step size given by,
. L 1
7; = min < log(T

\/Z HfiTAi—fLAi—lHioJr\/Zf;f [FAD Sy ARy sl
L (\/E::} ’szAl - fi—ElAi_luio o \/Ei;f ’szAl - fiTlAi—lHio) 1

At — A e

= min { log(T?n)

27)

guarantees that

VES I A LA+ SR T A - LAl
log(T2n)L ’

= max

Using the step-size specified above in the bound 26, we get

T T
thTAt-Tt - Z ftTAtUt
t=1 t=1

2 TA A
<log(T?n) (Cr(u1,...,ur) +2) \/Zt A — ST A 1”

log(T?n)L 32L

T T T

AT A FT Al — gl — 16L Y (18— w2~ 16LY (3, — P @8)
t=1 t=1 t=1

Now note that by triangle inequality, we have

£ A= fl Al = 1A Ae = fT A+ fT A — fL A
< Ap—1 = Aellog + 1 fe = fe-1lly

fi— ft—lHl + ’ fio1 — ft—lHla

since the entries of matrix sequence {A;}~ ; are bounded by one. Using the bound above in (28) and splitting the

< s = Al + |
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product term, we see that

T tTAt - Ji— At 1
Z (ftTAtIt - ftTAtut) < log(T2n) (Cr(ui,...,ur)+2) ( \/Zt ! Hf fi H 2L>

— log(T?n)L
T T T
+2 Z Ae — Al — 8LZ & — ae]|? — 16LZ [ &5—1 — 2|
fHH 16L Z‘

where we used the simple inequality ab < ga + ﬁbQ for p > 0.

for — fo 1H , (29)

a) When Player II follows prescribed strategy: In this case we would like to get convergence of payoffs to the

average value of the games. To get this, using the notation z} = argmin f,” A;z; and denoting the corresponding
€A,
sequence regularity for Player I by Cr, we get

3 tTAt t— A
Z (ftTAz:Ct *ftTAtJC:) < 10g(T2n) (Cr +2) ( \/Et 1 Hf fil 1 1” QL)

— log(T?n)L

T T T
+23 A = Al - SLZ |20 — e} = 16L D ||&5-1 — 23
t=1 = t=1

R L

_l’_

where the term ﬁ appeared in the last line comparing to (29) is due to

. 2 1
‘ﬁft‘lei = 4L

Using the same bound for Player 2 (using loss as —f,' A;2; on round t), as well as using f;* = argmin — f,| Az,
ft€Am
and denoting the corresponding sequence regularity by C’., we have that

T 2 T Ay — Ap_1xe—1||?
Z (ft Atl’t - AtCCf) 2 —log(TQm) (C% +2) ( \/Zt_l ” = i IHOO +32L>

— log(T?m)L
T T N 2 T . 2
—23 A = Al + LY || fo = s+ 160 Y | f -
t=1 t=1 ! t=1 !
T T
1 . 1 N 1
— oor Do llme = el = oo D e — el -
t=1 t=1
Combining the two and noting that
ft*TAt:ct = sup f Az, > inf sup f, Ay
ft€Am T€EAL ftEAR
= sup inf f Az, > inf f Az, = f Al
ftEA, T EA, TLEA,
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we get

zT:supfo <2T: inf  sup f, Az +256L+i+4§:||14 — A4
t=1 [t€Am Co t—1 Tt€An ft€A, Lo T 2L ¢ =1l
2/ T A= £ A
2 t=1 ||t t—1
+log(T%n) (Cr + 2) ( log(T?) L 32L
2\/Zt LAz — Aymq|%
log(T* f+2) 2L
+log(T*m) (Ch + 2) ( log(T?m)L +3

T
~ 2
(m_sL)ant il + (g ~102) 3 v — il

t=1

T, 2
)i (o) S Al oo
(16L >Z fe—Ffi|| + 6L ; fe—1— [t ) (30)
where the constant 256 L /T appeared in the first line accounts for the identities
N 2 N 2 8 ~ 2 ~ 8
|21 — @]} — ||x2_1 *fCtHl < T2 fr—1— fi - fia ft < Tz
Using the triangle inequality again,
d 2 d 2
ST A = fl A =D A A= AT A+ £ A = f A
t=1 t=1
T T
<2} [ = A +2 llfe— fiall
t=1 t=1
T T 9 T 9
9 . .
<2Y A = Ad +4 Y | f = fea|[ 4 |f =g 6D
t=1 t=1 t=1
which also implies
T ) T T R 2 T N 2
SO A= T Al <[220 1Ay = A% + 4 || = Foma| #4370 || fims = s
t=1 t=1 t=1 . t=1 !
T T
<2 ZHAtfl_AtHio‘f'Q ft 1 +Z ft 1— fe—1
t=1 t=1
T T R 2 T R 2
<2 ZHAt—l_At”io+2+2z ft — fi—1 +2Z ft—1 — fi—1
t=1 t=1 1 t=1 1
<2 ZHAt 1= A% +10+22 fi — fie 1H +2Z fi — ft ) (32)
t=1
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where we used the bound /¢ < ¢+ 1 for any ¢ > 0 in the penultimate line. Similar bounds as Equations (31) and

(32) hold for the other player as well. Using them in Equation 30 after some calculations, we conclude that
T

256L 1
Z sup fi Ata:t<z inf  sup f; Atmt+7+—+42||At 1— At o

t= 1ftEAm t= 11'16Anft€Am,

20+ 44/, 1A — AdlZ,
+ 32L(log(T°n)Cr + log(T?m)Ct + 2log(T*nm)) + (Cr + C1 + 4) \/ =

L

—Je

t— l_ft

Cr+3 )

+4< 7 —QL) <t +2Z )
Chr+3

+4< T+ —2L> <Z|zt—mt|1+22|mt 1—:Ct||1>.

b) When Player Il is dishonest: In this case we would like to bound Player I’s regret regardless of the strategy

adopted by Player II. Dropping one of the negative terms in Equation 26, we get :

= T
log(T?n) (Cr(uq,...,ur) +2 1 1
S (7 A~ 57 Agu) < BT O ) 382 Ly
t=1 nr — N
T
+ 3 |A A = D A | e —
t=1
log(T%n) (Cr(ur,...,ur) +2) lTe=1 ,
< -3 — ||z —x
< - 2; -l — iy
5 n 2 1~ 1
1 A
+Z t+ HftTAt_ftTflAtleoo“r* E 7”1'15_%15”?. (33)
t=1 2 2 =1 Mt+1

Noting to the telescoping sum

;Z<)£t act||1§22(>S 2

Y
N+ N+1 Tt nr+1

as well as the choice of step-size (27) which entails

LT

T t t—1
2 AT A= Al <los(T )5 3y S IAT A= Sl Al = [ DDA A - AT
t=1 =1 i=1

t=1

L T
<tog(Tn) 5 \| ST A~ i A
t=1

we bound (33) to obtain

3 T
log(T?n) (Cr(uy,...,ur) + 2 ) I
; (f Ay — f| Auy) < g(T"n) ( T(n; T)+2) | - + log(T*n) 3 ; 1£7 A — 1T A
2 ?\/ZL AT A= F A2
< 2log(T?n) (Cr(uy,...,ur) +2) [ 32L + e
- 2
+ log( T2 Z| ftT—lAt—lHoo
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A similar statement holds for Player II that her/his pay off converges at the provided rate to the average minimax

equilibrium value. ]
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