A Supplementary Material for
“Robust Cost Sensitive Support Vector Machine”

1 Proposition 1

The supplementary material is devoted to the full version proof of Proposition 1.
The proposition is given as follows.

Proposition 1 Let U; = {&;| ||0;|lq < v} fori=1,...,m, and suppose the regular-
izer r(w) takes the form 22:1 nk||'w|];,lz where ny, > 0,dy, pr, € N. Then the following
robust classification problem

min r(w) + Z?; CzCz

w,0,

s.t. gnelzs yi(wh (@i + 8;) +b) > 1— ¢, (1)
CzZO 7;:17"'7m7

is equivalent to the following reqularized classification problem

min, 7' (w) + Rl|wl, + 3252, G
w

st. yi(wla +b)>1-(, (2)
CZIZO i:]-a'”7m7
where p denotes the dual norm of q and the regularizer ' (w) takes the form 22:1 Myl wl|%.
Here, parameters n,,, R and costs C] are assigned according to (1).

When we say the two classification problem is “equivalent”, we mean they produce
the same optimal hyperplane wix + b = 0. This result tells us that robust classi-
fication problems where each data has different uncertainty set sizes are equivalent
to solving a regularized classification problem.

2 Proof of Proposition 1

We first observe that we can rewrite (1) into a standard (non-robust) optimization
problem, since each perturbation in the data are uncorrelated. (1) is equivalent to



the following problem.

min r(w) + Y, CiG

w,b,
st p(wx +0) = yillwl, 2 1- G, )
CZZO i:17"',m,
where || - ||, is the dual norm of || - ||,

To show equivalence between (2) and (3), we create an identical optimal hyper-
plane wlx + b = 0 for (2) and (3) through setting the 7}, of the regularizer '(w),
parameter R and costs C} appropriately.

In doing so, we take a look at the Lagrange function of the two problems and
derive the KKT conditions. The Lagrange functions L, and L., for (3) and (2)
are

Lyop(w, b, ¢, B) = r(w +chz—2az yi(w'xi +b) — wuwup—wg)—z}&g,
=1 !
Lyeg(w,0,¢ o, 8) +Zc’<z+2 (5 (Wi +b) =1+ ()) Zm,

where (o, 3) and (o, 3') are the dual variables associated with problem (3) and (2)
respectively. Then, we obtain the KKT conditions as follows.

(I) KKT Conditions for (I') KKT Conditions for
the Robust Classifier (3) the Regularized Classifier (2)
o« o+ ZOW Iw \|\Z rwj = Y aginy e Tyt + Ry ]\|\P = Doyt
i=1 i=1
o >iliuyi =0 o Xty =0
ea+3=C e +3=C
ca>0,8>0 e >0,82>0
o a;(yi(wixi+b) —villwlp,—1+¢) =0 e al(yi(wix; +b) -1+ () =
* BiGi=0 o BICI=0
o yi(wix; +0) —yillwlp > 1 -G o yi(wixi+b)>1—(
e (;>0 ¢ (>0

Where wj, z;; denotes the j-th element of w,x; and C,C’ denotes the vector with
costs Cj, C! respectively. The first four items are the stationarity conditions and



dual feasibility. The following two items are the complementary slackness, and the
last two items are the primal feasibility.

Let (Wyob, brobs Croby Otrobs Brob) and (Wreg, breg, C;,eg, a}eg,ﬁ;eg) be points satisfy-
ing the above KKT conditions (I) and (II) respectively. Since both problems are
convex, any solution satisfying the KKT conditions is the optimal solution. There-
fore, to prove the proposition, we show that we can construct (2) to have an identical
optimal hyperplane as w;fobx + brop = 0 that satisfies the KKT conditions (II), by
appropriately setting the 7, of the regularizer r’(w), parameter R and costs C..

Let v = max; ;. Then for an appropriate regularizer 7’(w), parameter R and
costs C7, (2) will have an optimal solution satisfying (Wreg, breg) = (TWyop, Tbrob),
where 7 is defined as 7 = m Since hyperplanes are invariant under scaling
of the parameters, this will be our desired solution. We explain the motivation of 7
shortly after and give a detailed proof of this statement.

We consider two cases; for data with uncertainty set size v and data with un-
certainty set size smaller than . Take a look at the following figure.

(@)

(A)

Figure 1: (Left) Data with uncertainty set size v; < 7. (Right) Data with uncer-
tainty set size y; = . Black and red are used to illustrate the results of robust
and regularized classification respectively. The bold lines represent the optimal
hyperplanes w'x + b = 0 and the dashed lines represent the margin hyperplanes
|[wTx + b| = 1 for the robust and regularized problems. Finally, the dashed grey
circles represents the uncertainty set of each data.

The reason for assigning 7 in the above way was so the black dashed line gets
translated exactly by « to the red dashed line. The description of the letters in
parenthesis is summarized in the following Table 1. Margin Errors (ME) are data
with ¢ > 0, Margin Support Vectors (MSV) are data with ( = 0 and « > 0, and
Others denotes data other than ME and MSV i.e., those data that are correctly
classified and not on the margin hyperplane.

By focusing on the different types of data depicted in Table 1, we derive a
method of constructing a pair (w,b,(,a’,3") satisfying the KKT conditions (II)
where (W, b) = (TWyob, Throb) USING (Wyrob,s broby Crobs Ctrobs Brob). The following Table



Regularized Problem
Margin Errors \ Margin Support Vectors \ Others
? E_) ME (C)v (e) - -
2 £ MSV (d) (B) -
= & | Others (c) (b) (A), (a)

Table 1: Description of different types of data in Figure 1. “Others” stands for those
data that are correctly classified and not on the margin hyperplane.

2 summarizes how we assign the costs C; for each types of data and what the pairs
(¢, o, @) evaluate to.

Table 2: Relationship between the assigned costs and the optimal solutions.

’ Types ‘ Costs H Regularized Problem H Robust Problem ‘
| | ¢ G Lo [ B G Jail Bi]
(A) C; 0 0 | C; 0 0| G
(B) & 0 a; | Bi 0 a; | Bi
(C) Ci TG Ci| 0 Gi Ci| O
(a) C; 0 0| C; 0 0| G
(b) 0 0 01]0 0 01| G
(c) 0 0 0] 0 0 01| G
(d) (67 ’7'(’7 — 7i)||wrob||p Q; 0 0 Q; 62
(e) Ci || 76+ 71(y = 7)lWrovllp | Ci | 0 G |G| O

We show the above {((/,af,8!)}™, satisfies the KKT conditions (II). Since
{(Gi, a4, Bi) }1 satisfies the KKT conditions in (I), it is straightforward to see that
o +03 =C,a >0 B >0, /¢ =0and ¢/ > 0 holds. Furthermore, since
o = a, we obtain Y ", y;af = 0.

Next we consider the remaining complementary condition o (y;(W;,X; + breg) —
1+ ¢/) = 0. Since this holds when «; = 0, we only consider the case of a; # 0. Then
we can write ¢/ as 7¢;+7(Y—7)||Wrob||p- Recalling that (Wyeg, breg) = (TWyop, Tbrob)
and 7 = we obtain the following equation.

1+'7erob”17
yz( robxz + brob) ‘”Wropr -1+ Cz =0
A ’L(W;Fegxi + breg) — il Wrobllp — T+ 7¢ =0
& Yi(WiegXi + breg) — T3l Wropllp + 1) = 7(v = 70) [[Wroblp + ¢ = 0
= z( ?exi+breg)_1+c_0

The remaining primal feasibility condition y; (WrTegxi + breg) > 1 — (! is obtained in
the same manner.



Finally, we assign a suitable regularizer 7’(w) and parameter R, so the first item
in the KKT conditions (II) holds. Since r(w) takes the form 22:1 771<;||W||g§, by
substituting wyop = Wyeq/T and a0 = o' into the first item in the KKT conditions

(I), we obtain

m

! ) . m
_ [Wreg [P Wregl|p: |Wreg P~°
Z M e [ Wreg|lp: =t (Z O‘;%‘)%p—lw?"egvj = Z O YiXij,
—1 regllp; i—1 ||Wreng i=1

where wy¢g; denotes the i-th element in w;.4. Observe that by assigning r'(w) =
22:1 T ||W|\g’; and R =Y " a;7;, we obtain the first item in the KKT con-
ditions (I). Thus, every KKT conditions (II) has been derived from the KKT con-
ditions (I).

We showed that the values assigned according to Table 2 satisfy the KKT condi-
tions (IT). Therefore, a robust classification problem (1) is equivalent to a regularized
classification problem (2) if the regularizer r'(w), parameter R and costs C/ are as-
signed in the above manner. Hence proving the proposition. |

2.1 Comments on Proposition 1

Proposition 1 actually holds for uncertainty sets defined with a quadratic norm ||-|| 4
as well, where A is a positive semidefinite matrix. In this case, the dual norm p is
given as || - |[4-1. The proof of this follows in the same manner. Quadratic norms
induces, ellipsoid shaped uncertainty sets.

We point out that (3) was generically constructed so that its KKT condition
would equal to that of (2).



