On Estimating L3 Divergence

A  Proof of Theorems 3 and 4

We analyze the two estimators separately and Theorem 3 follows immediately from Theorems 10 and 11 below.
For the estimator without data splitting, the result follows from below and the inequality:

E {(ép 0, — 20, — 0, — 0, + 291,(,)1
< E[(0p — 65)%] + E[(6y — 04)*] + E[(Bpg — 0pq)”]

+2[Ed, — 0, [BO, — 6] + 4y/El(6pq — 6y0) <\/E6—9 |+ \/E[(, )

Plugging in the bounds from Theorems 10 and 11 immediately establish the rate of convergence for the estimator
without data splitting.

For the quadratic term estimators, we make a slight modification to a theorem from Gine and Nickl [5]. The only
difference between our proof and theirs is in controlling the bias, where we use the bounded-variation assumption
while they use a Sobolev assumption. However this has little bearing, as the bias is still of the same order, and
we have the following theorem characterizing the behavior of the quadratic estimator:

Theorem 10 (Adapted from [5]). Under Assumption 2, we have:

’E[é ‘ <eh?  E[@, - E[@]V] <e <71L + n;hd> : (17)

and when B > d/4:

V(0 = 0,) ~ N (0,4 Var(p(z)))- (18)

xr~p

While we are not aware of any analyses of the bilinear term, it is not particularly different from the quadratic
term, and we have the following theorem:

Theorem 11. Under Assumption 2, we have:

] — ] < 0t E [0~ B < o (24 ). (19)
and when B > d/4:
Vi(0pq = 0pq) ~ N0, Var(q(x)) + Var(p(y)))- (20)

Proof of Theorem 10. We reproduce the proof of Gine and Nickl for completeness. The bias can be bounded by:

0= [ [ Kntwoppdup()iz - [ paip(@riz = [ [ Kitelpt) - po)lp(e)dyde

- / / K(w)[p(z — uh) — pla)lp(x)dudz = / K () [(po * p) (uh) — (po + p)(0)] ds

where po(x) = p(—z) and * denotes convolution. Now by Lemma 14 below, we know that pyxp € Ww(CQ) and
can take a Taylor expansion of order 23 — 1. When we take such an expansion, by the properties of the kernel,
all but the remainder term is annihilated and we are left with:

h?#

(26)!

Z /K MLul E(r, uh)du < cyh?P,

T1,Tal D0, ri=2s

where we used the fact the function is integrable by the fact that £ € L', which in turn follows from the fact
that po*xp € WQB (C?) and by Taylor’s remainder theorem. We are also using the compactness of K here so that
we only have to integrate over (—1,1)? in which case all polynomial functions are also L; integrable. This shows
that the bias is O(h%%).
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Note that the main difference between our proof and that of Gine and Nickl is in the smoothness assumption,
which comes into play here. Under the bounded variation assumption, we were able to argue that smoothness is
additive under convolution. The same is true under the Sobolev assumption, and this property is exploited by
Gine and Nickl in exactly the same way as we do here. Unfortunately, Holder smoothness is not additive under
convolution, so the more standard assumption does not provide the semiparametric rate of convergence.

As for the variance, we may write:

1

E[0?] — (E,)* =E 2 12

> Kn(Xi, X)) Kn(Xe, Xy) | — (EG,)?,
£, 87t

which we can split into three cases. When i # j # s # t, each term in the sum is exactly (Eé)Q, and this happens
for n(n — 1)(n — 2)(n — 3) terms in the sum. When one of the first indices is equal to one of the second indices
we get:

EKh(Xi,Xj)Kh(Xi,Xt):///Kh(Xi,Xj)Kh(Xi7Xt)p(Xi)p(Xj)p(Xt)dXidedXt
= ///K(uj)K(ut)p(Xi —u;h)p(X; — uh)p(X;)dujdudX;
< |IK|131Ipl13,

where we performed a substitution to annihilate the dependence on h. There are 4n(n — 1)(n — 2) expressions
of this form, so in total, these terms contribute:

1
2K 2 2.
CIEI:IIpl
Finally, the 2n(n — 1) terms where ¢ = s,j = ¢ or vice versa in total contribute:

2 prexax) = —2 [k (X )dXdX
n(n_l)EKh(XzaX]) - thn(n—l) /K ( h )p(Xl)p(XJ)ddeX]

2 2
= m/f{ (uj)p(X;)p(X; — ujh)du;dX;

2||K||31Ipll3
hin2

IN

Adding together these terms, establishes the variance bound in the theorem. The rate of convergence in The-
orem 3 follows from plugging the definition of h, which was selected to optimize the tradeoff between bias and
variance.

As for asymptotic normality, we decompose the proof into several steps.

Control the bias.

Apply Hoeffding’s decomposition.

Control the second order term, which will be lower order.

Show that the first order term is close to P,p — 6 (here P, is the empirical measure).
Apply the Lindberg-Levy central limit theorem to P,p — 6.

U N

As usual we have the decomposition:
0,6, =0,—E,+E, — 6.
—_——— N——

Variance Bias

We already controlled the bias above. Specifically we know that \/ﬁ(Eép —0,) < v/nh?¥ — 0 with our setting of
h and under the assumption that 8 > d/4.
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As is common in the analysis of U-statistics, we apply Hoeffding’s decomposition before proceeding. That is, we
write:

0, — Eb, = U, (12 Kp) + 2P, (m1 Kp),
where U, f = ﬁ > iz f(Xi, Xj) is the U-process and P, f = L%, F(X;) is the empirical process and:

(M Kp)(X) = Eonp Kn (2, X) = Eg yp K (2, y)
(Tl'gKh)(X, Y) = Kh(X, Y) — EprKh(x, Y) — EprKh(X, y) + Ex7prKh($, y)

It is easy to very that our estimator can be decomposed in this manner. Moreover, since everything is centered,
the two terms also have zero covariance. Also notice that By, Kp(2,Y) = p(Y) and E, 4o, Ki = [ p(x)p(2)
where p is the expectation of the density estimate.

We now control the second order term U, (m2K},) by showing convergence in quadratic mean.

1

E[(Un(@Kh))Q] = m

c
E[(mKp (X1, X2))?] < WHKI@IIPI@

The first equality follows from the fact that each term is conditionally centered, so all cross terms are zero, while
the inequality is the result of performing a substitution as we have seen before. Thus /nU, (72 K}) — 0 since
—7 — 0 when 8 > d/4.

For the first order term P, (71 K}), we now show that it is close to P,p — 6,.

IR (ru) — (Pap — [ p2)7] < LEi(px) — playy) < 7P P
so that /P, (m1 Kp,) —%™ \/n(P,p — 0,) since h** — 0.
Now by the Lindberg-Levy CLT, we know that:
V(2Pap = 20,) ~» N (0,4 Var(p(X))),
which concludes the proof of the theorem. [

We now prove Theorem 11, although the arguments are fairly similar.

Proof of Theorem 11. The bias is:
Bl ~ 0y = [ [ Knwop)va)is — [ peyateyis
~ [ [ Kaw )bl - pleaodyds
— [ [ K@ipte — ub) - po)at@)dudz = [ K@) (o a)wh) (oo (O] du,
where, as before, po(z) = p(—z) and * denotes convolution. So we can proceed as in the quadratic setting.

Specifically, by Lemma 14, we can take a Taylor expansion of order 23 + 1, annihilate all but the remainder

term, which we know is bounded by the fact that py g € W12 A (C?). Formally, the remainder term is:

Z K ()Ll &(r, uh)du < cyh®?,

Tlv"'7rd| Zi ;=28

(28)!

where we used the fact the function is integrable by the fact that £ € L', since pgxq € le’B(C’Q). Thus the bias
is O(h%%).
The variance can be bounded in a similar way to the quadratic estimator:

B2 l0p? = 5 3 EI(EL Y55 (X,,¥0) ~ Bl

,,8,t
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Whenever ¢ # s and j # t all of the terms are independent so they cancel out with the E[épq]z term. This
happens for n?(n — 1)? terms.

When i = s,j # t, we substitute u; = h~1(X; —Y;) and v, = h=1(X; — Y;) for Y;,Y; to see that:

o 3 B V)R] = s [ [ [ KSR 0(X0a00)a0v)

i,j#t

= [ ] KK pa - uhia( — uih)
< LIKIBllal.

Thus, the total contribution from the terms where j = t,i # s is bounded by ||K||3||p|[3.

When j = t,i = s, we can only perform one substitution so a factor of h? will remain. Formally:

[ [ EC w00 = g [ [ R e - un)

1
< —alIKlIpllllall-

Therefore, the total variance is O(n~! + n~2h~9) as in the theorem statement.

The proof of asymptotic normality of the bilinear estimator is not too different from the proof for the quadratic
estimator. We can start by ignoring the bias, as when b > d/4, we know that \/n(Ef,, — 60,,) — 0. To analyze
the variance term we make use of the following decomposition:

Oy~ By = —5 S Kn(X0,Yy) + - 3 a06) = = 3 a(X0) + - 37 pl¥0) — 5 S p(Y) — Edy
= Va(m2Kp) 4+ Po(m11Kp) + Qn(m12Kn),
Where:
(r2Kn) (X, ) = Kn(X.) = 4(X) = p(Y) + EKy (z.)
(rua(Kn))(X) = (X) = EEa(2.9)
(ma(Kn)(¥) = p(Y) = EKn(,).

Here P, Q, are the empirical processes associated with the samples X,Y respectively and p, ¢ are the expecta-
tions of the kernel density estimators. Also, V,, is the V-process, that is V,f = =3 3, ; f(X5,Y;). Notice that
each term is conditionally centered, which implies that each pair of terms has zero covariance. Thus we only
have to look at the variances.

As before, the goal is to show that the V-process term is lower order and then to apply the Lindeberg-Levy CLT
to the other two terms. Since each term is conditionally centered:

1K131Ipll21lgll2,

El(V(m2K0))?] = o E[(mKn(X, V)% <

where the last step follows by performing the substitution u = £ ;Y in each term of the integral.

For the first order terms, we first show that they are close to ¢(X) — E[¢(z)] and p(Y") — E[p(y)] so that we can
apply the CLT to the latter. We will show convergence in quadratic mean.

17— qll% - ﬁ,
n n

1 _

E [(Butmuskin) ~ (Paa = [ )] < 1 [(ate) - )] <
which means that, under our choice of h and with 8 > d/4, /nP,(m11K}) =™ /nP,(q¢ — 6,4). Exactly the
same argument shows that \/nQy (m12K5) =% \/nQn(p — Opg)-

Finally, by the Lindeberg-Levy CLT, we know that:

\/E(an - epq) ~ N(O, YB%(Q(I))), \/E(an - apq) ~ N(O, Var(p(y))),

y~aq
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and since z and y are independent, both of these central limit theorems hold jointly. Since in our estimate for D
we have a term of the form 26,,, the contribution of this term to the total variance is 4 Var(6,,). This concludes
the proof. O

B Proof of Theorem 6

In this section we fill in the missing details in the proof of Theorem 6. We will apply the Berry-Esséen inequality
for multi-sample U-statistics from Chen, Goldstein and Shao [4], which we reproduce below.

In order to state the theorem we need to make several definitions. We make some simplifications to their result
for ease of notation. Consider k independent sequences Xj1,...,X;, j =1,...,k of i.i.d. random variables, all
of length n (this can be relaxed). Let m; > 1 for each j and let w(xj;,1 € [m;],j € [k]) be a function that is
symmetric with respect to the m; arguments. In other words, w is invariant under permutation of two arguments
from the same sequence. Let 6 = Ew(X ;).

The multi-sample U-statistic is defined as:

k -1
U, = H (;;) Zw(le,j c [k‘],l = ijl,...,ijmj), (21)

j=1
where the sum is carried out over all indices satisfying 1 <i;; < ... <1#j, < n.

Let:
and for each j € [k] define:
with:

0'2 = ijz(le)
Lastly, define:

QI\D

k
RO
=1 "

We are finally ready to state the theorem:
Theorem 12 (Theorem 10.4 of [4]). Assume that 6 =0, 0° < 0o, max;cp) 03 > 0. Then for 2 < p < 3:

P 2

-1 67 m p (1+\[J ]
sup[P (07, 'Un < 2) = 0(2)| < 75 ;np Bl (X)) + —= ;1 : (22)

—_

As we did in our estimator, we split the data into four groups, two samples of size n from each distribution,

€]

which we will denote with superscripts, i.e. X, will be the ith sample from the first group of the data from p.

We can write D — ED as a zero-mean multi- sample U-statistic with four groups where the first X and Y groups
are used for 6, — 6, and 6, — 0, respectively, while the second two groups are used for the cross term 6, — 6.

In other words, w will be a function that takes 6 variables, two from the X(!) group, two from the Y(!) group
and one each from the X® and Y® groups. Formally, we define:

w($11,$12,y11,y12,$217y21)
= Kp(z11,212) — ]Eép + Kn(yi1,y12) — Eéq — 2K (221, y21) + 2Eépq-
With this definition, it is clear that U,, = D —ED.

To apply Theorem 12 on the appropriate term in the proof, we just have to bound a number of quantities
involving w. As we will see, we will not achieve the n=1/2 rate because the function w depends on the bandwidth
h, which is decreasing, so the variance o is increasing. Specifically:

o= E[WZ(XM,X127Y11,Y12,X21, YQlH
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= E(Kp,(X11, X12) — E0,)? + E(K, (Y11, Yia) — Ef,)? + 4E(K), (Xo1, Ya1) — Eb,,)2.
Each of the three terms can be analyzed in exactly the same way so we focus on the first term:
E(Kh(Xll,Xlg) //Kh Xl,XQ X1 XQ hd //K X1 +Uh) ( )

< ﬁllKllzllpllz,

and the same substitution on the other two terms shows that the variance is:

1
2 < IR (Il + gl + 4lelllallz) - @)

A similar argument gives us a bound on 0]2 7 =1,...4. First, since the other terms are centered, we can write

wi(z) = E(Kp(z, X3)) — ]Eép with similar expressions for the other terms. Then, 0% can be simplified to:

Ew?(X) = E(EK) (X1, X2))2 — (Ef,)2

</ (/Kh<X1,X2>p<Xz>)2 )= [ ([ wtwwx, uh>)2p<X1> < K2

With exactly the same argument for the other three. Thus:

2K 2. (24)

The last thing we need is the third moments of the linearizations E[|w;(z)[?].

3 3
E |:‘]EKh(X1,X2)_ D :| :/ /Kh 33 XQ) (XQ //Kh Xl,XQ) (Xl) (Xg) p(.’I})
3
:/ /K(u) (2 — uh) — //K p(X1 — uh)p(XD)| p()
3
= [|[ ) (ot = am ~ [ pxs = umpxn)| ot
< 8[| K12 Ipll3
It is easy to verify that each of the third moments are bounded by:
Elw;|* < 8| K% (I3 + llall3), V- (25)

And plugging in all of these calculations into Theorem 12 shows that:

sup P (Viiz; U, < 2) - 8(2)] <

n3/2(6.1)(18) Vi(l++v/2)
8| K 3 3 3 K 2 2 4
< ooy SIS P, + ) + o 1/ Lol + ol + alplzlal
27 8 K]l
< 3 3 2 2 4 .

This gives the bound in Equation 15.

C Proof of Theorem 7

For completeness we introduce the construction used by Krishnamurthy et al [9]. For the remainder of the
proof, we will work of [0,1]¢ and assume that p is pointwise lower bounded by 1/k;, noting that a lower bound
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here applies to the more general setting. For the construction, suppose we have a disjoint collection of subset
Ay, ... Ay C [0,1)¢ for some parameter m with associated functions u; that are compactly supported on A;.
Specifically assume that we have u; satisfying:

supp(u;) € {z|B(z, e € A;}, s |2 = Q(m~Y), /A uj = /A pol)u; () = /A do()u; () = 0, | D7y = mr /41

The first condition ensure that the u;s are orthogonal to each other, while the second and third will ensure
separation in terms of L2 divergence. The last condition holds for all derivative operators with r < 3 and it
will ensure that the densities we construct belong to the bounded variation class. The only difference between
these requirements and those from [9] are the orthogonality to p, ¢, and the bounded-variation condition, which
replaces a point-wise analog.

Deferring the question of existence of these functions, we can proceed to construct p). Let the index set
A = {-1,41}™ and define the functions py = pg + K Z;ﬂ:l Ajuj, where K will be defined subsequently. A
simple computation then reveals that:

T(po,q0) — T(px,q0) = /p?) —p3+2 [/pxqo - /poqo]

= /(po —pa)(po +pa) +2 prqo - /po%}

= K> |lu;l3 = ©(K?)
j=1

where we expand py and use the orthogonality properties extensively. This gives us the desired separation.

To bound the hellinger distance, we use Theorem 1 of Birge and Massart [3] and the argument following Theorem
12 of Krishnamurthy et al [9].

Theorem 13. [3] Consider a set of densities po and px = p[1+)_; A\jvj(z)] for A € A = {1, 1}™ with partition
A, ..., Ay C 0,119, Suppose that (i) ||vjlleo < 1, (ii) ||1Ajcvj||1 =0, (i) [vjpo =0 and (iv) [vipo = a; >0
all hold with:

o = sup ||v;]|oe, § = na? sup Py(4;),c = nsupa;
J J J

Define P™ = ﬁ > xea PX- Then:

m

WPy, Pr) < Cla,s,0n® Y af (26)

j=1
where C' < 1/3 is continuous and non-decreasing with respect to each argument and C(0,0,0) = 1/16.

The exact same bound on the hellinger distances holds for the measures PJ' x QF against P" x Q". Defining
v; = Ku;/po then the densities we used in our construction meet the specification in the above theorem. We
immediately satisfy the first three requirements and we have [ vJQ-p =K?[ u? /p < K?k;/m = aj. Thus we have
the hellinger bound of:

m
_ Cn2K*
WPy % Qp P x Q") < (1/3)m? Y a2 < "
j=1

m

We lastly have to make sure that the p) functions satisfy the bounded variation assumption. This follows from
an application of the triangle inequality provided that || D™u;||; < O(m’/4=1).

ID"pall = 1D"p + K Y AjD"ujlly < | D7pll + K Y ID"uslly < [D7pl| + K Y | D"ujlly < |D"pll + O(Km™)
j=1 j=1 j=1
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So as long as K =< m~"/% and there is some wiggle room around the bounded variation assumption for p, py will

meet the bounded variation assumption.

Before we construct the u;s, we put everything together. We must select K =< m~—P/4 so that py € Wlﬁ(C’), and

Y
then to make the hellinger distance O(1), we must set m =< n+a . This makes K2 = n+4 which is precisely
the lower bound on the convergence rate in absolute error.

Lastly we present the construction of the u; functions. The construction is identical to the one used by Krishna-
murthy et al [9], but we must make some modifications to ensure that bounded variation condition is satisfied.
We reproduce the details here for completeness.

Let {¢;}—, be an orthonormal collection of functions for L*([0, 1]4) with ¢ > 4. We can choose ¢; to satisfy (i)
¢1 =1, (ii) ¢j(x) = 0 for z|B(z,€) ¢ [0,1]% and (iii) || D"¢;||cc < k < 0o for all j. Certainly we can find such an
orthonormal system.

Now for any pair of function f,g € L%([0,1]%), we can find a unit-normed function in @ € span(¢;) such that
WL g, w L f,w L g If we write w =3, ¢c;d;, we have D" = 7, ¢;D"¢; so that | D"d]lee < K7l < K/
since w is unit normed. Thus the vector w = w/(K/q) has ¢ norm equal to (K,/q)~" while have || D"w||o <1
for all tuples r.

For the u; functions, we use the partition A; = H?Zl[jimfl/d,(ji + 1)m~"9 where j = (j1,...,jq) and
ji € [m'/4] for each i. Map A; to [0, 1]? and appropriately map the densities p, ¢ from A; to [0, 1]%. We construct
u; by using the construction for w above on the segment of the density corresponding to A;. In particular, let
w; be the function from above and let u; = w;(m'/%(z — (j1,...,74))). With this rescaling and shift, u; € A;,
supp(u;) C {x|B(z,€) € A;}, and [uf(x) = m~" [wi(x) = ©(1/m). For the last property, by a change of
variables and Hoélder’s inequality, we have:

, , 1 . -
17wl = [ 1D wsm o = G i) = - [ Dy )ld ) < /9,

Thus these function u; meet all of the requirements.

D Proof of Lemma 8

Recall that the asymptotic variance of the estimator is:

7t = 4 (Yor (p(X) + Yar(a(¥) + Yor (o)) + Yr () ).

and our estimator 2 is formed by simply plugging in kernel density estimates p,q for all occurences of the
densities. We will first bound:

Expyp [lo? = 6% = O(n#5%2),

and our high probability bound will follow from Markov’s inequality. We will show the following bounds, and
the expected ¢; bound will follow by application of the triangle inequality. Below, let f,g € Wlﬁ (C) be any two
densities; we will interchangeably substitute p, ¢ for f,g.

el|f 7= [ o] <o (v + ) 0
7YYo o)
<[ <ol 1)
- oo )
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Before establishing the above inequalities, let us conclude the proof. The overall rate of convergence in absolute
L1 -5

loss is O(hP + ﬁ) TBy choosing h =< n?F+4 the rate of convergence is O(n?f+4). Finally we wrap up with

an application of Markov’s Inequality.

Now we turn to establishing the bounds. For Equation 27, we can write:

715

]sﬂﬁ—f@+aEL/fu#wxﬂm—
<E|f - fIE+3EIf — fllooll £ ]

1 1
38 B
SO(h +(nhd)3/2+h Jr(nhd)l/?)‘

(@)ldn(o)]

The first step is a fairly straightforward expansion followed by the triangle inequality while in the second step
we apply Holder’s inequality. The last step follows from well known analysis on the rate of convergence of the
kernel density estimator.

For Equation 28 we should actually use the U-statistic estimator for 6, that we have been analyzing all along.
The bound above follows from Theorem 10 and the following chain of inequalities:

() - ()] <=/ 7r)
(fr=r)|rege|(f2-)]
+h2f3+1n+1).

1
< 8 4 =
<0 (h T Vn o nhd/?

<E

+wmmH/F—ﬁ

<E +C,|E

The first inequality is a result of some simple manipulations followed by the triangle inequality and the second
step is Jensen’s inequality. We already have a bound on the MSE of the estimator 6, — 6, which gives us the
inequality in Equation 28. Applying that bound leads to the last inequality.

The bound for Equation 30 follows from exactly the same argument with an application Theorem 11 instead of
Theorem 10 in the last step. So we simply need to establish Equation 29.

EH/P@—/f%]=EH/U”—Fm]+EH/ﬁ@—gﬂ
<EIF — Plalldl + 152112013 — gl
<ENF — £2la(15 — glla + lgll2) + 17212114 — ol

1 1 1
< By —— PP —).
_O(h +nhd/2+\/ﬁ+h + nhd)

Here we use that ||g||; = 1 and that || f?||2 and ||g||2 are both bounded. We use the standard rate of convergence
analysis of the kernel density estimator to bound E|§ — g|lo < O(h® 4+ (nh?)~1). We finally use Theorem 10
to bound ||f2 — f2||s. Note that we are exploiting independence between the samples for f and § to push the
expectation inside of the product in the first term. In the last line we omitted the term E[f2 — f2||2][g — gl/2
since it converges much faster than the other two terms.

To prove the second bound, we show that &2 is close to o?. We just have to look at two forms:

1= [Feno - [ ﬂ—(/mmmﬁa(/ﬁuﬁé

For T} we can write:
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— [ @) = p@)Pp(a) + 2 [ P@)0() - pla)
< (sgp Ip(a) —p<w>|) + 2l sup [pt) ~ pla)| < O + 1),

since p is Lo-integrable and the kernel density estimator has point-wise bias O(h?).

7.~ ([0t p<x>>p<z>)2 w2/ p2<z>)2 (@) )

2
< (suplpo) = )] )+ 2Aplsulte) - )] < O + %),

For T, we have:

Wwith h < n25+1d the additional bias incurred is:

&2_62| SE]&2—02|+|02—62] SO(anfd)_

E

2

and so 62 is an equally good estimator of o and 52 (up to constants).

E A Convolution Lemma

In this section we show that bounded-variation smoothness is additive under convolution.
Lemma 14. If f,g € WX (R, C), then h = f x g € WP (R4, C2).

T~ (o) @

which follows by pushing the derivative operator inside of the integral and continuity of f, g and their derivatives.

Using the above identity, we have:
928}, 8 8
07 h(x) _ f « g z),
0xB ~ OxP

Proof. The proof uses the fact that:

0x2b

or more concisely:
1D = 159 5 6@y < 1P llg® ] < €2

The first inequality is Young’s inequality. This implies that L; is closed under convolution.

It is clear, by the fact that derivatives can be distributed across the convolution that for k < 23, D*h € L.
This proof strategy extends mutatis mutandis to higher dimension. O



