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1 Detailed calculation of Proposition 2
It is not difficult to infer the form variational distribution for Θ based on its complete
conditionals, where q(β|λ) is Beta distribution, q(π|γ) is Dirichlet distribution, and
q(z|φ) is categorical distribution. More specifically,

Eq[log p(βk|ηk)] = Eq[(η − 1) log βk] + Eq[(η − 1) log(1− βk)]− C
= (η − 1)(ψ(λk1) + ψ(λk2)− ψ(λk1 + λk2))

Eq[log q(βk|λk)] = (λk1 − 1)Eq[log βk] + (λk2 − 1)Eq[log(1− βk)]− C
= (λk1 − 1)ψ(λk1) + (λk2 − 1)ψ(λk2)− (λk1 + λk2 − 2)ψ(λk1 + λk2))

Eq[log p(πa|α) = αEq[
∑
k

log πak] = α
∑
k

ψ(γak)− ψ(γa)

Eq[log q(πa|γa)] = Eq[
∑
k

γak log πak] =
∑
k

γak(ψ(γak)− ψ(γa))

Eq[log p(za→b|πa)] = Eq[
∑
k

zka→b log πak] =
∑
k

Eq[z
k
a→b]Eq[log πak] =

∑
k

φka→b(ψ(γak)− ψ(γa))

Eq[log p(za←b|πb)] = Eq[
∑
k

zka←b log πbk] =
∑
k

Eq[z
k
a←b]Eq[log πbk] =

∑
k

φka←b(ψ(γbk)− ψ(γb))

Eq[log q(za→b|φa→b)] = Eq[
∑
k

zka→b log φka→b] =
∑
k

φka→b log φka→b

Eq[log q(za←b|φa←b)] = Eq[
∑
k

zka←b log φka←b] =
∑
k

φka←b log φka←b

Eq[log p(ȳab|za→b, za←b, β)] = Eq[w̄ab log rab + (1− w̄ab) log(1− rab)]

= w̄ab
∑
k

φka→bφ
k
a←b(ψ(λk1)− ψ(λk)) + (1−

∑
k

φka→bφ
k
a←b) log ε

+ (1− w̄ab)(
∑
k

φka→bφ
k
a←b(ψ(λk2)− ψ(λk)) + (1−

∑
k

φka→bφ
k
a←b) log(1− ε))

Therefore the ELBO can be calculated accordingly.
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2 Proposition 1

P (X,w,Θ) =P (X|w)P (w|Θ)P (Θ)

=
(∏

a

P (Xa|X−a, w)
)(∏

a,b

P (wab|Θ)
)
P (β|η)P (z|π)P (π|α) (1)

(2)

And it is eay to see that

P (X|w) =

n∏
i=1

exp(

p∑
a=1

p∑
b=1

wabX
i
aX

i
b + C(Xa)−D(X−a))

P (w|Θ) =
∏
a,b

1

2ρab(rab)
exp(− |wab|

ρab(rab)
)

P (Θ) =
∏
k

1

B(ηk1, ηk2)
βηk1−1
k1 (1− βk1)ηk2−1

∏
a≤b

∏
k

π
zka→b

a,k π
zka←b

b,k

∏
a

1

B(α)

∏
k

παk−1
a,k , (3)
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