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Abstract

There has been considerable recent interest in distribution-tests whose run-time and sample re-
quirements are sublinear in the domain-size k. We study two of the most important tests under the
conditional-sampling model where each query specifies a subset S of the domain, and the response
is a sample drawn from S according to the underlying distribution.

For identity testing, which asks whether the underlying distribution equals a specific given
distribution or e-differs from it, we reduce the known time and sample complexities from O(e~4) to
o (e=2), thereby matching the information theoretic lower bound. For closeness testing, which asks
whether two distributions underlying observed data sets are equal or different, we reduce existing
complexity from O(e~*log® k) to an even sub-logarithmic O (e~ log log k) thus providing a better
bound to an open problem in Bertinoro Workshop on Sublinear Algorithms (Fisher, 2014).
Keywords: Property testing, conditional sampling, sublinear algorithms

1. Introduction

1.1. Background

The question of whether two probability distributions are the same or substantially different arises
in many important applications. We consider two variations of this problem: identity testing where
one distribution is known while the other is revealed only via its samples, and closeness testing
where both distributions are revealed only via their samples.

As its name suggests, identity testing arises when an identity needs to be verified. For example,
testing whether a given person generated an observed fingerprint, if a specific author wrote an
unattributed document, or if a certain disease caused the symptoms experienced by a patient. In
all these cases we may have sufficient information to accurately infer the true identity’s underlying
distribution, and ask whether this distribution also generated newly-observed samples. For example,
multiple original high-quality fingerprints can be used to infer the fingerprint structure, and then be
applied to decide whether it generated newly-observed fingerprints.

Closeness testing arises when we try to discern whether the same entity generated two different
data sets. For example, if two fingerprints were generated by the same individual, two documents
were written by the same author, or two patients suffer from the same disease. In these cases, we
do not know the distribution underlying each data set, but would still like to determine whether they
were generated by the same distribution or by two different ones.
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Both problems have been studied extensively. In the hypothesis-testing framework, researchers
studied the asymptotic test error as the number of samples tends to infinity, (see Ziv, 1988; Un-
nikrishnan, 2012, and references therein). We will follow a more recent, non-asymptotic approach.
Two distributions p and q are e-far if

lp—dqll, = e

An identity test for a given distribution p considers independent samples from an unknown
distribution ¢ and declares either ¢ = p or they are e-far. The test’s error probability is the highest
probability that it errs, maximized over ¢ = p and every ¢ that is e-far from p. Note if p and ¢ are
neither same nor e-far, namely if 0 < ||¢ — p||; < €, neither answer constitutes an error.

Let Nig(k, €, 0) be the smallest number of samples to identity test every k-element distribution
with error probability < §. It can be shown that the sample complexity depends on § mildly,
Nia(k,€,6) < O(Nia(k,€,0.1)) - log +. Hence we focus on Nig(k, €, 0.1), denoting it by Nig(k, €).

This formulation was introduced by Goldreich and Ron (2000) who, motivated by testing graph
expansion, considered identity testing of uniform distributions. Paninski (2008) showed that the
sample complexity of identity testing for the uniform distributions is @(6_2@). General iden-
tity testing was studied by Batu et al. (2001) who showed that Nig(k,e) < O(e 2v/k), and re-
cently Valiant and Valiant (2013) proved a matching lower bound, implying that
Nia(k, €) = O(e~2v/k), where O and later © and €2, hide multiplicative logarithmic factors.

Similarly, a closeness test takes independent samples from p and ¢ and declares them either to
be the same or e-far. The test’s error probability is the highest probability that it errs, maximized
over ¢ = p and every p and q that are e-far. Let N(k, €, d) be the smallest number of samples that

suffice to closeness test every two k-element distributions with error probability < §. Here too it

suffices to consider N(k, €) def a(k,€,0.1). Closeness testing was first studied by Batu et al.

(2000) who showed that Ny (k,e) < O(e *k*/3). Recently Valiant (2011); Chan et al. (2014b)
showed that Nj(k, €) = ©(max(e~*/3k2/3 e 2/k)).

1.2. Alternative models

The problem’s elegance, intrinsic interest, and potential applications have led several researchers to
consider scenarios where fewer samples may suffice. Monotone, log-concave, and m-modal distri-
butions were considered in Rubinfeld and Servedio (2009); Daskalakis et al. (2013); Diakonikolas
et al. (2015); Chan et al. (2014a), and their sample complexity was shown to decline from a poly-
nomial in £ to a polynomial in log k. For example, identity testing of monotone distributions over
k elements requires (’)(6*5/ 2/Tog k) samples, and identity testing log-concave distributions over &
elements requires 6(6_9/ 4) samples, independent of the support size k.

A competitive framework that analyzes the optimality for every pair of distributions was con-
sidered in Acharya et al. (2012); Valiant and Valiant (2013). Other related scenarios include clas-
sification (Acharya et al., 2012), outlier detection (Acharya et al., 2014b), testing collections of
distributions (Levi et al., 2013), testing for the class of monotone distributions (Batu et al., 2004),
testing for the class of Poisson Binomial distributions (Acharya and Daskalakis, 2015), testing under
different distance measures (Guha et al., 2009; Waggoner, 2015).

Another direction lowered the sample complexity of all distributions by considering more pow-
erful queries. Perhaps the most natural is the conditional-sampling model introduced independently
in Chakraborty et al. (2013) and Canonne et al. (2014), where instead of obtaining samples from the
entire support set, each query specifies a query set S C [k] and the samples are then selected from
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S in proportion to their original probability, namely element ¢ is selected with probability

@)
ps(i) = {p<s> €5,

0 otherwise,

where p(S) is the probability of set S under p. Conditional sampling is a natural extension of
sampling, and Chakraborty et al. (2013) describes several scenarios where it may arise. Note that
unlike other works in distribution testing, conditional sampling algorithms can be adaptive, i.e., each
query set can depend on previous queries and observed samples. It is similar in spirit to the machine
learning’s popular active testing paradigm, where additional information is interactively requested
for specific domain elements. Balcan et al. (2012) showed that various problems such as testing
unions of intervals, testing linear separators benefit significantly from the active testing model.

Let N;j(k, €) and N (k, €) be the number of samples required for identity- and closeness-testing
under conditional sampling model. For identity testing, Canonne et al. (2014) showed that condi-
tional sampling eliminates the dependence on £,

Qe ?) < Nig(k,e) < O(H).

For closeness testing, the same paper showed that N (k, €) < O(e*log” k).

Chakraborty et al. (2013) showed that N;;(k, €) < poly(log* k, e~!) and designed a
poly(log k, e~ 1) algorithm for testing any label-invariant property. They also derived a (+/Iog log k)
lower bound for testing any label-invariant property.

An open problem posed by Fisher (2014) asked the sample complexity of closeness testing
under conditional sampling which was partly answered by Acharya et al. (2014a), who showed

Gk, 1/4) > Q(y/loglog k).

1.3. New results

Our first result resolves the sample complexity of identity testing with conditional sampling. For

identity testing we show that B
a(k,e) < O(7?).

Along with the information-theoretic lower bound above, this yields V% (k, €) = ©(e2). For close-
ness testing, we address the open problem of Fisher (2014) by reducing the upper bound from log® k&
to log log k. We show that

q(kye) < 6(6_5 loglog k).

This very mild, double-logarithmic dependence on the alphabet size may be the first sub-poly-
logarithmic growth rate of any non-constant-complexity property and together with the lower bound
in Acharya et al. (2014a) shows that the dependence on k& is indeed a poly-double-logarithmic.

Rest of the paper is organized as follows. We first study identity testing in Section 2. In Section 3
we propose an algorithm for closeness testing. All the proofs are given in Appendix.

2. Identity testing

In the following, p is a distribution over [k] o {1,...,k}, p(7) is the probability of ¢ € [k], | S] is

the cardinality of S C [k], pg is the conditional distribution of p when S is queried, and n is the
number of samples. For an element ¢, n(¢) is used to denote the number of occurrences of .
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This section is organized as follows. We first motivate our identity test using restricted uni-
formity testing, a special case of identity testing. We then highlight two important aspects of our
identity test: finding a distinguishing element i and finding a distinguishing set S. We then provide
a simple algorithm for finding a distinguishing element. As we show, finding distinguishing sets
are easy for testing near-uniform distributions and we give an algorithm for testing near-uniform
distributions. We later use the near-uniform case as a subroutine for testing any general distribution.

2.1. Example: restricted uniformity testing

Consider the class of distributions Q, where each ¢ € Q has k/2 elements with probability (1+€)/k,
and k /2 elements with probability (1 — €)/k. Let p be the uniform distribution, namely p(i) = 1/k
forall 1 <4 < k. Hence forevery ¢ € Q, ||p — ¢||; = €.

We now motivate our test via a simpler restricted uniformity testing, a special case of identity
testing where one determines if a distribution is p or if it belongs to the class O.

If we know two elements i, j such that ¢(i) = 1€ > 1 = p(i) and ¢(j) = ¢ < 7 = p(j), it
suffices to consider the set S = {i, j}. For this set

N__oop@) o pG) 1k 1
=@ Y TR 2k
while
gs(i) = q(7) B (1+¢)/k 1+e

9@) +4() (A+e/k+(1-e/k 27

and similarly ¢g(j) = (1 — €)/2. Thus differentiating between pg and ¢g is same as differentiating
between B(1/2) and B((1+ ¢€)/2) for which a simple application of the Chernoff bound shows that
O(e~2) samples suffice. Thus the sample complexity is O(e~2) if we knew such a set S.

Next consider the same class of distributions Q, but without the knowledge of elements ¢ and
7. We can pick two elements uniformly at random from all possible (g) pairs. With probability
> 1/2, the two elements will have different probabilities as above, and again we could determine
whether root the distribution is uniform. Our success probability is half the success probability
when S is known, but it can be increased by repeating the experiment several times and declaring
the distribution to be non-uniform if one of the choices of ¢ and j indicates non-uniformity.

While the above example illustrates tests for uniform distribution, for non-uniform distributions
finding elements ¢, j can be difficult. Instead of finding pairs of elements, we find a distinguishing
element 7 and a distinguishing set S such that ¢(i) < p(i) =~ p(S) < ¢(5), thus when conditional
samples from S U {i} are observed, the number of times ¢ appears would differ significantly, and
one can use Chernoff-type arguments to differentiate between same and diff. While previous
authors have used similar methods, our main contribution is to design an information theoretically
near-optimal identity test.

Before we proceed to identity testing, we quantify the Chernoff-type arguments formally us-
ing TEST-EQUAL. It takes samples from two unknown binary distributions p, g (without loss of
generality assume over {0, 1}), error probability J, and a parameter € and it tests if p = ¢ or

(”_7‘1_)2_ > €. We use the chi-squared distance (’7_7@2_ as the measure of distance instead
(p+q)(2—p—9) (p+49)(2—p—q) :

of /1 since it captures the dependence on sample complexity more accurately. For example, consider
two scenarios: p,q = B(1/2), B(1/2 + ¢/2) or p,q = B(0), B(¢/2). In both cases ||p — q||; =€,

but the number of samples required to distinguish p and g in the first case is O(e~2), while in the
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second case O(e~!) suffice. However, chi-squared distance correctly captures the sample complex-
ity as in the first case it is O(€?) and in the second case it is O(¢). While several other simple
hypothesis tests exist, the algorithm below has near-optimal sample complexity in terms of ¢, d.

Algorithm TEST-EQUAL

Input: chi-squared bound e, error 0, distributions B(p) and B(q).
Parameters: n = O(1/e).

Repeat 18 log % times and output the majority:

1. Letn’ = poi(n) and n” = poi(n) be two independent Poisson variables with mean .

2. Draw samples x1, x2 . . . x,/ from the first distribution and vy, y2 . . . y,~» from the second one.
’ "

3. Letny = Z?:l x; and no = Z?:l Y-

(n1—n2)?—n1—ng (n1—n2)?—n1—na
4. If PP p— + W —ni—na—1

< % then output same, else diff.

Lemma 1 (Appendix B.1) If p = ¢, then TEST-EQUAL outputs same with probability 1 — §. If
2
wg(ﬁfq_)p_q) > €, it outputs diff with probability > 1 — 0. It uses (9(% - log %) samples.

2.2. Finding a distinguishing element ¢

We now give an algorithm to find an element i such that p(i) > ¢(¢). In the above mentioned
example, we could find such an element with probability > 1/2, by randomly selecting i out of all
elements. However, for some distributions, this probability is much lower. For example consider
the following distributions p and ¢. p(1) = €/2, p(2) = 0, p(i) = 1]:/22 fori > 2, and ¢(1) = 0,
q(2) = €/2, q(i) = 1;? for i > 2. Again note that ||p — ¢||; = e. If we pick ¢ at random,
the chance that p(i) > ¢(¢) is 1/k, very small for our purpose. A better way of selecting ¢ would
be sampling according to p itself. For example, the probability of finding an element ¢ such that
p(i) > q(i) when sampled from p is €/2 > 1/k.

We quantify the above idea next by using the following simple algorithm that picks elements
such that p(z) > ¢(i). We first need the following definition. Without loss of generality assume that
the elements are ordered such that p(1) > p(2) > p(3)... > p(k).

Definition 2 For a distribution p, element i is c-heavy, if > ...~ p(i') > a

As we show in proofs, symbols that are heavy (« large) can be used as distinguishing symbols
easily and hence our goal is to choose symbols such that p(i) > ¢(7) and 7 is a-heavy for a large
value of «. To this end, first consider an auxiliary result that shows if for some non-negative values
a;, »_;p(i)a; > 0, then the following sampling algorithm will pick an element x; such that x;
is aj-heavy and a,, > ;. While several other algorithms have similar properties, the following
algorithm achieves a good trade-between « and 3 (one of the tuples satisfy a8 = Q(l)), hence is
useful in achieving near-optimal sample complexity.

Lemma 3 (Appendix B.2) For 1 < i < k, let a; be such that 0 < a; < 2. IfZ,’f:l pia; > €/4,
then with probability > 1/5, at least one tuple (x, ., ) returned by FIND-ELEMENT (€, p) satisfy
the property that x is a-heavy and a, > 3. Furthermore it uses 16 /e samples.
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When p # ¢, we now use the above lemma to pick elements such that p(i) > ¢(i). Since
P = dalli = € 2ip()>q0) () — (i) = €/2. Hence

e (12559

Applying Lemma 3 with a¢; = max (0, £ (?D(_Z.;](i) ) , yields

Lemma4 If||p — q||, > € then with probability > 1/5 at least one of the tuple (i, 3, ) returned
by FIND-ELEMENT (¢, p) satisfies p(i) — q(i) > Bp(i) and i is a-heavy.

Note that even though the above algorithm does not use the distribution g, it finds 7 such that p(i) —
q(i) > Bp(i) just by the properties of ¢; distance. Furthermore, (3; increases with j and c; decreases
with j; thus the above lemma states that the algorithm finds an element 4 such that either (p(i) —
q(7))/p(7) is large, but may not be heavy, or (p(i) — ¢(7))/p(i) is small, yet it belongs to one of the
higher probabilities. This precise trade-off becomes important to bound the sample complexity.

Algorithm FIND-ELEMENT

Input: Parameter ¢, distribution p.
Parameters: m = 16/¢, 3; = je/8, a; = 1/(451og(16/¢)).

1. Draw m independent samples x1, 2 . . . £, from p.

2. Output tuples (z1, 81, 1), (z2, B2, @2), . - ., (Tm, Bm, Qm)-

Algorithm NEAR-UNIFORM-IDENTITY-TEST
Input: distance e, error d, distributions p, g, an element y such that p(y) > q(y).

1. Run FIND-ELEMENT (e, ¢) to obtain tuples (z;, 5;, ;) for 1 < j < 16/e.
2. For every tuple (x5, 3, a;), run TEST—EQUAL(ﬂ?/144, 66/(7r2j2),p{$’y}, Tfzy})-

3. Output same if TEST-EQUAL in previous step returns same for all tuples, otherwise output
diff.

2.3. Testing for near-uniform distributions

We define a distribution p to be near-uniform if max; p(j) < 2min; p(j). Recall that we need to
find a distinguishing element and a distinguishing set. As we show, for near-uniform distributions,
there are singleton distinguishing sets and hence are easy to find. Using FIND-ELEMENT, we first
define a meta algorithm to test for near-uniform distributions. The inputs to the algorithm are
parameter ¢, error ¢, distributions p, ¢ and an element y such that p(y) > ¢(y). Since we use NEAR-
UNIFORM-IDENTITY-TEST as a subroutine later, y is given from the main algorithm. However,
if we want to use NEAR-UNIFORM-IDENTITY-TEST by itself, we can find such a y using FIND-
ELEMENT (€, p).

The algorithm uses FIND-ELEMENT to find an element x such that ¢(x) — p(z) > Bq(x). Since
p(y) > q(y) and q¢(x) — p(z) > Bq(z), running TEST-EQUAL on set {z, y} will yield an algorithm
for identity testing. The precise bounds in Lemmas 1 and 3 help us to obtain the optimal sample
complexity. In particular,
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Lemma S (Appendix B.3) If p = g, then NEAR-UNIFORM-IDENTITY-TEST returns same with
probability > 1 — 6. If p is near-uniform and ||p — q||, > €, then NEAR-UNIFORM-IDENTITY-
TEST returns di £ £ with probability > 1/5 — ¢. The algorithm uses O (}2 - log é) samples.

2.4. Finding a distinguishing set for general distributions

We now extend NEAR-UNIFORM-IDENTITY-TEST to general distributions. Recall that we need to
find a distinguishing element and a distinguishing set.

Once we have an element such that p(i) > ¢(7), our objective is to find a distinguishing set
S such that p(S) < ¢(S) and p(S) =~ p(i). Natural candidates for such sets are combinations
of elements whose probabilities < p(i). Since p is known, we can select such sets easily. Let
G; = {j : j > i}. Consider the sets Hy, Ho, ... formed by combining elements in G; such that
p(i) < p(Hj) < 2p(i),Vj. We ideally would like to use one of these H s as S, however depending
on the values of p(H;) three possible scenarios arise and that constitutes the main algorithm.

We need one more definition for describing the main identity test. For any distribution p, and
a partition of S into disjoint subsets S = {51, Sa, ..}, the induced distribution p‘g is a distribution

over S1, Sa, ... such that Vi, p2(S;) = Z(é")).

2.5. Proposed identity test

The algorithm is a combination of tests for each possible scenarios. First it finds a set of tuples
(i, 8, ) such that one tuple satisfies (p(i) — ¢(i))/p(i) > [ and i is a-heavy. Then, it divides
G into Hy, Ho, ... such that ,Vj, p(i) < p(Hj;) < 2p(4). If ||[p — q||; > e, then there are three
possible cases.

1. p(H;)(1 — /2) < q(Hj) for most js. We can randomly pick a set H; and sample from
H; U {i} and we would be able to test if p = ¢ using n(7) when sampled from H; U {i}.

2. p(H;)(1—/2) > q(H;) for most j. Since for most j’s, p(H;)(1 — £/2) > q(H;), we have
p(Gi)(1 — 5/2) > q(G;), and since p(G;) > «, we can sample from the entire distribution
and use n(G;) to testif p = q.

3. For some j, p(H;)(1 — 5/2) > q(H;) and for some j, p(H;)(1 — 3/2) < q(H;). It can
be shown that this condition implies that elements in G; can be grouped into Hy, Hs, ...
such that induced distribution on groups is near-uniform and yet the ¢; distance between the
induced distributions is large. We use NEAR-UNIFORM-IDENTITY-TEST for this scenario.

The algorithm has a step corresponding to each of the above three scenarios. If p = g, then all three
steps would output same with high probability, otherwise one of the steps would output diff. The
main result of this section is to bound the sample complexity of IDENTITY-TEST

Theorem 6 (Appendix B.4) [fp = q, then IDENTITY-TEST returns same with probability > 1—9§
and if ||p — q||; > €, then IDENTITY-TEST returns diff with probability > 1/30. The algorithm
uses at most Ny(k,e) < O (6% - log? % -log %) samples.

The proposed identity test has different error probabilities when p = ¢ and ||[p —¢||; > €. In
particular, if p = ¢, the algorithm returns same with probability > 1 — ¢ and if ||[p —¢||; > €
it outputs diff with probability > 1/30. While the probability of success for ||p — ¢||; > € is
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small, it can be boosted arbitrarily close to 1, by repeating the algorithm O(log(1/4)) times and
testing if more than 1/60 fraction of times the algorithm outputs di £ £. By a simple Chernoff type
argument, it can be shown that for both cases p = ¢ and ||p — ¢||,, the error probability of the
boosted algorithm is < 4. Furthermore, throughout the paper we have calculated all the constants
except sample complexities which we have left in O notation.

Algorithm IDENTITY-TEST
Input: error 9, distance ¢ an unknown distribution ¢, and a known distribution p.

1. Run FIND-ELEMENT (€, p) to obtain tuples (z, 3, «).
2. For every tuple (z, 5, a):

(@) Let G, ={y:y > x}.

(b) Partition G, into groups H = Hi, Hs, .. .s.t. for each group Hj, p(z) < p(H;) <
2p(x).

(c) Take a random sample y from pgz and run TEST—EQUAL(%, %,p{my}, q{x,y})-

(d) Run TEST—EQUAL((a—f)2, %,p{G%Gi}, q{G%G;}) using same set of samples for each
tuple.

(e) Run NEAR—UNIFORM—IDENTITY—TEST(g, Lo L a ).

3. Output diff if any of the above tests returns di £ £ for any tuple, otherwise output same.

3. Closeness testing

Recall that in closeness testing, both p and ¢ are unknown and we test if p = g or |[p —¢q||; > €
using samples. First we relate identity testing to closeness testing.

Identity testing had two parts: finding a distinguishing element ¢ and a distinguishing set .S. The
algorithm we used to generate ¢ did not use any a priori knowledge of the distribution. Hence it
carries over to closeness testing easily. The main difficulty of extending identity testing to closeness
testing is to find a distinguishing set. Recall that in identity testing, we ordered elements such that
their probabilities are decreasing and considered set G; = {j : j > i} to find a distinguishing set.
G; was known in identity testing, however in closeness testing, it is unknown and is difficult to find.

The rest of the section is organized as follows: We first outline a method of identifying a dis-
tinguishing set by sampling at a certain frequency (which is unknown). We then formalize finding
a distinguishing element and then show how one can use a binary search to find the sampling fre-
quency and a distinguishing set. We finally describe our main closeness test, which requires few
additional techniques to handle some special cases.

3.1. Outline for finding a distinguishing set

Recall that in identity testing, we ordered elements such that their probabilities are decreasing and
considered G; = {j : j > i}. We then used a subset of S C G; such that p(S) ~ p(i) as the
distinguishing set. However, in closeness test this is not possible as set G; is unknown. We now
outline a method of finding such a set .S using random sampling without the knowledge of G;.
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Without loss of generality, assume that elements are ordered such that p(1) + ¢(1) > p(2) +
q(2) > ... > p(k)+q(k). The algorithm does not use this fact and the assumption is for the ease of
proof notation. Let G; = {j : j > i} under this ordering (G; serves same purpose as G; for identity
testing, however is symmetric with respect to p, ¢ and hence easy to handle compared to that of
identity testing). Furthermore, for simplicity in the rest of the section, assume that p(i) > ¢(i) and
p(Gi) < q(G;). Suppose we come up with a scheme that finds subset S of G; such that p(.S) ~ p(i)
and p(S) < ¢(95), then as in IDENTITY-TEST, we can use that scheme together with TEST-EQUAL
on S U {i} to differentiate between p = ¢ and ||p — ¢||; > €.

The main challenge of the algorithm is to find a distinguishing subset of G;. Let r = (p+ q)/2,
ie,r(j) = (p(j) +4q(j))/2 V1 < j < k. Suppose we know ¢ = % Consider a set S formed
by including each element j independently with probability ro. Thus the probability of that set can
be written as p(S) = Zle Liesp(j),where [;cg is the indicator random variable for j € S. In any
such set S, there might be elements that are not from G;. We can prune these elements (refer to
them as j') by sampling from the distribution py;,;7) and testing if j" appeared more than j. Precise
probabilistic arguments are given later. Suppose we remove all elements in .S that are not in G;.

Then,
S) = Tiesp(j)
Jj€eG;
Since Pr(Ijes = 1) = ro,
Elp(S)] = Y Elleslp(j) =m0 Y _ p(J ) -p(GYy).
J€G; JjeG;

Similarly one can show that E[g(S)] = &5 - ¢(Gi). Thus E[p(S)] < E[g(S)] and E[p(S)] +
E[q(S)] = p(i) + q(i). Note that for efficiently using TEST-EQUAL, we not only need p(i) > ¢(7)
and E[p(S)] < E[q(S)], but we the chi-squared distance needs to be large. It can be shown that this
condition is same as stating p(.S) + ¢(S) ~ p(i) + q(7) is necessary and hence E[p(S)] +E[g(95)] =
p(7) + q(i) is useful. Thus in expectation S is a good candidate for distinguishing set. Hence if we
take samples from S U {7} and compare p(S), p(i) and ¢(S5), ¢(i), we can test if p = q.

We therefore have to find an i such that p(i) > ¢(7) and p(G;) < q(G}), estimate r(3) /r(G;) and
convert the above expectation argument to a probabilistic one. While the calculations and analysis
in expectation seem natural, judiciously analyzing the success probability of these events takes a
fair amount of effort. Furthermore, note that given a conditional sampling access to p and ¢, one
can generate a conditional sample from r, by selecting p or ¢ independently with probability 1/2
and then obtaining a conditional sample from the selected distribution.

3.2. Finding a distinguishing element ;

We now show that using an algorithm similar to FIND-ELEMENT, we can find an ¢ such that (p(i) >
q(7) and p(G;) < q(Gy)) or (p(i) < q(i) and p(G;) > ¢q(G;)). To quantify the above statement we
need the following definition. We define S-approximability as

p(i)—qli) _ p(Gi)—q(C)
p(OFa) ~ p@Facn) | = B

As we show later, it is sufficient to consider S-approximable elements instead of elements with
p(i) > q(i) and p(G;) < q(G;). Thus the first step of our algorithm is to find S-approximable
elements. To this end, we show that

Definition 7 For distributions p, q, element i is 3-approximable, if |2
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p(H)—q(@) _ p(Gi)—q(Gi)
p(i)+q(i)  p(Gi)+q(Gi)

Hence if we use FIND-ELEMENT for the distribution = (p + ¢)/2, then one of the tuples would

be (;j-approximable for some /3;. Note that with a; = ‘p 8;38 —E Eglglgg & g ; < 2and

Zk 1 r(i)a; > €/4. By Lemma 3, FIND-ELEMENT outputs a tuple (i, , ) such that ¢ that is
a-heavy and S-approximable. Note that although we obtain ¢ and guarantees on (;, the algorithm
does not find G;.

Lemma 8 (Appendix C.1) If||p — q||, > ¢ then ", 2Fa0)

>

N

Lemma 9 With probability > 1/5, of the tuples returned by FIND-ELEMENT (¢, 1) there exist at
least one tuple that is both a-heavy and B-approximable.

3.3. Approximating (( )) via binary search

Algorithm PRUNE-SET

Input: S, €, ¢, o, m, 7y, and 4.

Parameters: ¢ = m, ng = O ((log ﬁ) : (alﬁlogaiﬂ +log§loglog %)), ny =
O(log log log k + log %)

Repeat n; times:

Obtain a sample j from rg and sample ny times from ry; ;3. If n(j) > 3ng/4, remove j from set S.

Algorithm BINARY-SEARCH
Input: Tuple (i, 5, «), 6
Parameters: v = 1000 log %, ng =0 (,Y log log logk)

Initialize log rgyess = — log Vk. Set low = — log k and high = 0. Do log log k times:
1. Create a set S by independently keeping elements {1,2,...,k} \ {¢} each w.p. rgyess.
2. Prune S using PRUNE-SET(S, €, i, ar, 1,7, ).
3. Run ASSISTED-CLOSENESS-TEST(7guess, (4, 3, @), 7, €, ).
4. Obtain n3 samples from S U {i}. If n(7) < 5%, then output heavy, else output 1ight.

(a) If output is heavy, update high = log 7'gyess and 1og royess = (108 rguess + low) /2.
(b) If output is 1ight, update low = log reuess and 10g rguess = (108 7"guess + high) /2.

5. If any of the ASSISTED-CLOSENESS-TESTS return dif £, then output diff.

r(i)

Our next goal is to estimate g = = (en) using samples. It can be easily shown that it is suf-
ficient to know rr(g?) up-to a multiplicative factor, say 7 (we later choose v = O(logloglogk)).
Furthermore by the definition of G;, 7(G;) > r(i) and r(G;) = 3,5, 7(j) < D5, 7(1) < kr(i).

Therefore, < ng)_) <1, andlogk > —log (( )) > 0. Approximating (( )) up-to a multiplica-

tive factor -y is the same as approximating log (8) up-to an additive factor log . We can thus run
EiOR

our algorithm for (en)] corresponding to each value of {0,log~,2log~y,3log~,...,logk}, and if

10
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llp — ql|; > e, at least for one value of % we output diff. Using carefully chosen thresholds
we can also ensure that if p = g, the algorithm outputs same always. The sample complexity for
log k (%)

logy r(Gi)
the sample complexity by using a better search algorithm over {0, log v, 2log~, 3log~,...,logk}.
We develop a comparator (step 4 in BINARY-SEARCH) with the following property: if our guess

value 7gyess > yr?gz) it.outputs heavy and if auess < % . ;(182) it outputs light. Using such
a comparator, we do a binary search and find the right value faster. Recall that binary search over
m elements uses log m queries. For our problem m = log k and thus our sample complexity is

approximately log log k times the sample complexity of the case when we know T?g)).
r(i

However, our comparator cannot identify if we have a good guess i.e., if %rguess - (Gz) < Touess <

v - T?gz) Thus, our binary search instead of outputting the value of % up-to somg approxima-

tion factor -y, finds a set of candidates r;uess, rguess, ... such that at least one of the rjuesss satisfies

%r?gz) < réuess < 7;&82). Hence, for each value of rgyees We assume that 7guess = 7(2)/r(G3), and

run the closeness test. At least for one value of rgyess We would be correct. The algorithm is given in

BINARY-SEARCH and it calls a subroutine PRUNE-SET, which removes all elements of probability

> 4r(i), yet does not remove any element of probability < r(4). Since after pruning S only contains

elements of probability < 4r(i), we show that at some point of the log log k steps, the algorithm
(i)

€NCouUNters royess ~ E(ent

the above algorithm is

~ O(log k) times the complexity when we know

We improve

Lemma 10 (Appendix C.2) If i is a-heavy and [-approximable, then the algorithm BINARY-
SEARCH, with probability > 1 — 0, reaches rgyess such that

@) _rG) r) v )
~y - ~ T(Gl) S guessgﬁ T‘(Gz)

Note that due to technical reasons we get an additional 1/ factor in the upper bound and a factor
of r(G;) in the lower bound.

3.4. Assisted closeness test

We now discuss the proposed test, which uses the above value of rgyess. As stated before, in expec-
tation it would be sufficient to keep elements in the set S with probability 7,5 and use the resulting
set S to test for closeness. However, there are two caveats. Firstly, PRUNE-SET can remove only
elements which are bigger than 4(7), while we can reduce the factor 4 to any number > 1, but we
can never reduce it to 1 as if there is an element with probability 1 + ¢’ for sufficiently small ¢’, that
element is almost indistinguishable from an element with probability 1 — ¢’. Thus we need a way of
ensuring that elements with probability > r () and < 47(¢) do not affect the concentration inequal-
ities. Secondly, since we have an approximate value of 7(i)/r(G;), the probability that required
quantities concentrate is small and we have to repeat it many times to obtain a higher probability of
success. Our algorithm addresses both these issues and is given below:

The algorithm picks m sets and prunes them to ensure that none of the elements has prob-
ability > 4r(i) and considers two possibilities: there exist many elements j such that j ¢ G;

p()—a(@) _ p()—q()
r (i) r(5)
small. If it is the first case, the algorithm finds such an element j and performs TEST-EQUAL

and > A", ( 5" is determined later) or the number of such elements is

11
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over set {7, j}. Otherwise, we show that r(S) =~ (i), it concentrates, and with high probability

p)—a(@ _ p(S)—q(S)
r(4) (5)
To conclude, the proposed CLOSENESS-TEST uses FIND-ELEMENT to find a distinguishing

element 7. It then runs BINARY-SEARCH to approximate r(¢)/r(G;). However since the search
does not identify if it has found a good estimate of r(z) /7(G;), for each estimate it runs ASSISTED-
CLOSENESS-TEST which uses the distinguishing element ¢ and the estimate of r(i)/r(G;). The
main result in this section is the sample complexity of our proposed CLOSENESS-TEST.

> (" ,and thus one can sample from S U {i} and use n(i) to test closeness.

Theorem 11 (Appendix C.3) If p = g, then CLOSENESS-TEST refurns same with probability
>1—3dandif ||p— q||; > € then CLOSENESS-TEST returns di £ with probability > 1/30. The

algorithm uses N}i(k,€) < O (bg:%ﬂ samples.

As stated in the previous section, by repeating and taking a majority, the success probability can be
boosted arbitrarily close to 1. Note that none of the constants or the error probabilities have been
optimized. Constants for all the parameters except ni, no, ng, and n4 are given.

Algorithm CLOSENESS-TEST
Input: €, sample access to unknown distributions p, q.

1. Generate a set of tuples using FIND-ELEMENT (e, 7).
2. For every tuple (i, a, ), run BINARY-SEARCH(%, 3, v, §).

3. If any of the BINARY-SEARCH returned diff output diff otherwise output same.

Algorithm ASSISTED-CLOSENESS-TEST
Input: 74y, tuple (i, 3, a), 7, €, and 4.

_ 4096 _ _ 4
m = a62'y’ Ny = O(’Y/(O‘B))’ and ¢’ = 32m(n4+€1)10g logk"

Parameters: 5" = -
p 128y log%’

1. Create S, S, ... Sy, independently by keeping elements {1,2,...,k} \ {i} each w.p. 7gyess.
2. Run PRUNE-SET(Sy, €,i,a,m,v,d) for1 < ¢ <m
3. For each set S do:

(a) Take n4 samples from rgyg;; and for all seen elements j, run TEST-EQUAL
((B")?/25,0" iy 44iy)-
333

(b) Let S = {{i}, S}. Run TEST—EQUAL(M@IZ%, 5/’p§1u{i}’ qglu{i})
vy

4. If any of the above tests return diff, output diff.
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Appendix A. Tools

We use the following variation of the Chernoff bound.
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Lemma 12 (Chernoff bound) If Xy, X» ... X, are distributed according to Bernoulli p, then

n .
Pr (Zi—l X; —p> 5> < €—2n62’
n
n .
Pr (le Xi _ p < —5> < e~2n?,
n

The following lemma follows from a bound in Acharya et al. (2012) and the fact that y°e~Y is
bounded for all non-negative values of y.

Lemma 13 (Acharya et al. (2012)) For two independent Poisson random variables . and ' with
means \ and \' respectively,

E <(M—M')2—M—Nl> _ (A= N)? <1 _ef,\fx>,

A —1 A+ N
(n—=p)? —p— 4 A=N)?
<4
Var( =1 4T + c7,

where c is a constant.

Appendix B. Identity testing proofs
B.1. Proof of Lemma 1

_ (m—ng2)®-mi—ng | (n1—m2)’-ni—ny . : . r
Lett = Eap— + e —na—1- Since we are using poi(n) samples, ni,na,n

ny,n” — ngy are all independent Poisson distributions with means np, ng, n(1 — p), and n(1 — q)
respectively. Suppose the underlying hypothesis is p = ¢. By Lemma 13, E[t] = 0 and since
, n1,n9,n’ — ni,n” — ny are all independent Poisson distributions, variance of ¢ is the sum of
variances of each term and hence Var(t) < 2¢? for some universal constant c. Thus by Chebyshev’s
inequality

8¢c? 1
Pr(t > 2) < < -
wtzne/2) s 3 <3
Hence by the Chernoff bound 12, after 18 log % repetitions probability that the majority of outputs is
same is > 1—4. Suppose the underlying hypothesis is % > €. Without loss of generality

assume 2 — p — ¢ > 1 (note that eitherp+ ¢ > 1 or2 — p — ¢ > 1). Then by Lemma 13

Eft] = np—9)° (1 - e*n(pw)) + nlp—a)? (1 _ efn(%pfq))

p+q 2—-p—q
@ n(p — q)? _ n(p — q)* _
> Y (1 — ne M (= ne
- ptg (1=e )+2—p—q( )
2n(p_q)2 —ne
> 1—
_(P+Q)(2—P—Q)( )

©  np-q)?
Z(p+@@—p—®'

15
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(a) from the fact that p + ¢ > (p + q) g;g%z = (1;;:22 >e(2—p—q)>eand2—p—q>e (b)

follows the fact that ne > 10. Similarly the variance is

Var(t) < ¢® + M +A3 4 M =92 + 8n(p — q)* ‘
N pt+a 2-p—4¢ (p+a)2-p—9q)
Thus again by Chebyshev’s inequality,
262 + M 2
Pr(t <ne/2) < (p;rq)@*pﬂ) < 32c + g < }
(% — E)? (ne)2 ne 3
(p+9)(2—p—q) 2

The last inequality follows when n > M. The lemma follows by the Chernoff bound

argument as before. |
B.2. Proof of Lemma 3

Let A; be the event that a;; > 3; and z; is aj-heavy. Since we choose each tuple j independently
at time j, events A;s are independent. Hence,

Pr(UA;) =1 — Pr(NAj%)

—: 1

=1 [ - Pr(ay)
j=1

51— - T Py,

Let B; = {¢ : a; > f;}. Since all elements in B; count towards A; except the last ¢ part,
Pr(A;) > p(B;) — ;. Thus
m m m
> Pr(d) =) p(B) =D a4
7j=1 7=1 7j=1
" logm
> Bj) —
_jz;p( )) 4log 16/¢
m
> ZP(BJ) —1/4
j=1

We now show that 37" | p(B;) > 1/2, thus proving that 37" | Pr(A;) > 1/4 and Pr(U;4;) >
1/5. Since % p(i)a; > €/4,

m

Y p(ai= Y piai+ > pli)a;

i=1 ita;>e/8 ia;<c/8

< Z p(i)a; +¢/8.

i:a;>€/8
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Thus
Z p(i)a; > €/8,
i:a;>€/8
and
> p(i) {8S“J >1/2.
i:a;>€/8

In 37, p(B;), each p(i) is counted exactly | % | times, thus

> () = 5.

i=1

B.3. Proof of Lemma 5

p(i)

The proof uses the following auxiliary lemma. Let p; ; def prigy (i) = ORI

bility of ¢ under conditional sampling.

Lemma 14 [f

denote the proba-

(1)
then
(pij — 4i)*
(pij + 2i5)(2 = pij — Gij)

p() —a() | _ o |p(D)a(d) = p()a(i)
i) p()+q s(i)s(j) '

Furthermore, p; ; = OETI0) and similarly ¢; ; = Hence,

2

q()
q(1)+q(j)"

(pij — 4ij)?
(Pij + @) (2 = pij — ¢ij)

17
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(a) follows by Equations (1) and (2). (b) follows from max(p(i), ¢(i)) < s(i) and max(p(5), ¢(j)) <
S(j)- .

Proof (Lemma 5) We first show that if p = ¢, then NEAR-UNIFORM-IDENTITY-TEST returns same
with probability > 1 — 0. By Lemma 1, TEST-EQUAL returns diff with error probability §; =
66/ (m242) for the jth tuple and hence by the union bound, the overall error is < 3 ;05 < 0.

If p # g, with probability > 1/5, FIND-ELEMENT returns an element z that is a-heavy and

q(z) — p(z) > Bq(x). For this x,y, since p(y) > q(y),
q(x) —p(x) _aly) —ply)  _ Ba(z)

p(x) +q(z)  ply)+qly) ~ pl@)+q(z)

By Lemma 14 the chi-squared distance between py, .y and ¢, .} is lower bounded by

Bq(x) (p(x) + q(x))*(p(y) + q(y))*

2
= <p(a?) + q(x)) 4lp(z)(q(x) + q(y)) + a(z)(p(z) + p(W)][p(y)(e(z) + a(y)) + a(y) (p(z) + p(y))]
2

q(z) +p(y)) + p(y)(p(z) + p(y))]

(a) follows from the fact that p(y) > ¢(y). p(z) < 2p(y) and p(y) < 2p(x) hence (b). p(z) < q(x)
implies (c) and (d) follows from numerical simplification. Thus by Lemma 1 algorithm returns
diff with probability > 1 — §. By the union bound, the total error probability is < % + 4. The

number of samples used is 16/¢ for the first step and O (BIJQ log 61]> for tuple j. Hence the total
number of samples used is

16/¢€

16 1 1 1 1
— —log— | = —log — | .
. —F;;(’)(f@]2 og6j> O<€2 og56>

B.4. Proof of Theorem 6

We state the theorem statement for better readability: If p = ¢, then IDENTITY-TEST returns same
with probability > 1 — § and if |[p — ¢||; > €, then IDENTITY-TEST returns di f £ with probability
> 1/30.

Recall that there are 1—66 tuples. Also observe that all the three tests inside IDENTITY-TEST are
called with error parameter %. As aresultif p = ¢, IDENTITY-TEST outputs same with probability
>1-92.3.8=7_5.
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We now show that if |[p — ¢||; > €, then the algorithm outputs di £ £ with probability > 1/30.
By Lemma 4, with probability > 1/5 FIND-ELEMENT returns an element z such that p(x) —
q(x) > Bp(x) and a-heavy. Partition G, into groups H = Hj, Ho,...s.t. for each group H;,
p(x) < p(Hj) < 2p(x) and let pgx and qu be the corresponding induced distributions. There are
three possible cases. We show that for any ¢, at least one of the sub-routines in IDENTITY-TEST
will output di £ £ with high probability.

L p(Ga) — a(Ga)| > 9.

2. |p(Gy) — a(Gy)] < %2 and ||pf

V
um a®

3. 1p(G) — 4(Ga)l < % and |[pf, 1 <
If [p(Gy) — q(Gy)| > 22, then chi-squared distance between p{©=C%} and ¢{C=C5} is > (%—5)2
and hence TEST—EQUAL((a6/5)2, Z‘;,p{GT’GC}, q{GI’G }) (step 2c¢) outputs di f £ with probability
5
>1- .
If |p(G,) — q(Gx)! < %ﬁ and ||p% — gl ||, > 5, then by Lemma 5 NEAR-UNIFORM-

IDENTITY-TEST([;, 48,sz, qG ) outputs di f £ with prObablllty > F— 7g > 6
If [p(Gz) — q(Ga)| < % and |[p¥, — ¥ ||, < £,

> vl {p(y)_(](y) > gﬂ] < p(é > py)l [p(y) —q(y) > ;lﬁp(y)]

) AP
5
< 4ﬁp(G$)%\p(y)—Q(y)l
5 py)  aly) | ay)  a(y)
43 p(Gz)  p(Gz)  q(Gz)  q(Ge
ZH‘ G #G) " alG) alGa)
@ 5 ry)  al) 1
=15 yEH'me) 1G] *%q@)‘ @) (@)
® 5 (B P(Ca) — (G
=18 <5+Q(Gx> p(G2)a(G) )
© 5 (8.8
<5 (5+5)
<1
-2

(a) follows from triangle inequality. (b) follows from the fact that | ’ pgx - qu ! ’1 < g p(Gx) >
and p(G,) — q(Gy) < a—ﬁ and hence (c) Therefore, for a random sample y from pG , with
probability > 1/2, £ (y;(;%( ) 45 . Let 7 q =p'>1-£ and furthermore q(w =p"<1-5.

Hence ' — " > % Thus s1m11ar to the proof of Lemma 14, the chi- squared dlstance between
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P{zy) and g 41 can be lower bounded by

S (p(x)q(y) — a(x)p(y))
— [p(@)(a(x) +q() + a(@)(p(2) + p(v))][P(y)(q(x)
(@) (8= 8"’ (x)p*(y)
— [p(@)(q(z) + q(y)) + () (p() + ( )
(@) (p'=8")  p)py)
— max?(L, 5, 8”) 4(p(z) + p(y))?
® _(F -8
~ 18max?(1, 8, 5")
(C) ﬁQ
~ 1800°
(a1), (az) follow by substituting ¢(x) = ”p(x) and q(y) = B'p(y). (b) follows from p(z) < 2p(y)
and p(y) < 2p(z).p" <land g’ — " > g and hence the RHS in (b) is minimized by 8’ = 1 + g
and 8" = 1. For these values of ', 8", max(1,3’,3”) < 2 and hence (¢). Thus TEST-EQUAL
outputs dif f with probability > 1 — —5
If |[p — q||; > €, then by Lemma4 step 1 picks a tuple (x, 3, «) such that p(z) — q(x) > p(z)B
with probability at least % Conditioned on this event, for the three cases discussed above the
minimum probability of outputting diffis i 5 and every p, ¢ falls into one of the three categories.
Hence with probability > 55 IDENTITY TEST outputs diff.
We now compute the sample complexity of IDENTITY-TEST. Step 1 of the algorithm uses

16/¢ samples. For every tuple (x, 3, ), step 2(c) of the algorithm uses O (% log é) samples.
Summing over all tuples yields a sample complexity of

16/¢ 1 1
For the different tuples TEST—EQUALgO‘f )2, ? p{Gch} p{G=:G2}) can reuse samples and as o =

Q(e/(log 1/€)), it uses a total of © (% log® £ log 3-). samples.
Furthermore, NEAR-UNIFORM-IDENTITY-TEST uses O (52 log is) samples. Summing over
J

all tuples, the sample complexity is O (6% log i) Summing over all the three cases, the sample
complexity of the algorithm is O (}2 log? % log é) |

Appendix C. Closeness testing proofs

C.1. Proof of Lemma 8

Recall that G; = {j : j > i}. Letr; = M and s; = p(i);q(i). We will use the following
properties: Zle ri =1, 2?21 s; = 0, and Zle |s;| > §. Since Efzz sj = (p(Gi) — q(Gy))/2
and Zf ri—i = (p(Gi) + q(G;))/2, we need to show that
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‘We show that

k k
S Zj:i Sj
DL el
-1 | Zj:i T
k k
|s1] + |s2] — |s1 + s2] s1+82  Dj-15] i 2uj—iSi
> 5 + (r1 +12) = L iy
T+ T2 Zj:l Tj —3 T Ej:i rj

Thus reducing the problem from & indices to k—1 indices with s1, so, . . . S going to s1+s3, S3, . . . Sk
and r1,792,...7, going to 1 + 7 + 2,713,774, ...7%. Continuing similarly we can reduce the £ — 1
indices to &k — 2 indices with terms s; + S + 83,84 ...8; and 71 + 79 + 3,74 ...7% and so on.
Telescopically adding the sum

k k
Z"m Si > =i 5j > |s1] + [s2] — [s1 + s2 n |s1 + s2| + [s3] — |51+ s2 + s3] n
ars k =
- | Zj:irj 2 2
k
_ i sl s €
- — )
2 4

where the last equality follows from the fact that Ele s; = 0. To prove the required inductive step,
it suffices to show

k
51+ S2 Zj:l Sj

2 k
. L8 —
S| Z?C_z i[5 Isul A Jsaf — [s1 + s +(r+72) _ =
pri LA Dy 2 SRRV
> |s1’+!82\2+’81+32”

where the last inequality follows from the fact that Zle s; = 0. Rewriting the left hand side using
the fact that Zle si=0

52 S1
=+

|s1| + 7o re et

I

where 4 = Z§:3 rj. Thus it suffices to show

S9 S1
‘31’ +ro|— + 7
9 o + 13

S Is1| + |s2] + |s1 + s2]
pu— 2 .

We prove it by considering three sub-cases: s1, s2 have the same sign, s1, s2 have different signs but
|s1| > |s2|, and s1, s2 have different signs but |s1| < |s2|. All the proofs follow from the fact that
since 1 + s2 + (—s1 — s2) = 0, two of them will have the same sign, and the sum of magnitudes of
positive ones would be the same as sum of magnitudes of the negative ones. If s, so have the same
sign, then

52 S1 S2 S1|+ |s2| +|s1 + s2
|s1] + 72| =+ 7= s +re | — :]sl\HsQ\:‘ [+ ool + | 5
re  To+Ty T 2
If s1 and s have different signs and |s1| > |s2], then
52 51 Is1] +[s1] _ Is1] + [s2] + |s1 + s2
= > |s1| = - .
[s1| + 7o 7“2+7"2+r§ > |s1] 5 5
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If s1 and s have different signs and |s1| < |s2], then
S92 S S2 81 S1| + |s2] + [s1 + s2
PP . B S YUY e B P I T - R Tl )
9 ro 413 9 79 2

C.2. Proof of Lemma 10

We prove this lemma using several smaller sub-results. We first state a concentration result, which
follows from Bernstein’s inequality.

Lemma 15 Consider a set G such that maxjeg r(j) < Tmax. Consider set S formed by selecting
each element from G independently and uniformly randomly with probability rg, then

E[r(S)] = ror(G),

and with probability > 1 — 24,

1 1
Ir(S) — E[r(9)]] < \/27“0rmaxr(G) log 5 + Pmax l0g 5

Furthermore

E[|S]] = rolGl,
and with probability > 1 — 26,

1 1
||S| — ro|G|| < \/2TO|G|log5 + log 5

C.2.1. RESULTS ON PRUNE-SET
We now show that with high probability PRUNE-SET never removes an element with probability
< 2r(7).

Lemma 16 The probability that the algorithm removes an element j from the set S such that
r(7) < 2r(i) during step 2 of BINARY-SEARCH is < §/5.

Proof If r(j) < 2r(i), then T(f)g?{(i) < % Applying Chernoff bound,

Pr (n(]) > BZQ> < 67712/72'

Since the algorithm uses this step no more than O(n; loglog k) times, the total error probabil-
ity is less than O(ny loglogk - e="2/72). Since n; is poly(logloglogk,e ! logd~1) and ny =
O(log log log k + log %), the error probability is < 0/5. |

We now show that PRUNE-SET removes all elements with probability > 47 (i) with high probability.

’_ [
Recall that §' = m.
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Lemma 17 If element i is a-heavy, (3-approximable and rgess < %T?( )) then PRUNE-SET re-

moves all elements such that v(j) > 4r(i) during all calls of step 2 of BINARY-SEARCH with
probability > 1 — 5.

Proof Let A= {j:r(j) <4r(i)} and S’ = SN A. By Lemma 15, with probability > 1 — 2§’

1 1 1
T(S/) < Touess”(A) + \/Srguessr( )r(A)log — 5 + 4r(i )log(s— < 27rgyess + 81 (i) log — 5

where the last inequality follows from the identity v2ab < a + b. Observe that |A¢| <
S” =S\ S’. By Lemma 15, with probability > 1 — 2¢’

Let

1
4r(s) "

def 1 1 1 1 guess 1
‘SH’ < Tgue%s4r(i) + \/2Tgue§§4 ( ) 1Og 5 + log (5/ < ( ) +2 log 5

S has v elements with probability > 4r(i). Suppose we have observed j of these elements and
removed them from S. There are v — j of them left in S. After taking another n samples from S,
the probability of not observing a (j + 1)th heavy element is < (r(S”)/(r(S") + 4r(i)(v — 7)))".

Therefore,
r(S") log

v
17<=10g'<1+ - 4>>
j 5 4r (i) (v — j) log (1 T (zz(u) ]))
samples suffice to observe an element from S” with probability > 1— %/. After observing the sample
(call it 7), similar to the proof of Lemma 16 it can be shown that with probability > 1 — §’ /v, for
samples from 7¢; 1, n(j) > 3n2/4 and hence j will be removed from S. Thus to remove all v
elements of probability > 4r(i), we need to repeat this step

an log = - i <1 + Lfi;l) <log <1/ + Z%)) log 1/)

j=1

times. Substituting 7(S”) and v in the RHS and simplifying we have

1 1
n <O <log 5’15 (c;yﬁl g—ﬁ + log — 5 log log 5/)) .

By the union bound, total error probability is < ¢’. Since the number of calls to PRUNE-SET is

at most log log k during step 2 of the algorithm, the error is at most loglog k - 6§’ < §/5 and the
lemma follows from the union bound. |

C.2.2. PROOF OF LEMMA 10

The proof of Lemma 10 follows from the following two sub-lemmas. In Lemma 18, we show that
if Tguess > 'yqu(éz) then step 4 will return heavy, and if Tgyess < = 5 T(( )) hence the algorithm outputs
light with high probability. Since we have loglog k iterations and % < T?(GZ)_) < 1, we reach

7:((21_) < Topess < Br ((G)) at some point of the algorithm.
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Lemma 18 If rgueqs > 3 3 ?(l) Gy’ 1 is « heavy, B-approximable, and PRUNE-SET has removed none
of the elements with probability < 2r(i), then with probability > 1 — 49', step 4 outputs heavy.

Proof Let G, = G; \ {i}. Since 7 is o heavy and (S-approximable, by convexity
r(G) ‘P(i) —a(@) _p(G) —a(Gi)| o 'p(i) —q(i)  p(Gi) —q(Gi)

r(Gi) [p(i) +q(i)  p(G)) +a(Gy)| — |p(i) +q(i)  p(Gi) +a(G)

Hence r(G}) > pr(G;)/2. By assumption, all the elements with probability < 2r(¢) in set S will
remain after pruning. Thus all the elements in set S from G/, remains after pruning. Let ' = G,NS.
By Lemma 15 with G = G}, rmax = 74, and 79 = T'guess

= p.

Pr <T(Sl) < 7°guess7’(G ) \/27’guess7’( ) (G/) log% - 7’( )log ;,) <20 3)

Taking derivatives, it can be shown that the slope of the RHS of the term inside parenthesis is

1 4
r(GY) — rOrGIRe s hich is positive for rguess > (@)
— or@)

pT— , Z BGy Thus the value is minimized at
Tguess = Br(Gy) in the range { Br(Gi) oo). Simplifying this lower bound using values of v, 3, we get

yr (i)

1
Tguessr(G ) — \/QTguesgr( )r(G)) log 5 (i) log 5 >

Since Pr(X < b) < Pr(X < b+t), we have

Pr <r(5’) < W(i)) <25

4

Hence with probability > 1 — 24, T Sr)(i)r(i) < r((s2) § 4 . By the Chernoff bound,

Pr <"(Z) > 5) < Pr (n(i) s 1> < e/,

ns ol ns r(S)+r@E)  ~v

Therefore, for ng > O (’y log & 10gk) step 3 outputs heavy with probability > 1 — 24’. By the
union bound the total error probability < 44 |

Lemma 19 If rguess < @ and PRUNE-SET has removed all elements with probability > 4r(i)
and none of the elements with probability < 2r (i), then with probability > 1 — 4/, step 3, outputs
light.

Proof The proof is similar to that of Lemma 18. By assumption all the elements have probability
< 4r(i). By Lemma 15,

1 1
. guess guess < !
Pr(r(S)>r(z)[ ST() log g5 T () +4log6,]>_26.
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Similar to the analysis after Equation (3), taking derivatives it can be shown that the RHS of the

term inside parenthesis is maximized when 7guess = # for the range |0, #] Thus simplifying

the above expression with this value of rgues and the value of v, with probability > 1 — 24,
r(S) < ~r(#)/10. Thus with probability > 1 — 24,
(1) 1 6

"(S) + () = 114/10 = 5

By the Chernoff bound

o (nlm = 5) = <n;il) = r(s§i)r(i) - i) T

ns3 Y

The lemma follows from the bound on ng and by the union bound total error probability < 4¢’. B

Note that the conditions in Lemmas 18 and 19 hold with probability > 1 — 25—5 by Lemmas 17
and 16. Furthermore, since we use all the steps at most log log k times, by the union bound, the
conclusion in Lemma 10 fails with probability < %5 +loglogk - 88 = %5 < 4.

C.3. Proof of Theorem 11

For the ease of readability, we divide the proof into several sub-cases. We first show that if p = ¢,
then the algorithm returns same with high probability. Recall that for notational simplicity we

! 66
redefine &' = 32m(na+1)loglogk"

Lemma 20 Ifp = q, CLOSENESS TEST outputs same with error probability < 4.

Proof Note that the algorithm returns di f £ only if any of the TEST-EQUALSs return di £ £. We call
TEST-EQUAL at most 16—6 -loglog k-m-(n4+ 1) times. The probability that at any time it returns an
error is < ¢’. Thus by the union bound total error probability is < §’16 loglog k-m-(ng+1)/e < 6.
|

We now prove the result when |[p — ¢||; > €. We first state a lemma showing that PRUNE-SET
ensures that set S does not have any elements > 47 (7). The proof is similar to that of Lemmas 17
and 16 and hence omitted.

Lemma 21 [fiis a-heavy and B-approximable, then at any call of step 2 of ASSISTED-CLOSENESS-
TEST, with probability > 1 — %‘S, If Touess < %% then PRUNE-TEST never removes an element
with probability < 2r(i) and removes all elements with probability > 4r (7).

The proof when ||p — ¢||; > € is divided into two parts based on the probability of certain events.

Let 8/ = %, B = m. Let D denote the event such that an element j from G¢ with

% — | > " and r(j) < 4r (i) gets included in S. We divide the proof in two cases when

Pr(D) > £ and Pr(D) < £2-.

Lemma 22 Suppose ||p — q||; > e. If i is a-heavy and [3-approximable, @ < Touess < %T?(Gzz)
the conclusions in Lemma 21 hold , and Pr(D) > B then step 3(a) of ASSISTED-CLOSENESS-

128v°
TEST returns diff with probability > 1/5.
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Proof we then show that the following four events happen with high probability for at least one set
S e {51,52 R Sm}.

e Sincludes a j such that ’M 8>

b T(S) < T'guess 1 8\/ T(i)rguess-

e j appears when S is sampled n4 times.

phr(d) < 4r(i), j & Gi.

e TEST-EQUAL returns diff.

Clearly, if the above four events happen then the algorithm outputs diff. Thus to bound the error
probability, we bound the error probability of each of the above four events and use union bound.

Probability that at least one of the sets contain an element j such that |2 E] q(] =B = p"r@y) <
4r(i),j ¢ Giis
1—(1—Pr(D))" >1—e PriDm >

@\Ul

Let S’ = {j € S:r(j) < 4r(i)}. Observe that before pruning E[r(S")] < rguess and Var(r(S’)) <
47(7)7rguess- Hence by the Chebyshev bound with probability > 1 — 1/16,

T(S/) < T'guess + 8\/ r(i>TgUCSS7

After pruning, r(S) contains only elements of probabilities from S’. Hence with probability >
1 —1/16, 7(S) < Tguess + 84/7(7)Tguess. Probability that this element does appear when sampled
n4 times is

n4
r(5) )” r(i) ( aﬁ)”‘* 5
1-(1- >1-(1- >1-(1-22) 2
< T(S) n Tguess(l + 8\/ T(i)/'rguess) B 97 6
Since ‘zgg;ggg — Bl > B"r(i) <r(j) < 4r(i) by Lemma 14 the chi-squared distance is

Gr) (8

"\ 2
Va0 T B

Thus by Lemma 1, algorithm outputs di f £ with probability 1 — ¢’. By the union bound the total
error probability < 1/6 +1/16 + +1/6 + ¢’ < 4/5. [ |

Lemma 23 Suppose ||p —q||; > e Ifiis a-heavy and B-approximable, % < Tguess < %ngz)

the conclusions in Lemma 21 hold , and Pr(D) < 128 , then step 3(b) of ASSISTED-CLOSENESS-
TEST returns diff with probability > 1/5.

We show that the following four events happen with high probability for at least some set S €
{51, 59, ... ,Sm} Let S’ =SNG, and G; =G; \ {Z} Let

p(S") = a(S)| _ |8'(p(S") +4(5") — (p(S") — a(S")]

=" S e 2
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o Z > rouess| (B'(0(GY) + a(GY)) — p(G}) + a(GY))[ /4.
o r(S) < 8(7(7) + rouess) log 1(12;;

e Event D does not happen.

e TEST-EQUAL outputs diff.

Clearly if all of the above events happen, then the test outputs di £ £. We now bound the error prob-
ability of each of the events and use union bound. Since none of the elements in S’ undergo pruning,
the value of Z remains unchanged before and after pruning. Thus any concentration inequality for
Z remains the same after pruning. We now compute the expectation and variance of Z and use
Paley Zigmund inequality.
E[Z] = E[I8'(p(S) + a(5") = p(S") + q(5)]] /2

> [E(B'(p(S) + q(5")) — p(S') + q(5"))]/2

= rauess| (8’ (P(GY) + a(GY)) — p(GY) + 4(GY))|/2,
where the inequality follows from convexity of | - | function. Let 1(j,S’) denote the event that
j € S’. The variance is lower bounded as
Var(Z) = E[2%] - (E[Z])?

=E[(8'(p(S") +q(5") = p(S") +a(5"))*] /4 = E2[|8'(p(S") + (")) — p(S") + q(S")]]/4

(2 E[(8'(p(S") +a(S")) = p(S") + a(5"))%] /4 = E*[B'(p(S") + a(5")) — p(S") + a(5")] /4
=Var(8'(p(S") + q(S")) — p(S") + q(5")) /4
23 Var(1(7.8)(8 (0() + a()) — p(G) + al)?/4
JEG,
< Y E[LG B 00) + a()) = p() + a(5))? /4
JEG]
= Z ""guess(ﬁl(p(j) + Q(])) - p(j) + Q(j))2/4
jeG!
< max 18/ (p(5") + a(3") = p(") + a()] - raess Y 18'(0(5) + a() — p(3) + q(4)|/4
jeaG!

(¢)
< 4r(i) - rguessr(G;).

(a) follows from the bound on expectation. (b) follows from the independence of events 1(j, S).
(c) follows from the fact that p(j) + q(j) = 2r(j) < 2r(i), 8’| < Land 3>, r(j) < r(G}). Hence
by the Paley Zygmund inequality,

Pr(Z > rauess|(8'(p(GY) + ¢(GY)) — p(GY) + q(G)))]/4) >

r(Z = E[Z]/2)
E*(Z]
Var(Z) + E2[Z]
E*(Z]
4r(G)r (i) rguess + E2[Z]

v

[V
= = g
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Since ¢ is S-approximable, by convexity

r(G) |p() —a() _ p(Gy) —a(Gy)| 'p(l) —a(i) _p(Gi) —a(Gi)| 5
r(Gi) |p(i) +q(i)  p(G)) +q(G)| ~ |p(i) +q(i)  p(Gi) +q(Gi)| ~
Hence,
n |PE) —q(i)  p(G)) —q(GY) ,
" i a0 w1
Thus E[Z] > rguessm(G3) 5 and
/ / / ! ! 1 (T ueSST(Gi)B)Z
Pr(Z > Tgu688|(ﬁ (p(G7) + q(G7)) — p(GF) + q(G;))|/4) > 14T(i)rguessT?G;) + (Tguessr(Gi)/B)Q
> 1 (Tguessr(Gi)/B>2
4 2max(4r(2)reuess” (G}, (Tauess” (Gi) 8)?)
B lmin (Tguess""(Gi)ﬁ)Q
8 <1’ 4T(i)rguessT(G2)>
r(Gy)B?
- 32y
af?
> 329" 4)

By Lemma 15, with probability > 1 — %,

128y 128y 128+
E + 4r (i) log VEE iR

Let S” = S\ S'. If event D has not happened then for all elements j € S”, |3 — pla)=d) | < g

p(7)+4()
p(i) —q(@)  p(S") —q(S")
p(i) +q(i)  p(S") +q(S")
Combining the above set of equations,

®)

7(S) < Touess + \/8rguessr(i) log < 8(7 () + Tguess) log

and hence

<p". (6)

‘p(i) —q(@)  p(S) —aq(S) ‘
p(i) +q(@)  p(S) +a(S)
@ r() [p(d) —q(@) _ p(S) —q(S)| _r(5") |p(i) —a(i) _ p(S") —a(S")
= r(S) |p(@) +q@)  p(S) +a(S)|  r(S) |p()+q(i)  p(S”)+q(S")
® Zz ,
> (5]~ B
© 2r(G)rauess (|, PG —a(GHI\
=T (s) <5 PG+ 4(Gy) > 0

T<Gi)7'guessﬁ _ 6”

2r(S)

@ T(Gi)r uesS/B
> T 8s)
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(a) follows from convexity and the fact that |a + b| > |a| —
(c) follows from Equation (4). (d) follows from the fact that

"__ af B . Q
p = 1287 < 1287 min ;’O‘

5 win (7701,

1287

, (b) follows from Equation (6), and

IN

T(Gi)rguessﬁ
fg; - 2max(r (i), T'guess)

r (Gl ) Tguess/B

~ 64log fg}(r(z) + T'guess)

T(Gi)rguessﬁ
8r(.S)

Thus by Lemma 14, chi-squared distance is lower bounded by

<T(Gi)rguessﬁ> 2 T(Z)T(S) _ Tguessﬂzr(iyz(Gi)

8r(S) 4(r(i) +r(S))?  28r(S)(r(i) + r(S))?

(;) Tguesy@2r(i)r2(Gi)

T 220(7(4) + Tyess)? log? 1&2;;
rguessﬁ2r<.) 2(G7«>

920 . 8max(7"3(@)a guess) IOgS 104258;

r2(Gi) min(r(i) g)

= )
223 10g3 % T'guess 72 (Z)

(>b) r*(Gy) 52 s Br(Gy)  r*(Gy)

= 9237403 128y " 2r2(GY)

223 log o Y Y23 (G
Ct3,33

a) follows from Equation (5) and (b) follows from bounds on 7guess. Thus with probability >
g

1 - 12’% , TEST-EQUAL outputs dlf f. By the union bound, the error probability for an S €

{S1,52,...5,}is<1— —i— 1287 + 1287 + 1287 +0' <1-— % Since we are repeating it for
m sets, the probablhty that 1t outputs diff is

2 m aBQm
21<1 ap > >1— e zé.

2567y

Theorem 11 follows from Lemma 20 for the case p = ¢. If ||p — ¢||; > e, then it follows from 9
(finds a good tuple), 10 (finds good approximation of rgyess), 21 (pruning), and 22 (Pr(D) is large),
and 23 (Pr(D) is small). By Lemma 20 success probability when p = ¢ is > 1 — §. The success
probability when ||p — ¢||; > € s at least the probability that we pick a good-tuple (, 3, ) and the
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success probability once a good tuple is picked (sum of errors in Lemmas 10, 21 + maximum of
errors in Lemmas 22 and 23) which can be shown to be 1/5 - (1/5 — 6 —2§/5) > 1/30. We now
analyze the number of samples our algorithm uses.

We first calculate the number of samples used by ASSISTED-CLOSENESS-TEST. Step 2 calls
PRUNE-SET m times and each time PRUNE-SET uses 1119 samples Hence, step 2 uses mning
samples. Step 3(a) uses mny - O(B"~2) and step 3(b) uses m - O(e~?). Hence, the total number of
samples used by ASSISTED-CLOSENESS-TEST is

mning +mng - OB ) +m-0(e3) =0 (a1 2 +a 12 e 2 a7 lp 72 7?)
O (5_16_4) .

Thus each ASSISTED-CLOSENESS-TEST uses (5(6_4B_1) samples. Hence, the number of samples
used by BINARY-SEARCH is

log log k
€t '

Since CLOSENESS-TEST calls BINARY-SEARCH for 16 /¢ different tuples. Hence, the sample com-
plexity of closeness test is

<0 (loglogk (ning + B+ n3)) = 0 (

16/e

log log k ~ (loglogk
Fryo(M) o ().
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