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Abstract

We introduce and study the learning scenario of supervised dimensionality reduction, which
couples dimensionality reduction and a subsequent supervised learning step. We present new gen-
eralization bounds for this scenario based on a careful analysis of the empirical Rademacher com-
plexity of the relevant hypothesis set. In particular, we show an upper bound on the Rademacher
complexity that is in O(y/A(y/m), where m is the sample size and A, the upper bound on the
Ky-Fan r-norm of the operator that defines the dimensionality reduction projection. We give both
upper and lower bounds in terms of that Ky-Fan r-norm, which strongly justifies the definition of
our hypothesis set. To the best of our knowledge, these are the first learning guarantees for the
problem of supervised dimensionality reduction with a learned kernel-based mapping. Our anal-
ysis and learning guarantees further apply to several special cases, such as that of using a fixed
kernel with supervised dimensionality reduction or that of unsupervised learning of a kernel for
dimensionality reduction followed by a supervised learning algorithm.

Keywords: PCA, supervised learning, dimensionality reduction, manifold learning, reproducing
kernel Hilbert space, learning kernels.

1. Introduction

Dimensionality reduction techniques are common methods in machine learning used either to re-
duce the computational cost of working in higher-dimensional spaces, or to learn or approximate a
manifold expected to be more favorable to a subsequent learning task such as classification or re-
gression. They include classical techniques such as Principal Component Analysis (PCA) (Pearson,
1901) and more recent techniques such as Isometric Feature Mapping (Tenenbaum et al., 2000) and
Locally Linear Embedding (Roweis and Saul, 2000). More generally, the dimensionality reduction
techniques just mentioned and most others have been shown to be specific instances of the kernel
PCA (KPCA) algorithm (Ham et al., 2004), for different choices of a kernel. An even broader view
of dimensionality reduction techniques is that they first map input points to the reproducing kernel
Hilbert space (RKHS) of some positive semi-definite (PSD) kernel K, and next project vectors onto
a low-dimensional space.

Standard dimensionality reduction techniques seek to determine a lower-dimensional space pre-
serving some geometric properties of the input. However, it is not clear which of these properties
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Figure 1: A simple example showing that simply preserving some geometric properties can be
detrimental to the subsequent learning task. The original data in (a) has four points from the blue
and red classes. The eigenvectors of the covariance matrix are vi = () and vo = ({). Standard
rank-one PCA projects both blue and red points onto v, thus merging them (as plotted in (b)). Any
classification on the reduced data will necessarily incur a classification error of at least %

would be most beneficial to the later discrimination stage. Since they are typically unsupervised,
standard dimensionality reduction techniques also present a risk to the later classification or re-
gression task: the lower-dimensional space found may not be the most helpful one for the second
supervised learning stage and, in fact, in some cases could be harmful. Figure 1 shows a very sim-
ple example where PCA can lead to a projected space that is detrimental to the subsequent learning
stage. More complex variants of this example can occur similarly in higher dimension and for the
broader case of KPCA, which covers most known techniques. How should we design dimensional-
ity reduction techniques to most benefit the subsequent supervised learning stage?

This paper seeks precisely to create a theoretical foundation guiding the design of dimensional-
ity reduction with learning guarantees. To do so, we consider a scenario where the dimensionality
reduction step is not carried out blindly and where, instead, it is coupled with the subsequent super-
vised learning stage. Since, as already discussed, the key choice defining dimensionality reduction
is that of a mapping to an RKHS defined by some PSD kernel K, the learning problem then consists
of selecting a PSD kernel K out of a family /C such that the hypothesis learned on a low-dimensional
space after projection admits a small generalization error. We call this the supervised kernel projec-
tion (SKP) setting.

The framework just described bears some similarity with that of learning kernels (Lanckriet
et al., 2004; Cortes et al., 2009, 2010; Kloft et al., 2011) (see (Gonen and Alpaydin, 2011) and
references therein for a recent survey). However, while the selection of a kernel is common to both
frameworks, the learning problems and analyses are distinct, in particular because of the learner’s
freedom to select a projection space after mapping to an RKHS in the dimensionality reduction case.
Nevertheless, we will adopt the same common choice for the family K as in much of the literature for
learning kernels, that is that of convex combinations of p base PSD kernels. The RKHS we consider
is thus associated to a kernel in that family X and the projection is over the top r eigenspace of
an operator that is a function of the covariance operators of the weighted base kernels. For the
scenario of learning kernels, tight generalization bounds are known for this choice of K (Cortes
et al., 2010). The main contribution of this paper is to similarly derive generalization bounds for
the SKP framework. Note that, while we consider a broader framework, our generalization bounds
also apply to the special case of algorithms proceeding in two decoupled stages of dimensionality
reduction followed by supervised learning with a linear model in an RKHS.
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The choice of our learning framework is further justified by some previous empirical studies
showing that tuning a dimensionality reduction algorithm in a supervised fashion, i.e. taking into
account the subsequent learning algorithm using the reduced features, can result in a considerably
better performance (Fukumizu et al., 2004; Gonen, 2014). Some recent work also explores learning
kernels in the setting of dimensionality reduction (Lin et al., 2011), though no theoretical analysis
or justification is provided for the algorithms considered. The vast majority of existing theoreti-
cal analyses of dimensionality reduction techniques, even with a fixed kernel, do not directly take
into consideration the subsequent learning task and, instead, focus on the optimization of surrogate
metrics such as maximizing the variance of the projected features (Zwald and Blanchard, 2005).
One exception is the work of Mosci et al. (2007), which provides a generalization guarantee for
learning with hypotheses defined by KPCA with a fixed kernel followed by a regression algorithm
minimizing the squared loss. Dhillon et al. (2013) also shows that the risk of PCA combined with
ordinary least squares regression is at most 4 times that of ridge regression. Recent related work also
includes that of Gottlieb et al. (2013), which derives Rademacher complexity generalization bounds
for learning Lipschitz functions in a general (fixed) metric space. They show that the intrinsic di-
mension of the data can significantly influence learning guarantees by bounding the corresponding
Rademacher complexity in terms of dimension of underlying manifold and the distortion of training
set relative to that manifold.

The results of this paper are organized as follows. In Section 2 and 3 , we describe in detail the
learning scenario and the hypothesis set we consider. Section 4 presents our main results, which
include an upper bound on the empirical Rademacher complexity of the hypothesis set, and our main
generalization bound. In Section 5, we show a lower bound on the sample Rademacher complexity
as well as other quantities, which demonstrates a necessary dependence on several crucial quantities
and helps to validate the design of the suggested hypothesis class. Finally, in Section 6, we briefly
discuss several implications of our results.

2. Learning scenario

Let X denote the input space. We assume that the learner receives a labeled sample of size m,
S = ((z1,y1)s - (Tm, Ym)), drawn i.i.d. according to some distribution D over X x {—1,+1},
as well as an unlabeled sample U = (2, ..., of size u, typically with v > m, drawn i.i.d.
according to the marginal distribution Dy over X.

We assume that the learner has access to p PSD kernels K1, ..., K. Instead of requiring the
learner to commit to a specific kernel K defining an RKHS, we consider the case of an RKHS de-
fined by akernel K, = >, ju; Ky, thatis a convex combination of K1, ..., Kj,. The non-negative
mixture weights ug, k = 1, ..., p, are parameters that can be selected by the learner to minimize the
error of the classifier using the result of the dimensionality reduction (see Figure 2). The hypothesis
set H we consider is thus that of linear hypotheses in a space obtained after projection in the RKHS
IH defined by K ,:

H = {x = (w, y®(x))y: lwllm <1,p e ./\/l} (1)

Here, (-,-)y and || - || denote the inner product and norm in H, ®: X — H is the feature map-
ping associated to K, II;; a projection using the unlabeled set U, and M a regularization set out
of which p is selected. Note that to avoid a heavier notation, we do not explicitly indicate the
dependency of ® on p as this should be clear from the context.
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Figure 2: Illustration of the supervised learning scenario: (a) raw input points; (b) points mapped
to a higher-dimensional space where linear separation is possible but where not all dimensions are
relevant; (c) projection over a lower-dimensional space preserving linear separability.

We now specify the choices of II;y and p. For any k € [1,p], let Cyri - Hy — Hj, denote the
empirical covariance operator based on the unlabeled sample U associated to the PSD kernel 15 K,
with RKHS H,. Let Cyy be the operator defined by Cyy = Cyy 1 +- - -+Cl,p, which acts on the sum of
reproducing spaces H = H; +- - -+H,,. For a fixed r, I is the rank-r projection over the eigenspace
of Cy; that corresponds to the top-r eigenvalues of Cy; denoted by A1 (Cyy) > ... > A\.(Cp).! We
define similarly the operators C's ;. and Cg for the sample S, as well as the projection Ilg.

Note that the dimensionality reduction method just described is in general somewhat different
from the standard KPCA with kernel K,. Of course, in both cases, the projection is onto the top-r
eigenspace of an operator. But, while for KPCA that operator is the empirical covariance operator
associated to kernel K, in the setting just described, the operator Cy is the sum of the empirical
covariance operators associated to each base kernel. In the special case p = 1, the two methods
coincide. Also, both methods fall into the general SKP framework. Here, we consider the operator
Cy or C'g as they admit a favorable structure further discussed in Section 3.

We define the set M of admissible weight vectors p as follows:

P
1
M= qpeR: ”IJ‘H(T)SA(T’)? HH||1§1, ngy, =00, 2
k=1
where A,y > 0 and v > 0 are hyperparameters and where ||| () is the Ky-Fan r-norm of Cy
(Bhatia, 1997):2

el = IICull@y = Z/\i(CU)- (3)
=1

We will later show that this choice of regularization is key as it appears as a crucial term in gener-
alization guarantees and in lower bounds. The vector p is further upper bounded by an L;-norm
inequality ||p|l1 < 1 as is standard in the learning kernel literature with similar kernel combina-
tions. The lower bound constraint on g, Zzzl ,u,;l < v, implies an upper bound on the eigengap of
the induced covariance operator, which is a fundamental quantity that influences the concentration
of eigenspaces. In Section 5, we give a simple example demonstrating that the dependency on the
eigengap is tight, which implies the necessity of this lower bound regularization.

1. To simplify the presentation, we assume that the selected dimension r satisfies A\-(Cv) # Ar41(Cu), but this
assumption is not necessary and our results can be straightforwardly extended to more general cases. Note that this
assumption is satisfied in particular when the eigenvalues are simple.

2. The Ky-Fan r-norm is in fact a semi-norm.
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3. Kernel properties

In this section, we discuss the properties assumed about the base kernels, which turn out to be
rather mild assumptions. We will assume that the base kernels Ky, k € [1, p], satisfy the condition
Ki(z,z) < 1 forall x € X, which is guaranteed to hold for all normalized kernels, such as
Gaussian kernels. We also assume that Cy admits at least 7 non-zero eigenvalues and that at least
one kernel matrix among those associated to kernel K} on sample S admits rank at least r, and
similarly for the kernel matrices defined over the sample U'.

We denote by K the kernel matrix of a kernel K associated to the sample S, [K]; ; = K (z;, ;)
and by K the normalized kernel matrix defined by K = % Note that a kernel matrix thereby
normalized admits the same eigenvalues as the corresponding sample covariance operator (see for
example (Rosasco et al., 2010) Proposition 9.2). In particular, for any k& € [1,p] and i € [1, m], we
have )\,(Kk) = )\i(CS,k)-

We will assume the base kernels are linearly independent with respect to the union of the samples
SandU.

Definition 1 (Linearly Independent Kernels) Ler K1, ..., K, be p PDS kernels and let S = (x1,

., Ty be a sample of size m. For any k € [1, p|, let Hy, denote the RKHS associated to K}, and Hy,
the subspace of Hy, spanned by the set of functions {®k, (x;): i = 1,...,m}. Then, K;,..., K,
are said to be linearly independent with respect to the sample S if; for any k € [1,p|, no non-zero
function in H, can be expressed as a linear combination of the functions in Ul#;Hl

This condition typically holds in practice, e.g., for polynomial and Gaussian kernels on RY. As
an example, let X = RY and define the sample S = {z1,...,7,,}. Define two base kernels:
Gaussian K1 (z,y) = e~ 12=9I” and linear K (z, y) = (z,y). Then Oy, isdefined by P, (2): t —
e~ le=t?  that is @ K, (z) is an exponential function e ”x t* with parameter x and argument £.
Similarly, ® ., is defined by @, (z): t — (x,t). Thus, Hj is the span of exponential functions
{e~llzr=tl*  e=llem—t*} and H is the span of linear functions {(z1,t) , ..., (,m,t)}. Clearly,
no exponential function can be represented as a linear combination of linear functions and likewise,
in general, no linear function is represented as a (finite) linear combination of exponential functions.
Thus, the base kernels K and K5 are linearly independent with respect to a finite sample .S as in
Definition 1. More generally, the support of the base kernels can be straightforwardly modified to
ensure that this condition is satisfied.

By definition of H = Hy + - - - + H, and by the results of (Aronszajn, 1950, Section 6), when
the base kernels K, are linearly independent with respect to sample S, then H, are orthogonal
subspaces of H, thus we can define H = @Zzl H,, which will be extremely useful in decomposing
the spectra of operators C's. Linearly independent base kernels imply that C's admits at most pm
nonzero eigenvalues of the form 1\ ;(Cs ).

4. Generalization bound

In this section, we present our generalization bound for learning with the hypothesis set H we
introduced in Section 2. To obtain our generalization bound, we derive an upper bound on the
empirical Rademacher complexity of H for a sample S = (z1,. .., zy,), which is defined by

Re(H) = E[supza, m}

heH
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Here, o;s are i.i.d. random variables taking values +1 and —1 with equal probabilities. The hypoth-
esis set H we consider is parametrized by w and g, thus Rg(H ) can be rewritten as follows:

|

where we used the equality case of the Cauchy-Schwarz inequality. To bound the resulting expres-
sion, it will be more convenient to work with IIg instead of II;;, since we are projecting instances
from sample S, and similarly control the Ky-Fan r-norm [|Cs||(,) rather than ||Cy||(,). Both of
these issues can be addressed by using concentration inequalities to bound the difference of the
projections Il and I1g (Zwald and Blanchard, 2005) as well as the difference of the operators Cys
and C'g (Shawe-Taylor and Cristianini, 2003). To that end, we first extend the constraint set M to a
larger one A defined by

HU Z Uiq)(l‘i)

=1

Rs(H) = lE sup <w,HU§:U,-<I>(:p¢)> = iE

M7 w|<1 me
pneM

sup
HEM

n=1

p
1
N = {NGRpi 1Cslly < Ay + 5, [l <1, ;Mk <v, ,UZO}, 4)

2
%). Then, the following lemma provides an upper bound in terms of Ilg.

where xk = 4(1 +

Lemma 2 For any > 0, with probability at least 1 — ¢, the following inequality holds for any
u€H=H +---+H,

8m/||u||)
Apy/m /)

where A = mingeq p) (Ar(Cr) = Ar41(Ck)), Cy is the population covariance operator of kernel

2
Ky and = 4(1+ /222,

sup [Tyull < sup (|Tsul| + 5)
neN

peM

The proof of this lemma is given in Appendix A. In view of this lemma, with probability at least
1 — 6, Rg(H) can be bounded as follows

IN

_l’_

AJm

1
+< 8K ) E[sup

Rs(H) %E [32}1\)/ (HHS ﬁ; 0;®(z) Brv|| 3 ity 0i® (i) >]

m
i=1

N

)

HS Z 0'1(1)(1'1)

=1

Ar\/ﬁ Ea‘ pEN

using the sub-additivity of the supremum operator and the linearity of expectation. The second term
can be bounded as follows:

1
< —E/| sup '
mo | ueN

1 . 1 - noe[log p|
—E | sup Zm@(xi) < —E| sup o ®(z;) —_—, (6)
m o | peN |l = Mo <115 mn

where g = %, using the bound on the Rademacher complexity of learning kernels given by Theo-

rem 2 of Cortes et al. (2010). The following lemma helps us bound the first term.
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Lemma 3 For any 6 > 0, with probability at least 1 — 6, the following inequality holds:

] - \/2(A(T) + k) log (2pm) | o

m

1
—E | sup HHSZU’ x;)
mo | ueN

log%p

)

The proof of the lemma is given in Appendix B. Combining Lemmas 2 and 3 yields directly the
following result.

where k = 4(1 +

Theorem 4 Let H be the hypothesis set defined in (1). Then, for any § > 0, with probability at
least 1 — § over the draw of an i.i.d. labeled sample S of size m < u, the empirical Rademacher
complexity of the hypothesis set H can be bounded as follows:

\/2 )+ 1) log (2pm) + = ”Oeﬂogﬂl, @®)
A, m

~

R (

where A, = minge(; (Ar(Ck) = AMr41(Ck)), Cy is the population covariance operator of kernel
K, k= 4(1 + 71%(3}7/5)) andny = @

Note that A, is not a random variable and does not depend on the choice of S or U. It only depends
on the spectral properties of the covariance operator for the distribution Dy and the choice of the
projection dimension .

We now compare this bound to the one known for the Rademacher complexity of a similar
hypothesis set in the scenario of learning kernels where a convex combination kernel K, is also
used (Cortes et al., 2010). This will help us measure the additional complexity cost due to the
dimensionality reduction step. Of course, the learning kernel scenario and regularization differ
from ours. But, we can make them comparable by considering the case U = .S, that is the case
where U is an unlabeled version of S and can express A(, in terms of unscaled sample kernel
matrices as follows:

1 1
Ay = — sup Z i (Ky) < - sup Z Ni(Ky) . 9)
1= (kj)er =T (kgyer

If we define s, = supj;—, Z kj)er Ai(Kk) as the largest r-sum of eigenvalues selected from
all base kernel matrices, and s/, = = SUDge(1,y] Tr[Ky], which is the largest m-sum of eigenvalues
selected from a single base kernel matrix, the Rademacher complexity of our hypothesis class is
in 6(\ /Sy m), while that of the hypothesis used in the learning kernel setting is in 6(\ /s! /| m).
Thus, for r = m, the upper bound on the Rademacher complexity in our supervised dimensionality
case is higher. The difference is due precisely to the extra freedom that the learner has to define
a projection space by selecting eigenvectors from different kernel matrices, while in the learning
kernel case he needs to commit instead to a single kernel matrix. For r sufficiently smaller than
m, the complexity term in the supervised dimensionality case could of course be more favorable

(sr < s)).
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The following is our main generalization bound for supervised dimensionality reduction. We
denote by R(h) the generalization error with respect to the zero-one loss and by Rg ,(h) the empir-
ical margin loss of h € H, that is the fraction of points in S classified with margin less than p by
h.

Theorem 5 Let H be the hypothesis set defined in (1). Then, with probability at least 1 — § over
the draw of a sample S of size m, the following holds for all h € H:

~ 2 8k [noellogp] log %p
R(h) < Rsp(h) + ﬁ <\/2 (A(T) + IQ) log (2pm) + A = +3 =

Proof The theorem follows directly by combining the high-probability upper bound on the Rade-
macher complexity given by Theorem 4 and the standard high-probability Rademacher-based gen-
eralization bound of Koltchinskii and Panchenko (2002) (see also (Bartlett and Mendelson, 2003)).
|

To our knowledge, this is the first learning guarantee given for the scenario of supervised dimen-

sionality reduction. The bound of the theorem is in O(\/ Ay log(pm)/m). Thus, it suggests that

the Ky-Fan r-norm of the covariance operator plays a key role in the generalization ability of hy-
potheses in this scenario. This is further supported by the presence of that term in a lower bound
proven in the next section. Note that the dependency of the bound on the number of base kernels
p is only logarithmic, which suggests using a rather large number of base kernels. The presence of
the term in the bound depending on v and A,. is due to the concentration bound for projections. The
parameter v controls the eigengap of the learned operator Cy;, while, as already pointed out, A, is a
quantity that does not depend on the sample or on g, it is entirely defined by the choice of the base
kernel functions. We further elaborate on this in Section 5.

We note that Mosci et al. (2007) and Gottlieb et al. (2013) also give generalization bounds
for a supervised scenario of dimensionality reduction, however, they do not learn a mapping and
projection for dimensionality reduction jointly with a hypothesis learned on the projected space
using a discriminative algorithm. Nevertheless, their generalization bounds are comparable to the
special case of our bound where p = 1.

The analysis of Gottlieb et al. (2013) is presented for general metric spaces, which is more
general than what we consider here. In the case of the Euclidean space, their generalization bound
isin O ( Vd/m++/n/ m) , where d is the dimension of underlying data manifold and 7 is the average
distance of the training set to that manifold. While both bounds admit a similar dependence on m,
our bound relies on the Ky-Fan norm of the projection rather than the intrinsic dimension of the
dataset. We note that the existence of an approximate low-dimensional manifold is a distributional
assumption which, depending on the task, may not hold. Furthermore, even when it does, the
estimation of the intrinsic dimension is typically a difficult task. The Ky-Fan norm, on the other
hand, can be directly controlled by the choice of the regularization parameter in the definition of the
hypothesis set.

The generalization bound of Mosci et al. (2007) is in 0(1 / J?n) However, while we fix the
number of eigenvalues for dimensionality reduction to r, their bound requires selecting all eigenval-
ues above a threshold A\, = O(l / \/ﬁ) Furthermore, as already mentioned, their analysis holds
for the specific setting of KPCA with a fixed kernel (p = 1) followed by Ridge regression.
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5. Lower bounds

In this section, we show a lower bound on the Rademacher complexity of the hypothesis class H
defined by (1). Furthermore, we give a simple example demonstrating the necessity of the eigengap
term appearing in Lemma 2 and also motivate the additional regularization term v.

Theorem 6 For any m and r there exist samples S and U, a setting of the regularization parameter

Ay, as well as a choice of base kernels K1, . . ., K, such that the following inequality holds:
~ A
(r)
H .
s(H) 2m

The proof is given in Appendix C. The result proves the tightness of the upper bound we derived in
terms of m, up to logarithmic factors. It further shows the key role of the regularization parameter
A, and justifies the presence of Ky-Fan r-norm constraint in the definition of the hypothesis set.

We now also give a simple example showing that the projections must necessary depend on an
eigengap quantity. This in turn motivates the dependency of Lemma 2 on the quantity A, as well
as the regularization > 7 _; u;l < v which is used to bound the eigengap of the learned operator
Cg (see equation (12) in the proof of Lemma 2). The fact that the eigengap is essential for the
concentration of projections has been known in the matrix perturbation theory literature (Stewart
and Sun, 1990). The following proposition gives an example which shows that the dependence on
the eigengap is tight.

Proposition 7 There exist operators A and B such that

2|4 - B
Ar(A) = Arg1(A) ’

1P-(A) = Pr(B)| =

where P.(A) (resp. P,(B)) is the orthogonal projection onto the top r eigenspace of A (resp. B).

Proof Let 7 = 1 and consider A and B defined as follows: A = (15<{) and B = ({,9,), thus
A—B = (§2°.), which implies that | A— B|| = e. Also, the eigengap is equal to A (A) —X2(A)
¢. Now, note that P; (A) is the projection onto e; = (1,0)T and P;(B) is the projection onto ey =
(0,1)". Since e; and ey are orthogonal, this implies || P (A) — Py (B)|| = ||PL(A)||+||P.(B)| = 2.

On the other hand, % = % = 2, which completes the proof. |

6. Discussion

We now briefly discuss the results presented in the previous sections. Let us first emphasize that
our choice of the hypothesis class H (Section 2) is strongly justified a posteriori by the learning
guarantees we presented: both our upper and lower bounds on the Rademacher complexity (Sec-
tions 4 and 5) suggest that the quantities present in the definition of H play an important role. The
regularization parameters we provide can be tuned to directly bound each of these crucial quantities
and thereby limit the risk of over fitting.

Second, the hypothesis set suggested in this paper provides a unified framework for choosing an
optimal dimensionality reduction method. It suggests to specify a set of potential methods (equiva-
lent to a set of base kernels) and then learn their combination jointly with a projection. Moreover,
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the generalization bound is logarithmic in the number of base kernels, which encourages the use of
a very large base set.

Third, we observe that the hypothesis class H clearly motivates the design of a single-stage
coupled algorithm. Such an algorithm would be based on structural risk minimization (SRM) and
seek to minimize the empirical error over increasingly complex hypothesis sets, by varying the pa-
rameters A,y and v, to trade-off empirical error and model complexity. It is worthwhile to note that
our hypothesis set is constructed in such a way that the search over the choices of parameters p does
not incur the bottleneck of recomputing the eigendecomposition of operator Cy; at every iteration.
Instead, we require the computation of the eigendecomposition of the (unweighted) base kernel
matrices once as a preprocessing step. The key to that is the assumption of linearly independent
kernels, which is typically satisfied in practice.

We note that the existing literature has empirically evaluated both learning kernels with KPCA in
an unsupervised (two-stage) fashion (Zhuang et al., 2011; Lin et al., 2011) and applied supervised
KPCA (single-stage training) with a fixed kernel function (Fukumizu et al., 2004; Gonen, 2014).
While these existing algorithms do not directly consider the hypothesis class we motivated, they
can, in certain cases, still select a hypothesis function that is found in our class. In particular,
our learning guarantees are applicable to hypotheses chosen in a two-stage manner, as long as the
regularization constraints are satisfied and the same family of projections are used. Similarly, the
case p = 1, which corresponds to the standard fixed-kernel supervised learning scenario, is covered
by our analysis. Even in such cases, the bounds that we provide would be the first to guarantee the
generalization ability of the algorithm via bounding the sample Rademacher complexity.

7. Conclusion

We presented a new analysis and generalization guarantees for the scenario of supervised dimen-
sionality reduction with a learned kernel. The hypothesis class is designed with regularization con-
straints that are directly motivated by the upper and lower bounds on its Rademacher complexity.
Our analysis suggests the design of learning algorithms for selecting hypotheses from this specifi-
cally tailored class, either in a two-stage or a single-stage manner. Our analysis can also benefit the
study of other similar hypothesis sets within the SKP framework.
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Appendix A. Proof of Lemma 2

Proof For the first part of the proof, let £, = E [Cs,k] =k [C’U’k] be the population covari-
ance operator of kernel 1, K. We will show a concentration bound on Cg, and Cy . that holds
uniformly over k& € [1,p]. Using the union bound, Lemma 1 from (Zwald and Blanchard, 2005)
(equivalently Corollary 5 from (Shawe-Taylor and Cristianini, 2003)), and assuming u > m, with
probability at least 1 — 4, the following holds for all k& € [1, p),

< HEE
2

7||Ek -

; (10)

max [HEk -

3

where Kk = 4(1 + logé%p))

Let II; be the orthogonal projection onto the top r eigenfunctions of Ej. By decomposing
over orthogonal subspaces of H = @Zzl H;, as well as adding and subtracting IIj,, we can bound
T — My | by > 5y Mk — Hslig, + >k Ik — Iy iz, - Now, since Cs . is the restriction of
Cs to Hy, the following inequality holds for all k& € [1, p]:

8||Ex — Csllm 8||Ex — =
1Tk~ s g, < - 1% ol _SIA Caely, an
(Br) — Mo1(B)  Ar(Br) = Avea(Er)
A similar statement holds for the projection with respect to sample U. To obtain the bound above
we consider two cases, either 8||Ey, — Csllg, /(Ar(Ek) — Ar41(Ek)) < 1/4, which is a sufficient
condition for Theorem 3 of (Zwald and Blanchard, 2005) that directly implies (11). Otherwise, if
the condition does not hold, then the right-hand side of (11) will be larger than 2, which is a trivial
bound on the difference of two projections.

Next, we use the constraint |||y < 1 to upper bound (10) by x/(2y/m) and lower bound
M (Er) = Ag1(Ex) = (A (Ck) — Arg1(Ck)) > ey, where Cy, is the population covariance
operator of kernel K}, and A, = mingeqr ) (Ar(Cr) — Arg1(Cr)). Now 4/ (y/mpuxA,) is the
uniform bound on the norm of projections in (11). Summing up |[II; — Hsllg, + [TIx — Hu|lg,
over k and applying the uniform bound 4x/(y/mpuA,), which holds for both samples U and S, we
conclude that the following holds:

8Kv
1 Mk Ar\/> Apym -

For the second portion of the proof, we use a series of inequalities to show

g — Iy < Z (12)

, r 1/2
1y — ICs ] < 37 1M(Cr) — Mi(Cs)] < \/?(Z N (Cr) Mcs)\?) ,
=1

i=1

which is in turn bounded by /7||Cyy — Cg|| using the Hoffman-Wielandt inequality. Next, by
decomposing over orthogonal subspaces of H = P el Hk together with adding and subtracting
Ey, we bound ||Cyy — Csll by >0, |1 Bx — Csillm, + >y |Ex — Cukllg, - If we again apply
the uniform bound from (10) in the form py%/2+1/m, we obtain that with probability at least 1 — 4,
the following holds:

p
VT RER
NCully = ICs il <> N <k. (13)
k=1
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Combining (12) and (13) yields

S8kv
sup |[Myul| < sup [Tyl < sup (|[Lsul + 5] ) (14)
pneEM pneEN BEN Ar\/m
with probability 1 — 4. |

Appendix B. Proof of Lemma 3

We will use the following lemma to give the proof of Lemma 3.

Lemma 8 For each k € [1,p] let \{(Ky) > -+ > \n(Ky) be the eigenvalues of Ky, with cor-
responding orthonormal eigenvectors Vi 1, -+ ,Vim. For i € N, let I,, denote the set of indices

(k, j) corresponding to the largest r elements of the set {p\j(Kk) }r.j, then the following equality
holds:

= Jm D mN(Ee) (v o)?, (15)
(k;vj)ell-"

m
i=1

where o = (01, ,om) .

Proof Recall from Section 3 that when H = di_, Hy,, the eigenvalues of Cy take the form
i (Ky) with orthonormal eigenfunctions uy, ;, where, for each & € [1, p|, functions ug 1, . . ., Ug.m
belong t(ithe orthogonal component Hj,. Thus, we can write ||TIs f||? = Z(kd)&[ﬂ (uk,j, f)?, for
any f € H. When f = ®(x;), it suffices to take the inner product of u;, ; and f in Hy, which, by the
reproducing property, is equal to uy, ;(x;). By (Blanchard and Zwald, 2008, Equation (8)), uy, ;(z;)
takes the form .
P
ug i(z;) = | ——— Ki(z;, o) Vi iln - 16
k,J( i) )\j(Kk)m 7; k(Zis )| k,J]n (16)

Since vy, ; is an eigenvector of K., we see that

> K@i, z)[Vigln = m Y [Kilin[veln = mAj(Ke)[veli (17

n=1 n=1

which means that uy, j(z;) = \/mpuxA;(Kg)[vi j]i. In view of this expression, we can write

m m
<uk,jazai®($i)> = Zaiukyj(xi) = m,uk)\j(Kk)v,;':ja. (18)
i=1 i=1
Squaring the terms above and summing them over the set of indices I, completes the proof. |

The following gives the proof of Lemma 3.

Proof [Lemma 3] The term ||IIs Y ;" 0;®(z;)|| can be directly bounded using only the Ky-Fan
norm constraint on ||Cs || ), since it controls the spectrum of the projection. Thus, we will simplify
the problem to analyze the supremum over choices of p that satisfy ||Cs||,) < €, where ¢ =
A(y) + k. This clearly includes all elements in N as well.
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For this proof, we will use the representation of |[IIg > ", 0;®(x;)|| from Lemma 8, which
will be upper bounded by the supremum over the choice of all size-r sets in order to remove the
dependence of the set of indices on the identity of the top eigenvalues:

sup Z uk)\j(Kk)(v,Ija)Qg sup  sup Z ukAj(Kk)(v;ja)Q, (19)
ICs <€ (et H=rliCslior<e ket

where sup);|—, indicates the supremum over all indexing sets. We can express the sum above as

an inner product u,, - u,, where u,, is an r—dimensional vector with entries 113, \; (Kk) and u, has
entries (v,;rjo-)2 such that (k,j) € I. By construction, we have ||Cs||y = [Juyl[1, thus, we will
reduce the problem to that of analyzing SUP|y,, |, <e- Then, by definition of the dual norm, we can
write:
SUp SUp Uy, - U, = SUP €||Uyljoc = emax(v,lja)z. (20)
[T]=r |Jupl1<e |I|=r kg

Thus, ||IIs >, 0;®(x;)|| is bounded by the following:

T 2 — e T _ T
max me\v, .o = memax |Vy 0| = y/memax max SVy .0 .
k. (i) kg Vis! ki se{-L1y P

By Massart’s lemma (Massart, 2000), we can write

E|max max s ;o] < v/2log(2pm). 21
L |max max  sivio| S g (2pm) @2n
This follows since the norm of s;vy ; is bounded by 1 and since the cardinality of the set over
which the maximum is taken is bounded by 2pm. Combining all the intermediate results leads to
the following:

1 “ 2¢elog (2pm)
E[ sup  [[Tg Y " oi® ()| | <4/ —— (22)
M7 | ||Csll(ry<e i—1 m

The final result is obtained by setting € = A(,) + k. [ |

Appendix C. Proof of Theorem 6

Proof First we let S and U be any two samples, both of size m, such that U is simply an unlabeled
version of .S. Now, assume that p = 1 and that the sample kernel matrix K of kernel K admits
exactly 7 distinct non-zero simple eigenvalues. Finally, select A, such that A,y /A (K1) < 1.

As calculated in Section 4, Sup|,( <1 Y iey oih(zi) = [y 3212, 0i®(2;)|| and in this par-
ticular scenario ||Cy ||y = [|Cs|(ry. Thus, the empirical Rademacher complexity simplifies to
Rs(H) = L E, [SUPHCsH@)SAm |TIs >, 0;®(x;)||], where the projection can be written di-
rectly in terms of the sample S. Here, the L constraint on g is not needed, since it is satisfied by
the Ky-Fan r-norm constraint when A,y < A1 (Kj).

Now, following the steps from Lemma 8, we can express the norm of the projection as follows:

= mZMl)\j(Kl)(UTVLj)Q . (23)

j=1

m
HS Z U,L(I)(IZ)
i=1
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Note that here, unlike the general statement of Lemma 8, the choice of the r entries that appear in
the sum is not effected by the value of p, since there are in fact only r non-zero eigenvalues in total,
by construction (i.e. there is one base kernel of rank r). The choice of u, however, still affects the
scale of the r eigenvalues.

The expression is furthermore simplified by introducing the vectors u,, with entries 1 \;(K1)
and u, with entries (vir ja)Q, which is similar to the proof of Lemma 3. By the monotonicity of the
square-root function and using the definition of u,, as well as the dual norm we have

sup VU, Uy = sup Uy Up = /A [[us oo - (24)
ICs |y <Ay

luplli<Ae,

Thus, the Rademacher complexity is reduced to

: _JAw
Rs(H) =

E { max (VT»U)Q] =

m o Lj

.
max (V] E [ max ]vl’jo'@ . (25)

m o Ljellr
Finally, we use Jensen’s inequality and Khintchine’s inequality to show

E [ max |v;|—a']} > max E [\VLU\} > max 27Y2|vy || =272 (26)
o Ljeltr] 7 jeltr o b jEltr]

)

where the tight constant 2~1/2 ysed in Khintchine’s inequality can be found in (Nazarov and Pod-

korytov, 2000)[Chapter II]. Plugging this constant back into equation (25) completes the proof of
the theorem. |
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