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7. Appendix

We now prove all theoretical results of the paper. We need
to introduce some technical denotation.

From now on f denotes one from the following functions:
sin, cos, sign or a linear rectifier. We call the set of these
functions F. For two vectors v,w we denote by v - w
their dot product. We denote by G%,,.,., fori = 1,..., &
the building blocks of the structured matrix constructed ac-
cording to the P-model that are vertically stacked to pro-
duce the final structured matrix. Let v!',v? € R” be two
datapoints from the preprocessed input-dataset D1 H Dy X'.
Let d be a fixed integer constant. Let R = {iy,...,i,}
be some r-element subset of the set {1, ...,m}, where m
stands for the number of rows used in the construction
of matrices G%,,.,.; (key building blocks of our structured
mechanism). Finally, let oy, ...,a, be positive integers
such that iy + ... + o, = d.

Definition 7.1. For three vectors: v, w, z € R™ and a given
nonlinear function f € F we denote:

(b(vvwaz) = f(Z ) ’U)f(Z . ’U))

We will show that for a variety of functions ¥ : R™ — R
the expected value of the expression Tﬁ"fjg (R,01, ..., )
given by the formula:

\p(¢1(vl7027gi1)a17"'7 ¢T(U17’U27gir)ar)7 (12)

where ¢!, ..., g™ is the set of m gaussian vectors form-
ing gaussian matrix G, each obtained by sampling in-
dependently n values from the distribution A/(0,1) and
¢;s differ by the choice of nonlinear mapping f; € F,
can be accurately approximated by its structured version
Tﬁ’zz ((R, a4, ..., ) which is of the form:

\Il(qbl(vl,UQ, ail)al,..., ¢T(vl,v2, a”)"“‘)7 (13)

where a',...,a™ are rows of the structured matrix A =

j : G.d
struct- The importance of 1775 (R, v, ...,ar) and

Tﬁ"iz (R,a1,...,,) lies in the fact that d** moments
of the random variables approximating considered ker-
nels in the unstructured and structured mechanism can
be expressed as weighted sums of the expressions of the
G,d Ad .

form T 7> (1, ..., ) and T)17 2 (a1, ..., v ) Tespectively
. . A,d

if U(z1,...,2.) = 1 - ... - . Thus if Tvl’vg(al, ey Q)

closely approximates Tﬁ’j2 (a1,...,a,.) then the corre-
sponding moments are similar. That, as we will see soon,
implies several theoretical guarantees for the structured
method. In particular, this means that the variances are sim-
ilar. Since in the unstructured setting the variance is of the
order O(-1), that will be also the case for the structured
setting. This in turn will imply concentration results pro-
viding theoretical explanation for the observations from the

experimental section that show the quality of the proposed
structured setting.

‘We need to introduce a few definitions.

Definition 7.2. We denote by AS the supremum of the ex-
pression ||E(Y1, ..., Ym) — EWL, -, Y|l over all pairs of
vectors (Y1, ..., Ym)s (Yls -, Yo, ) from the domain D that
differ on at most one dimension and by at most s. We say
that a function £ : R™ — R is M-bounded in the domain
DifAS, = M.

Note that the value of the function ¢;(v!, v, g*)% depends
only on the projection g7,.,. of g' on the 2-dimensional

space spanned by v' and v2. Thus for a given pair v!,v?

1,2
function ¢ is in fact a function B; ** of this projection.
Definition 7.3. Define:

’Ul ’U2 .
Pxe = sup P[le ' (gzz)roj + C)_
i,01,02, [l <€ (14)

Bvl,vz i )\
7 (gp’roj)| > ]a

where the supremum is taken over all indices 1 = 1, ..., m,
all pairs of linearly independent vectors from the domain,
all coordinate systems in span(vt, v?) and vectors ¢ of L-
norm at most € in some of these coordinate systems.

We will use the following notation: o, ;(ni,n2) =

PZm P; ... To compress the statements of our theoretical

results, we will use also the following notation:

(44, 12) = 2x (41, 12) Z

1<n;<na2<n

(i1, (n1,m2))?,

We will also denote: A(i1,i2) = Y7 |0, i, (4, )| and
A(inyi2) = [ 2201 0iyi (4, 4)| for 1 < iy <iig < m (see:
3.1).

Note first that the preprocessing step preserves kernels’
values since transformation H Dy is an isometry and con-
sidered kernels are spherically-invariant. We start with
Lemma 4.1.

Proof. Note that it suffices to show that for any two given
vectors z,y € R™ the following holds:

where G is the unstructured gaussian matrix. Let ;7. be

the j*" row of G%,,.,,., and let g’ be the j" row of G. Note
that we have:

Elf(9ehuct @) F(95huet )] = ELf (97 -2) f (g7 -y)]. (16)

The latter follows from the fact that g’igﬂuct has the same

distribution as g. To see this note that g.;.,,., = g- P;. Thus

truct
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dimensions of gi’tj,;mt are projections of g onto columns
of P;. Each projection is trivially gaussian from A/(0,1)
(that is implied by the fact that each column is normal-
ized). The independence of different dimensions of g.7.,,..
comes from the observation that different columns are or-
thogonal. Thus we can use a simple property of gaussian
vectors stating that the projections of a gaussian vector on
mutually orthogonal directions are independent. The equa-
tion 15 implies equation 16 by the linearity of expectation

and that completes the proof. O

Now we prove Theorem 4.1. This one is easily implied by
a more general result that we state below. We will assume
that function ¥ from equations: 12, 13 is M -bounded for
some given M > 0. We will assume that expected values
defining T+ are not with respect to the random choices
determining P;s.

Theorem 7.1. Let v',v? € R" be two vectors from a

dataset X. Let R = {i1,...,i»} € {1,...,m} and let
a1, ..., be the set of positive integers such that o +
<. + ;. = d. Assume that each structured matrix G,,.,,.,
consists of m rows and either Supy<;, <;,<m Ai1,72) =

o(ﬁ) if P;s were constructed deterministically or

SUP1<iy <ip<mBE[A(i1,12)] =
structed randomly. In the latter case assume also that for
any 1 < i1 < ig < mand1l < ny < ne < n the
nit column of P;, is chosen independently from the nt"
column of P;,. Denote by V.., the maximal value of
the function V for the datapoints from X. Let qgl‘vg =

|Tﬁ‘f}2 (Ryaq, ., ) — Tﬁ‘ig (R, a1, ...,a.)| denote the
absolute value of the difference of the two fixed terms on
the weighted sum for the d-moments of the kernel’s approx-
imation in the structured P-model setting and the fully un-
structured setting. Then for any \,e > 0, T" > 0, n large

enough and P;s chosen deterministically we have:

O(ﬁ) if P;s were con-

Qf,llﬂ,z < (Pgen+pstruct)‘1/max+ipjf(iM+(d*i)A;\P)v
i=0
where:
Pgen = \/;L%Te—% +dpe— S (17)
Py = (f) (Pre)’ (18)
and

m
1

2

n
= E i e  2€2(ii) logb(n)
pstruct—4 x(@z)e 22 (i,i) log®(n)

= . (19)
+2 Z

2n2
1<i3<ia<m

X(ih ig)e_ 262 (iq,ig) T log¥(n)

If P;s are chosen from the probabilistic model then the
above holds with probability at least 1 — Dyrong, Where
2

_ T 810g8(n) 7 (04 in (3:9))2
Purong = 23 i<i, <iy<m s ~

Proof. Consider the expression
d A,d G,d
Ty vy = |Tv1,v2 (R,a1, .y ) — Tul,u2 (R,a1,...,a)]|.

We will use formulas for 7¢¢ and T4 given by equa-
tions: 12 and 13. Without loss of generality we will assume
that A = G%,,.,., D1 i.e. in our theoretical analysis we will
make D; a part of the structured mechanism and move it
away from the preprocessing phase (obviously both ways
are equivalent because of the associative property of ma-
trix mutliplication). We have already noted that each argu-
ment of the function ¥ from equations: 12 and 13 depends
only on the projections of a’*, ..., a** on the 2-dimensional
space spanned by v! and v2. Denote these projections as:
a;ﬁ,oj,...,a;;()j respectively and fix some orthonormal ba-
sis B of this 2-dimensional space. As we will see soon,
in the P-model setting the coordinates of a;mjs in B can
be expressed as g - s/ for j = 1,2, where g is a vector
representing a budget of randomness of the corresponding
P-model and s7s are some vectors from R? (parameter ¢

stands for the length of g).

We will show that s%7s, even though not necessarily pair-
wise orthogonal, are close to be pairwise orthogonal with
high probability. Let us assume now that vectors s*/ can
be chosen in such a way that each s*/ satisfies: s¥/ =
w®I + p(i, 5), where vectors w®/ are mutually orthogonal,
we have ||s%7 ||y = ||w®7||2 and furthermore || p(7,7)||2 < p
for some given p > 0. We call this property the p-
orthogonality property. We will later show that the p-
orthogonality property depends on the random diagonal
matrix Dy.

Assume now that the p-orthogonality property is satis-
fied. Denote by ¢’ the projection of the “budget-of-
randomness” vector g onto 2r-dimensional linear space H
spanned by vectors from {s*7}. Note that then the coordi-
nates of ay,.,.s in B can be rewritten as g - w7/ + €(i, j),
where |e(i,7)| < € and € = |g™||2p. Thus each 1; in
the formula from equation 13 can be then expressed as
B;’l’vz (g;]mj + €(4)), where g;,.ojs stand for the projec-
tions onto 2-dimensional linear space spanned by v! and
v? of independent copies of gaussian vectors g°. Each ¢
is of the same distribution as the corresponding structured
vector a’ and €(i)s are vectors with the L;-norm satisfy-
ing |le(i)|| < e. The independence comes from the fact
that variables of the form ¢ - w®’ are independent. That,
as in the proof of Lemma 4.1 is implied by the well known
fact that dot products of a given gaussian vector with or-
thogonal vectors are independent. Note that if not the term



Recycling Randomness with Structured Matrices

€(i) then the formula for 74:% would collapse to its un-
structured counterpart 7%>¢. We will argue that both ex-
pressions are still close to each other if €(¢) have small L1 -
norm.

Let us fix A > 0. Our goal is to count these in-
dices 4 that satisfy the following: |[t);(v!,v?, %) —
i (vh,02,¢%)®"| > A, where g's corresponds to the afore-
mentioned independent counterparts of a’s. We call them
bad indices. Based on what we have said so far, we
can conclude that the latter inequality can be expressed as

|BZ’1’U2 (Gproj + €(i)) — Bfl’vz (9proj)| > A Let us first
find the upper bound on the probability of the event that
the number of bad indices is j for some fixed 1 < 5 < d.
Note that since gis are independent, we can use Bernoulli
scheme to find that upped bound. Using the definition
of py . we obtain an upper bound of the form pyppe, <
(j) (pa.e)’. If the number of bad indices is j then by the
definition of M and A;I\’ we see that 7 differs from 77¢ ¢
by at most iM + (d —i)AY. Summing up over all indices
7 we get the second term of the upper bound on qffl 2 from
the statement of the theorem. ’

However the p-orthogonality does not have to hold. Note
that (by the definition of W,,,.) to finish the proof of
the theorem it suffices to show that the probability of p-
orthogonality not to hold is at most pgen, + Dstruct-

Lemma 7.1. The p-orthogonality property holds with
probability at least 1 — (pgen + Pstruct)-

Proof. We need the following definition.

Definition 7.4. Let v = (x1,...,x,) be a vector with
|z|l2 = 1. We say that x is 0-balanced if |z;| < % for
1=1,...,n

For a fixed pair of vectors v',v? € X choose some or-
thonormal basis B = {z!, 22} of the 2-dimensional space
spanned by v! and v2. Let ! and #2 be the images of x!
and 22 under transformation H Dy, where H is a Hadamard
matrix and Dy is a random diagonal matrix. We will
show now that with high probability Z' and #? are log(n)-
balanced Indeed the 4" dimension of &1 is of the form:
x = hz 1m1 + ..+ h nm , where h; ; stands for the entry
in the 5*" row and j** column of a matrix H Dy. We need to
find a sharp upper bound on P[|h; 121 + ... + h; x| > d]
for q = 181

We will use the following concentration inequality, calles
Azuma’s inequality

Lemma 7.2. Let Xi,...,X, be a martingale and as-
sume that —o; < X; < f3; for some positive constants
A1, .oy Oy B, ooy B Denote X = 3" | X;. Then the

following is true:

a2

P[|X — E[X]| > a] < 2e 2Timi(eitfo?

In our case X; = hm»x]l- and a; = B; = ﬁ Apply-

ing Azuma’s inequality, we obtain the following bound:
log?(n)

Pllhiaal + o+ hopal] > P5) < 277557, The
probability that all n dimensions of ! and 2 have abso-

lute value at most % is, by the union bound, at least
log2(n) lo (n)

Doatameed = 1 — 20 - 2e=" 255" — 1 — dne=" 52 Thus

this a lower bound on the probability that &' and x2 are

log(n)-balanced. We will use this lower bound later. Now
note that it does not depend on the particular form of the
structured matrix since it is only related to the preprocess-
ing phase, where linear mappings Dy and H are applied.

1 2

For simplicity we will now denote £* and z* simply as
x! and 22, knowing these are the original vectors after ap-
plying linear transformation H Dy. Let us get back to the
projections of a’s onto 2-dimensional linear space spanned
by v! and v2. Note that we have already noticed that a’ - 2/
(j = 1,2) is of the form ¢ - s*7 for some vector s/ € RY,
where ¢ is the size of the “budget of randomness” used in
the given P-model. From the definition of the P-model we
obtain:

sp? = dup] 2] + ... + dup) 7 (20)
for[ = 1,...,t, where s 7 stands for the I*" dimension of
shI, pt, s the entry in the I*" row and k" column of P;
and d,s are the values on the diagonal of the matrix Dy.
As we noted earlier, we want to show that s%Js are close
to be mutually orthogonal. To do it, we will compute dot
products s*171 . s%2:92 We will first do it for i; = 5. We
have:

t
st gz = 9671 J12 Z Pl 1) ERE wi;lef Z(Plln)Q
1=1
2 ) dndnapal sz niPlins)
1<n;<ns<n

2D
Now we take advantage of the normalization property of
the matrices P; and the fact that 2! is orthogonal to z?2

and conclude that the first term on the RHS of the equa-
tion above is equal to 0. Thus we have:

Lgid2 — 9 E

1<ni<nas<n

i
gt dnldnzxiﬁlxifzail,il(n1,n2)~

(22)

Note that if for any fixed P; any two different columns
of P, are orthogonal then o;, ;, (n1,m2) = 0 and thus
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si1:J1 . gt:d2 = (), This is the case for many structured ma-
trices constructed according to the P-model, for instance
circulant, Toeplitz or Hankel matrices.

Let us consider now s%J1 - s%2:32 for i, # 5. By the pre-
vious analysis, we obtain:

i1,j i2,j2 _ J1 .2 i1 ]
s 202 =gy (1 1) ] 4 04y (R n) Tl ]2

+2 ) dnd

1<n;<na<n

nz2*ny
(23)

This time in general we cannot get rid of the first term in
the RHS expression. This can be done if columns of the
same indices in different P;s are orthogonal. This is in fact
again the case for circulant, Toeplitz or Hankel matrices.

Let us now fix some 1 < ¢; < m and x > 0. Our goal is to
find an upper bound on the following probability: P{|s"7 -
§'2:92| > gl

‘We have:
]P)Hsihjl ,Siz,jz| > H] _

J1 pJ2
dn1 d7l2 xnl xng

203, iy (n1,n2)| > k). 29

Pl >

1<n;<n2<n

For {n1,n2} such that ny # ng and oy, 4, (n1,n2) # 0 let
us now consider random variables Y;,, ,,, that are defined
as follows

Yn17"2 = 2d”1 dnz 1.3;1 x%zz iy iq (nla n2)' (25)
From the definition of the chromatic number x(i1,41) we
can deduce that the set of all this random variables can be
partitioned into at most x(41,41) subsets such that random
variables in each subset are independent. Let us denote
these subsets as: L1, ..., L., where < x(i1,41). Note that
anevent {| 37, o<y Doy Ay 03 32,204, 4, (11, m2)[ >
k} is contained in the sum of the events: £ = &; U...UE,,
where each &; is defined as follows:

K
&=1> Yz ———} (26)
ver, x(i1, 1)
Thus, from the union bound we get:
x(i1,1)
27)

PlE]< Y P&

Now we can use Azuma'’s inequality to find an upper bound
on P[&;] and we obtain:

w2

_ x2(i1,i1) ] _
J J
P[&;] < 2e 251 <n; <ng<n (294 ,iq (n1.m2) 2 (a7} )2 (273)2

. (28)

J1 pd2 4. .
ot a2 04y iy (N1, M2).

Now, if we assume that the vectors of the orthonormal basis
B are log(n)-balanced, then by the union bound we obtain
the following upper bound on the probability P[£]:

k2n2

.\ T 2log%(n)x2 (1,4 i1 i (n1.ma)?2
PE] < 2x(i1, in)e TR Tiz 1y S 2 B G

(29)

We can conclude, using the union bound again, that for
a log(n)-balanced basis B the probability that there exist
i1, j1,J2 such that: |s"1»71 - $"1:72| > g is at most

m

Proad() <2 x(i,i)e @t (30)
=1

Now let us find an upper bound on the expression
P2,bad(K) = P[Ji, jig g1 jain g ¢ 8771572 > k], where
i1 # io. We will assume that vectors of the basis B are
log(n)-balanced. Using the formula on s%+J1 . si2:J2 for
i1 # ig, We get:

P[|Si17j1 ,5i27j2| > H] _
P[|Ui17i2(17 1)1’{11'{2 F ot Oy iy (nv TL):E%I CU{E

+2 >

1<ni<nz2<n

€1V

dn1 dn2 ngll T/%ZQ Oiy,io (nl, n2)| > H] .

Assume first that P;s are chosen deterministically. Note
that by log(n)-balanceness, we have:

n 2
i log“(n) ... .
13 gl madtaf] < 25 Gy i)

’I’L1:1

(32)

Thus, by the triangle inequality, we have:
PHSil,h _Siz,j2| > li]

< P2

bD

1<ni<n2<n

dnl dnz x%,ll x%zz Oi1,in (nl ) n2) | >

(33)

R — M)\(Zl,lg)}

Using the same analysis as before, we then obtain the fol-
lowing bound on ppaq(k, 0):

el a2
P2,pad(K) < 2 Z x(i1,12)e 262(7,1) logd(n) |
1<iyi <ia<m
(34)

We can conclude that in the setting where P;s are chosen
deterministically, under our assumptions on A(i1, i), for
x > 0 that does not depend on n and n large enough the fol-
lowing is true. The probability that there exist two different
vector s%1+J1, %2292 quch that |s171 - 5%2:92| > g satisfies:
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2,
(n= 108700 5 iy ig))2 2

n
2¢2(i,3)

pbad(’%) <2 Z

1<in<iz<m

x(i1,i2)e
(35)

Now let us assume that P;s are chosen probabilistically.
In that setting we also assume that columns of different in-
dices are chosen independently (this is the case for instance
for the FastFood Transform). Let us now denote:
o

Y = 01,0, (j, )] @) (36)
forj =1,..,n. Denote Y = 3" | Y] +..+Y,. Note
that the condition on A(i1, %) from the statement of the
theorem implies that E[Y] = o0,(1). From the condition
regarding independence of columns of different indices we
deduce that Y;s are independent. Therefore we can apply
Azuma’s inequality and obtain the following bound on the
expression: P[|Y — E[Y]| > al:

a2

E—
slogsm wn epmaz G.an2 - (37)

PllY —E[Y]| > a] < 2e

If we now take a = and under log(n)-balanceness

_1
log(n)
assumption, we obtain:

’!L2

PllY —E[Y]| > a] < 2¢ T SACEEG? | (3g)

Assume now that |Y — E[Y]| < @. This hap-
pens with probability at least 1 — pyrong With re-

spect to the random choices of P;s, where pyrong =
n2
9p Bloe (M) Xy (T} (5.3)?

. But then random variable |Y|
is of the order o, (1).

Note that we have:

IP)HSilajl -siz’j2| > ,i] —

PlY +2 Y

1<n;<na<n

dnl dn2 ‘T{zll 95;12202‘1,1‘2 (77‘17 ﬂ2)| > "ﬂ'
(39

Thus, using our bound on Y for a fixed ~ and n large
enough we can repeat previous analysis and conclude that
in the probabilistic setting of P;s the following is true:

K2 -
(3) n2

X(ila i2)67 262(4,1) log(n) | (40)

Doad(k) < 2 Z

1<ip <ig<m

Thus we can conclude that in both the deterministic and
probabilistic setting for P;s we get:

2 7L2

X(in,iz)e” D R (41)

pbad(’{) <2 Z

1<ip<ig<m

togd(n)

Now we will show that the squared lengths of vectors s*J
are well concentrated around their means and that these
means are equal to 1. Let us remind that we have:

sij = dlpfylac{ + ...+ dnpinxﬁl 42)

Thus we get:

B= >

1<ni<n2<n

||si’j

J1 pd2 .
dpy dpy 23! 272 205 (N1, M2)+

n

Z (5,i(n1,m1))%(2],)* =
ny=1
Z dnldHszlllx%222o—i7i(n1’ n2) +1,
1<ni<n2<n

(43)

where the last inequality comes from the fact that each col-
umn of each P; has [y-norm equal to 1.

Since obviously E[dy,, dn, 2}, ©32 205, (n1,n2)] = 0, then
indeed E[||s"7||3] = 1. Let us find the upper bound on the

following probability: P[|||s*/||3 — 1| > @] We have:

P[l[ls"71I3 — 1] > I =

1
log(n)

o 1
IPHdmdnzxﬁlzﬁ?ﬂ’i(nhn2)| > Tog(n)”

(44)

We can again apply Azuma’s inequality and the union
bound as we did before and obtain:

P[3;; : [[Is"7]13 — 1] > ] < ps, (45)

1
log(n)
_ 1 n2
where ps =4 10| x(i,4)e 2200 10g7 () logt(n)

We will assume now that all s%7 satisfy: |||s®7|3 — 1| <
m, in particular:

1
R O

< |

" loem)

Let us assume right now that the above inequality holds.
Let {w®7} be a set of vectors obtained from {s%7} by the
Gram-Schmidt process. Without loss of generality we can
assume that ||w"7 ||y = ||s%7||. Note that the size of the set
{s%7} is in fact not 2m, but 27 and in all practical applica-
tion r < m. Assume now that |s"191 . s%2:72| < k for any
two different vectors s'1+1, %272 and some fixed x > 0.
Now, one can easily note that directly from the description
of the Gram-Schmidt process that it leads to the set of vec-
tors {w®7} such that ||s*/ — w™I ||y < kI'(2r), where I’
is some constant that depends just on the size of the set

€

{s%7}. Thus if we want p-orthogonality with p = T
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where g’ stands for the random projection of a vector g
onto 2r-dimensional linear space spanned by vectors from
{s"7}, then we want to have:

€

lg*ll2

Thus we need to take:

KT(2r). A7)

€
IRXCOIVEEY

Note that g* is a 2r-dimensional gaussian vector. Now let
us take some 7" > 0. By the union bound the probabil-
ity that g™ has I norm greater than v/2r - v/T is at most:
2rP[|g|? > T, where g stands for a gaussian random vari-
able taken from N (0,1). Now we use the following in-
equality for a tail of the gaussian random variable:

(48)

22

2

P[g| > o] < 2=

~Tavr

Thus we can conclude that the probability that g7 has I

norm larger than v/2r - /T is at most Pgauss(T) < ;L;T'

(49)

In such a case we need to take ~ of the form:

€
T e—— . 5
" T envaT 0)

We are ready to finish the proof of Lemma 7.1. Take
K = W Let us first take the setting where P;s

are chosen deterministically. Take an event &,y which
is the sum of the events which probabilisites are upper-
bounded by Pgauss (T), 1- DPbalanced pbad(/{/) and Ds- By
the union bound, the probability of that event is at most
Pgauss + (1 - pbalanced) + pbad(ﬁ) + Ds which is upper-
bounded by pger, + Pstruct for n large enough. Note that if
Evaq does not hold then p-orthogonality is satisfied. Now
let us take the probabilistic setting for choosing P;s. We
proceed similarly. The only difference is that right now
we need to assume that the event upper-bounded by p.yrong
does not hold (this one depends only on the random choices
for setting up F;s). Thus again we get the statement of the
lemma. That completes the proof of Lemma 7.1. O

As mentioned above, the proof of Lemma 7.1 completes
the proof of the theorem. O

Now we prove Theorem 4.2.

Proof. Fix some x,z € R". Assume that a matrix A is
used to compute the approximation of the kernel k(x,z).
Matrix A is either a truly random Gaussian matrix as it
is the case in the unstructured computation or a struc-
tured matrix produced according to the P-model. We as-
sume that A has k rows and consists of % blocks stacked

vertically. If A is produced via the P-model then each
block is a structured matrix G%, .. The _approxima-
tion of the kernel kp(x,z) is of the form: kp(x,z) =
7 Z’” " [p(a™ - x,a"7 - y)], where o™ stands for
the 5" row of the ' block and ¢ : R? — R is either of the
form ¢(a,b) = f(a)f(b), where f is a ReLU/sign function
or ¢(a,b) = cos(a) cos(b) + sin(a) sin(b). The latter for-
mula for ¢ is valid if a kernel under consideration is Gaus-
sian. Let use denote the random variable: ¢(a® -x, a7 -y)
as X; ;. Then we have:

zm:ZX,,j. (51)
=1 j=1

??‘\»—A

Thus we have:

m

k.
Var(ka(x,2)) = Var %zm: Xi ;)
wom = :1 B
- Var(3_3 %) : ~ o Y V) G2
Z Cov(X;j,, Xi )l

1,517#J2

The last inequality in Eqn.52 is implied by the fact that
different blocks of the structured matrix are computed in-
dependently and thus covariance related to rows from dif-
ferent blocks is 0.

Therefore we obtain:

£
Var(ka(x %ZZVGT(XL]')—’_

=1 j=1 (53)

5 Y (BlXis,, X~ BXo X 1))

1,172

Now note that the first expression on the RHS above is the
same for both the structured and unstructured setting. This
is the case since one can note that X; ; has the same dis-
tribution in the unstructured and structured setting. For the
same reason the expression E[X;; ;, |[E[X; ;,] is the same for
the structured and unstructured setting. Thus if G stands
for the fully unstructured model and we denote ka(x,2z) =
kp(x,z) if A is constructed according to the P-model, then
we get:

\Var(kg(x,2)) — Var(kp(x,2))| <
i Z ‘E[Xp XP ] E[XG XG ]| (54)

k2 2,J17 71,02 2,717 71,02
1,1752
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where ij stands for the version of X;; if A was
costructed via the P-model and XLG] stands for the fully
unstructured one.

Therfore we have:
\Var(ka(x,2)) — Var(kp(x,2))| <

1k
k2 m

55
S [BIXT, X7, - Elx S, xS, Y

1.j2
J1#J2
where the latter inequality is implied by the fact that differ-
ent blocks are constructed independently.

Therefore we get:

- ~ 1k
Varlia(x2) - Varie(x o)l < 5 = (7 )5
(56)

where ( is an upper bound as in Theorem 7.1 for d = 2.
Now we can proceed in the same way as in the proof of

Theorem 4.1 and the proof is completed. O
Now we prove Theorem 4.3.

Proof. The fact that u[P] < k comes directly from the
definition of the coherence number and the sparse setting
of semi-gaussian matrices. To see that, note that any given
column col of any matrix P; in the related P-model has
a nonzero dot-product with at most x2 other columns of
any matrix P;. This in turn is implied by the fact that
different columns are obtained by applying skew-circulant
shifts blockwise, thus the number of columns from P that
have nonzero dot product with col is at most the product of
the number of nonzero dimensions of col and P;. This is
clearly upper bounded by «2. This leads to the upper bound
on the coherence pu[P].

The new formula for p,,ong is derived by a similar analy-
sis to the one used to obtain the formula on p,ong in the
proof of Theorem 4.1. This time random variables under
analysis are not independent though, but using the same
trick as the one we used in the proof of Theorem 4.1 to
decouple dependent random variables in the sum to be es-
timated and applying Azuma’s inequality (we omit details
since the analysis is exactly the same as in the aforemen-
tioned proof), we obtain the following: P[[P], P;,.| >

] < e <) for i # j and any constant ¢ > 0. Taking
the union bound over all the pairs of columns and fixing
1

¢ = gy andr =3 log®(n), we can conclude that with

probability at least 1 — o(2) the absolute value of the ex-
pression A(i,7) from the proof of Theorem 4.1 is of the
order o(ﬁ). That enables us to finish tha analysis in
the same way as in the proof of Theorem 4.1 and derive

similar conclusions.

The bound regarding the chromatic number is implied by
the observation that each coherence graph in the corre-
sponding P-model has degree at most k2. That follows
directly from the observation we used to prove the upper
bound on x[P]. But now we can use Lemma 3.1 and that
completes the proof of Theorem 4.3. O

Below we present the proof of Theorem 4.4.

Proof. Fix two columns P; ,,, and P; ,,, and consider the
expression Pz:mP j.no- We have already mentioned in the
previous proof the right approach to finding strong upper
bound on [P}, P; .,|. We first note that P], P;,, can
be written as a sum wy + ... + w,,, where w;s are not
necessarily independent but can be partitioned into at most
three sets such that wariables in each of these sets are in-
dependent. This is true since G,,.,,., is produced by skew-
circulant shifts and the corresponding coherence graphs has
verrtices of degree at most 2. Note also that each wy, satis-
fies: |wy| < é In each of the sum we get rid of these w; s
that are equal to 0. Then, by applying Azuma’s inequality
independently on each of these subsets and taking union

bound over these subsets, we conclude that for any a > 0:

112C17‘
PY, Pjn, >a <3¢ 00 (57)

Now we can take the union bound over all pairs of columns
and notice that for every columcn col in P; and any P;
there exists at most x columns in P; that have nonzero dot
product with col. We can then take a = - and the proof is
completed. O

Let us now switch to dense semi-gaussian matrices. The
following is true.

Theorem 7.2. Consider the setting as in Theorem 4.1.
Assume that entries of any fixed column of P; are cho-
sen independently at random. Assume also that for any
1 <4 <35 < mand any fixed column col of P; each col-
umn of P; is a downward shift of col by b entries (possibly
with signs of dimensions swapped) and that b = 0 for O(1)
columns in P;. Then for and T' > 0 and n large enough the
following holds:

[E[k# (x,2)] — E[kG (x,2)]| < O(A), (58)

where A = pgen (T) + Dstruct(T) + de + e " and

3
log®(n) 2
2 T
e=——2>|n3+ max | E P; . Pjnl
n 1<i<j<m ’
1<ni<n2<n

As a corollary:

Var(ip(x,2)) — Var(ka(x,2))| = O(mT;lA). (59)
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Proof. The proof of this result follows along the lines of
the proof of Theorem 4.1 and Theorem 4.2. Take the for-
mulas for s%1+71 . 5%2:72 derived in the proof of Theorem 7.1.
Note that we want to have: |s?+71 . si2:02| < TGO
where I is a constant that depends only on the degree d.
Each 5"+t . 57232 is a sum of random variables that can be
decoupled into O(1) subsums such that variables in each
subsum are independent (here we use exactly the same trick
as in the proof of Theorem 4.1). In each subsum we apply
Azuma’s inequality. Straightforward computations lead to
the conclusion that if one sets up € as in the statement of
Theorem 7.2 then the probability that there exist different

gid1 gi2:32 guch that |s#J1 .« g%2J2] > —— € s of
’ | ‘ r2d)llg*ll2

1
the order e="* for n large enough. That is the extra term
in the formula for A that was not present in the staement
of Theorem 4.1. The variance results follows immediately
by exactly the same analysis as in the proof of Theorem
4.2. O

Note that introduced dense semi-gaussian matrices triv-
ially satisfy conditions of Theorem 7.2 (look for the de-
scription of matrices P; from Subsection: 3.2.4). The
role of rank is similar as in the sparse setting, i.e. larger
values of r lead to sharper concentration results. Theo-
rem 7.2 can be applied to classes of matrices for which
| > 1<ni<ny<n Pin,Pin,| is small and random dense
semi-gaussian matrices satisfy this condition with high
probability.



