Efficient Algorithms for Large-scale Generalized Eigenvector Computation and CCA

A. Reduction to Linear System

Here we show that solving linear systems in B is inherent in solving the top-k generalized eigenvector problem in the worst
case and we provide evidence a /~(B) factor in the running time is essential for a broad class of iterative methods for the
problem.

Let M be a symmetric positive definite matrix and suppose we wish to solve the linear system Mx = m, i.e. compute x,
with Mx, = m. If we set A = mm ' and B = M then

B 'm
argmaxx ' Ax = T
xTBx=1 m' B~lm
and consequently computing the top-1 generalized eigenvector yields the solution to the linear system. Therefore, the
problem of computing top-k generalized eigenvectors is in general harder than the problem of solving symmetric positive
definite linear systems.

Moreover, it is well known that any method which starts at m and iteratively applies M to linear combinations of the
points computed so far must apply M at least 2(1/x(B)) in order to halve the error in the standard norm for the problem
(Shewchuk, 1994). Consequently, methods that solve the top-1 generalized eigenvector problem by simply applying A and
B, which is the same as applying M and taking linear combinations with m, must apply M at least 2(/x(M)) times to
achieve small error, unless they exploit more structure of M or the initialization.

B. Solving Linear System via Accelerated Gradient Descent

Algorithm 4 Nesterov’s accelerated gradient descent
Input: learning rate ), factor @, initial point xq, 7.
Qutput: minimizer z* of f .
fort=0,---,T—1do
yer1 < X — (1/8) - Vf(x¢)
Xt+1 < Vir1 + (VQ = 1)/(VQ + 1) - (ye+1 — ¥t)
end for
Return yr.

Since we use accelerated gradient descent in our main theorems, for completeness, we put the algorithm and cite its result
about iteration complexity here without proof.

Theorem 8 ((Nesterov, 1983)). Let f be a-strongly convex and [3-smooth, then accelerated gradient descent with learning
rate n = é and Q = B/« satisfies:

foa) = F(x7) < 2(f(x0) = f(x)) eXp(—%) 2

C. Proofs of Main Theorem

In this section we will prove Theorems 5, 6 and 7.

C.1. Rank-1 Setting

We first prove our claim that B! A has an eigenbasis.

Lemma 9. Let (u;,0;) be the eigenpairs of the symmetric matrix B~'/2AB/2. Then B~/?u; is an eigenvector of
B~ LA with eigenvalue o;.

Proof. The proof is straightforward.

B'A (B_l/zui) _ B2 (B_l/QAB_l/QuZ-) — ;B /2y,
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Denote the eigenpairs of B~1 A by (A\i, vi), the above lemma further tells us that VTij = u-T u; = ;5.
Recall that we defined the angle between w and v; in the B-norm: 6 (w,v;) = arccos (|v{ Bw|).

To measure the distance from optimality, we use the following potential function for normalized vector w (||w|/g = 1):

V1—|v]Bw|?

tanf(w,vy) = 3
anf(w,vy) |VIBW| 3)
Lemma 10. Consider any w such that ||w||g = 1 and tan 6(w,vy) < e. Then, we have:
cos?O(w,vi) = (vi Bw)? > 1 - and w' Aw > \ (1 — €2).
Proof. Clearly,
(vi Bw)? = cos? O(w, v;) = ! > 1 >1—é
! ’ 1+tan?f(w,vy) — 14+€ ~ ’
proving the first part. For the second part, we have the following:
w'Aw = Z(VZTBW)( IBw)v, Av; = Z A (v Bw)( TBW)viTij
i
=3 Xi(vi Bw)® > M (v Bw)? > (1 - €Ay,
proving the lemma. O

Proof of Theorem 5. We will show that the potential function tan #(wy, v1) decreases geometrically with ¢. This will
directly provides an upper bound for sin #(w;, vy ). For simplicity, through out the proof we will simply denote 6(w, v;)
as ;.

Recall the updates in Algorithm 1, suppose at time ¢, we have w; such that ||w;||g = 1. Let us say

1
Wit1 = E(BilAWt + &) )

where Z is some normalization factor, and £ is the error in solving the least squares. We will first prove the geometric
convergence claim assuming

1€llB <

M| =X
% min{cos 6y, sin 0, }, o

and then bound the time taken by black-box linear system solver to provide such an accuracy. Since w; can be written as

wy =, (w/ Bv;) v;, we know B ' Aw, = Zf.l:l Ai (W Bv;) v;. Since ||[w¢i1||g = 1 and v,/ Bv; = §;;, we have

2
V7 VTR VL, (W Bv.)” A2+ [¢]m

tan iy =

Vi BZwW; 4] [ (w/Bvi) M| - [[¢]lB
S |4 lels Mol 4 —_Léls
1-— ( TBV ) | 2| 1—(w;er1)2 " 0 | 2| 1—(W?BV1)2
X = tan 6; x
1Ll 1Ll
|W BV1| ‘)\1| — \w;rBE\;/1| ‘)\1| — \w;rBE\;/1|
By definition of 6;, we know cos #; = |w, Bv;|and sinf; = /1 — (thBvl)2 giving us
IAo| + I€lls

sin 04

tan 6,1 < tanf; x

| 1| " cos O,
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Since ||¢]|g < W min{cos 6y, sin 0, }, we have that

[A1] + 3| A2]
tan ;1 < ——— X tané,.
R P t
Letting v = %, this shows that G(w;) < v'G(wyg). Recalling the definition of eigengap p = 1 — R—TI, choosing ¢
to be
2 1 lo tan 0o lo tan 6y
t>10g< >> g (% )> g () (6)
p ecos By

- 1 - 1
(3-1)  ns(3)
1
e cos fg

we are guaranteed that sinf; < tan#; < e. This number of iterations % log (

two phase: 1) initial phase % log CO; o which mainly caused by large initial angle, 2) convergence phase % log % which is

mainly due to the high accuracy € we need.

) could be further decompose into

We now focus on how to obtain the iterate w,; using accelerated gradient descent such that the error £ has norm bounded
as in (5).

def . . . . .
Let f(w) = %WTBW — w ' Aw; and recall that in each iteration, we use linear system solver to solve the following
optimization problem:

n}"iln f(w). (7)

The minimizer of (7) is B~ Aw,. Define €;,;; and g, as initial error and required destination error of linear system solver
|lw — B~1Aw,||%4. Observe that for any w we have equality,

[w =B~ Aw[|p = 2(f(w) — f(B™'Aw,)) ()
Eq.(5) directly poses a condition on €ges:

(IA1] = [A2])?

€des < 16

min{cos? 0, sin® 6, }

.
Since we initialize Algorithm 4 with 5, w;, where j3; def w, Aw,

L , the initial error can be bounded as follows:
w, Bwy

einit = 2(f(Bewe) — f(B™ ' Awy))
= 2(mﬂin F(Bwe) =[BT Aw,)) < 2(f(Aiws) — f(B™'Awy))
= |Mw; — B7'Aw, |3
= Z(/\l —\)? (WtTBvi)2 < N(1— (WtTBvl)Q) = \2sin” 6;.
i>2
This means that we wish to decrease the ratio of final to initial error smaller than

€des < (|)‘1‘ — |)‘2|)2
€init 16

1 p? 1
: 20 2 .
min{cos® 0, sin“ 6; } x m = 16Irllll{m112€t,1}. )

Recall we defined 7 (§) as the time for linear system solver to reduce the error by a factor ¢. Therefore, in the initial phase

In convergence phase,

2 2 2
where 0, is large, it would be suffice to solve linear system up to factor § = 2% b < Teand.

where 0, is small, choose § = % would be sufficient.

Therefore, adding the computational cost of Algorithm 1 other than by linear system solver, it’s not hard to get the total
running time will be bounded by

2 2
2 (0w o TS0 o - T(50) ) + 2 ama (A) + s (B) + ) o

p cos g ecosfy
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Furthermore, if we run Nesterov’s accelerated gradient descent (Algorithm 4) on function f(w) to solve the linear
systems. Since the condition number of the optimization problem (7) is x(B), by Theorem 8, we know 7 (§) =
O(nnz (B) v/k(B) log }). Substituting this gives runtime:

B) \/x(B
O<nnz() al )<log L gL +log110g1>+1nnZ(A)10g 1 )
p) o

P cos by pcos by € € cos Oy
which finishes the proof. O

C.2. Top-k Setting

To prove the convergence of subspace, we need a notion of angle between subspaces. The standard definition the is
principal angles.

Definition 11 (Principal angles). Let X and Y be subspaces of R¢ of dimension at least k. The principal angles 0 <
0 < ... < 0% perween X and Y with respect to B-based scalar product are defined recursively via:

<X7 y>B )
Ixlsllylls

(x,y)B
Ixlsllylls

0@ (X,Y) = min{arccos( xeX,yeV,x 1lpxj,y lpy,foralj<i}

(xi,¥:) € argmin{arccos( ):xeX,yeV,x lgxj,y Lpy,forallj <i}

For matrices X and Y, we use §;(X,Y) to denote the j-th principal angle between their range.

Since for our interest, we only care the largest principal angle, thus, in the following proof, without ambiguity, for X, Y €
R4* we use 6(X,Y) to indicate #*)(X,Y). Next lemma will tells us this definition of 6(X,Y) to be the largest
principal angle is same as what we defined in the main paper Definition 4.

Lemma 12. Let X, Y € R4¥* be orthonormal bases (w.r.t B) for subspace X, respectively. Let X | be an orthonormal
basis for orthogonal complement of X (w.r.t B). Then we have

cosO(X,Y) = op(X'BY), sinf(Xx,)) =X BY]|| (10)
and assuming X "BY is invertible (0(X,Y) < 5), we have:

tanf(X,)) = | X BY(X'BY)}| (11)

Proof. By definition of principal angle, it’s easy to show cos#(X,Y) = o0x(XTBY). The projection operator onto
subspace X' is XX " B. It’s also easy to show XX "B + X | X [ B = I Then, we have:

(X/BY)'XBY =Y'BX, X |BY

=Y'BI-XX'B)Y=Y'BY - (X'BY) (X'BY)=1—- (X"BY)"(X'BY) (12)
Therefore:
IXIBY||?=1-02(X"BY) =1 —cos?0(X,Y) =sin’ (X,)) (13)
Similarily:
XIBY(X'BY) '|"X[BY(X"BY)!
=[(X"BY) J"I-(X'BY)(X"BY)|(X"BY)!
=[(X"BY) " (X"BY) ! -1 (14)
Therefore: ) .
T T —1)12 _ 1 1 2
X BY(X'BY) !||> = 2 XTBY) l=—; i) 1 =tan?60(X,)) (15)

Obviously, (X, ) is acute, thus sin (X, )) > 0 and tan 6(X, ) > 0, which finishes the proof. O
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Similar to the top one case, for simplicity, we denote 6 &f g (W, V), where V. € R¥* is top k eigen-vector of
generalized eigenvalue problem. Now we are ready to prove the theorem. We also denote V; € R¥*(4=F)  Also
throughout the proof, for any matrix X, we use notation || X||g = ||[BzX|| = /X TBX]| and IXl|B,Fr = |IBzX||p =

Viur(XTBX).

Proof of Theorem 5. Let V. € R¥* Ay, € R¥** be the top k generalized eigen-pairs; and V| € R (1=K Ay, ¢
R(4=k)x(d=F) be the remaining (d — k) generalized eigen-pairs (assume all eigen-vectors normalized w.r.t. B). Then, we
have:

A=B(VAyV' +V Ay, V])B
B=B(VV' +V,V])B

By approximately solving argminyy cpaxx tr(; W' BW — W T AW, ) and Gram-Schmidt process, we have:
W1 = (BT'AW, + R (16)

where R € R¥** is an invertable matrix generated by Gram-Schmidt process.

We will follow the same strategy as in top 1 case, which will first prove the geometric convergence of tan #; assuming

el = s

lells < =]

min{sin 6, cos 6, } (17)

Note here £ is a matrix, and ||{||g = HBéf I = ]I TBE||. Then we will bound the time taken by black-box linear system
solver to provide such an accuracy.

By definition of tan #; and linear algebra calculation, we have

tan 9t+1 = ||VIBWt+1(VTBWt+1)_
= |[VIBWy 1 (VIBWy )|
= |[(Av, VIBW, + V| B¢)(AvV BW, + VI BE) 7}
< [(Av, VIBW, + VB¢ (V' BW,) |
- or(Av + VIBE(VIBW, ) 1)
< IAv, [ tanb; + [VIBL(VIBW,) |
or(Av) — [VIB{(VIBW,) 1|
< IAv, [[tand; + [VIBE[VIBW,) |
T o(Av) = [VTBE[[[(VIBW,) ||

B
|Av, || tan 6, + IviBe|l

cos 0

or(Av) — IVTBE|

cos 0¢

I

M| + Ll
16 (18)
‘)\ |_ [I€]ls

cos 04

< tan Gt

Akl =[Nkl
=< 1

Since |[¢||B min{sin 6y, cos 6; }, we have that:

[Ak| + 3| Apt1]

tan9 < —
2B + e
2(| M| = [Argal)
3IAk] 4 [ Ak

tan 6, (19)

AR = Ak

= 1—
( 2k

)tan 6, < exp( ) tan 6y (20)

[Aet1]
Akl

Recall in this problem p = 1 — , therefore, we know:

1
cos by

sin0; < tan6; < exp(—g -t)tanfy < exp(—g - t) (21)
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If we want sin 6, < ¢, which gives iterations:

2 1
t > —log
p e cos bty

(22)
Let f(W) = (W BW — WTAW,). For this problem, we can view W as a dk dimensional vector, and use linear
system to solve this d, k dimensional problem. Therefore, if we represent W in terms of matrix, the corresponding
linear system error is |[W — B~ AW, || p, recall [W|p r = [|[B:W|r = \/u(WTBW). To satisfy the accuracy
requirement, we only need

_ 2
€aes = |I€]IB F < Wmm{sin2 0, cos? 0} (23)

Recall we initialize the linear system solver with W,I'; with 'y = (W, BW,;)~1(W ] AW,), we then have

€nie = |[W, Iy = BT'AW, ||} 1 = t[(W,I, — B"'AW,) 'B(W,I', — B"'AW,)]
=2[f(WI'y) — f(B_lAWt)] = Z[argriliilf(wtl") - f(B_lAWt)] (24)
TeRkFX

Let Iy = (VIBW,) 'Av(VTBW,), and observe [[¢]|3 p = |B2¢[2 = |[VTBE|% + |[VIBE|[2 (Pythagorean
theorem under B norm), then we have:

€init =|| W'y — BflAWt”%a,F = 2[arg1£11£1f(WtF) - f(BflAWt)]
TeRkxk

<2[f(W,Iy) — f(BT'AW,)] = [[W, I, — BT'AW, |3 »

=V B(W,I', = B™'AW,)| + [V B(W,I', - B"'AW,)| %

=|[VIBW, I, - Ay V' BW,|% + |[V]BW,I; — Ay, V] BW,|%

=0+ |[VIBW I, — Av, VIBW,||.

<k|[VIBW I, — Av, V]BW,|?

<2ksin? 0, (||| + || Av, ||?) < 4k|A\1|? tan? 6, (25)

The last step is correct since ||Av, || < |A1| and [|I¢]| < [[(VIBW,) " H[|Av]|[[[VTB2||[|[B2W,| < —— |\

cos 0
This means we wish to decrease the ratio of final to initial error smaller than:
2 .2
€des 14 . 1 sin” 0;
min 26
€mit ~ 64k~y2 {c032 0, cost 0, } (26)
where v = % Therefore, a two phase analysis of running time depending on 6, is large or small similar to top 1 case

would gives the total runtime:

p

2 (10 1 (p2 cos? 0y 1 02

2 2
coste . 6117 )_|_10gg T(64k’y2)> + ; (nnz (A)k +nnz(B) k + dk )log

ecosfy’

if we are using the accelerated gradient descent to solve the linear system, we are essentially solve k disjoint optimization
problem, with each problem dimension d and condition number (B). Directly apply Theorem 8 gives runtime

o <nnz (B);f\/n(B) (log

k 1,k A)k + dk? 1
log i + log — log ual + (nnz (A) ) log .
cos bty pcos by € 0 p e cos by

O

Finally, since both results Theorem 5 and Theorem 7 are stated in terms of initialization 6, here we will give probablistic
guarantee for random initialization.
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Lemma 13 (Random Initialization). Let top k eigen-vector be V. € RY*¥ and the remaining eigen-vector be V| €
REX(A=FK) " If we initialize W  as in Algorithm 2, then With at least probability 1 — 1, we have:

tand = [VIBW(VTBWo) | < oL, @n

Proof. Recall W is entry-wise sampled from standard Gaussian, and

IVIBW|

tanfy =||[VI BW(V BW,) || = [[VIBW(V BW,) || < —L— 21
o =V BWq( o) | = V.BW( 0) II_Uk(VTBWO)

~ -~ T ~
<HVIBVJ_|| VL Wyl

= = — (28)
Ok (VTBV) Ok (VTWO)
Where V |, V are the right singular vectors of VIB, V "B respectively. Then, we have first term:
VIBV VB VIB:||B> ,
IVIBVL _ IVIBI __IVIBHBE g 09)

ox(VIBV)  0x(VIB) = 04(VTB2)omin(B?)
The last step is true since both V] B= and VT B? are orthonormal matrix.

For the second term, we know UV~ L TVVgH ~ O(V/d + Vk) with high probability, and by equation 3.2 in (Rudelson &
Vershynin, 2010) we know o (VT W) > % with probability at least 1 — 7, which finishes the proof. O

C.3. CCA Setting

Since our approach to CCA directly calls Algorithm 2 for solving generalized eigenvalue problem as subroutine, most of
the theoretical property should be clear other than random projection step in Algorithm 3. Here, we give following lemma.
The proof of Theorem 7 easily follow from the combination of this lemma and Theorem 6.

Lemma 14. [fthe ( g‘” > as constructed in Algorithm 3 has angle at most 0 with the true top-2k generalized eigenspace
y

of A, B, then with probdbility 1 — ¢, both W, W, has angle at most O(k*@/(?) with the true top-k canonical space of
X,Y.

Proof. We will prove this for W, the proof for W, follows directly from same strategy.

Szz 0

Recall B = ( 0 S,

> . Let ® € R4 > be the true top k subspace of X and U € R%** be the true top k subspace

> -9
. 1
of Y.Then by construction we know the top 2k subspace should be 7 ( v v ) .

By properties of principal angle, we know there exists an orthonormal matrix R € R2**2¥ such that

1 1/2 o -9 1/2 Wm .0

In particular, if we only look at the last dy rows, we have

L 12 1/2\x .
H\ﬁsyg (v ¥ )R-SW,| < 2sin .
Let U be the random Gaussian projection we used, and let RU = < 31 ) , we know
2
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1/2v% 1/2 U,
Sy?/JWyUf\fSy‘{J(\II w)<U2 +E

fs;{j2x1/(U1 +Uy) +E,

where E is the error (after multipled by random matrix U), with | E[| < O(2V/ksin §) < O(V/k9).

LetV = (S%,{,QW U)TSU 2W U, the orthonormalization step gives a matrix W, that is equivalent (up to rotation) to
W,UV~1/2 Our goal is to show V12 ~ (U + Uy) T (U + Us))~/2 50 we get roughly W.

Note that 'S, ¥ = I, therefore V = (U +U,) T (U, + Us) +E’ where the error E' = (%S;{f\y(m +U,))TE+

%ET(S;{,QW(Ul + U,)) + ETE). We know with high probability |U; + Us|| < O(vk), with probability at least
1 — ¢, 0min(Up + Uy) > Q(¢/VE). Therefore we know o, [(Uy 4+ Us) T (U 4+ Us)] > Q(¢?/k) and |E|| <
O(k6). By matrix perturbation for inverse we know |[V~/2 — /2((U; 4+ Usy) T (U + Uy))~ V2| < O(k?0/¢?). Since
(U; 4+ Uy)((Uy + Usy) T (U, 4+ Uy))~1/2 = R/ is an orthonormal matrix, we know there’s some orthonormal matrix R
so that:

1S}, W,, — S/2UR”|| = ||S}/)*W, UV /2 — 8/ 2UR/|
<[|Sy*W, UV 12 — \/28L/2W, U((U; + Uz) T (U + Uy)) /2|

vy

+ V28, W, U((Uy +Us) "(Uy + Ug)) /2 = S 2R < O(k?6/¢?)

Therefore the angle between the W, and the truth ¥ is bounded by O(k?6/¢?).



