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Supplement to
“Domain Adaptation with Conditional Transferable Components”

This supplementary material provides the proofs and some details which are omitted in the submitted
paper. The equation numbers in this material are consistent with those in the paper.

S1. Proof of Theorem 1
Proof. Combine (3) and (4), we have

C∑
c=1

pT (Y = vc)p
T (Xci|Y = vc) =

C∑
c=1

pnew(Y = vc)p
S(Xci|Y = vc). (15)

If the transformation W is non-trivial, there do not exist non-zero γ1, ..., γC and ν1, ..., νC such that
∑C
c=1 γcp

T (Xci|Y =

vc) = 0 and
∑C
c=1 νcp

S(Xci|Y = vc) = 0. Therefore, we can transform (15) to

C∑
c=1

P T (Y = vc)P
T (Xci|Y = vc)− Pnew(Y = vc)p

S(Xci|Y = vc) = 0. (16)

According to ACIC in Theorem 1, we have ∀c,

P T (Y = vc)P
T (Xci|Y = vc)− Pnew(Y = vc)P

S(Xci|Y = vc) = 0. (17)

Taking the integral of (17) leads to Pnew(Y = vc) = P T (Y = vc), which further implies that PS(Xci|Y = vc) =
P T (Xci|Y = vc).

S2. Proof of Lemma 1
Proof.

εT (h) =εT (h) + εnew(h)− εnew(h)

≤εnew(h) +
∣∣εT (h)− εnew(h)

∣∣
≤εnew(h) +

∫ ∣∣P new(Xci, Y )− P T (Xci, Y )
∣∣∣∣L(Y, h(Xci))

∣∣dXcidY

≤εnew(h) + d1(pnew(Xci, Y ), pT (Xci, Y )). (18)

S3. Proof of Theorem 2
Proof. In the binary classification problem, because Y ∈ {0, 1} is a discrete variable, we use the Kronecker delta kernel
for Y. Then (13) becomes

dk(pnew(Xci, Y ), pT (Xci, Y ))

=

1∑
c=0

∣∣∣∣P new(Y = c)µpS(Xci|Y=c)[ψ(Xci)]− P T (Y = c)µpT (Xci|Y=c)[ψ(Xci)]
∣∣∣∣2

=
∣∣∣∣∆1

∣∣∣∣2 +
∣∣∣∣∆0

∣∣∣∣2
=
∣∣∣∣∆1 + ∆0

∣∣∣∣2 − 2∆ᵀ
1∆0



Domain Adaptation with Conditional Transferable Components

=
∣∣∣∣ 1∑
c=0

P new(Y = c)µpS(Xci|Y=c)[ψ(Xci)]−
1∑
c=0

P T (Y = c)µpT (Xci|Y=c)[ψ(Xci)]
∣∣∣∣2 − 2∆ᵀ

1∆0

=
∣∣∣∣µpnew(Xci)[ψ(Xci)]− µpT (Xci)[ψ(Xci)]

∣∣∣∣2 − 2∆ᵀ
1∆0

= Jci − 2∆ᵀ
1∆0. (19)

Clearly, when 0 < θ ≤ π/2, we have ∆ᵀ
1∆0 ≥ 0. Therefore,

dk(pnew(Xci, Y ), pT (Xci, Y )) ≤ Jci. (20)

When π/2 < θ ≤ π, we express Jci as

Jci =
∣∣∣∣∆1 + ∆0

∣∣∣∣2
=
∣∣∣∣∆1

∣∣∣∣2 +
∣∣∣∣∆0

∣∣∣∣2 + 2
∣∣∣∣∆1

∣∣∣∣∣∣∣∣∆0

∣∣∣∣ cos θ

=(
∣∣∣∣∆1

∣∣∣∣+
∣∣∣∣∆0

∣∣∣∣ cos θ)2 +
∣∣∣∣∆0

∣∣∣∣2 sin2 θ (21)

=(
∣∣∣∣∆0

∣∣∣∣+
∣∣∣∣∆1

∣∣∣∣ cos θ)2 +
∣∣∣∣∆1

∣∣∣∣2 sin2 θ. (22)

According to (21) and (22), we have
∣∣∣∣∆0

∣∣∣∣2 sin2 θ ≤ Jci and
∣∣∣∣∆1

∣∣∣∣2 sin2 θ ≤ Jci. Thus

dk(pnew(Xci, Y ), pT (Xci, Y )) =
∣∣∣∣∆1

∣∣∣∣2 +
∣∣∣∣∆0

∣∣∣∣2 ≤ 2
Jci

sin2θ
. (23)

Combining (20) and (23), we can obtain the results in Theorem 2.

S4. Proof of Theorem 3
Proof. We have

Ĵci(βββ,W ) =
∣∣∣∣ 1

nS
ψ
(
W ᵀxS

)
βββ − 1

nT
ψ(W ᵀxT )1

∣∣∣∣2
=
∣∣∣∣ 1

nS
ψ
(
W ᵀxS

)
Rdisααα− 1

nT
ψ(W ᵀxT )1

∣∣∣∣2
=
∣∣∣∣[ 1

n1

n1∑
i=1

ψ(W ᵀxS1i), . . . ,
1

nC

nC∑
i=1

ψ(W ᵀxSCi)]ααα−
1

nT
ψ(W ᵀxT )1

∣∣∣∣2
= Ĵci(ααα,W ), (24)

where xSci, c ∈ {1, . . . , C} denotes the i-th observation of the c-th class in the source domain.

Define ∆ = {ααα|ααα ≥ 0,
∑C
c=1αααc = 1}. We have

Jci(αααn,Wn)− Jci(ααα∗,Wn)

= Jci(αααn,Wn)− Ĵci(αααn,Wn) + Ĵci(αααn,Wn)− Ĵci(ααα∗,Wn) + Ĵci(ααα∗,Wn)− Jci(ααα∗,Wn)

Since αααn is the empirical minimizer and thus Ĵci(αααn,Wn) ≤ Ĵci(ααα∗,Wn)

≤ Jci(αααn,Wn)− Ĵci(αααn,Wn) + Ĵci(ααα∗,Wn)− Jci(ααα∗,Wn)

≤ 2 sup
ααα∈∆
|Jci(ααα,Wn)− Ĵci(ααα,Wn)|. (25)

Before upper bounding the above defect on the right hand side, we enable some properties of the kernel. Assume that there
exists a ψmax such that for any x ∈ X , it holds that −ψmax ≤ ψ(x) ≤ ψmax and that

∣∣∣∣ψmax
∣∣∣∣

2
≤ ∧2. Since ααα ≥ 0 and∣∣∣∣ααα∣∣∣∣

1
= 1, for any xS , it also holds that [ 1

n1

∑n1

i=1 ψ(W ᵀ
nx
S
1i), . . . ,

1
nC

∑nC

i=1 ψ(W ᵀ
nx
S
Ci)]ααα ≤ ψmax.

Now, we have the following Lipschitz property of Jci:

|Jci(ααα,Wn)− Ĵci(ααα,Wn)|
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≤ |max
ααα,xS

[
1

n1

n1∑
i=1

ψ(W ᵀ
nx
S
1i), . . . ,

1

nC

nC∑
i=1

ψ(W ᵀ
nx
S
Ci)]ααα+ max

xS

1

nT
ψ(W ᵀ

nx
T )1|ᵀ|E(Y,X)∼pS [β(Y )ψ(W ᵀ

nX)]

−EX∼pT [ψ(W ᵀ
nX)]− [

1

n1

n1∑
i=1

ψ(W ᵀ
nx
S
1i), . . . ,

1

nC

nC∑
i=1

ψ(W ᵀ
nx
S
Ci)]ααα+

1

nT
ψ(W ᵀ

nx
T )1|

≤ 2|ψmax|ᵀ|E(Y,X)∼pS [β(Y )ψ(W ᵀ
nX)]

−EX∼pT [ψ(W ᵀ
nX)]− [

1

n1

n1∑
i=1

ψ(W ᵀ
nx
S
1i), . . . ,

1

nC

nC∑
i=1

ψ(W ᵀ
nx
S
Ci)]ααα+

1

nT
ψ(W ᵀ

nx
T )1|. (26)

Then, combining (25) and (26), we have

Jci(αααn,Wn)− Jci(ααα∗,Wn)

≤ 2 sup
ααα∈∆
|Jci(ααα,Wn)− Ĵci(ααα,Wn)|

≤ 4 sup
ααα∈∆
|ψmax|ᵀ|E(Y,X)∼pS [β(Y )ψ(W ᵀ

nX)]

−EX∼pT [ψ(W ᵀ
nX)]− [

1

n1

n1∑
i=1

ψ(W ᵀ
nx
S
1i), . . . ,

1

nC

nC∑
i=1

ψ(W ᵀ
nx
S
Ci)]ααα+

1

nT
ψ(W ᵀ

nx
T )1|. (27)

Now, we are going to upper bound the defect:

fψ(X,xS ,xT ) , E(Y,X)∼pS [βββ(Y )ψ(W ᵀ
nX)]

−EX∼pT [ψ(W ᵀ
nX)]− [

1

n1

n1∑
i=1

ψ(W ᵀ
nx
S
1i), . . . ,

1

nC

nC∑
i=1

ψ(W ᵀ
nx
S
Ci)]ααα+

1

nT
ψ(W ᵀ

nx
T )1. (28)

We employ the McDiarmid’s inequality to upper bound the `2-norm of the defect.

Theorem 4 (McDiarmid’s inequality). Let X = (X1, . . . , Xn) be an independent and identically distributed sample and
Xi a new sample with the i-th example in X being replaced by an independent example X ′i . If there exists c1, . . . , cn > 0
such that f : Xn → R satisfies the following conditions:

|f(X)− f(Xi)| ≤ ci,∀i ∈ {1, . . . , n}. (29)

Then for any X ∈ Xn and ε > 0, the following inequalities hold:

Pr{|Ef(X)− f(X)| ≥ ε} ≤ 2 exp

(
−2ε2∑n
i=1 c

2
i

)
. (30)

We now check that f(X,xS ,xT ) =
∣∣∣∣fψ(X,xS ,xT )

∣∣∣∣2 satisfies the bounded difference property. Let xSci denote the i-th
observation belonging to the c-th class. We have

|f(X,xSi ,x
T )− f(X,xS ,xT )|

= |(fψ(X,xSi ,x
T ) + fψ(X,xS ,xT ))T (fψ(X,xSi ,x

T )− fψ(X,xS ,xT ))|
≤ 4|ψmax|ᵀ|fψ(X,xSi ,x

T )− fψ(X,xS ,xT )|

= 4|ψmax|ᵀ|
αααc
nc

(ψ(W ᵀ
nx
S
ci)− ψ(W ᵀ

nx
′S
ci))|

≤ 8αααc
nc
|ψmax|ᵀ|ψmax| ≤

8 ∧2
2 αααc
nc

. (31)

Similarly, it holds that

|f(X,xS ,xTi )− f(X,xS ,xT )| ≤ 8∧2
2

nS
. (32)
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Employing McDiarmid’s inequality, we have that

Pr{|f(X,xS ,xT )− ExS ,xT f(X,xS ,xT )| ≥ ε} ≤ 2 exp

(
−2ε2

64 ∧4
2 (
∑C
c=1

ααα2
c

nc
+ 1

nT )

)
. (33)

Combining (27) and (33), we have that for any δ > 0, with probability at least 1− δ,

Jci(αααn,Wn)− Jci(ααα∗,Wn)

≤ 2 sup
ααα∈∆
|Jci(ααα,Wn)− Ĵci(ααα,Wn)|

≤ 4 sup
ααα∈∆
|ψmax|ᵀ|fψ(X,xS ,xT )|

Using Cauchy-Schwarz inequality
≤ 4 sup

ααα∈∆

∣∣∣∣ψmax
∣∣∣∣∣∣∣∣fψ(X,xS ,xT )

∣∣∣∣
≤ 4 ∧2

ExS ,xT sup
ααα∈∆

f(X,xS ,xT ) + ∧2
2

√√√√32 log
2

δ
(

C∑
c=1

ααα2
c

nc
+

1

nT
)


1
2

≤ 4 ∧2

(
ExS ,xT sup

ααα∈∆
f(X,xS ,xT ) + 32 ∧2

2

√
1

2
log

2

δ
( max
c∈{1,...,C}

1

nc
+

1

nT
)

) 1
2

. (34)

Now we are going to upper bound the term EX supααα∈∆ f(X,xS ,xT ). Let

gn(xS ,xT ) , [
1

n1

n1∑
i=1

ψ(W ᵀ
nx
S
1i), . . . ,

1

nC

nC∑
i=1

ψ(W ᵀ
nx
S
Ci)]ααα−

1

nT
ψ(W ᵀ

nx
T )1 (35)

and

g(X) , E(Y,X)∼pS [βββ(Y )ψ(W ᵀ
nX)]− EX∼pT [ψ(W ᵀ

nX)]. (36)

We have that

ExS ,xT sup
ααα∈∆

∣∣∣∣fψ(X,xS ,xT )
∣∣∣∣2

= ExS ,xT sup
ααα∈∆

∣∣∣∣g(X)− gn(xS ,xT )
∣∣∣∣2

= ExS ,xT sup
ααα∈∆

∣∣∣∣Ex′S ,x′T gn(x′
S
,x′
T

)− gn(xS ,xT )
∣∣∣∣2

≤ ExS ,xT ,x′S ,x′T sup
ααα∈∆

∣∣∣∣gn(x′
S
,x′
T

)− gn(xS ,xT )
∣∣∣∣2. (37)

where x′
S
,x′
T are ghost samples which are i.i.d. with xS ,xT , respectively.

Since xj ,x′
j
, j = S, T are i.i.d. samples,

∑nc

i=1 ψ(W ᵀ
nx

j
ci) − ψ(W ᵀ

nx
′j
ci) has a symmetric property, which means it has

an even density function. Thus,
∑nc

i=1 ψ(W ᵀ
nx

j
ci) − ψ(W ᵀ

nx
′j
ci) and

∑nc

i=1 σci(ψ(W ᵀ
nx

j
ci) − ψ(W ᵀ

nx
′j
ci)) has the same

distribution, where σci are independent variables uniformly distributed from {−1, 1}. Then, we have

ExS ,xT ,x′S ,x′T sup
ααα∈∆

∣∣∣∣gn(x′
S
,x′
T

)− gn(xS ,xT )
∣∣∣∣2 = ExS ,xT ,x′S ,x′T ,σσσ sup

ααα∈∆

∣∣∣∣gn(x′
S
,x′
T
,σσσ)− gn(xS ,xT ,σσσ)

∣∣∣∣2, (38)

where

gn(xS ,xT ,σσσ) , [
1

n1

nc∑
i=1

σ1i(ψ(W ᵀ
nx
S
ci) . . .

1

nC

nC∑
i=1

σCi(ψ(W ᵀ
nx
S
Ci)]ααα−

1

nT

nT∑
i=1

σT iψ(W ᵀ
nx
T
i ). (39)
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According to Talagrand contraction Lemma, we have

ExS ,xT ,x′S ,x′T ,σσσ sup
ααα∈∆

∣∣∣∣gn(x′
S
,x′
T
,σσσ)− gn(xS ,xT ,σσσ)

∣∣∣∣2
≤ 2ExS ,xT ,x′S ,x′T ,σσσ sup

ααα∈∆
|ψmax|ᵀ|gn(x′

S
,x′
T
,σσσ)− gn(xS ,xT ,σσσ)|

≤ 4ExS ,xT ,x′S ,x′T ,σσσ sup
ααα∈∆
|ψmax|ᵀgn(xS ,xT ,σσσ)

= 4ExS ,xT ,x′S ,x′T ,σσσ sup
ααα∈∆
|ψmax|ᵀ〈

[αααᵀ,−1]ᵀ, [
1

n1

nc∑
i=1

σ1i(ψ(W ᵀ
nx
S
ci), . . . ,

1

nC

nC∑
i=1

σCi(ψ(W ᵀ
nx
S
Ci),

1

nT

nT∑
i=1

σT iψ(W ᵀ
nx
T
i )]ᵀ

〉
. (40)

Let

vvv , [
1

n1

nc∑
i=1

σ1i(ψ(W ᵀ
nx
S
ci), . . . ,

1

nC

nC∑
i=1

σCi(ψ(W ᵀ
nx
S
Ci),

1

nT

nT∑
i=1

σT iψ(W ᵀ
nx
T
i )]ᵀ. (41)

Since
∣∣∣∣[αααᵀ,−1]ᵀ

∣∣∣∣
2
≤ 2, using Cauchy-Schwarz inequality again, we have

ExS ,xT ,x′S ,x′T ,σσσ sup
ααα∈∆

∣∣∣∣gn(x′
S
,x′
T
,σσσ)− gn(xS ,xT ,σσσ)

∣∣∣∣2
≤ 4ExS ,xT ,x′S ,x′T ,σσσ sup

ααα∈∆
|ψmax|ᵀ 〈[αααᵀ,−1]ᵀ, vvv〉

≤ 8ExS ,xT ,x′S ,x′T ,σσσ|ψmax|ᵀ
√
vvvᵀvvv

≤ 8ExS ,xT ,x′S ,x′T |ψmax|ᵀ
√
Eσσσvvvᵀvvv

= 8ExS ,xT ,x′S ,x′T |ψmax|ᵀ

√√√√ C∑
c=1

1

n2
c

nc∑
i=1

(ψ(W ᵀ
nxSci))

2 +
1

(nT )2

nT∑
i=1

(ψ(W ᵀ
nxi
T ))2

≤ 8|ψmax|ᵀ|ψmax|

√√√√ C∑
c=1

1

nc
+

1

nT

≤ 8 ∧2
2

√√√√ C∑
c=1

1

nc
+

1

nT
. (42)

At the end, combining (34), (37) and (42), with probability at least 1− δ, we have

Jci(αααn,Wn)− Jci(ααα∗,Wn)

≤ 4 ∧2

(
ExS ,xT sup

ααα∈∆
f(X,xS ,xT ) + 32 ∧2

√
1

2
log

2

δ
( max
c∈{1,...,C}

1

nc
+

1

nT
)

) 1
2

= 4 ∧2

8 ∧2
2

√√√√ C∑
c=1

1

nc
+

1

nT
+ 32 ∧2

2

√
1

2
log

2

δ
( max
c∈{1,...,C}

1

nc
+

1

nT
)


1
2

≤ 8 ∧2
2

2

√√√√ C∑
c=1

1

nc
+

1

nT
+ 8

√
1

2
log

2

δ
( max
c∈{1,...,C}

1

nc
+

1

nT
)


1
2

.

The proof ends.
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S5. Derivatives used in Sec. 2.5
The gradient of Ĵct w.r.t. K̃S , K̃T ,S , and KT is

∂Ĵct

∂K̃S
=

1

nS
2ββ

ᵀ,
∂Ĵct

∂K̃T ,S
= − 2

nSnT
1βᵀ, and

∂Ĵct

∂KT
=

1

nT
211

ᵀ.

The gradient of Tr[Σ̂Y Y |Xct ] w.r.t. K̃S is

∂Tr[Σ̂Y Y |Xct ]

∂K̃S
= −ε(K̃S + nSεI)−1L(K̃S + nSεI)−1.

Using the chain rule, we further have the gradient of Ĵct w.r.t. the entries of W , G, and H:

∂Ĵct

∂Wpq
= Tr

[(
∂Ĵct

∂K̃S

)ᵀ (
D1
pq

)]
− Tr

[(
∂Ĵct

∂K̃T ,S

)ᵀ (
D2
pq

)]
+ Tr

[(
∂Ĵct

∂K̃T

)ᵀ (
D3
pq

)]
, (43)

∂Ĵct

∂Gpq
= Tr

[(
∂Ĵct

∂K̃S

)ᵀ (
E1
pq

)]
− Tr

[(
∂Ĵct

∂K̃T ,S

)ᵀ (
E2
pq

)]
, (44)

∂Ĵct

∂Hpq
= Tr

[(
∂Ĵct

∂K̃S

)ᵀ (
F1
pq

)]
− Tr

[(
∂Ĵct

∂K̃T ,S

)ᵀ (
F2
pq

)]
, (45)

and the gradient of Tr[Σ̂Y Y |Xct ] w.r.t. the entries of W , G, and H:

∂Tr[Σ̂Y Y |Xct ]

∂Wpq
= Tr

[(
∂Tr[Σ̂Y Y |Xct ]

∂K̃S

)ᵀ

(D1
pq)

]
, (46)

∂Tr[Σ̂Y Y |Xct ]

∂Gpq
= Tr

[(
∂Tr[Σ̂Y Y |Xct ]

∂K̃S

)ᵀ

(E1
pq)

]
, (47)

∂Tr[Σ̂Y Y |Xct ]

∂Hpq
= Tr

[(
∂Tr[Σ̂Y Y |Xct ]

∂K̃S

)ᵀ

(F1
pq)

]
, (48)

where

[D1
pq]ij = −

k̃s(xsi , x
s
j)

σ2

[ D∑
k=1

wkq(aqix
s
ik − aqjxsjk)(aqix

s
ip − aqjxsjp) + (aqix

s
ip − aqjxsjp)(bqi − bqj)

]
,

[D2
pq]ij = −

k̃t,s(xti, x
s
j)

σ2

[ D∑
k=1

wkq(x
t
ik − aqjxsjk)(xtip − aqjxsjp) + aqjx

s
jpbqj

]
,

[D3
pq]ij = −

k̃t(xti, x
t
j)

σ2

[ D∑
k=1

wkq(x
t
ik − xtjk)(xtip − xtjp)

]
,

[E1
pq]ij = −

k̃s(xsi , x
s
j)

σ2
(xctjq − xctiq)(xsjqRdisjp − xsiqRdisip ),

[E2
pq]ij = −

k̃t,s(xti, x
s
j)

σ2
xsjqR

dis
jp (xctjq − xtiq),
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[F1
pq]ij = −

k̃s(xsi , x
s
j)

σ2
(xctjq − xctiq)(Rdisjp −Rdisip ),

[F2
pq]ij = −

k̃t,s(xti, x
s
j)

σ2
Rdisjp (xctjq − xtiq).

The derivative of Jreg w.r.t. G and H is

∂Jreg

∂G
=

2λS
nS

Rdisᵀ(Aᵀ − 1nS×d), and

∂Jreg

∂H
=

2λL
nS

Rdis
ᵀ

Bᵀ.


