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Abstract

High dimensional nonparametric regression is an
inherently difficult problem with known lower
bounds depending exponentially in dimension. A
popular strategy to alleviate this curse of dimen-
sionality has been to use additive models of first
order, which model the regression function as
a sum of independent functions on each dimen-
sion. Though useful in controlling the variance of
the estimate, such models are often too restrictive
in practical settings. Between non-additive mod-
els which often have large variance and first or-
der additive models which have large bias, there
has been little work to exploit the trade-off in
the middle via additive models of intermediate
order. In this work, we propose SALSA, which
bridges this gap by allowing interactions between
variables, but controls model capacity by lim-
iting the order of interactions. SALSA min-
imises the residual sum of squares with squared
RKHS norm penalties. Algorithmically, it can
be viewed as Kernel Ridge Regression with an
additive kernel. When the regression function is
additive, the excess risk is only polynomial in di-
mension. Using the Girard-Newton formulae, we
efficiently sum over a combinatorial number of
terms in the additive expansion. Via a compari-
son on 15 real datasets, we show that our method
is competitive against 21 other alternatives.

1. Introduction

Given i.i.d samples (X;,Y;)" ; from some distribution
Pxy, on X x Y C RP x R, the goal of least squares
regression is to estimate the regression function f,(x) =
E[Y|X = xz]|. A popular approach is linear regression
which models f, as a linear combination of the variables
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z,ie. f(xr) = BTz for some B € RP. Linear Regres-
sion is typically solved by minimising the sum of squared
errors on the training set subject to a complexity penalty
on 3. Such parametric methods are conceptually simple
and have desirable statistical properties when the problem
meets the assumption. However, the parametric assumption
is generally too restrictive for many real problems.

Nonparametric regression refers to a suite of methods that
typically only assume smoothness on f,. They present a
more compelling framework for regression since they en-
compass a richer class of functions than parametric mod-
els do. However they suffer from severe drawbacks in
high dimensional settings. The excess risk of nonpara-
metric methods has exponential dependence on dimen-
sion. Current lower bounds (Gyorfi et al., 2002) suggest
that this dependence is unavoidable. Therefore, to make
progress stronger assumptions on f, beyond just smooth-
ness are necessary. In this light, a common simplification
has been to assume that f, decomposes into the additive
form f.(x) = f*(l)(xl)—l—f,§2) (x2)+-- 4 i) (zp) (Hastie
& Tibshirani, 1990; Lafferty & Wasserman, 2005; Raviku-
mar et al., 2009). In this exposition, we refer to such mod-
els as first order additive models. Under this assumption,
the excess risk improves significantly.

That said, the first order assumption is often too biased in
practice since it ignores interactions between variables. It
is natural to ask if we could consider additive models which
permit interactions. For instance, a second order model has
the expansion f.(z) = il)(l‘l,l‘g) + f£2)(a:1, z3)+....
In general, we may consider d orders of interaction which
have (g ) terms in the expansion. If d < D, we may allow
for a richer class of functions than first order models, and
hopefully still be able to control the excess risk.

Even when f, is not additive, using an additive approxima-
tion has its advantages. It is a well understood statistical
concept that when we only have few samples, using a sim-
pler model to fit our data gives us a better trade-off for vari-
ance against bias. Since additive models are statistically
simpler they may give us better estimates due to reduced
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variance. In most nonparametric regression methods, the
bias-variance trade-off is managed via a parameter such as
the bandwidth of a kernel or a complexity penalty. In this
work, we demonstrate that this trade-off can also be con-
trolled via additive models with different orders of interac-
tion. Intuitively, we might use low order interactions with
few data points but with more data we can increase model
capacity via higher order interactions. Indeed, our exper-
iments substantiate this intuition: additive models do well
on several datasets in which f, is not necessarily additive.

There are two key messages in this paper. The first is that
we should use additive models in high dimensional regres-
sion to reduce the variance of the estimate. The second is
that it is necessary to model beyond just first order models
to reduce the bias. Our contributions in this paper are:

1. We formulate additive models for nonparametric regres-
sion beyond first order models. Our method SALSA —
for Shrunk Additive Least Squares Approximation— esti-
mates a d" order additive function containing (’3 ) terms
in its expansion. Despite this, the computational com-
plexity of SALSA is O(Dd?).

2. Our theoretical analysis bounds the excess risk for
SALSA for (i) additive f, under reproducing kernel
Hilbert space assumptions and (ii) non-additive f, in the
agnostic setting. In (i), the excess risk has only polyno-
mial dependence on D.

3. We compare our method against 21 alternatives on
synthetic and 15 real datasets. SALSA is more con-
sistent and in many cases outperforms other meth-
ods.  Our software and datasets are available at
github.com/kirthevasank/salsa. Our imple-
mentation of locally polynomial regression is also re-
leased as part of this paper and is made available at
github.com/kirthevasank/local-poly-regq.

Before we proceed we make an essential observation.
When parametric assumptions are true, parametric regres-
sion methods can scale both statistically and computation-
ally to possibly several thousands of dimensions. However,
it is common knowledge in the statistics community that
nonparametric regression can be reliably applied only in
very low dimensions with reasonable data set sizes. Even
D = 10 is considered “high” for nonparametric methods.
In this work we aim to statistically scale nonparametric re-
gression to dimensions on the order 10-100 while address-
ing the computational challenges in doing so.

Related Work

A plurality of work in high dimensional regression focuses
on first order additive models. One of the most popular
techniques is the back-fitting algorithm (Hastie et al., 2001)
which iteratively approximates f, via a sum of D one di-

mensional functions. Some variants such as RODEO (Laf-
ferty & Wasserman, 2005) and SpAM (Ravikumar et al.,
2009) study first order models in variable selection/sparsity
settings. MARS (Friedman, 1991) uses a sum of splines
on individual dimensions but allows interactions between
variables via products of hinge functions at selected knot
points. Lou et al. (2013) model f, as a first order model
plus a sparse collection of pairwise interactions. How-
ever, restricting ourselves to only to a sparse collection of
second order interactions might be too biased in practice.
COSSO (Lin & Zhang, 2006) study higher order models
but when you need only a sparse collection of them. In
Section 4 we list several other parametric and nonparamet-
ric methods used in regression.

Our approach is based on additive kernels and builds on
Kernel Ridge Regression (Steinwart & Christmann, 2008;
Zhang, 2005). Using additive kernels to encode and iden-
tify structure in the problem is fairly common in Machine
Learning literature. A large line of work, in what has to
come to be known as Multiple Kernel Learning (MKL),
focuses on precisely this problem (Bach, 2008; Gonen &
Alpaydin, 2011; Xu et al., 2010). Additive models have
also been studied in Gaussian process literature via addi-
tive kernels (Duvenaud et al., 2011; Plate, 1999). However,
they treat the additive model just as a heuristic whereas we
also provide a theoretical analysis of our methods.

2. Preliminaries

We begin with a brief review of some background material.
We are given i.i.d data (X, Y;)" ; sampled from some dis-
tribution Pxy- on a compact space X x Y C RP x R. Let
the marginal distribution of X on X" be Px and the Lo (Px)
norm be || f||3 = [ f?dPx. We wish to use the data to find
a function f : X — R with small risk

R(f) = /X 0 F@)PaRxy () = B{(Y ~£ (X)),

Itis well known that R is minimised by the regression func-
tion f.(-) = Exy[Y|X = -] and the excess risk for any f is
R(f) — R(f.) = ||f — f«|3 (Gyorfi et al., 2002). Our goal
is to develop an estimate that has low expected excess risk
ER(f) — R(f.) = E[||f — f.]|2], where the expectation is
taken with respect to realisations of the data (X, Y;)™ ;.

Some smoothness conditions on f, are required to make
regression tractable. A common assumption is that f,
has bounded norm in the reproducing kernel Hilbert space
(RKHS) H, of a continuous positive definite kernel « :
X x X — R. By Mercer’s theorem (Scholkopf & Smola,
2001), x permits an eigenexpansion of the form x(z,z’) =
> ydi(x)dj(a) where py > pp > --- > 0 are
the eigenvalues of the expansion and ¢1, ¢s, ... are an or-
thonormal basis for L?(Px).
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Kernel Ridge Regression (KRR) is a popular technique for
nonparametric regression. It is characterised as the solution
of the following optimisation problem over the RKHS of
some kernel &.

f—argmln/\\\fllm+ ZY FXD))?2 D)

=1

Here ) is the regularisation coefficient to control the vari-
ance of the estimate and is decreasing with more data.
Via the representer theorem (Scholkopf & Smola, 2001;
Steinwart & Christmann, 2008), we know that the solu-
tion lies in the linear span of the canonical maps of the
training points X7" —i.e. f(-) = 3. a;k(-, X;). This re-
duces the above objective to & = argmin,cg. Ao Ko +
L|Y — Ka|3 where K € R™*™ is the kernel matrix with
K;; = k(X;, X;). The problem has the closed form so-
lution & = (K + AnI)~'Y. KRR has been analysed ex-
tensively under different assumptions on f; see (Steinwart
& Christmann, 2008; Steinwart et al., 2009; Zhang, 2005)
and references therein. Unfortunately, as is the case with
many nonparametric methods, KRR suffers from the curse
of dimensionality as its excess risk is exponential in D.

Additive assumption: To make progress in high dimen-
sions, we assume that f, decomposes into the following
additive form that contains interactions of d orders among
the variables. (Later on, we will analyse non-additive f,.)

f*(x) = Z (j)(xllamlzv"'amid)a (2)

1<41 <9< <iqg<D

We will write, f.(z) = ijvidl ffj)(a:(j)) where M, =
(g), and /) denotes the subset (z;,, T4,, ..., 2;,). We
are primarily interested in the setting d < D. While there
are a large number of fﬁj ) ’s, each of them only permits in-
teractions of at most d variables. We will show that this
assumption does in fact reduce the statistical complexity of
the function to be estimated. The first order additive as-
sumption is equivalent to setting d = 1 above. A potential
difficulty with the above assumption is the combinatorial
computational cost in estimating all fij )’swhend > 1. We
circumvent this bottleneck using two strategems: a classi-
cal result from RKHS theory, and a computational trick us-
ing elementary symmetric polynomials used before by Du-
venaud et al. (2011); Shawe-Taylor & Cristianini (2004) in
the kernel literature for additive kernels.

3. SALSA

To extend KRR to additive models we first define kernels
k() that act on each subset (). We then optimise the fol-

lowing objective jointly over f(j) cHri,j=1...,M,.

Mg
argmin A Z Hf(j)H%*km +
f(j)EHk(j)-jzl Mg j=1

2 Z ( Zf(] (Xm)) 3)

Jj=1

{fO} e =

Our estimate for f is then f(-) = > FO)(-). At first, this
appears troublesome since it requres optimising over nMy
parameters (« gj)),] =1,...,My,i=1,...,n. However,
from the work of Aronszajn (1950), we know that the solu-

tion of (3) lies in the RKHS of the sum kernel k&

Mgy
— Z ED) (z0) 2(0)) 4)

Jj=1

= Z )

1<iy < <ig<D

k(x,x)

([zir, - wig) [ -5 25, ])-

See Remark 6 in Appendix A for a proof. Hence, the so-
lution f can be written in the form f(-) = 3, cike(-, X;)
This is convenient since we only need to optimise over n
parameters despite the combinatorial number of kernels.
Moreover, it is straightforward to see that the solution is
obtained by solving (1) by plugging in the sum kernel
k for k. Consequently f0) = S 4;k@ (-, X)) and
f= >, Gik(-, X;) where & is the solution of (1). While at
first sight the differences with KRR might seem superficial,
we will see that the stronger additive assumption will help
us reduce the excess risk for high dimensional regression.
Our theoretical results will be characterised directly via the
optimisation objective (3).

3.1. The ESP Kernel

While the above formulation reduces the number of opti-
misation parameters, the kernel still has a combinatorial
number of terms which can be expensive to compute.
While this is true for arbitrary choices for kU)’s, under
some restrictions we can efficiently compute k. For
this, we use the same trick used by Shawe-Taylor &
Cristianini (2004) and Duvenaud et al. (2011). First
consider a set of base kernels acting on each dimension
ki,ko, ..., ..., kp. Define k) to be the product kernel of
all kernels acting on each coordinate — k) (20 20 )/) =
kil (mil R 1’;1 )klz ({L‘iz R 1‘22) ce - kid (l’id, l‘;d). Then, the
additive kernel k(z,z’) becomes the d" elemen-
tary symmetric polynomial (ESP) of the D variables
k1(z1,2%),...,kp(zp,z’y). Concretely,

k(z,2') = 3 <H ki, (21, 2, ) NG

1<i1 <2< <ig<D



Shrunk Additive Least Squares Approximation

We refer to (5) as the ESP kernel. Using the Girard-
Newton identities (Macdonald, 1995) for ESPs, we can
compute this summation efficiently. For the D variables
sP = s1,...,spand 1 < m < D, define the m* power
sum p,, and the m™ elementary symmetric polynomial e, :

D
pm(SP) = Zszn »

=1
em(s?) = Z

1<i1<io <+ <im <D

Sip X Sjp X oo X 8.

In addition define eg(s}) = 1. Then, the Girard-Newton
formulae state,

m

en(6D) = 3D (D).

i=1

Starting with m = 1 and proceeding up to m = d, e4 can
be computed iteratively in just O(Dd?) time. By treating
s; = k;, the kernel matrix can be computed in O(n%d%D)
time. While the ESP trick restricts the class of kernels we
can use in SALSA, it applies for important kernel choices.
For example, if each k) is a Gaussian kernel, then it is an
ESP kernel if we set the bandwidths appropriately.

In what follows, we refer to a kernel such as k (5) which
permits only d orders of interaction as a d* order kernel. A
kernel which permits interactions of all D variables is of
D" order. Note that unlike in MKL, here we do not wish
to learn the kernel. We use additive kernels to explicitly
reduce the complexity of the function class over which we
optimise for f . Next, we present our theoretical results.

3.2. Theoretical Analysis

We first consider the setting when fij ) is in H,.) over
which we optimise for f (7). Theorem 3 generally bounds
the excess risk of f (3) in terms of RKHS parameters.
Then, we specialise it to specific RKHSs in Theorem 4 and
show that in many cases, the dependence on D reduces
from exponential to polynomial for additive f.. We begin
with some assumptions.

Assumption 1. f. has a decomposition f.(x) =
Z;W:dl g9 (2)) where each g9) € Hy .

We point out that the decomposition {g¥)} need not be
unique. To enforce definiteness (by abusing notation) we
define f,.Ej) € Hyw,j =1,..., My to be the set of func-
tions which minimise . [|g*% H%km. Denote the mini-
mum value by ||f.||%. We denote it by a norm for reasons
made clear in our proofs.

Let k) have an eigenexpansion kW) (z(@) 2@y =

Z;’;lugj)qbéj)(x(j))qbéj)(x(j)/) in L2(Pxq)). Here,

{( @j));";l} is an orthonormal basis for L?(Py ;) and

{(Méj ))t?il} are its eigenvalues. Py is the marginal
distribution of the coordinates X /). We also need the
following regularity condition on the tail behaviour of the
basis functions {gbgj )} for all k(). Similar assumptions are
made in (Zhang et al., 2013) and are satisfied for a large
range of kernels including those in Theorem 4.

Assumption 2. For some ¢ > 2, 3 p < oo such that for
allj=1,...,Mgand ( € N, E[¢ (X)%] < p>.

We also define the following,

) o) 1 Mgy )
() _ _ (4)
YN = = N =>_ 70N (©®
= 1+ A/ué” j=1

The first term is known as the effective data dimensionality
of k(9 (Zhang, 2005; Zhang et al., 2013) and captures the
statistical difficulty of estimating a function in H ). v is
the sum of the v()’s. Our first theorem below bounds the
excess risk of f in terms ||f.]|% and .

Theorem 3. Let Assumptions 1 and 2 hold. and Y have
bounded conditional variance: E[(Y — f.(X))?|X] < o2
Then the solution f of (3) satisfies,

120%;())
n

E[R())—R(f.) < M, (wnf*n% n n x(m) .

Here x (k) are kernel dependent low order terms and are
given in (11) in Appendix A. Our proof technique gener-
alises the analysis of Zhang et al. (2013) for KRR to the
additive case. We use ideas from Aronszajn (1950) to han-
dle sum RKHSs. We consider a space F containing the tu-
ple of functions f\) € H, ;) and use first order optimality
conditions of (3) in F. The proof is given in Appendix A.

The term ~x(A), which typically has exponential de-
pendence on d, arises through the variance calculation.
Therefore, by using small d we may reduce the variance
of our estimate. However, this will also mean that we are
only considering a smaller function class and hence suffer
large bias if f. is not additive. In naive KRR, using a
D" order kernel (equivalent to setting My = Mp = 1)
the excess risk depends exponentially in D. In contrast,
for an additive d® order kernel, ~4(A) has polynomial
dependence on D if f, is additive. We make this concrete
via the following theorem.

Theorem 4. Assume the same conditions as Theorem 3.
Then, suppressing log(n) terms,

o if each k\9) has eigendecay uéj) € O(L=23/9), then by

choosing X = n7+1, we have E[R(f)] — R(f.) €
O(D*n754),
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e if each kU) has eigendecay ,uéj) € O(7exp(—al?))
Sor some constants T, o, then by choosing A < 1/n, we
have E[R(f)] = R(f.) € O(PTE),

We bound ~;, via bounds for vU) and use it to derive the
optimal rates for the problem. The proof is in Appendix B.

It is instructive to compare the rates for the cases above
when we use a D" order kernel « in KRR to estimate a non-
additive function. The first eigendecay is obtained if each
kU) is a Matérn kernel. Then £() belongs to the Sobolev
class of smoothness s (Berlinet & Thomas-Agnan, 2004;
Tsybakov, 2008). By following a similar analysis, we can
show that if x is in a Sobolev class, then the excess risk of
KRR is O(n%) which is significantly slower than ours.
In our setting, the rates are only exponential in d but we
have an additional D?? term as we need to estimate several
such functions. An example of the second eigendecay is the
Gaussian kernel with 7 = /27 (Williamson et al., 2001).
In the nonadditve case, the excess risk is in the Gaussian
RKHS is O(%) which is slower than SALSA whose
dependence on D is just polynomial. D, d do not appear
in the exponent of n because the Gaussian RKHS contains
very smooth functions. KRR is slower since we are opti-
mising over the very large class of non-additive functions
and consequently it is a difficult statistical problem. The
faster rates for SALSA should not be surprising since the
class of additive functions is smaller. The advantage of
SALSA is its ability to recover the function at a faster rate
when f, is additive. Finally we note that by taking each
base kernel k; in the ESP kernel to be a 1D Gaussian, each
k) is a Gaussian. However, at this point it is not clear to
us if it is possible to recover a s-smooth Sobolev class via
the tensor product of s-smooth one dimensional kernels.

Finally, we analyse SALSA under more agnostic assump-
tions. We will neither assume that f, is additive nor
that it lies in any RKHS. First, define the functions f v ),
7 =1,..., M which minimise the population objective.

Mg

(P4 = argmin A NC[fOY,, +
j=1

FDEH, (5 d=1,. M

Ma N2
E (y_;fm(xm)) ] 7

Let fx = 3, /0 RY = If |, and B3, =

52
> y Rg\] )", To bound the excess risk in the agnostic setting
we also define the class,

Hir={f: X =R fla)=>_fVaY), @

J
Vi, 19 € Hyor, 1/ D, < RO,

k() —

Theorem 5. Let f. be an arbitrary measurable function
andY have bounded fourth moment E[Y'*] < v*. Further
each kY satisfies Assumption 2. Then ¥ 1 > 0,

E[R(f)] = R(fe) < 1+ nAE + (1+1/n)EE,

_ Mayi(N)
here, AE= inf |f- f.||3, EE€O(—/—"=).
Where, f€17I-1Ld,A Hf / ||27 € ( n )

The proof, given in Appendix C, also follows the template
in Zhang et al. (2013). Loosely, we may interpret AE
and EE as the approximation and estimation errors'. We
may use Theorem 5 to understand the trade-offs in approx-
imaing a non-additive function via an additive model. We
provide an intuitive “not-very-rigorous” explanation. H g, x
is typically increasing with d since higher order additive
functions contain lower order functions. Hence, AE is de-
creasing with d as the infimum is taken over a larger set.
On the other hand, EE is increasing with d. With more
data EE decreases due to the 1/n term. Hence, we can
afford to use larger d to reduce AE and balance with EE.
This results in an overall reduction in the excess risk.

The actual analysis would be more complicated since Hg,x
is a bounded class depending intricately on A. It also de-
pends on the kernels kW), which differ with d. To make
the above intuition concrete and more interpretable, it is
necessary to have a good handle on AE. However, if
we are to overcome the exponential dependence in dimen-
sion, usual nonparametric assumptions such as Holderian/
Sobolev conditions alone will not suffice. Current lower
bounds suggest that the exponential dependence is un-
avoidable (Gyorfi et al., 2002; Tsybakov, 2008). Additional
assumptions will be necessary to demonstrate faster con-
vergence. Once we control AE, the optimal rates can be
obtained by optimising the bound over n, \. We wish to
pursue this in future work.

3.3. Practical Considerations

Choice of Kernels: The development of our algorithm
and our analysis assume that the k;’s are known. This is
hardly the case in reality and they have to be chosen prop-
erly for good empirical performance. Cross validation is
not feasible here as there are too many hyper-parameters.
In our experiments we set each k; to be a Gaussian kernel
ki(xi,zl) = oy exp(—(x; — 2})?/2h?) with bandwidth
h; = co;n~1/5. Here o; is the standard deviation of the i®
covariate and oy is the standard deviation of Y. The choice
of bandwidth was inspired by several other kernel methods
which use bandwidths on the order o;n~ /> (Ravikumar
et al., 2009; Tsybakov, 2008). The constant ¢ was hand
tuned — we found that performance was robust to choices
between 5 and 60. In our experiments we use ¢ = 20. ¢

"Loosely (and not strictly) since f need not be in Hq,x.
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was chosen by experimenting on a collection of synthetic
datasets and then used in all our experiments. Both syn-
thetic and real datasets used in experiments are independent
of the data used to tune c.

Choice of d, \: If the additive order of f, is known and
we have sufficient data then we can use that for d in (5).
However, this is usually not the case in practice. Further,
even in non-additive settings, we may wish to use an ad-
ditive model to improve the variance of our estimate. In
these instances, our approach to choose d uses cross vali-
dation. For a given d we solve (1) for different A and pick
the best one via cross validation. To choose the optimal d
we cross validate on d. In our experiments we observed that
the cross validation error had bi-monotone like behaviour
with a unique local optimum on d. Since the optimal d was
typically small we search by starting at d = 1 and keep in-
creasing until the error begins to increase again. If d could
be large and linear search becomes too expensive, a binary
search like procedure on {1, ..., D} can be used.

We conclude this section with a couple of remarks. First,
we could have considered an alternative additive model
which sums all interactions up to d* order instead of just
the d® order. The excess risk of this model differs from
Theorems 3, 4 and 5 only in subdominant terms and/or con-
stant factors. The kernel can be computed efficiently using
the same trick by summing all polynomials up to d. In our
experiments we found that both our original model (2) and
summing over all interactions performed equally well. For
simplicity, results are presented only for the former.

Secondly, as is the case with most kernel methods, SALSA
requires O(n?) space to store the kernel matrix and O(n?)
effort to invert it. Some recent advances in scalable kernel
methods such as random features, divide and conquer tech-
niques, stochastic gradients etc. (Dai et al., 2014; Le et al.,
2013; Rahimi & Recht, 2007; 2009; Zhang et al., 2013)
can be explored to scale SALSA with n. However, this is
beyond the scope of this paper and is left to future work.
For this reason, we also limit our experiments to moderate
dataset sizes. The goal of this paper is primarily to intro-
duce additive models of higher order, address the combina-
torial cost in such models and theoretically demonstrate the
improvements in the excess risk.

4. Experiments

We compare SALSA to the following. Nonparamet-
ric models: Kernel Ridge Regression (KRR), k-Nearest
Neighbors (kNN), Nadaraya Watson (NW), Locally Lin-
ear/ Quadratic interpolation (LL, LQ), e-Support Vector Re-
gression (e—SVR), v-Support Vector Regression (v—SVR),
Gaussian Process Regression (GP), Regression Trees (RT),
Gradient Boosted Regression Trees (GBRT) (Friedman,

2000), RBF Interpolation (RBFI), M5” Model Trees (M5")
(Wang & Witten, 1997) and Shepard Interpolation (SI).
Nonparametric additive models: Back-fitting with cu-
bic splines (BF) (Hastie & Tibshirani, 1990), Multivariate
Adaptive Regression Splines (MARS) (Friedman, 1991),
Component Selection and Smoothing (COSSO) (Lin &
Zhang, 2006), Sparse Additive Models (SpAM) (Raviku-
mar et al., 2009) and Additive Gaussian Processes (Add-
GP) (Duvenaud et al., 2011). Parametric models: Ridge
Regression (RR), Least Absolute Shrinkage and Selection
(LASSO) (Tibshirani, 1994) and Least Angle Regression
(LAR) (Efron et al., 2004). We used software from (Chang
& Lin, 2011; Hara & Chellappa, 2013; Jakabsons, 2015;
Lin & Zhang, 2006; Rasmussen & Williams, 2006) or from
Matlab. In some cases we used our own implementation.

4.1. Synthetic Experiments

We begin with a series of synthetic examples. We com-
pare SALSA to some non-additive methods to convey intu-
ition about our additive model. First we create a synthetic
low order function of order d = 3 in D = 15 dimensions.
We do so by creating a d dimensional function fy and add
that function over all (Z) ) combinations of coordinates. We
compare SALSA using order 3 and compare against others.
The results are given in Figure 1(a). This setting is tailored
to the assumptions of our method and, not surprisingly, it
outperforms all alternatives.

Next we demonstrate the bias variance trade-offs in us-
ing additive approximations on non-additive functions. We
created a 15 dimensional (non-additive) function and fit-
ted a SALSA model with d = 1,2,4,8, 15 for difference
choices of n. The results are given in Figure 1(b). The
interesting observation here is that for small samples sizes
small d performs best. However, as we increase the sample
size we can also increase the capacity of the model by ac-
commodating higher orders of interaction. In this regime,
large d produces the best results. This illustrates our pre-
vious point that the order of the additive model gives us
another way to control the bias and variance in a regres-
sion task. We posit that when n is extremely large, d = 15
will eventually beat all other models. Finally, we construct
synthetic functions in D = 20 to 50 dimensions and com-
pare against other methods in Figures 1(c) to 1(f). Here, we
chose d via cross validation. Our method outperforms or is
competitive with other methods.

4.2. Real Datasets

Finally we compare SALSA against the other methods
listed above on 16 datasets. The datasets were taken from
the UCI repository, Bristol Multilevel Modeling and the
following sources: (Guillame-Bert et al., 2014; Just et al.,
2010; Paschou, 2007; Tegmark et al, 2006; Tu, 2012; We-
hbe et al., 2014). Table 1 gives the average squared error
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Figure 1. (a) Comparison of SALSA which knows the additive order of f. against other methods. (b) Comparison of different choices
of d in SALSA. The best d varies with n. (c)-(f) Comparison of SALSA (d chosen via cross validation) with alternatives on synthetic
datasets. In all cases, we plot the mean squared prediction error on a test set of 2000 points. All curves are produced by averaging over
10 trials. The error bars are not visible in some curves as they are very small.

on a test set. For the Speech dataset we have indicated
the training time (including cross validation for selecting
hyper-parameters) for each method. For SALSA we have
also indicated the order d chosen by cross validation. See
the caption under the table for more details.

SALSA performs best (or is very close to the best) in 5 of
the datasets. Moreover it falls within the top 5 in all but
two datasets, coming sixth in both instances. Observe that
in many cases d chosen by SALSA is much smaller than D,
but importantly also larger than 1. This observation (along
with Fig 1(b)) corroborates a key theme of this paper: while
it is true that additive models improve the variance in high
dimensional regression, it is often insufficient to confine
ourselves to just first order models.

In Appendix D we have given the specifics on the datasets
such as preprocessing, the predictors, features etc. We have
also discussed some details on the alternatives used.

5. Conclusion

SALSA finds additive approximations to the regression
function in high dimensions. It has less bias than first order
models and less variance than non-additive methods. Al-
gorithmically, it requires plugging in an additive kernel to
KRR. In computing the kernel, we use the Girard-Newton
formulae to efficiently sum over a combinatorial number of

terms. Our theorems show that the excess risk depends only
polynomially on D when f, is additive, significantly bet-
ter than the usual exponential dependence of nonparametric
methods, albeit under stronger assumptions. Our analysis
of the agnostic setting provides intuitions on the tradeoffs
invovled with changing d. We demonstrate the efficacy of
SALSA via a comprehensive empirical evaluation. Going
forward, we wish to use techniques from scalable kernel
methods to handle large datasets.

Theorems 3,4 show polynomial dependence on D when f,
is additive. However, these theorems are unsatisfying since
in practice regression functions need not be additive. We
believe our method did well even on non-additive settings
since we could control model capacity via d. In this light,
we pose the following open problem: identify suitable as-
sumptions to beat existing lower bounds and prove faster
convergence of additive models whose additive order d in-
creases with sample size n. Our Theorem 5 might be useful
in this endeavour.
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