A ranking approach to global optimization

A. Proofs of Section 2

Proof of proposition 1. (RANKING EQUIVALENCE) Let h € C°(X,R) be any continuous function defined on X’ and
taking values in R and let f : X — R be any function defined on X’ and taking values in R.

(<) Assume that there exists a strictly increasing function 1) : R — R such that h = v o f. Pick any (z,2') € X? and
let sgn : R — {—1,0, 1} be the standard sign function defined by sgn(z) = 1{x > 0} — 1{x < 0}. Using the fact that
h =1 o f where v is a strictly increasing function directly gives that,

ra(z,2') = sgn(y o f(z) = ¢o f(a') = sgn(f(z) — f(2')) = rs(z,2).

(=) Assume that r¢(z, ') = rp,(z,2) for all (z,2) € X2, First case: if r¢(z,2") = rp(z,2’) = 0 for all (z,2') € X2,
f = cand h = ¢ are constant over X and therefore h = 1) o f where ¢ : © — x + (¢’ — ¢) is a strictly increasing function.
Second case: assume that / is not a constant function and introduce the function M : X — [0, 1] defined by

M(x) = /-’eX 1{ri(z,2") <0} da’ = p({a’ € X : f(2!) < f(z)}).

We start to show that there exists a strictly increasing function ¢ : R — R such that f = 1) o M. To properly define this
function, we first show (by contradiction) that for any pair of points (z1,z2) € X? satisfying M (x1) = M (x2) necessarily
f(z1) = f(xa). Let (z1,72) € X? be a pair of points satisfying M (z1) = M (z2) and assume that f(x1) < f(z2).
The equality of the rankings implies that (i) h(z1) < h(xz2), (i) M(z1) = p({z : h(z) < h(z1)}) and (iii) M (z2) =
w({x : h(z) < h(za)}). Putting (i), (ii) and (iii) altogether and using the continuity of the function h leads to the next
contradiction:

M(z1) =p({z e Xt h(z) < h(z1)}) < p({z € X : h(z) < h(z2)}) = M(x2).

Assuming that f(z2) < f(x1) leads to a similar contradiction. We deduce that for any (1, x2) € X2 satisfying M (x1) =
M (x2), necessarily f(z1) = f(z2). As a direct consequence, for any y € Im(M), the function f is constant over the iso
level set M ~1(y) = {x € X : M(x) = y} of the function M. We are now ready to introduce the function ¢ : Im(M) — R
defined by,

Yy f(x) wherez € M~ (y).

Now, note that for any € X’ we have that 1)(M (x)) = f(z). Using the same statement gives us that 1(y;) < g(yz) for
any y; < y2 € Im(M)?2. Therefore, f = 1) o M where 1) : R — R is any strictly increasing extension of the function
¢ : Im(M) — R over R. Reproducing the same steps with the function & gives us that there exists a strictly increasing
function ¢’ : R — R such that h = 1)’ o M. Combining those results, we finally get that h = 1)’ o M = (¢p' o)™ 1) o f
where (¢’ 0 ¢~1) is a strictly increasing function. O

B. Proofs of Section 3

In the first subsection, we recall the main definitions and provide some technical lemmas that will be used to prove the
main statements presented in the second subsection.

B.1. RankOpt process, PAS process and technical lemmas

Definition 5. (RANKOPT PROCESS) Let X C R be any compact and convex set, let R C R, be any set of rankings
and let f : X — R be any function such that ry € R. The sequence {X;}", is distributed as a RANKOPT process if the
sequence has the same distribution as the process defined by:

Xy ~UX)
Xt+1| {Xz}§:1 Nu(Xt) Vt € {1’/L—1}

where Xy = {x € X : Ir € Ry, r(z,X;,) > 0} denotes the sampling area of the RANKOPT algorithm at iteration
t+1 Ry = {r € R : Li(r) = 0} denotes the set of rankings that are still consistent with the sample and i, €
argmax;—1. ¢ f(X;) denotes the index of the best value observed so far.
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Lemma 1. Using the same notations and assumptions as in Definition 5, for all t € {1...n}, we have that
Xrx,,) © X C &,

where X; denotes the sampling area of the RANKOPT process after t iterations (see Definition 5) and Xy (x, y = {x € X :
f(x) > f(X3,)} denotes the level set of the best value observed so far.

Proof. Noticing that A} is a subset of X' gives the first inclusion. We now state the second inclusion. Since the true
ranking r; always perfectly ranks the sample, we have that ry € {r € R : L,(r) = 0} = R, forany ¢t € {1...n}.
Now, pick any z € {x € X : f(x) > f(X;,)}. Using the definition of the true ranking r;, we get that r¢(z, X;,) =
sgn(f(z) — f(X;,)) > 0. Therefore, there exists r = ry € R such that r(z, X;,) > 0 and we deduce that {z € X :
flz) > f(X3,)} C{r e X : TIr € Rystor(z, X;,) > 0} O

Definition 6. (PURE ADAPTIVE SEARCH PROCESS (Zabinsky & Smith, 1992) ). Let f : X — R be any function such
that vy € R. The sequence { X} }}, is distributed as a PURE ADAPTIVE SEARCH (PAS) process if the sequence has the
same distribution as the Markov process defined by:

Xt~ UX)
Xig| X ~UXy) for te{l...n—1},

where X} = {x € X : f(x) > f(X})} denotes the sampling area of the PAS process (which is also the level set of the
best value observed so far).

Lemma 2. Let { X}, be a sequence of n random variables distributed as the PAS process (Definition 6). Then, for any

n € N*, we have that
() ) -
Pl—2=<u| <P Ui <ul, Yuel0,1],
(M(X) Il 0.1]

i=1
where X} = {x € X : f(x) > f(X})} denotes the sampling area of the PAS process after n iterations and {U;}_, is a
sequence of n independent copies of U ~ U([0, 1]).

Proof. The lemma is proved by induction. We start to set some notations. For any u € [0, 1], define & = min{u’ €
Im(f) : (X)) <u-p(X)}andlet Xz = {x € X : f(x) > @} be the corresponding level set. By definition, we have
that p(Xz) < u - u(X). We are now ready to prove the statement.

o(n=1)Fix any u € [0,1] and let n = 1. Since X7 ~ U(X'), we have that,

BT\ e ey )
P(M) S“) “PAT e ) =y <

Now, let U; ~ U([0, 1]) be a random variable uniformly distributed over [0, 1]. By definition, we have that u = P(U; < ),
therefore the result holds for n = 1.

e(Induction) Assume that the statement holds for a fixed n € N* and fix any u € [0, 1]. Conditioning on X ¥ and using the
fact that X» || X ~ U(A;) (Definition 6) gives us that,

P<m§u> E[P(X},, € Xa|X )}:E{

p(Xa N Xi)}
1(X)

()

By definition and using the inclusion of the level sets, we have the following equivalences on the events, { f(X}) > a} =
{Xr C X} and {f(X}) < a} = {X; C Xy} Therefore, using those equivalences gives us that p(Xz; N X¥) /(X)) =

min(1, p(Xz)/p(Xy)) and so, W) _ () n
P(“e <) = i ()|
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Now, let U,,+1 ~ U([0,1]) be a random variable uniformly distributed over [0, 1], independent of X ;. By definition, we
have that P(U,+1 < pu(Xa)/ (X)) X)) = min(1, u(Xz)/w(X))). Therefore, using independence, we get that,

(e <) = [p (v < S 10 [ 2o (v 555 < 555) < (v 555 <),

Plugging the induction assumption into the last equation and using independence gives the result. O

Lemma 3. Let {U;}, be a sequence of n i.i.d. copies of U ~ U([0,1]). Then, for any § € (0, 1), we have that,

P (H Ui<6- e—"—v2"1n<1/5)> <6
i=1

Proof. The result is a consequence of concentration results of sub-gamma random Variables Taking the logarithm on both
sides of the inequality gives us that [[}"_, U; < § - e "~V2nIn(l/8) o 5™ n(U;) > n+ /2n1n(1/8) + In(1/6).
Since U; ~ U([0,1]), we have that — In(U;) ~ Exp(l) and therefore ) ;" | — ln(U) Gamma(n, 1) by independence.
We finally get the result by applying concentration results of sub-gamma random variables (see (Boucheron et al., 2013)).
O

Lemma 4. Let X C R? be any compact and convex set, let f € C°(X,R) be any continuous function that satisfies the
level set assumption («, ¢,,) and fix any r € (0, o). Then, denoting S, = {x € X : ||z* —z||, =} the
intersection of X with the £o-sphere of radius r centered around x*, we have that,

XNBx*, (r/c)' T C{z e X: f(z) > Hlelg flz)} C B(a*, cq -7‘1/(1+O‘)).

Proof. Fix any z, € argminges, f(z), fix any y € [f(z,), f(z*)] and let f~(y) = {z € X : f(x) = y} be the
corresponding iso level set. We first show that there exists z, € f~*(y) such that ||z* — z, || < r. Introduce the function
Fy. o« : [0,1] — R that returns the value of the function f over the segment [z*, z,], defined by,

F(m*,xr) A f((l — )\)LC* + )\.I'T)

The convexity of the subset X" and the continuity of the function f imply that the function F, . ) is well-defined and
continuous. Since F,+ ,)(0) = f(z*) and F(,« , y(1) = f(z,), applying the intermediate value theorem gives us that
there exists A, € [0,1] such that F,,_(\,) = y. Therefore, there exists z,, = A\yz* + (1 — A\y)z, € f~'(y) such that
[|z* =z, [|l2<[|a* — x,||2= r. We now show the second inclusion (by contradiction). Assume that there exist z, € f~*(y)
such that [|z* — ) [|2> cor!/ (). Ttimplies that max, ¢ p—1(y)|[2* —z[|2 > [|[#* — ] [|2 > cqr'/ (). On the other hand,

we have that ¢, minge p-1(y)||2* — le/(H_a) < collz* — = ||1/(1+a) < cqr'/(1+9) Combining the previous inequalities

together with the level set assumption leads us to a contradlctlon

max |z* — x|y < cq- min ||z* zHl/(H_O) < max |z¥ —z,.
zef~1(y) z€f~1(y) zef~1(y)

The contradiction holds for any y € [f(z,), f(«*)]. We deduce that {x € X : f(z) > minges, f(z,)} C B(z*,cq -
Tl/(1+a)),

We use similar arguments to prove the first inclusion. Assume that there exists ' € X N B(z*, (r/ca)'™) such that
f(z) < f(x,). Introducing the function Fg« ;) : X = f((1 — A)x* 4+ Az’) and reproducing the same steps as previously
gives us that there exists . € f~'(f(xy)) such that |[z* — x}||2< (r/ca)'T®. Hence, cq - minge p—1(p(z)[l2* —

x||1/(1+a) < collx* — ’||1/(1+a) < r. On the other hand, we have that max,c s —1(f(z,))[|2* — 2l]2 > [|2* — 2|2 = 7.
We get a similar contradiction and we deduce that X N B(x*, (d/c,)'T) C {z € X : f(z) > ming, es, f(z.)}. O
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Lemma 5. (From (Zabinsky & Smith, 1992)). Let X C R? be any compact and convex set. Then, for any z* € X and any

€ (0, diam(X)), we have that,
p(B(z*,r)NX) r !
w2 ()

Proof. Introduce the similarity transformation ) : R¢ — R defined by

Az a4 x — )

r
diam(X) (
Denote by A(X) = {A(z) : x € X} the image of the subset X" after the similarity transformation. Using the convexity of
X and the fact that max,ex ||2* — z||, < diam(X), we have that A(X) C B(z*,r7) N X. Hence, u(B(z*,r) N &) >
1(A(X)). Now, using the fact that X is a similarity transformation and conserves the ratios of the volumes before/after
transformation, we get that,

p(Bzr,r) N &)  p(AMX)) _ pA(B(z, diam(X))))  p(B(z7,7))
(&) o) u(B(z*, diam(X)))  p(B(z*, diam(X)))
Finally, using the fact that u(B(z*,r)) = 7%%r?/T(d/2 + 1) where T(-) stands for the standard gamma function gives
the result. O

B.2. Proofs of the main results

Proof of Proposition 2. The statement is proved by induction. Since X7 ~ U(X), the result trivially holds for n = 1.
Assume that the statement holds for a fixed n € N*. For any y < mingey f(x) and any y > max,cx f(x), the result also
trivially holds. Now, fix any y € (min,ex f(z), maxzex f(2)), let X, = {& € X : f(z) > y} be the corresponding level
set and let {X; }”+1 be a sequence distributed as the RANKOPT process (see Definition 5). Applying the Bayes rule gives
us that,

P(f(Xin.) 2 ) = P({Xni1 € Xy} D{Xi ¢ X,}) +P(U{Xi ¢ X,}). (1)

We start to bound the first term. Conditioning on {X;}” ; and using the fact that X,,41[{ X}, ~ U(X,,) (see Definition
5), we have that,

P({ X € ) ﬂ{x 73, = n{ﬂ{x 2 XN B (X € X (X n{ﬂ{x ¢ 2,3} M)
On the event [\, {X; ¢ X,}", = {f(Xi,) < y}. we have that {X, C X, C X'} (see Lemma 1). Hence,
P((Xuir € 4, ﬂ (g 2 > M3 -E[n{ﬁ{xi 7 2,0 @
Plugging (2) into (1) and noticing that E[1{(\_,{X; ¢ X,}}] = 1 — P(f(X;,) > y) give us that
P(F(X,) 2 9) 2 PUCE,) 2 0) + 458 - P0G, 2 ) ®)

Now, let {X/}7 ”H be a sequence of (n + 1) i.i.d. random variables uniformly distributed over X'. Reproducing the same
steps as prev10usly and using the fact that P(X/,,, € X)) = pu(X,)/u(X), we get that,

P<i max | f(X >_y> =P (max (X)) > y) + A (1P (max (X)) 2 ). @

.n+1 =1l...n 1=1
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Plugging the induction assumption into (3) and comparing the result with (4) gives us P(f(X;,,,) > )
P(maxi—1..n+1 f(X]) > y).

OIA

Proof of Corollary 1. (CONSISTENCY) We use the same notations and assumptions as in Definition 5 and we further
assume that the maximum of the function f is identifiable. Fix any ¢ > 0, let Xp_. = {x € X : f(z) > max,ex f(z) —
e} be the corresponding level set and fix any n € N* Applying Proposition 2 gives that P(f(X; ) < max,cx f(x) —
g) < P(max;—1. . f(X]) < maxgex f(x) — ) where {X/}"_; are n independent copies of X’ ~ U(X). Using the
independence of the { X/} ,, we get that,

P(£(Xi,) < ma f(z) = &) SP(X] ¢ Xpeoe) = (1 - %)

Since /(X< ) > 0 by the identifiability condition, we have that P(f(X;,) < maxgzex f(z) —¢) — 0. O

n— oo

Proof of Theorem 1. (UPPER BOUND) We use the same notations and assumptions as in Definition 5 and we further
assume that the function f has (a, ¢, )-regular level set. Since the true ranking ry € R € R is continuous, there exists
a continuous function h € CO(X ,R) such that 7, = 7 (see Proposition 1). Therefore, without loss of generality, one can
assume that the f is continuous (all the arguments used in the proofs only use function comparisons). We also set some
2
additional notations: let r5, = coce/ "7 diam ()Y T (In(1/6) /n)1/40+0)?, Tsn = (rsn/ca)' ™ and vy, =
(rhn/ca)' ™ = diam(X) (In(1/8)/n)!/?. First, note that the result trivially holds when rs, > max,ex ||z — 2*],.
Now, assume that 75, < max,cx || — 2*||, (it also implies, thanks to the level set assumption, that In(1/0) < n). Using
the second inclusion of Lemma 4 and Theorem 1, we have that,

P(| X5, —a™[l, <rsn) =P(Xi, € B(a",750))

> P(f(X,) = Igin (7)) (Lemma 4)
T
> IP(‘mlaX f(X)) > min f(x)), (Theorem 1)
1=1...n Tre "':;Yn

where { X/}, are n i.i.d. copies of X ~ U(X). Now, using the first inclusion of Lemma 4 and the fact that { X/} , are
n independent random variables uniformly distributed over X', we have that,

! ii w(X 0B, rg )\
P Xinfx* Srén ZP X:EXOB I’*,T,/n :dlf <1 ;N )
(11X, 2 < rsn) (U{ (@*, 75 )} )

i=1

Applying lemma 5 gives us that (X' N B(x*, 75 ,.))/(X) < (r5,,/ diam(X))¢ = In(1/6)/n. Therefore,

B(X, — 2y < r5n) > 1 (1 - 1““/‘”) .
n

Finally, using the fact that 1 — 2 < e™* for any « € R gives us that P(||X;, — 2*||, < r5,) > 1—0. O

Proof of Proposition 3. We prove the proposition by induction and we use the same notations and assumptions as in
Definition 6. Since X; and X} are uniformly distributed over X, the result trivially holds for n = 1. Assume that the
statement holds for a fixed n € N*. As mentioned in the proof of Proposition 2, the result trivially holds for any y <
ming ey f(z) and any y > max,ex f(). Fix any y € (mingex f(z), maxzex f(z)) andlet X, = {x € X : f(z) > y}
be the corresponding level set. Let {X;} ; be a sequence distributed as the RANKOPT process (Definition 5), let X,
be the corresponding sampling area and let Xy(x, y = {z € X : f(z) > f(X;,)} be the level set of the highest value



A ranking approach to global optimization

observed so far. Reproducing the same steps as in the proof of Proposition 2 gives us that,

.U(Xy N Xn)

P(f(Xi) 2 ) = B [1((X;,) 2 ) +

A{F(X,) < y}}

Applying Lemma 1 gives us that on the event {f(X;,) < y}, we also have that {X,, C Xyx, )y C A, }. Therefore, we
have that,

BU(G0) 2 ) < B [LU06,) 2 )+ R 1706,) < )] = [min (1,40 )

Using the fact that E[X] = fol P(X > t) dt for any random variable X € [0, 1], we get that,

P(f(Xs,,,) > y) < /Olp (min (1, m) > t) dt = ’;((fé’)) +/jxy) P (M(Xf(xin)) < ’Kfy)) dt (5

tn n(X)

Now, let { X7 }17 "+1 be a sequence distributed as a PAS process (Definition 6). Reproducing the same steps, we get that

PG 2 ) = [ (1 AL 8 [ e () <22 0@

w(X)

Now, fix any t € (u(Xy)/u(X), 1) and let g = min{y’ € Im(f) : (X, ) < pu(X,)/t}. Using the induction assumption,
we get that,

P (e, ) < “52) =B 2 @) < PR 20 =P () < M52 ) @)

Since the previous inequality holds for any ¢ € (p(X,)/p(X), 1), plugging equation (7) into inequality (5) and comparing
the result with equation (6) gives that P(f(X;, ) > ) <P(f(X)) > v). O

Proof of Theorem 2. (LOWER BOUND) We use the same notations and assumptions as in Definition 5 and we fur-
ther assume that the function f has («,c,)-regular level sets. As mentioned in the proof of Theorem 1, since the
true ranking 7y € R C R is continuous, there exists a continuous function h € CO(X ,R) such that r, = ry
(see Proposition 1). Therefore, one can assume, without loss of generality, that the function f is continuous (all the
arguments used in the proofs only use function comparisons). We also set some additional notations: let r5, =

cq 1) o ()14 50400 /d ey (— (14 0)2 (n+/2n1n (1/0)/d), Tsm = caré/era) andry, = carfslé(Ha)
rad(X) 6%/% exp(—(n + \/2n1n (1/6))/d). Using the first inclusion of Lemma 4 and Proposition 3 gives that,

P X, —a™[ly <7rsn) =P(Xi, € B(a™,r5) N &)

in

<P(f(X;,) > EI{lS‘iIl f(z)) (Lemma 4)
<P(f(X}) > glgin f(x)), (Proposition 3)

where { X}, is a sequence distributed as the PAS process (Definition 6). Now, denoting by X = {x € X : f(x)
f(X7)} the samphng area of the PAS process after n iterations and using the second inclusion of Lemma 4 gives that,

\Y]

. . | p(Xy) _ (Bary,)
P(|X;, = *ll, < 75) <P</~L(Xn) <uleeX:f(@)> pin flo >}>> <p (U KET )

Using the definition of rad(X), we know that there exists ' € X such that B(z’,rad(X)) C X. Hence, u(X) >
w(B(z',rad(X))). Therefore, using the volume of the ball (see Lemma 5) we get that,

() _ mBE R N (X))
W < By =" ( i < (watm) )

B(X;, — *ll, < ram) < P (
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Applying Lemma 2 and using the fact that (r§,, /rad(X))? = §exp (—n — \/2n1n(1/4)) gives that
P(| X5, — 2|y < 7sn) =P (H U, <6 - e—"—\/m>
i=1

where {U; }I_, is a sequence of ni.i.d. copies of U ~ U([0,1]). Applying Lemma 3 finally gives us that P(|| X;, — z*||, <
T(;yn) < 0. O

C. Proofs of section 4
C.1. AdaRank process and additional results

Definition 7. (ADARANKOPT PROCESS) Fix any p € (0, 1), let {Rn}nen be any sequence of nested sets of rankings
and let f : X — R be any function such that ry € Ro. We say that the sequence {X;}7_, is distributed as the
ADARANKOPT(n, f, X, p, {R N} nen+ ) process if the sequence has the same distribution as the process defined by:

X1~ UX)
Xt+1| Bt-i—la {Xi}gzl ~ Bt+1 U(X) + (1 — Bt+1) U(Xt) Vit € {1 .on— 1}

where X; = {x € X : Ir € Ry,, r(x,X;,) > 0} denotes the sampling area, Ny = min{N € N* : min,cr, L:(r) = 0}
denotes the index of the smallest set of rankings that may contain vy, i; € argmax;—i.. ¢ f(X;) denotes the index of the best

value observed so far and By is a Bernoulli random variable of parameter p (i.e. p = P(By11 = 1) = 1-P(B;41 = 0)),
independent of {X;}!_, and {B;}!_,.

The next proposition will be needed later.

Proposition 9. [From (Clémengon et al., 2010)] Let { X;}I'_, be a sequence of n independent copies of X ~ U(X), let R
be any set of rankings and let f be any function defined on X taking values in R. Define the Rademacher average

(/2]

R,(R) =sup —— € - W{rp(Xi, Xynj2)+i) 7 r(Xi, Xinj2|4i
(R) = sup oy | 2 ci Hrs (Koo Xiayapad) # (Koo Xiayag )

where {€;} ZLZ{ZJ are |n/2| independent Rademacher random variables (i.e., random symmetric sign variables), indepen-
dent of {X;}"_,. Then, for any ¢ € (0, 1), with probability at least 1 — 6,

Vr € R, |Ln(r) — L(r)| < 2E[Rn(R)] + 2 %)

where L(r) = P(rp(X, X’) # r(X, X)) denotes the true ranking loss and (X, X') is a couple of independent random
variables uniformly distributed over X.

Corollary 3. Assume that there exists V. > 0 such that E[R,(R)] < /V/n for any n € N* and assume that
inf,eg L(r) > 0. Let {X;}ien+ be a sequence of iid. random variables uniformly distributed over X and let
7 = min{n € N* : min.cr L,(r) > 0} be the stopping time corresponding to the number of samples required to
be certain that ry ¢ R where L,, denotes the empirical ranking loss taken over the first n samples {X;}?_,. Then, for any

0 € (0,1), with probability at least 1 — 9,
<10 Y-l—log(l/é) .
inf,.er L(r)?

Proof. Fix any 6 € (0,1), let nsg = |10 - (V + log(1/9))/(inf,.cr L(r)?)] be the integer part of the upper bound and let
L,,, be the empirical ranking loss taken over the first ns i.i.d. samples of the sequence {X;};-*,. By definition, we have
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that P(7 < ns) = P(min,er Ly, (r) > 0). Now, since L(r) > min,cr L(r) for any r € R, applying Proposition 9 gives
us that, with probability at least 1 — §,

log(1
min Ly, (r) > inf L(r) — 2 v_ ) M_
reR reR ns ng — 1

We end the proof by pointing out that the right hand term of the previous inequality is strictly positive due to the definition
of ne. O
C.2. Proofs of the results

Proof of Proposition 4. (CONSISTENCY) We use the same notations and assumptions as in Definition 7 and we fur-
ther assume that the maximum of the function f is identifiable. Fix any ¢ > 0 and let Xp»_. = {x € X : f(x) >
max,cx f(x) — €} be the corresponding level set. We show by induction that, for any n € N*,

R0 < ma ) - ) < (1-p H02)

e Since X; ~ U(X), we directly get that,

P(F(X,) < g (0) &) = POX ¢ 2y = (1= MO0 ) < (10 002,

o Assume that the statement holds for a fixed n € N* and let { X i}?:f be a sequence of n 4 1 random variables distributed
as the ADARANKOPT process. Conditioning on { X} ; gives us that

n+1 n
P(f(Xi,1,) <max f(z) —e) =P (ﬂ {Xi ¢ Xf*—s}> =E [P(Xn—&-l ¢ X {Xi}i0) - ﬂ{ﬂ{Xz' ¢ Xf*—e}}]

Now, using the distribution of X, 1|{X;}? ; (Definition 7), we get that,

Mﬂ&wn<ggﬂw—a=E(Lw»M&“”—a—mﬁmﬁm%“”)nqwx¢1%EH]

p(X) (&)
H(Xf*e)) ~
< l-p-———=)-P X & Xps_ .
R (AR
Plugging the induction assumption into the previous equation gives the result. ]

Proof of Proposition 5. (STOPPING TIME UPPER BOUND) We use the same assumptions and notations as in Definition
7. Let {X; }ien+ be a sequence distributed as the ADARANKOPT and let {B; };en+ be the sequence of associated random
variables corresponding to the exploration/exploitation tradeoff. Assume that 1 < N* = min{N € N* : r; € Ry} <
oo, assume that there exists a constant V' > 0 such that E[R,,(Rn+1)] < /V/n for any n € N* and assume that
inf,er ., 0y > 0. Fixany 6 € (0,1), let ng = [10 - (V +log(2/0))/(p - infrer . , L(r)?)] be the integer part
of the upper bound, let n§y = [p - ng — y/nslog(2/6)/2] and denote by L,,, the empirical ranking loss taken over the
ns first samples {X;};. Since {Rx}nen+ forms a nested sequence min,cr, Ly, (r) < minyer, Ly, (r) < ... <
MinyeR v, Ln, (7). Therefore,

P(r <ns)=P ( min Ly, (r) > 0) >P < min L, (r) > 0N {Z B; > nf;}) ) (8)
i=1

TERN*_1 TERN*_1

We now lower bound the empirical risk by only keeping the first nj (ii.d.) explorative samples:

L) > ———— " 1{rs(Xe, X;) £ (X X)) 1{(g) € 12},

ns(ns —1) | e,
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where [ = {i e N*: B; = 1 and 22:1 B; < nj}. Conditioning on |I| and using Definition 7 gives us that { X },c ||| is
a sequence of |I| independent random variables uniformly distributed over X'. Therefore, on the event {> >, B; > nj} =
{|/I| = nf}, the right hand term of the previous inequality has the same distribution as,

L) = ———— S Uy (X X)) £ (X0, X))}

ns(ns —1) 1<i<j<ng

where { X/ }Zﬁl is a sequence of nf i.i.d. copies of X ~ U(X'), independent of { B;};"*,. Combining the previous statement
with (8) gives us that,

ns
P(r <ns)>P (Teglir*ll Ly (r) > O> P (; B; > n%) ,

where the empirical risk is taken over a sample of ns independent copies of X ~ U(X). Due to the definition of nj,
applying Corollary 3 gives us that P(min,er y._, Ln;(r) > 0) > 1 — §/2 and using Hoeffding’s inequality gives us that
P(>>1, B; > nj) >1— §/2. Noticing that (1 — 6/2)? > 1 — §, for any § € (0, 1) completes the proof. O

Proof of Theorem 3. (UPPER BOUND) We use the same setting as in the previous proof: we use the same as-
sumptions and notations as in Definition 7, we assume 1 < N* < oo, we assume that there exists V' > 0 such
that E[R,(Ry+—1)] < +/V/n for all n € N* and we assume that inf,er . , L(r) > 0. Let {X;},en+ be a se-
quence distributed as the ADARANKOPT and let {V; };en+ be the random variables corresponding to the model se-
lection. Fix any § € (0,1), let ng;o = [10(V + In(4/6))/(p - infer . , L(r)?)] be the integer part of the upper
bound of proposition 5 (with probability 1 — J/2) and let 755 ,, be the upper bound of the Theorem 1 (with probability
1 —6/2). Fix any n > ng/9, let {X;};_; be a sequence distributed as the ADARANKOPT process (Definition 7) and let
Tn+ =min{t € {1...n} : N, = N*} be the stopping time corresponding to the number of iterations required to identify
the true ranking structure R y«. Applying the Bayes rules gives us that

P(1X, —a™lly <7sn) 2 P([Xa, = 2"|ly Sron | The <ngy2) - P(Tve < ngya).

Applying proposition 5 gives us that P(7 < ns/3) > 1—0/2. To lower bound the first term, we use the fact that on the event
{T < ns /2}, for any iteration n > ns /s, the true ranking structure R - is identified. Therefore, one can bound the distance
| Xz, — x|, by using the n — n;,5 samples with a similar technique as the one used in the RANKOPT process when the
ranking structure is known (see proof of Theorem 1) and we get that P(||X;, —2*|, < 750 | T < n5/2) > 1 —0/2.

Noticing that (1 — §/2)2 > 1 — ¢ for any § € (0, 1) ends the proof. B O
D. Proofs of section 6

D.1. Convex hulls and technical lemmas

Definition 8. Let { X;}7_, be any set of n points of R%. The convex hull of { X;}_, can be defined as

CH{X;}, = {Z AXit (A An) ERY, DN = 1}, where Ry = {z € R: x> 0}.
=1 i=1

Lemma 6. Fix any ¢ > 0, let X C R? be any compact and convex set and let B(X,¢) = {x € R? : d(x, X) < €} be
the e-ball of X where d(z,X) = ming ¢ x||x — 2’||2 denotes the distance between x € R% and X. Then, the e-ball of X
B(X,¢€) is also a convex set

Proof. Fix any € > 0 and let (b,b2) € B(X,€) be any pair of points that belong to the e-ball of X'. Since b; € B(X,¢),
there exists 71 € X and ¢; € R? satisfying ||e1 ||z < € such that by = z; + €;. We also know that there also exists by and
€ satisfying the same conditions such that by = x5 + €5. Now, fix any A € (0, 1). The convexity of X implies that

(1 — )\)bl + Aoy = Az + (1 — )\)mg + dep + (11— )\)62 .

€X lI-ll<e
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Therefore, (1 — A\)by + Aby € B(X, ¢) also belongs to the e-ball. Since the result holds for any (b1, bs) € B(X, €) and any
A € (0,1), we deduce that B(X, €) is also a convex set. O

Lemma 7. Let {X;}" | be any set of n pomts of R Then, there exists a separating hyperplane h € R? such that
(h,X;) > 0foranyi e {1...n} ifand only if 0 ¢ CH{X;}?_, where 0 = {0...0} € R%

Proof. (=) Assume that there exists h € R? such that (h, X;) > 0 foralli € {1...n}. We show (by contradiction)
that 0 ¢ CH{X;}",. If 0 € CH{X,}?_,, it implies that there exists (A1, ..., \,) € R’ such that 0 = >-"" ;, \;X; and
>, A = 1 (see Definition 8). It leads us to the contradiction

0= (h,0) = Ni(h, X;) > 0.

(<) Assume that 0 ¢ CH{X;}"_,. Since n and d are finite CH{ X, }_, is a closed, compact and convex set. Therefore,
mingecg |||z = d exists and the condition 0 ¢ CH implies that d > 0. Let 24 € CH{X;}?"_, be the (unique) point of the
convex hull that satisfies ||xd\|2 = d. We show (by contradiction) that for any x € CH{X;}"_, we have that (z,z4) > d>.
Assume that there exists ' € CH{X;}" ; such that (z/, z4) < d*. The convexity of CH{X;}? ; implies that the whole
line L = (2',24) C CH{X;}{_, also belongs to the convex hull. However, since [|24||2 = d and (2’, z4) < |zal|?, the line
L is not tangent and intersect the ball the ball B(0, d). We deduce that there exists 2" € LN B(0, d) such that ||z” |2 < d.
Since z”" € L C CH{ X}, also belongs to the convex hull, the previous statement leads us to the contradiction
. " .
e lzlly < ll2"ll, <d = e 5 -

Therefore, for any x € CH{X,}? ; we have that (z4,2) > d > 0. Finally, since {X;} , € CH{X;}! ,, there exists
h = x4 € R such that (h, X;) > 0foralli € {1...n}. O

Lemma 8. Let R C R, be any continuous ranking structure, let {(X;, f(X;))}4]' be any sample satisfying f (X)) <
[(X@) < ... < f(X(ns1)) and denote by Ly, the empirical ranking loss taken over the sample. Then, we have the
following eqmvalence

{reR:Lyui(r) =0} ={reR:r(Xu41),Xu) =1, Vie{l...n}}.

Proof. (C) The first inclusion is a direct consequence of the definition of the empirical ranking loss. Let r € R be any
ranking such that L,,1(r) = 0. Since r perfectly ranks the sample, it implies that for any i € {1...n},

(X (iv1), X)) = 77(X(it1), X)) = sgn(f (Xip1) — (X)) =

(2) The second inlusion is a consequence of the transitivity of the rankings. Let » € R C R be any ranking such that
r(X(i+1), X)) = 1, ¥i € {1...n}. Since r is acontinuous ranking, there exists a function f" € CY(X,R) such that
r(x,2") = sgn(f(z) — f(z)) V(z,2') € X%. Now, fixany j € {2...n + 1} and fix any k < j. Using the function f and
the assumption, we have that

-1
(X (), Xwy) = sen(f (X)) — [(Xx))) = sen (Z | (X)) — F1(X(@)| - sen(f' (X (i41)) — f/(X(i)») =1

i=k
Switching k and j gives us that r(X(;y, X(x)) = —1 for any j < k. Therefore, 7(X(;), X(x)) = sgn(f( X)) — f(Xx)))
for any (j,k) € {1...n+ 1}? and we deduce that r perfectly ranks the sample so L, 1(r) = 0. O

D.2. Proofs of the results

Proof of Proposition 6. Let {(X;, f(X;))}j_, be any sample satisfying f(X(1)) < f(X(2)) < ... < f(X(n41)) and let
Rp, N be the set of polynomial rankings of degree N.

(=) Assume that there exists 7 € Rp n such that L,,1(r) = 0. Since r is induced by a polynom of degree NN, there
exists a polynom f/. = (h,, ¢n(x)) + ¢, where h, € RP(©N) and ¢, € R such that 7(z,2') = sgn(f.(z) — fi(2")) =

T
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sgn({h,, on(z)) + ¢ — (hy, dn () — ;) = sgn({h,, dn(z) — dn(2"))). Combining the previous statement with Lemma
8 gives the first part of the equivalence.

(<) Assume that there exists b € RP(®N) such that (h, ¢(X(;41)) — ¢(X())) > 0 forall i € {1...n}. Define the
(multivariate) polynom f’(x) = (h,¢n(x)) + ¢ where ¢ € R is any constant. The polynomial ranking induced by f’ is

given by ry/(x, x') = sgn(f'(z) — f'(z’)) = sgn((h, ¢n(z) — ¢n(2'))) € Rn. Then, forany i € {1...n},
(X it1), X)) = sgn((h, o (z) — ¢n(2'))) = 1.

Using Lemma 8 directly gives that L,,41 () = 0, which is the second part of the equivalence. ]

Proof of Corollary 2. Let {(X;, f(X;))}i_; be any sample satisfying f(X 1)) < f(X(2)) < ... < f(X(n41)) and let
Rp,n be the set of polynomial rankings of degree at most N. Applying Proposmon 6 and Lemma 7 gives us that,

min Ln+1( ) =0« 3heRst (h,dn(Xit1)) — dn(X@)) >0,Vi€ {1...n} (Proposition 6)

reRp
& 0¢ CH{(¢n(Xa11)) — on (X)) iz (Lemma 7)
Finally, using the definition of the convex hull, we know that 0 € CH{(¢ N(X(i+1)) — on(X( ))} if and only if
there exists A = (A1,...,Ay) € R such that 37" | \i(on(X(i41)) — on(X(5) )) 6 > N\ Putting those
constraints into matricial form gives the last equivalence,
r€n7'12n Lonii(r)=0& {AeR" :MyAT =0, (I,\) =1, A > 0} is empty,
r€ERN

where My is the (D(d,n), n)-matrix where its i-th column is equal to (¢n (X(;11)) — &5 (X(;)))” and = stands for the
inequality > component-wise (i.e. z = ¢’ < x; > z}, Vi € {1...d}). O

Proof of Proposition 7. Fix any N € N*, let R¢ v be the set of convex rankings of degree N, let d = 1 and let
{(Xi, f(X4))}7-, be any sample satisfying f(X 1)) < f(X(2)) < ... < f(X(ng1)) -

(=) Assume that min,er, y Ln+1(r) = 0 and let r € R¢ y be any convex ranking that perfectly ranks the sample.
Applying Lemma 8 gives us that (X (;41), X(;)) = 1 foralli € {1...n}. Now, let {h;}!";" be the sequence of classifiers
defined by h;(x) = 1{r(z, X)) > 0}. Since r € R¢ n is a convex ranking of degree N, all the classifiers are of

the form h;(z) = Zﬁl:r 1{l;x < x < w;x} and since r is a continuous ranking and so transitive (see Lemma 8),
hi>hy>...2> hpta.

(<)Assume that there exists a sequence of classifiers {h;}7"! of the form h;(z) = Zivzl Wliew < z < ujkt
satisfying (i) hi > hy > ... > hpyr and (i) hi(X(;)) = 1{(j) > 4} for all (i,5) € {1...n + 1}?. Let

= Z”H Zk 1 @e(@,1; , u; 1) be an approximation of the function f(x) = Z?:Jrll hi(z), for which L, 11 (rf) = 0,
where

¢6(W7“)=( x) -ﬂ{l—e§x<l[}+ﬂ{lngu}+11{u<mgu+e}.(1_9”_“)

€

is an approximation of the function x — 1{l < = < wu}. Since the functions ¢.(-, !, u) are continuous, it also implies
that their sum, f/, is continuous. Now, note that f/(z) = f(z) + erc(x) where er.(z) = Z"+l Zk (= (i —

)/e)]l{x € ik 6 lZ k[} + (1 — (2 —wik)/e)l{z €lu;k, uix + €|}. Forany € < ¢; = min{|zy — x2| : 1 # 22 €
{ X}, Lu {l, =t N U {ug g 358N} small enough and any i € {1...n 4+ 1}, we have that er.(X(;)) = 0. We
deduce that Ln+1(r 1) = Lnt1(ry) = 0 whenever e < 61 Using the same decomposition, one can easily show that for
any € < € = min{|2y — 2| : @1 # @2 € {Lip TN U {u 51N} /2 all the level sets of f. are a union of at
most N segements (convex sets). Putting previous statements altogether and denoting €* = min(ey, €2)/2, gives us that
T S RC,N and Ln+1 (’I“fe/*) =0. ([l

Proof of Proposition 8. Fix any d € N*, let N = 1, and let {(X;, f(X;))}j., be any sample satisfying f(X(1)) <
f(X@) <. < f(X(ng1))-
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(=) Assume that min,cg, , Ln11(r) = 0 and let r € R¢ 1 be any ranking that perfectly ranks the sample. Since r
perfectly ranks the sample, for any k € {1...n + 1}, r(X(;y, X)) = 21{(j) > (k)} — 1Vj # k and since 7 is a convex
ranking, the set {x € X' : r(z, X(;))} is a convex set. Now, fix any & € {1...n}. Using the previous statements, we

get that {X(i)}?i,cl+1 c{z e X :r(x, X)) >0} and Xy & {x € X : r(x, X(41)) > 0}. Since CH{X(i)};‘jle

is the smallest convex set that contains {X(z)}:l k1+1 and since {x € X : r(x, X(,41)) > 0} is also a convex set that
contains {X ;) }/7,}, necessarily CH{X @ pi1 © {r € X r(x, X(x41)) = 0}. Combining the previous statements
gives us that Xy ¢ CH{X;}/~ k 1~ Therefore, using the definition of convex hull, we know that there does not exist
any (A1...)\) € RF such that Ei:l AiX(nt2-i) = X(n+1-k)» Zle A; = 1 and \; > 0. Rewriting this constraint in a
matricial form gives us that the polyhedron

— —.

A eRM MM = X0y ), (LX) =1, A= 0}

where My, is the (d, k)-matrix where its i-th column is equal to X7 is empty.

(n+2—1)°

(<) Assume that the cascade of polyhedrons is empty. Reproducing the (inverse) same steps as in the first equivalence of
the proof, we get that X ;) ¢ CH{X l)}z i1 forany k € {1...n}. Therefore the convex hulls form a nested sequence

CH{X(,11)} C CH{X(y}/*! C ... C CH{X;}!H. Now, let f/(z) = Z?:ll ¢.i(z) be an approximation of the

i=n

function f(z) = Z”+1 1z e CH{X(j)}"H} for which L,,41(r) = 0, where forany i € {1...n+ 1}

bes(z) = 1—d(z, BICH{X;y }72} 2(n + 1 —i)e)) /e if d(z, BCH{X(;}2!,2(n+1—i)e) <e
s i\t = 0 otherwise.

is an approximation of the function z +— 1{z € CH{X(;y};=:}". For any convex set X, the function = > d(x, X)
is continuous. we deduce that the functions {¢. ; "+11 are continuous and so is their sum f/. First, using the same
decomposition as in the proof of Proposition 7, one can show that L, 1(rf) = Lny1(ry) = 0 forany e < € =
min;—1. ., d(X ), CH{X(; ?;{H)/(Qn + 2) small enough. Secondly, using the fact that for any convex set X C R9,
its e-Ball B(X,¢) is also a convex set (see Lemma 6), for any ¢ < €* and any 2’ € X, we have that the level set
{z € X : f(x) > fe(2')} is a convex set. Putting the previous statements altogether gives us that 7y, € Re 1 and

Lyya(rs) = 0. 0
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