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1 Problem Formulation
Consider a vector autoregressive (VAR) model of order d:
It:Alzt_1+...+Adl’t_d+€t, t:(),:lil,:t2,...7 (1)

where z; € RP is a random vector, A; € RP*P, 4 = 1,...,d are fixed coefficient matrices and ¢; is a vector of
zero-mean white noise, i.e., E(e;) = 0, E(e;ef ) = ¥ and E(eef,,) = 0, for h # 0. We assume that the noise
covariance matrix ¥ is positive definite with bounded largest eigenvalue, i.e., Apin(2) > 0 and Apax () < 0.

The above formulation in (1) can be written compactly as a VAR model of order 1:

X, =AX; 1+ &, (2)
) A A L Aga Ag )
. t I 0 ... 0 0 O’f
t—1
where X, = . eR¥?, A=1|0 T ... 0 0] cRiPxdr,  and & = | . | € R%, where
Ti—(d-1) 0 0 ... I 0 0

I is the identity matrix I € R The covariance matrix of the noise term & is now

0 ... 0
0O 0 ... 0
Ye=|. . . .
0O 0 ... 0

Note that the first order VAR model in (2) can also be represented in the moving average form [5]
X, =Y A, 3)
i=0
where X, is expressed in terms of past and present error vectors.

1.1 VAR Estimation

In the following, we rewrite the VAR model of order d in (1)
= A1wi_ 1+ ...+ Agxi_g+e, t=0,%£1,£2,...

in the form suitable for estimation. We assume that we have a realization of 7' + 1 samples (xq, x1, ..., xT). Trans-
posing the above form, we get

ol =al (AT + . 42l AL 4 €.



Then, stacking all the samples together, we obtain

_AlT_
T T T — —
d ‘Ld;l *dez S 0 r d
Td+1 Ty Ta—1 e T A3 €a+1
: = : : ' : + : :
T T T T . _ET—
T—1 Tr_o Tr_3 e T—d—1 : T—1
T T T —ITi _E'T—
T Tr_1 Tr_o e T—d - T
_Ad_
which we can compactly write as
Y = XB+E, 4)

where Y e RV*P, X ¢ RN*dP B ¢ R%P*P and E € RN*Pfor N =T —d + 1. Vectorizing each matrix in (4), we
get (utilizing the fact that vec(AB) = (I ® A)vec(B)):
vec(Y) = vec(X B) + vec(E)
vec(Y) = (Ipxp ® X)vec(B) + vec(E)
y=2B+¢,

where y € RNP, Z € RNpxdp’ 3 ¢ R’ and e € RVP. Note that the covariance matrix of the noise € is now
E[GGT] =Y ®Iy«nN.

In this work we consider the problem of estimating parameter 3 from the data (xg, z1, . . ., o7 ) generated by stable
VAR model of order d using the following form of the estimator:

~ 1
B = argmin— ||y — ZB8||3 + AnR(8) (5)
BERdP? N

where R([3) is any vector norm and Ay is a regularization parameter. The only assumption we make about R(3)
is that it is decomposable along the columns of B. Denote 3 = [3{ 3 ... 51 ]", where 3; € R%. Also let B(:, 1)
denote the column of matrix B and A (i, :) as the row of matrix Ay for k = 1,...,d, then we can write

R(B) = zp: R(5)

=1
p
= Z R(B(:7 z))
i=1
p T
_ Zz%([Al(i,;)TAg(i,;)T...Ad(@;)T} ) ©6)
i=1
Note that in the above we also assumed, for simplicity and without the loss of generality, that for each¢ = 1,...,p,

the norm R(+) is the same. It is straightforward to extend our framework to the case when for each ¢ a different norm
is used.

1.2 Matrix X Notations

To simplify derivations, below we define notations for various parts of matrix X

T T T
xdfl x%fz .. x%
Ty Tgq - xq
X = :
T T T
x%_Q Tp_g .. Tp_g_q
Ir—1 Tp—2 .-+ Tp_g



Row. Each row of matrix X is denoted as

T
‘;ZT—i
LTr_1-4 d
Xi,: = . eR p’ 0
T
Lp_d—(i—1)
for¢=1,..., N. In cases, when the specific row index ¢ is irrelevant, we use a notation X = X ., for all 4.

All Rows. All the rows of matrix X, stacked in a single vector, are denoted as
U=| 7| eRVNP, (®)

Column. Each column of matrix X is denoted as

l'd,k(Z,l)
Ta—r1(51)
X:f = + S RN

xr_k(:,1)

whereindex j = k+ [, forl1 <k <dand1 <[ <p,sothatj=1,...,dp.
All Columns. All the columns of matrix X, stacked in a single vector, are denoted as

X:,l
X:2
V=| | eRNP,

X:,dp

Block-Column. Matrix X can be viewed as a concatenation of d block-columns. Each block-column, reshaped into a
vector, is denoted as

Td—k
), — xd7:k+1 e RV, ©
-
for k =1,...,d. In cases, when the specific index k is irrelevant, we use a notation Y = Y, for all k.

All Block-Columns. All the reshaped block-columns of matrix X, stacked in a single vector, are denoted as

W

¥
w=|"?] e RN, (10)

Ya



1.3 Stability of VAR Model

The formulation (2) represents a stable VAR model if all the eigenvalues of A are smaller than 1, i.e., eigenvalues of
A must satisfy det(Algpxap — A) = 0for A € C, |A\| < 1, |A| # 0. Specifically, write

[(IAx 0 ... 0 0 A Ay .. Ag1 Ay
0 IX 0 O 1 0o ... 0 0
/\Idpxdp—A: 0 0o ... 0 Oof_10 I ... 0 0
| 0 0 .0 I 0 0 1 0
(TN — A —Ay —Ag_1 -4y
-1 I 0 0
_ 0 —I 0 0
| 0 0 —I I\

Now multiply last (d-th) block-column by % and add to (d — 1)-st block-column. Next, multiply the result in
(d — 1)-st block-column by } and add to (d — 2)-nd block-column. Continuing in this manner, we will arrive at

0= Mo =41 = }Aa = - ey M
0 Mp(a-1)xp(d-1)] '

where matrix M € RP*P(@=1) denotes the result of some of the column operations. Since such column operations
leave the matrix determinant unchanged, we have

1
FAd) - det(Mp(a—1)xp(d—1))

1
Ag == g Aa) - W

1
det(Mapxap — A) = det(Q) = det(A,xp — A1 — XAQ -
1 1
== det(Ipo - XAI — F
Therefore, stability of VAR model in (2) requires det(] — EZ:1 Ak 5r) = 0 to be satisfied for [A| < 1, [A] # 0.

Equivalently, det(1 — 22:1 Ayz*) = 0 must be satisfied for z € C, |z| > 1, or det( — 22:1 Arz®) # 0 must hold
for |z| < 1.

1.4 Autocovariance of VAR Model

In this section we consider autocovariance matrix of VAR model written in different forms as well as establish bounds
on the eigenvalues of these matrices.

1.4.1 VAR Model for x;

The autocovariance matrix of the original VAR process of order d in (1) is defined as T'(h) = IE[:ctgcipJr »). Fourier
transform of autocovariance matrix is called spectral density and is denoted as (for i = v/—1)

o0

Yw)= > T(he ™, wel0,2a]. (11)

h=—o00
Inverse Fourier transform of the spectral density gives back the autocovariance matrix:

1

T o

2w
I'(h) / Y(w)e"¥dw, he0,+1,42,... (12)
0

For our VAR model in (1), the spectral density has a closed form expression [7]

—17 *

d -1 d
Y(w) = (I - ZAke_kiw> by <I - Z Ake_kiw> € RP*P, (13)
k=1 k=1



where * is the Hermitian of a matrix.

Let V = [z, 2T, ... 2%]7 be a vector composed from the output of the VAR process during K steps, then
T(0) Ty ... T(K 1)
r(1)7T rO) ... T(K-2)
Cy =E(VVT) = . _ _ . € REP*Ep, (14)
I(K—1)T T(K-2T ... T(0)

In this work we will be interested in the bounds on the eigenvalues of Cy,. Note that C'y is a block-Toeplitz matrix
and so we can use the following property [3]

inf Aj[y(w)] < Ag[Cv] < sup Aj[y(w)], forl <k < Kp. (15)
1<j<p 1<j<p
w€|0,27] w€e[0,27]

Using (13), we can compute the lower bound. For this we use the following relationships: for any M, ||M]|2
VAmax(MT M), and if M is symmetric, ||[M||s = Apax(M). Similarly, for any nonsingular M, ||[M~1||; =
L , and if M is symmetric, ||M ||z = A;(M) Since y(w) is symmetric, we have

Amin(MT M)
d -1 d -1
Amaxbr ()] = (I - ZAke-'W) > (z - ZAke—'“‘w>
k=1 k=1 9
d -1
- mes)
k=1
2
Apax (2
< y - (&) y : (16)
Anmin [(I = Dkt Afe’““’) (I = k=1 Akeikwﬂ

and the upper bound

[ d 1T d ~y YT

Ain[y(w)] = (I - ZAw"“’“) by <I - ZAke—’““>
k=1 k=1
L - 2
- J 2 T
> [T = Age™ || 1572
L k=1 2 .
Apmin (2
> () . (7)

Amax [ (T = iy AF ek ) (1= Sy Apehe)]

Therefore, the Cy has the following bounds on its eigenvalues
Amin (Z) Amax (2)

< Ag[Cy] <

o (o 2e) (1 e )]

for1 <k < Kp, andw € [0, 27].
Denoting Apin(A) = Amin [(I - 22:1 Afeki”> (I — 22:1 Ake’ki“’)] forw € [0, 27] and similarly Appax (A) =

Amax [(I - Afe’“"”> (I - Ake’k“’)] for w € [0, 2], we can compactly write the above as

S [ (1= ey afe) (1= ey )]

Amin (Z)
Amax (A)

Amax(2)

< < —=
>~ Ak[CV] = Amln(ﬂ) )

(18)

forl1 <k < Kp.



1.4.2 VAR Model for X .

In this section we consider the VAR model of order 1 in (2). Note that this is the same form as the model obtained
from the rows of X (see (7)), i.e.,

Ay Ay .. Ag Ay
Td—i+1 I 0 ... 0 0 Tg—i €d—i+1
Tl _looo1 .00 o [T 0
i o o0 .. I o]bL® 0
Written in a compact form, the above expression takes the form
Xjﬁ;:AXj_L:%—Ej, fOI'jzl,...,N,
which can be thought to be the transformations of the form
Td—1 [ xzg ] TN4+d—2
Tq—2 Td—1 ITN+d—-3
Xl,: = . - XQ,: = . — XN,: =
Zo L L1 | ITN-1
Let
X ]
U=| : | eRN®, (19)
_XN7 -

be a vector composed from the output of the above VAR model during N steps. Then Cy; € RN@P*Ndp jg the
covariance matrix of vector

X E[X..XT] E[X1.XT] ... E[X;.X})]

Ly EXo . XT] E[X2.X7] ... E[X5.X%]
Cy=Buu™)=E| : | [X[.... X} ]= o , , R (20)

XN EXn.XT] E[Xn.XT] ... E[Xn.X%]

To establish the bounds on the eigenvalues of Cy;, we denote the spectral density of the corresponding VAR process as

(W)= > Tx(h)e ™™ welo,2q],

h=—o00

where I'x (h) = E[X; . X7, , ]. Since Cy, is a block-Toeplitz matrix, we can employ the same relationship as we used

) . j+h,:
in Section 1.4.1

inf  Ajfyx(w)] < Ag[Cu] < sup Ay[yx(w)], forl <k < Ndp. 21
1<1<dp 1<i<dp
w€e[0,27] w€e[0,27]



In the following we establish the closed form expression of spectral density yx. For this, we use moving average
representation in (3) and write

’YX(UJ): Z Fx(h)e—hiw
h=—o00

= Z E[X; Xﬁ_h] ~hiw " for any j

h=—o00
[eS) T
= Z ZA E] k,: <ZASEj+h—s,:> ]Ghiw
h=—o00 s=0
00 T
— Z ZA’“EJ o <ZAS”E]-_57:) ]ehi‘”
h=—o00 =0

T .
e—hzw

Z ZAkZE< Ak~

h=—o00 k=0 )
i ZAsz(Ak h)T

—hiw+kiw—kiw

= e
h=—00 k=0

_ i iAk:efkinE(Akfhef(kfh)iw)*
h=—00 k=0

:ZAk —klwz Z( AT —Mw)

_ (1 _ Ae‘“)ilEE (1 - Ae‘i““)l] *, 22)

. o\ 1
where we have used the fact that ), j AFe %@ = ([ — Ae™™

Now, using (21), (22), the results from Section 1.4.1 and the fact that the covariance matrix X ¢ has the form

> 0 0

0 0 0
ES: . 5

0 O 0

we can establish the following bounds

Amin(zé')

< Amax(zé’)
Amax [(I — ATe) (I — Ae=™)] —

ArlCul = (I — ATeiw) (I — Ae—iw)]’

Since Amax(Xe) = Amax(X), the upper bound becomes

Amax<2)
Amin [(IT — ATew) (I — Ae~w)]’

Amax [CZ/{] S

forw € [0, 27]. Denoting Apin(A) = Amin [ (I — ATe™) (I — Ae™™)] forw € [0, 27], we can compactly write the
above as

A
Amax [CZ/I] S A (23)

min (A) '



2 Statistical Properties of VAR Estimator

Denote by A = ﬁ — [3* the error between the solution of optimization problem (5) and 3*, the true value of the
parameter. The focus of our work is to determine conditions under which the estimation problem in (5) is consistent,
i.e., the error term is bounded: ||Al]2 < § for some known 4.

To establish such conditions, we utilize the framework of [2]. Specifically, if the following regularization parameter
bound is satisfied

1
AN > cR*[NZTe],

for some constant ¢ > 1, where R*[+ Z7 €] is a dual norm of the vector norm R(-), which is defined as R* [+ Z7¢] =

sup (L Z7e€,U), for U € R%", where U = [uf,u,...,u]” and u; € R?. Then the error vector belongs to
R(U)<1
the set

1
Qp = {A € RdPQ‘R(ﬁ* +A) < R(B*) + R(A)} .
c
Moreover, if the restricted eigenvalue condition holds

125l |
1AT:

for A € cone(Qg) and some constant x > 0, where cone({2g) is a cone of an error set, then the following bound on
the norm of the estimation error can be established

14+cA
1Az < =20 (cone(2)),
¢ K
where ¥ (cone(2g)) is a norm compatibility constant, defined as ¥(cone(2g)) =  sup %.

Uécone(Qg)
In the derivations of the bounds we will be utilizing the following concentration inequality for a Lipschitz function
of standard Gaussian random variable

Lemma 2.1 Let X € R" be a vector of zero-mean, unit-variance Gaussian entries, i.e., X ~ N (0, I,x,) and let
f : R™ — R be Lipschitz with constant L, which means that |f(X) — f(Y)| < L||X = Y||2,VX,Y € R™. Then for
allt >0

IPUf(X) fE[f(X)]‘ > T] < 2exp (27;) .

as well as the concentration inequality for /5 - norm of arbitrary Gaussian vector

Lemma 2.2 Let X € R™ be a vector of zero-mean Gaussian entries, i.e., X ~ N (0, Q. xr). Then for all 7 > 0

2
PU|X||2 — \/m‘ >742 ||Q||2] < 2exp (_2|22|2) :

Concentration inequality for supreme of Gaussian processes

Lemma 2.3 Let {X;}1cr be a Gaussian processes, then for all T > 0
]:F) |;

Useful probability relationship.

7.2

"~ 2sup E(X2)
teT

supX; — E supXt‘ > 7| < 2exp
teT teT



Lemma 2.4 Let A;, fori=1,..., K be a set of probabilistic events. Then
K
]P’{Al and As and ... and AK} > Z]P’[AZ-] —(K-1)
i=1

Proof 2.5 Using De Morgan’s law, and denoting by A; the negation of event A;, we can write
1—IP’[A1 and As and ... and AK] :IE”[Al or Ay or ... or AK}

gIP’{Al —l—]P’{.Ag]-l-...-FP{AK]

=1-P[A] +1—-P[A] +...+1—P[Agk]

where on the second line we used the union bound. Now rearranging the terms we get
K
P|A; and Ay and ... and AK] > ZIP’[AJ — (K -1).
i=1

We will also utilize the notions of Gaussian width and covering net.

Definition 2.6 For any set S and for a vector of independent zero-mean unit variance Gaussian variables g ~

N (0, I), the Gaussian width of the set is defined as

w(S) = Eglsup(g, w)]- 24)
ueS

2.1 Gaussian Noise Model
In this work we assume that the distribution of the noise in VAR process

vy =A1xi1+ ...+ Agri_qgt+ e, t=0,%£1,£2,..., (25)
follows a Gaussian distribution, i.e., ¢z ~ N (0,X). Moreover, we can conclude that the distribution of x; is a zero-

mean Gaussian, i.e., z; ~ N(0,T(0)), where I'(h) = E(z¢xf, ).
Now consider the noise and data matrices from the formulation (2)

T T T T
€4 xd? 93de2 xoT
€d+1 Ly Tg—1 Ty
E = : ., X = : : : . (26)
T T T T
eTfl 3@72 :@73 . fod—l
€r Tp_q Tp_g ... Xp_g

For our theoretical analysis we require information about the probability distribution of rows and columns of X, as
well as columns of E. In the following sections we present the corresponding derivations.

2.1.1 Columns Distribution of Noise Matrix £/

Each column of F in (26), denoted as E. ;, is a Gaussian vector: E.; ~ N(O,C’E:J), where Cg, ; € RNV*N |
Cg., = ]E(EJETJ) = ¥; jInxn, which is a diagonal matrix.

In what follows, we compute trace(Cg, ;) and ||Cg, |2 for the covariance matrix Cg, ;, needed in the future
computations. It can be seen that the trace of C ; is given by trace(Cg, ;) = NX; ; and similarly we can establish
the [|C,;|l2 = Anax(CE. ;) = X,



Note that we can write the following inequality ¥, ; < Apax(X) forany j = 1,...,p. This follows from Schur-
Horn theorem [4], which states that for a symmetric matrix X, if we sort its diagonal elements and eigenvalues in
non-decreasing order, i.e., ¥;;, <... <¥;; and A, (¥) <... <A; (3), then

k k
Z Jiii = Z ), fork=1,...,p
1=1 i=1

and it holds with equality when k = p. Since 377! %, > SP7A; (D) and S0 855 = S0 A (D), it
follows that 335 ;- < A; (X). Therefore, ¥; j < Apax(X), forany j = 1,. ..,p

Consequently, we can establish the following bounds on trace and spectral norm of Cg, ; forany j =1,...,p
IICE.,|l2 < Amax(X), (27)
and
trace(Cg, ;) < NAmax(2). (28)

2.1.2 Rows Distribution of Data Matrix X

Each row of X, denoted as X;,; = [v7_;, 27y 07 4 py]" € R¥, 1 < i < N, is distributed as X, ~
N (0, Cx), where the covariance matrix Cx, same for all 7, is defined as

I'(0) ra) ... Td-1)
T _

Ox = E(X;.X]) = F(T) F(ZO) F(d: g e RIPXdp, (29)
rd-1)T Td—2)7 ... T1(0)

where I'(h) = E(x;x{,,). Note that, using results from Section 1.4.1 and specifically expression (18), we can
establish the upper and lower bound on the eigenvalues of Cx

Amax [CX] < Amax (E)

Amin(z)
=~ m and Amin [OX] Z Ai (30)

max (A)

Now consider a vector ¢ = Xa € RY for any a € R%. Since each element Xg;a ~ N(0,a” Cxa), it follows that
q ~ N(0,Q) with a covariance matrix Q € RV*N which is defined as

quj;a
Q = ]E(qu) =E [GTXL: N CI,TXN):]
X{,’:a
[a"E[X, . X[ Ja o"E[X1. XS Ja ... aTE[X17:X17\;7:]a
a’E[X . X{ Ja  a"E[X3. X7 Ja ... aTE[X27:X17\;7:]a
_aTE[XN,:X{:]a aTIE[XN7;X’21jZ]a . aTIE[XN7:X]7\}):}a
[ 0 ... 0] [EX..X{] E[X1.X5.] ... EX.X{]][a 0 0
0 o ... 0] |E[Xe.X{] E[X2.XJ] ... E[Xo.X{]| |0 a 0
[0 0 ... o] |EXN.X{] E[Xyn.XT] ... EXy.XFJ/ [0 0 ... @
E[X,.X{] E[X.XJ] ... E[X;.X}]
. E[X,.X{] E[X2.XJ] ... E[Xp.X[ ]
=(Inxn®a’) : : . : (Inxn ® a).
EXn.X{] E[Xn.X3.] ... E[Xn.X%]

10



We denote the covariance matrix in the middle as

x E[X:.X7] E[X:.X7] ... E[X1.X%]
L E[Xe. XTI ] E[Xe.XT] ... E[X2.X%]

Cy=Buu™)=E| : | [X[.... X ]= s o A (31)
XN EXn.XT.] E[Xn.XT] ... EXn.X%)

Thus, we established that ¢ ~ (0, Q), where Q = (I ® a®)Cy(I ® a).
In what follows, we compute trace(Q) and ||Q||2 for the covariance matrix @, needed in the future computations.
It can be seen that the trace of () is given by

trace(Q) = Na” Cxa, (32)
where Cx is defined in (29). Next, we compute upper bound on ||Q)||2 as follows

1Qll2 = ||(I ® a")Cu(I @ a)||2
< |1 ®@all3||Cull2
= |[al[3 Amax(C), (33)

where the last equality follows since ||I ® al|3 = Amax ((I ®a)(I® a)) = Amax (I ® aTa) = ||a||3. We used a

property of Kronecker product which states that for matrices with suitable dimensions, (A®B)(C®D) = (AC®BD).
To establish Ay,ax(Cly), we use the results from Section 1.4.2, expression (23), which enable us to conclude that
the upper bound of the largest eigenvalue of matrix Cy, is given by

Amax (Z)

; < — .
Amax(cu) >~ Amin(-A)

Therefore, the bound on the covariance matrix ||Q||2 in (33) is now given by

Amax(2)

< 2 .
1Qll2 < [lall3 (A

(34)

2.2 Bound on Regularization Parameter
To establish lower bound on the regularization parameter A, we derive an upper bound on R* [% ZT€] < a, for some
« > 0, which will establish the required relationship A\y > a > R* [% A Te}.

Denote E. ; € RY as a column of matrix E and vector U = [u], ... ,ug]T € R%", where u; € R%. Note that
since Z = I,,x, ® X, and € = vec(E), we can observe the following

1 1
sup <NZT6, U> = sup < (Ipxp @ XT) vec(E), U>
R

R(U)<1 <1V

= sup ]1[(<XTE:,1,U1>+,---7+<XTE:,pvup>>

R([1L{,...,1L$]T)§1

= J]\-7< sup <XTE:71,U1>+,...,+ sup <XTE:,p7Up>>
R([uT,..,ul]T)<1 R([uf .. uf]T)<1
- 1( sup <XTE:,1,u1>+,...,+ sup <XTE;7p,up>>
N R(u1)<r R(up)<rp
12
= — Z sup <XTE:,j,uj> (35)

N j=1f(uz)<r;

where 2?21 r; <landr; > 0.

11



Our objective is to establish a high probability bound of the form

P| sup <1ZT6,U>§04 >m
r<1 \ NV

where 0 < 7 < 1, i.e., upper bound should hold with at least probability 7. Using (35) and assuming that o =
Z§:1 oy, we can rewrite the above probabilistic statement as follows

P p
]P’[ sup <;ZT67U>§Q]PL§Z sup <XTE:7j,uj>§Zaj]

RU)<1 =1 Rluy)<r; =

1 1
>P sup — <XTE: 1,u1> <oy pand ... and sup — <XTE: p,up> <oy
R( N ’ R( N )

u1)<r1 up)grp

p
>)'P { sup N(X Ej,uj><ozj}(pl), (36)

j=1 R(uj)<r;

where the last line follows from Lemma 2.4. In the above derivations we used the observation that if the events
{ sup = (XTE. j,u;) < aj}, for each j hold, then the event Zﬁ:l sup v (XTE. j,u;) < Z§:1 aj
R(u;)<r; R(uj)<r;
also holds but the reverse is not always true, implying that the probability space related to the event
{ /i 1R(su)p< F(XTE. j,u;) < S0 1 @y o is larger.
Therefore, based on (36), we see that we need to establish the following concentration bound

IP’[ sup <X E.j,uj) < aj] > 7, (37
R(u;)<r;

foreachj=1,...,p

In the following our objective would be to first establish that the random variable ; (X7 E. ;, h) has sub-exponential
tails, where h € R, ||h||2 = 1 is a unit norm vector. Based on the generic chaining argument we then use Theo-
rem 1.2.7 in [10] and bound the expectation of the supremum of the original variable % <X TE. ;, uj>, i.e., bound

E| sup & (XTE. ; u;) ] . Finally, using Theorem 1.2.9 in [10] we establish the high probability bound on how
R(uj)<r;

sup =+ (XTE. ;,u;) concentrates around its mean.
R(uj)<r;

2.2.1 Martingale difference sequence
We start by writing

N

(XTE.j,h) = (E.;,Xh) =Y E;;,(X.;h) = Zm

i=1

where m; = E;, j(XZ-,;h), i =1,..., N. Observe that m; is a martingale difference sequence (MDS), which can be
shown by establishing that E(m;|m.,...,m;—1) = 0 (see [5]). We can introduce a set {E1 ., Es.,...,E;_1.} =
{eT, egﬂ, ..., €X} and write

E[mi|mi,...,mi1] = E[E[mmq,...,mi_1,B1.,..., Ei_1.]],

using the technique of iterated expectation. Note that the set {E; ., Es ., ..., E;_1 .} contains more information than
the set {m1,...,m;_1} and conditioning on it has fixed all the past history of the sequence until time stamp 7. Since
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m; = B ; (X;.h), the terms E; j and X; .h are now independent. The independence follows since every row of matrix
X is independent of the corresponding row of matrix £

T T T T
& xdEl x%fz . x%
€di1 Ty o Tg_q .- xq
FE = . R X = . . . R
T T T T
eTfl :c%_z :c%_z,) . fod_l
€r Tr-1 Tr—z - Tr_g

which can be verified by noting that the noise vector €4 ; is independent from x4y, since (d + 1) > (d — k + i) for
0<i<T-dand1 < k < d. In other words, the information contained in x4_x; does not contain information
from the noise €4, (see (4)). Moreover,

E[mi| =E[B:;(Xi.h)| = E[Ei B[ Xi.0] =0, (38)
due to the zero-mean noise E [ E; ;| = 0. Consequently, we have shown that E [m;|m1, ..., m;_1, E1.,..., E;i_1,] =
0 and therefore

E[mi|ma,...,mi_1] =0,
proving that m; = F; ;(X;.h), ¢ =1,..., N is a martingale difference sequence.
Next, to show that & (XTE. ;,h) = L S m; has sub-exponential tails, we first show that m; is sub-

exponential random variable and then use the proof argument similar to Azuma-type [1] and Bernstein-type [11]
inequalities to establish that a sum over sub-exponential martingale difference sequence is itself sub-exponential.

2.2.2  Sub-exponential tails of + (XTE, ;, h)
The MDS m; is sub-exponential since it is a product of two Gaussians. Indeed, recall that £;; and X .h are both
Gaussian random variables, independent of each other. Employing a union bound enables us to write for any 7 > 0

P{\mi\ > T} - P[|Eij(Xi7:h)| > T}

< PDE@‘J‘\ > \ﬁ} +P[|Xi,:h| > \E}
S 267617- + 267627
<de 7,

for some suitable constants ¢; > 0, ¢ > 0 and ¢ > 0.

To establish that 3 3=, m; is sub-exponential, we note that the sub-exponential norm || - ||, (see [11], Definition
5.13) of m; can be upper-bounded by a constant. We denote by « > 0 the largest of these constants, i.e.,

k= max |milly, = max |[X;.hl,.

ERRRE}

Now, using Lemma 5.15 in [11], the moment generating function of m; satisfies the following result: for s such
that [s| < Zand foralli =1,..., N

oy 2,2
Elem] < e’ (39)
where c and 7 are absolute constants. Next, using Markov inequality, we can write for any &’ > 0

P [Z m; > 5’] =P [exp <SZmi> > exp(sa’)]

i=1 i=1

. E {exp (s Zf\il ml)] .

(40)



To bound the numerator, we use (39) and write for |s| < I utilizing the iterated expectation

lexp( Zmz>] = [exp(smN exp( Z m1>]
N—1
=Enm, .. .my_s [Emle,...,mN_l [exp(smN exp <s ml>H
i=1

N—-1
= Eml,...,mN,l [Emle,‘..,le |:exp(8mN :| €xXp (5 mz)]

) N-1
using (39) 9 9
< exp(es“KX)Em,,. . mn_, |€xp | s m;

i=1

.
_

N-2
< exp(es?k?) exp(es® k) B, . mn_s [exp (s Z mi>]
i=1

< exp(Nes?k?)

Substituting back to (40), we get for |s| < I

N
P lz m; > 5’] < exp(—se’ + Nes?k?). 41)

i=1

We now select s to minimize the right hand side of (41). For this, note that if the mlnlmum is achieved for an s,
which satisfies [s| < 2, then we simply minimize —se’ + Ncs?k? and get s = g5—z. On the other hand, if the
minimum is achieved for an s outside the range |s| < I, we pick the one on boundary s = . Thus, choosing

’
— 3 1
S = min (N2CI€2 y K) we obtain

N 6/2 ne'
/ .
P izglmizg Sexp — min m,ﬂ .

Finally, setting ¢’ = Ne, for a suitable constant ¢ > 0, we get

1 & Ne? Ne
Zmzzs <exp ( —cmin — .
K K

Repeating the above argument for — = Z _, Mm;, we obtain same bound and a combination of both of them gives the
required concentration inequality for the sum over the martingale difference sequence
N
1 1 Ne? N
P [N > m > 5‘| _p [N (XTE.; h)| > g] < 2exp (cmin (K‘Z ;)) . (42)

2.2.3 Establishing bound on E

sup % <XTE;,j, uﬁ]
R(uj)<r;

To establish a high probability bound on the mean of  sup <X TE. j,u; >, we use a generic chaining argument from
R(uj)<r;

[10], in particular Theorem 1.2.7 in [9]. For this, we define (Y., )u, e r(u;)<r; = <X E. ;, uJ> and (Yo, ), eR(v;)<r; =

+ (XTE. j,v;) to be two centered random symmetric process, indexed by a ﬁxed vectors u; and v;, respectively.

They are centered due to (38) and they are symmetric since, for example, the process (Y7, )uje R(u;)<r; has the same
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law as process ( — (Yy, )uje R(uj)gr,-) (see the results established in (42)). Consider now the absolute difference of

<XTE:J, %—%> .
luj — vjll2

these two processes

1
= N <XTE:7j,Uj - ’Uj>

1
=l =l

N

’ (Ya, )uy' ER(uj)<r; — (Yo, )vj ER(vj)<r;

Using now the bound obtained in (42), we get

-1 WUj — Vj
P|—= <XTE: H> >e¢
N 7 g =il
P | [lu; — v;]2— <XTE e B B > > Jluj — v;l2e
= — Ugll2 17 YR = ) — YUsll2
YN 7 g — sl r
-1 N72 Nt
=P | =|(XTE. ;,u; —v;) | >71 §2exp(cmin( , )),
| B ) ] oy — T3 Tty — el

where 7 = ||u; — vj||2€. Then, according to Theorem 1.2.7 in [9], we obtain the following bound on the expectation

of the supremum of the difference between the processes
[ = jll2 [ = jll2
< S, ——= S;, ————
] —C(’Y1< VR N +’72 VR /*N )

(43)

1
sup —
R(u;)<r;j,R(v;)<r;

E (XTE. j,uj) = (XTE. j,v5)

where ¢ is a constant, f;(S;,d;), i = 1,2, are the majorizing measures, which are defined in [10], Definition 1.2.5;
dy = w and dp = % are the distance measures on the set S; defined for all vectors s € S; : R(s) < r;.
The definition of majorizing measure is as follows, for o > 0

Yo (S;,d) = infsupZQgA(Ak(t))a “H
t k>0

where inf is taken over all possible admissible sequences of the set S;; A(Ay(t)) denotes the diameter of element
Ay (t) with respect to the distance metric d defined as

A(Ag(t)) = sup d(t1,t2), (45)
tl,tzeAk(t)

and Ay (t) € Ay is an element of an admissible sequence in generic chaining, see Definition 1.2.3 in [10] for a detailed
discussion on how A;, are constructed.

Observe that from definition of a diameter A(+) in (45) and majorizing measure in (44) we can immediately see
that for any constant ¢ > 0

Vo (SjaCd) = CYa (Sjvd)a (46)
since infsup ), - 2¢  sup cd(ty,ty) = cinfsup D k>0 2« sup d(ty,ts). Moreover, in the next result we
t = p >

tl,tQEAk(t) tl,tzeAk(t)
establish the following useful Lemma which would enable us to bound the ; with the square of 5.

Lemma 2.7 Given a metric space (S, d), we have

71085, [1l12) <2385 [1-112)- (47

To prove this Lemma, we define d(s,t) = ||s — t||2. We use the traditional definition of majorizing measure
~4. (S}, d) from [8], equation (1.2):

0o 1 1/«
! (Sy,d) = inf su / <1o ) de |,
7a(87,4) £E<o 8 (Bal59))
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where By(s, €) is the closed ball of center ¢ and radius € based on the distance d and the infimum is taken over all the
probability measure j on S;.
Note that v/, (S, d) relates to the majorizing measure 7, (.S}, d) used in (43) as (see [8], Theorem 1.2)

K(0) "7 (S,d) <94,(85,d) < K(a)ya(S;, d),

where K () is a constant depending on « only. As a result, it is enough to show that ~;(S;,d) < véz(Sj, d). The
required relationship is then established as follows

(55 ) = o ([ (108 iy ) )

(
< infsup ( [ (logm)” d€>

=%’ (5,d).

And this completes the proof. Now using Theorem 2.1.1 in [10], and the definition of v, (S;,d) in (44) we can
establish that

. 1 .
Y2 <Sj |||2> = v2(Sj, ||.]l2) using (46)

Vil R
1
< —E[ sup (g, z } using Theorem 2.1.1 in [10]
VN R<z>3rj< >
:erE{ sup (g,u)} sinceE{ sup <g,z>} :rjIE[ sup (g,u) | for z = r;u
VN lrw<i R(z)<r, R(u)<1
1
= Tjﬁw(QR)a (48)

where in the last line we used the description of Gaussian width in Definition 2.6. Using Lemma 2.7 and (46) above,
we also get

(552 = Lo slle) wsing o

< %’yg (Sy]l.ll2) using Lemma 2.7

<r?—w?(Qg) using (48)

< Tjﬁwz(QR)v (49)

where in the last line we used the fact that r; < 1. Finally, substituting (48) and (49) into (43) and using Lemma 1.2.8
in [9], we get

1 1
]E[ sup — <XTE;’j,uj>—<XTE:7j7vj> :El sup N<XTE;)j,uj> ]
R(uj)<rj,R(v;)<r; R(u;)<r;
w(Qr) | w?(Qr)
<ecr;j < i + e . (50)

2.2.4 Establishing high probability concentration bound
Next, in order to establish a high probability concentration of the supremum of the random variable % <X TE:, s uj>
around its mean, we use Theorem 1.2.9 from [10]. For any €; > 0 and €5 > 0, we have

1 1
f<XTE;,j,Uj> —<XTE:7j,uj>

P sup
|ﬁ’(w)<w N

>E sup
R(

u;)<r;

+ e D + 62D2] < cexp(— min(e%7 €1)). (51)
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where D, < ’yi(Sj, d),i=1,2, where %-(Sj, d) are as defined in the discussion after (43). Therefore, using the result
(50), the concentration inequality (51) can now be written as

1 ’LU(QR) w2 (QR) . 2
P| sup |=(XTE. ju;)|> <62(1+62)r- +a(l+e)rj—=—=) | <cexp(—min(e3,€1)). (52)
_R(uj)grj N < J J> J \/N J N2 | 2
To adapt to the form required in (37), we reverse the direction of inequality
[ 1 w(Qp) w2(Qg) Y | o
P| sup |—(XTE ;u;)|< <02(1+62)r- +ca(l4+e)rj—=—= ]| >1— cexp(—min(e3,€1)).
_R(uj)grj N < J J> J \/N J NQ ] 2
(53)
2.2.5 Overall bound
Now we can combine the results obtained in (53) for each j = 1,..., p using the fact that Z§:1 r; < 1 and using the

form of the overall bound in (36). Therefore, we get

L, (7740 = (s v i)

This concludes our proof on establishing the bound on the regularization parameter.

>1—cexp(— min(eg, e1) +log(p)).

2.3 Restricted Eigenvalue Condition

To establish restricted eigenvalue (RE) condition, we need to show that W > VEN,k >0, forall A =
B—3*, A € cone(Qg), where cone(€2) is a cone of an error set Q = {A € dez’R(ﬁ* +A) < R(B*) + %R(A)}.

To show W > V&N for all A € cone(Q2g), we will show that inf  1Upxp®X)Alls > /p, for some

| Accone(Qg) Al
p > 0 and then set kN = p.
Note that the error vector can be written as A = [AT AT ..., Ag]T, where A, is of size dp x 1. Also let
B* =[BT 5T ... BT]T, for B; € R, then using our assumption in (6) that the norm R(-) is decomposable, we can

represent original set {2 as a Cartesian product of subsets {2g,, i.e., Qg = Qp, X Qp, X -+ x Qg , where
1
s, = { A € RU[R(3 + A) < RS + LR

which also implies that cone(2g) = cone(Q2p, ) x cone(Qg, ) X - - - x cone(Q2g, ). Also, if [|A|[2 = 1, then we denote
[|Ai]|l2 = &; > 0, sothat >°_, 62 = 1. With this information, we can write

K2

[|UZpxp @ X)A3

i = inf Ly, ® X)Al?
Accone(@2e) A3 Aecgle(QE)H( pxp ® X)Ally
[|All2=1
= inf XA 41X+ ..+ [1XA3
Aecclaﬁle(QE)H iz + 1l ollz + - ] »ll2
[|A[l2=1
p
= inf XAi 2. 54
2 AiEcgnle(Qei)H H2 (54)
= [1A:]]2=0;

Our objective is to establish a high probability bound of the form

P TC/PD o\
A€cone(Qg) ||AH2
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where 0 < 7 < 1, i.e., lower bound should hold with at least probability 7. Note that if we square the terms inside the
probability statement above, the probability of the resulting expression does not change since the squared terms are

positive. Therefore, using (54) and assuming that p? = le p? we can rewrite the above as follows
i P
ol e Me®X08l Tl U © AR S
A€cone(Qpg) ||A||2 - A€cone(Qg) ||A||2 Pl

p

=P|Y inf |XAi||§22p?] using (54)
,L'_

A; GCOHS(QEi )

=LAl a=s
>P inf XA||2>p? pand ... and inf XA 2> )2
a {Alec(l)?e(QEl)| 1||2 B pl} {Apecg.):ttlle(QEp)| sz =P
o 1Ball=a 12,]12=5,

M

ﬁ
Il
_

A;ccone(Qg ;)

P inf || XA > pf] —(p—1) using Lemma 2.4
- [lAdll2=6

|
th“

inf || XAl > pil —(p—1) taking square root

- Aj€cone(QE,)
TR Adlle=s
s T
:ZP n I ||22 P —(p-1)
Pt Aj€cone(QE,) HA1H2 ||Az||2
T Adl]e=6
P i p;
=) P inf Xuglls > —(p—1 55
2 w@m&impr|uM2_&] (v—1) (55)
where we defined u; = ﬁ and S%~1 is a unit sphere. Therefore, if we denote ©; = cone(2g,) N SP~1, we need
to establish a lower bound of the form
IP’[ inf || Xu;l|e > pi} > 7, (56)
u; €0
where p} = £, In the following derivations we set © = cone(Qp,) N S~ and u = u; forall i = 1,. .., p since the

specific index ¢ is irrelevant.

2.3.1 Boundon inf || Xu||2
u€O

Using results from Section 2.1.2 we can establish that Xu € R¥ is a Gaussian random vector, i.e., Xu ~ N (0,Qu),
where covariance matrix Q, = (Inxn @ u?)Cy(Inxn @ u), Cyy is defined in (31), and u € O is a fixed vector.
To establish in(f9 [| Xul||2, we invoke a generic chaining argument from [10], specifically Theorem 2.1.5. For
ue

this we let (Z,)uco = || Xullz — E(||Xu||2) and (Z,)vco = ||Xv||2 — E(||Xv||2) be two centered symmetric
random processes. They are centered since, for example, E|(Z,)uco| = E(||Xu|l2) — E(||Xul|2) = 0, and they are

symmetric due to the later result shown in (58).

Sub-gaussianity of the process Z,, — Z,,.
We can show that the process difference

(Zu)uco — (Zv)veo = [lu—vl|2 (H [l — ]2

u—v
57
) Q‘numu2>> o7

is a sub-Gaussian random process. This is indeed the case since we can establish that for Z = || X ”777””2||2 —

U*UHQ

E()|X Tesols l|2), the sub-gaussian norm || Z||,, < K for some constant X > 0 (see [11], Definition 5.7). To show
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this, let £ = HJL:;JHz and use Lemma 2.1 for the concentration of a Lipschitz function of Gaussian random variables.

Specifically, observe that X& ~ N(0,Q¢) is distributed same as /Q¢g ~ N(0,Q¢), where g ~ N (0, Inxn).
Therefore, we can write

P[llX¢lle — E(IX¢]2)| > 7] = P[|IV/Qegllz — E(lv/Qeglla)| > 7]-

Moreover, note that ||\/Q¢g||2 is a Lipschitz function with constant ||,/Q¢||2 since we can write ‘”w/Qgngg -
H,/Qgggﬂg‘ < [/ Qe(91l — 92)|l2 < ||\/Qell2 [lg1 — g2[|2. Using Lemma 2.1, we can obtain for all 7 > 0

P[lI1X¢ll2 —~ E(IXEN2)| > 7] = P[|IvQesl: — E(lv/Qegll2)| > 7]

2
< 2ex _
= p( 2||@f||2>

-2
< 2exp <23\/[) ) (58)

where ||Q¢|]2 < |13 2::‘(}[% Rumax (jzlg = M (see (34)), and which shows that || X ¢||2 is sub-Gaussian with constant

mm(
K =vM.

Now, using (58) we can establish the sub-Gaussian tails of (57). Define 7/ = ||u — v||27 and write

P[ [l — vl (IX€ll: — E(IXEN2)) | > llu = vllor] = P[[(Zu)uco — (Zu)uco| > 7]

2
<2 —_— ] . 5
: e""( 2|u—v||§m> 7

Establishing bound on E ( 12£) [| X ul |2>

Using the results established in (59) and Theorem 2.1.5 in [10], we can conclude that the distance measure on the
set © is d(u,v) = ||u — v]||2 for u,v € ©. Moreover, we can now obtain an upper bound on the expectation of the
supremum of the process difference |Z,, — Z,|

e
u,vEO

u_Zv

u,vEO

) = (s |11 ol - B0~ o)) |
—E (Sup’ 1 Xull2 — E(||Xull2) D using Lemma 1.2.8 in [10]
u€eEO

<E [sup (g,u) }

uEO

< cw(0), (60)

where g ~ N (0, 1), w(®) is the Gaussian width of set © and c is a constant.
Since we are interested in the bound on in(f9 [| X u||2, we can extract from (60) the lower bound on the expectation
ue

of the infimum of the process. Specifically, note that (60) can be written as

]E< inf || Xulls — inf E(]| Xul|2) > §E(sup [| Xulle — E(||Xul|2) > < cw(0),
ueO u€O ucO
leading to

— <E|( inf ||X — inf E(||X < .

cw(®) < 8 (juf Xl - nf5(1Xu])) < cu(e)
The lower bound then takes the form
. > B
£ (inf Xl ) > inf B(1Xull) - cof®) (o)

19



Note that the vector Xu is distributed as Xu ~ N(0,Q,,), which is the same as a vector v/Qug ~ N(0,Q,) for
g ~ N (0, I). Therefore, using results of Lemma 1.2 from [6], we can extract the following inequality

‘ trace(Qu) - ]E(”\/@.QHQ)‘ S 2 Amax(Qu)~

Moreover, based on our discussion, the same inequality holds for the random vector Xu since E(||\/Qugl|l2) =
E([[Xull2)

|Virace(Qu) = (| Xull2)| < 2v/Aunax(@u).
which leads to a lower bound on the expectation of the norm

E(HXUHQ) > \/trace(Qu) - 2\/AmaX(Qu)~ (62)

We will lower-bound the first term on the right hand side of (62) and upper bound the second one. In particular, using
(32) we write trace(Q,) = Nu® Cxu for any u € © and bound

trace(Qy) = Nu' Cxu = N||Cfu||§ > Nirelg ul Cyu > Nuierﬂlgfdp u? Cxu = NApin(Cx) > me =NCL.
(63)
Moreover, using (34), we bound
1Qulle < [l 2= — L= o (64
Therefore, substituting (64) and (63) into (62), we get
E(| Xul2) > VNL — 2V M.
Since E(|| X u||2) is bounded from below, we can write
inf E(|Xuls) > VNE 2V (65)
Finally, substituting (65) in (61) gives us
E (grel(faHXqu) > VNL - 2VM — cw(0). (66)

Establishing concentration inequality of inf@ [| X ulla.
ue

Now from Lemma 2.1.3 in [10] and the results in [2] we extract the form of the high probability concentration inequal-
ity of in(f9 || X u||2 around its mean, for 7 > 0
ue

P | inf || Xul|s <E ( inf || X —7| < —ca7?).
[ingxulls < B (ugfiXulla) -] < crexpl-car?)
In order to bring the above expression into the form of (56), we write
P | inf || Xulls > E ( inf || X —T|>1- —ear?).
ingXull > B (ug)iXulla) ~ 7] 2 1 crexpl-car?)
Substituting the bound on the expectation from (66) gives us

P [ingHXqu > VNL - 2VM — cw(©) — T:| < ¢y exp(—caT?). (67)
ue
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2.3.2 Overall bound

Observe that in (67) we established a bound for each u; = HAAW of the form
XAl , 2
P —= > ||A; | >1—ciexp(—can?),
Aj€cone(Qg,) ||Az||2 - || ||2 pi| = 1 p( 2771)
[[Aill2=0;

where p; = VNL — 2vM — cw(©) — n;. Then using the fact that p; = p}d;, p> =>_0_, p2, S 62 = 1 and setting
n; =nforallt=1,... p, we get

2 p 2
= [\/NL —2VM — cw(©) — 77} 2522 = [\/NL —2VM — cw(©) — n} .
i=1
Taking the square root of the above and using (55) we finally get
1, X)A
P inf [Tpxp © X)Al> zvNL—Q\/M—cw(G))—n > 1 — pey exp(—can?). (68)
A€cone(Qg) ||A||2
Establishing bound on N.

Now setting n = evV NL for 0 < £ < 1, the right hand side of the inequality inside the probability statement in (68)
must be equal to

VEN = VNL = 2VM — cw(0) — eVNL = £'VNL — 2VM — cw (),
for some positive constant ¢’. Since kN > 0, it follows that we require
e'VNL > 2VM + cw(©),
or equivalently

2vVM + cw(O)
N>

This concludes our proof on establishing the restricted eigenvalue conditions.

= O(w(0)).
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Figure 1: Results for estimating parameters of a stable first order Sparse Group Lasso VAR (top row) and OWL-

regularized VAR (bottom row). Problem dimensions for Sparse Group Lasso : p € [10,410], N e [10 5000],

/\M € [0,1], K € [2,60] and d = 1. Problem dimensions for OWL: p € [10,410], N € [10,5000], y**~ < [0, 1],
T4 260] and d = 1. All the results are shown after averaging across 50 runs.

3 Experiments

In this Section we provide additional results on testing structured VAR estimation using synthetic data and additional
details about the experimental setup for building the VAR model on real flight data.

3.1 Synthetic Data

Using synthetic data we present additional results on testing regularized VAR estimation under Sparse Group Lasso
and OWL norms.

3.1.1 Sparse Group Lasso

To evaluate the estimation problem with Sparse Group Lasso norm, we constructed first-order VAR process for the
following set of problem sizes p € [10,400], s € [10,200], s¢ € [2,20] and N € [10,5000]. The parameter v was
set to 0.5. Results are shown in Figure 1, top row. Similarly as in main paper, we can see that the errors are scaled
by (@sF(=a)s (I;V) T Toa(K)) Moreover, the A parameter is decreasing when number of samples [V increases. On the

other hand, as the problem dimension p increases, the selected A grows at the rate similar to /log p.

3.1.2 OWL

To test the VAR estimation problem under OWL norm we constructed a first-order VAR process with p € [10,410],
s € [4,260] and N € [10,5000]. The vector of weights ¢ was set to be a monotonically decreasing sequence of
numbers in the range [1, O) Flgure 1, bottom row, shows the results. It can be seen from Figure 1-f that when the
errors are plotted against m, they become tightly aligned, confirming the bounds established in Section 3.3.4 in
the main paper for the error norm. As shown in Figure 1-g,h the selected regularization parameter Ay grows with the
problem dimension p and decreases with the number of samples N.

22



1 Altitude

2 Corrected angle of attack
3 Brake temperature

4 Computed airspeed

5 Drift angle

6 Engine temperature
7 Low rotor speed

8 High rotor speed

9 Engine oil pressure
10 Engine oil quantity
11 Engine oil temperature
12 | Engine pre-cooler outlet temperature
13 Fuel mass flow rate
14 Lateral acceleration
15 Longitudinal acceleration
16 Normal acceleration
17 Glide slope deviation
18 Ground speed

19 Localization deviation
20 Magnetic heading
21 Burner pressure

22 Pitch angle

23 Roll angle

24 HPC exit temperature
25 Angle magnitude
26 Angle true

27 Total fuel quantity
28 True heading

29 Vertical speed

30 True airspeed

31 MACH

Table 1: 31 features selected for structured VAR estimation on real flight data.
3.2 Real Flight Data

In Table 1 we show the list of parameters which were selected for building VAR model on the flight dataset in Section
4.2 of the main paper.
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